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Abstract

For a macroscopically plane<parallel’ discrete random medium, the
boundary conditions for the specific ¢oherency dyadic at a rough interface
are derived. The derivation i§'based on a modification of the Twersky ap-
proximation for a scattering system consisting of a group of particles and
the rough surface, and.reduces to'the solution of the scattering problem
for a rough surface illuminated by a plane electromagnetic wave propa-
gating in a discrete random'medium with non-scattering boundaries. In
a matrix-form gétting, thesboundary conditions for the specific coherency
dyadic implysthesboundary conditions for specific intensity column vec-
tors whichdn turn, yield the expressions for the reflection and transmission
matrices., Theiderived expressions are shown to be identical to those ob-
tained by applying a phenomenological approach based on a facet model
tosthesolution of the scattering problem for a rough surface illuminated
by a,plane,electromagnetic wave.

1 Introduction

The main goal of a radiative transfer model for a discrete random medium (as
defined in Ref. [1]), confined to a layer with rough optical interfaces as its
boundaries is the derivation of equations describing the electromagnetic energy
budget of a finite volume of space or the reading of a specific detector of electro-
magnetic energy flow such as a well-collimated radiometer [2, 3]. This is usually
accomplished by arriving, in the final analysis, at a transport-type equation for
the specific coherency dyadic ¥ (defined through the angular spectrum of the
coherency dyadic C).



The procedure adopted in [4]-[6] is to write the Maxwell equations in an in-
tegral form with the help of Green functions and apply the Wigner transform to
the equation thus derived. Then, by differentiating this equation, the transport
equation is obtained. The coupling between the random medium and the rough
boundaries is described through the scattering operators of the rough surfaces.
Boundary conditions for 3 at the rough interfaces are added to the transport
equation in order to guarantee the uniqueness of solution. In particular,/he
boundary conditions are obtained from the integral equations for the specifi¢
coherency dyadics in the upward and downward directions written at the aver-
age planes of the rough surfaces. The transport equation for a sparse discrete
random layer is obtained by specializing the results for dense media;ji.e by as-
suming that the particle concentration is low and the positions of the particles
are uncorrelated. In this case, the matrix form representation of the transport
equation for 3 is analogous to the vector radiative tramsfer equation for the
specific intensity column vector I, while the boundary conditions coincide with
those for dense media. The main weakness of the approaeh~in Refs. [4]-[6]
is that it is based on the phenomenological postulation of)the so-called quasi-
uniform field approximation [7]. This allows for the.use ofthe Wigner transform,
but amounts to making a priori assumptionsaboutsthe random electromagnetic
field rather than specific macro- and microphysical assumptions about the dis-
crete random medium. This makes it problématic/(if even possible) to establish
definitively the physical meaning of yarious/quantities introduced on an ad hoc
basis and clarify their relevance to solying the main problem summarized in the
first sentence of this section.

A self-consistent radiative transfer theory for sparse discrete random media
with non-scattering boundaries, otherwise known as the microphysical radiative
transfer theory, has been developed in Refs. [2, 8, 9]. Taking into account
that for sparse mediaf"(i) the particles are widely spaced so that each of them
is situated in the far-field region of all the other particles, and (ii) the field
(observation) point is situated in the far-field region of all the particles, the far-
field Neumann/expansion in conjunction with the Twersky approximation is used
from the veryloutsetito represent the total field inside the particulate medium.
In the resthof the derivation, (i) the coherency dyadic C is computed under
the ladder approximation, (ii) an order-of-scattering expansion for the specific
coherency dyadic X is derived, (iii) the order-of-scattering expansion for X is
cést into'an integral equation for 3, and finally, (iv) the integral equation for
¥ is uséd to obtain the integral form of the vector radiative transfer equation
foriZs

To the extent that the correspondence with the standard phenomenological
transfer equation is demonstrated, the boundary conditions for I are then typ-
ically obtained by considering a separate problem, namely the scattering by a
rough surface illuminated by a plane electromagnetic wave. This specific prob-
lem is solved by using either an electromagnetic scattering model [10]-[12] or an
ad hoc geometrical-optics approach based on a facet model for the rough surface
[13]-[18]. The reflected and incident specific intensity column vectors as well as
the transmitted and incident specific intensity column vectors are related via



the reflection and transmission matrices, respectively. The obvious weakness of
this phenomenological approach is that it is based on ad hoc manipulations with
second moments in the electromagnetic field rather than with the field itself.

The goal of this paper is to derive the boundary conditions for the specific
coherency dyadic at a rough interface in the case of a sparse discrete random
medium by adopting several aspects of the microphysical approach outlined in
Refs. [2, 8, 9]. The derivation is based on a modified Twersky approximation
for a scattering system consisting of a group of particles and a rough surface!
Essentially, we apply the microphysical approach to solve the scattering problem
for a rough surface illuminated by a plane electromagnetic wave propagating
in a discrete random medium with non-scattering boundaries. , Tnya  matrix-
form setting, the boundary conditions for the specific coherency dyadie yield
the boundary conditions for the specific intensity column vector, and hence
analytical expressions for the reflection and transmissionmatrices:

2 Boundary conditions for the specific coherency
dyadic at a rough interface

We consider a system of N identical homogeneous particles placed in a domain
D; and centered at Ry, Rao,...,Ry (Fig. 1)For simplicity we assume that the
particles have the same orientation and that the particle coordinate system is
aligned with the global coordinate system. The origins of the particles are con-
fined to a layer with a non-scattéring lower plane boundary z = 0 and an upper
rough surface boundary S. The surface S separates the nonmagnetic domains
Dy and D5 of wavenumbers®in= w./¢1 10 and ko = w./E3/10, respectively, where
w is the angular frequengy, 1 and e are the electric permittivities in domains
D and Dy, respectively, and, 19 is the magnetic permeability of a vacuum. The
relative refractive index ofydomain Dy with respect to domain D; is denoted
by m = ko/k;. The incident wave illuminating the discrete random layer from
below is a plane electromagnetic wave with the direction specified by a unit
vector 8 and an amplitude £y(8):

Eo(r) = £y(8)e/F 15T, (1)

Note that _we imply and suppress throughout the paper the complex time-
harmonic’factor exp(—jwt), where ¢ is time. The average plane of the rough
surface’S is the plane z = H, denoted by X. If M is a point on X', we let Mg
be;the corresponding point on the surface characterized by the random function
z/= H + h(rpr1 ), where rj/ is the position vector of M and rjs, the transverse
component of ryy, i.e., vy =rpr) + (var - 2)Z

2.1 Reflection

We consider a downward reflection direction gz = qQr(fs, ¢r) characterized by
the polar and azimuthal angles 6 and g, respectively, with 6z > /2, an



Figure 1: Left: scattering geometry of a discrete’random layer with a non-
scattering lower plane boundary z = 0 and an upper rough surface boundary S.
Right: local coordinate system attached te. M .

elementary solid angle AQ around qg, and a field point P along the direction
qr situated at a distance p with Fespect to M (Fig. 1). The field point P is
specified in the global coordinate System by the position vector r and in the
local coordinate system attached to M by the position vector p = pQy.

As the first step of-our analysis, we derive a series representation for the

specific coherency dyadic imthe upward direction q, X(ras, q), while as the
second step, we relate the specific coherency dyadic in the downward direction

(Alm E(TM; aR) to E(rl\/fy a)

Step 1. _In the Twersky approximation for an isolated group of particles [8, 9],
only self~avoiding scattering paths (i.e., the paths that go through a scatterer
only 6nce).are considered. As a result, the field exciting a particle at a point
near. the particle is the total field that would exist at that point if the particle
were removed from the group. For a scattering system consisting of a group
of particles and a rough surface, we use a modified Twersky approximation
implying that (i) the field exciting (illuminating) the rough surface is the total
field produced by the group of particles in the absence of the rough surface,
and (ii) the field scattered by the surface is not scattered by the particles as
it propagates at the field point P. In other words, the total field exciting the
rough surface corresponds to a discrete random layer with the non-scattering
boundaries z = 0 and z = H and being illuminated by a plane electromagnetic
wave as in Eq. (1). Furthermore, because our goal is to derive the boundary
condition for the specific coherency dyadic, we consider the waves scattered by
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Figure 2: Geometry for computing the configuration average.

the surface in an elementary solid angle AQuaround gy and propagating in a
non-scattering medium at P. It is clear that a scattering model based on the
modified Twersky approximation is more comprehensive than the conventional
model dealing with the scattering®by.'a rough surface illuminated by a plane
electromagnetic wave propagating in free space.

For a discrete random-layer, with’' the non-scattering boundaries z = 0 and
z = H and being illumirated by a plane electromagnetic wave given by Eq. (1),
the total field at M (residing,ont the average plane of the rough surface) is given
by

E(ry) = Eo(rm) + Z Escei(ra). (2)

In the standard Twersky approximation for the group of particles, the order-of-
scatteringrexpansion for the total field is

E(ry) = Eo(ram) + Zﬁ(Pomg) “Eo(Ry)
+> > Ulpyi,Rij) - U(Ry;,8) - Eo(Ry) + ..., (3)
i j#i
where we use the notation of Fig. 2, R;; = R; — R; and

elk1poi __ L

U(p0i7 a) =

01



for any incident direction q. In the above definition of the dyadic U, A is the
far-field scattering dyadic [2, 9]. A diagramatic representation of the expansion

(3) is

E(ry) = "< +ZM oa—+ Y MLl g (5)

i,J j#i

where the symbol <«— represents the incident field Eg, while the composed
symbol —o denotes multiplying a field by the dyadic U. In the radiativetransfer
theory of discrete random media the key quantity is the coherency dyadic. To
compute the coherent field, the procedure of configuration averaging based on
the assumption of ergodicity and requiring the computation of integrals over
particle positions, is considered. To integrate over all positions of particle i we
use a local coordinate system with the origin at M, to integrate over.all positions
of particle j we use a local coordinate system with the origin at particle 7, and
so on (Fig. 2). In this regard, we make the changes of variables

R;,=ry+Dp, Rj =R, + Rji, etc. (6)

The integration domain is the whole D;. Therefore, for the direction p, p ranges
from zero at M to the corresponding valuejat the point C' (where the straight line
with the direction vector p crosses the lower,plane boundary); for the direction
f{j,—, Rj; ranges from zero at the origin,at particle ¢ to the corresponding value

at the point C; (where the straight line with the direction vector R;; crosses
the lower plane boundary), etc. Referring to Fig. 2, the coherency dyadic in
the ladder approximation is.given by

C(I‘M) = <E(I‘M) & E*(I’M)>
— [ 56 R$ICeran) %
— ~ J— 7"— ~ ~
0 [ [ Vieps) R Vi-pptr] a%
il [ [ Viep R V(R8O
V'(~Rji,8) - V' (=p, ~Ry)p* R, dR;id* Ry dp| 4B + .., (7)
whiere Q™ is the lower unit half-sphere, Cc(ra) = (E(ra)) ® (E*(rar)) is the
eOherent part of the coherency dyadic, Ec(rar) = (E(ra)) is the coherent field,
i.e.,

EC(I‘M) =M 4=

— (Mo +ZM*°‘ + 3 M b e ) (B

1,j j#4



<> means the configuration average, x and T stand for the complex conjugate
and the complex conjugate transpose (Hermitian transpose), respectively, and

(Poi = —P)

X7 P~ E ﬁ iy P0i A/ A
Vipy.8) = 1P 5,5, )

— T, = 2T —
t(Pois Poi) = eXP{J [7411 + kTTLoA(Pom Pm’)} POi}7 (10)

with I being the identity dyadic and ny the number concentration of particles.hA
diagramatic illustration of the coherency dyadic is shown in Fig. 37 Thespecific

coherency dyadic at point M and in the upward direction q ="—p, X(xar, —D)
is defined through the integral representation

Clww) = [ Slewr.—5) 5. (11)
so that from Eq. (7), we have
(rar, —p) = 8(p +8)Ce(rm)
o [ Vp.3) CulRn (-p5) e
+ng /V(—Pa ~R;i): ¥(-Ry;,3) - Cc(Ry)
V'(~R;:,5) - V(<P ~Ryi)p*R% dR;d* Ry dp+ ... (12)

It should be pointed out that under the Twersky approximation for the scatter-
ing system, the total field is evaluated at the point M on the average plane and
not at the point Mg on)the rotigh surface; therefore, X(rys, —P) is a determin-
istic quantity with.respect to surface fluctuations.

Step 2. Inthe local coordinate system attached to M, the field scattered by
particle #in its far-field region is a locally plane electromagnetic of amplitude
E; propagating in the direction py,,

E(1)(py) = Egiel1Poi o, (13)
with .
eik1poi N
Epi = Escei(rim) = TEggti(pOi)’ (14)
0i

being the scattered field at M. Similarly, the incident field is a plane electro-
magnetic wave of amplitude Eq(r)s) propagating in the direction §,

EM (py) = Bo(rar)e 500, (15)
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Figure 3: Ladder approximation for the cohérency dyadic.

In general, for an incident plane electromagnetic wave Eg(r) as in Eq. (1), the
field reflected by a rough surface is given by

eikip__ N
ASR(qR)S) 3 EO(rJV[)a (16)

Er(p) =

where Agy is the local scattering, reflection dyadic of the rough surface. We
assume that each elementary element of the rough interface scatters a plane
electromagnetic wave as if the rest of the surface did not exist. Taking into
account that the incident field at M is a superposition of the incident plane
electromagnetic wave and of logal plane electromagnetic waves coming from all
the particles, we deducerthat the reflected field at P is

eikip o
Er(p) = Ez°(ar). (17)
where the far<field pattern Eg° is
Er° (Gn) = Asn(Gr.S) - Eo(rar) + > Asa(@h, Boi) - Eoi- (18)

?



Figure 4: Incidence and reflection directions q and qQg, respectively; and/the.area
of the illuminated surface AA.

By means of the Twersky approximation, an order-of-scattering expansion for
Ef° reads as

ER°(ar) = Asa(@r,S) - Eo(rar)
L eiku?o?:i \
+> Asr(@r, Po;) - TA(POia s) - Eo(Ry)

7
7

- eif1poi__ o~
+ Z A sr(dry Poi )\ A(po;, Rij)
= Poi
1,5, jF#i
oFRi;
R A(Rij,s) Eo(RJ)+, (19)
]
or in diagramatic representation,
M M Mo
EX =04 4> 00—0a—+ Y O—o—dea+..., (20)
4 i, j7#i

M
Here, the symbol {“means multiplying a field at M by the scattering reflection
dyadic Agg. From Eq. (8), it is apparent that the configuration average of Eg°
is

M i i j
(B = 0(a—+) —oa—+ > —o—da—+...)
i .3 j#i
M

that is, o
(ER°(Gr)) = Asr(@r,S) - Ec(rum). (22)
We define the (elementary) reflection coherency dyadic at M in an elemen-
tary solid angle AQ around gz by (cf. Eq. (17))

-~ -~ 1 o [~ ok (73
AC(ra,dr) == X(ry, Gr) A2 = ?<ER (dr) @ Eg™(ar)). (23)

10



where X (rjs, Gr) is the specific reflection coherency dyadic. Here, we do not use
a special notation for the (specific) reflection coherency dyadic; the argument
Qr, indicating a downward reflection direction, specifies the type of the (specific)

coherency dyadic. Using

AA
AQY = —— e 5| cos Or], (24)

where AA is the (elementary) area of the illuminated surface (Fig. 4), wedind
that the specific reflection coherency dyadic can be written as

= 1

b ——(Ey° E**(Qg))- 25
(rM7qR) AA'COSQ |< (qR R (qﬁ)> ( )

To compute <E§° ® Eﬁc*>, appearing on the right-hand side of Eq.] (25), we

employ the ladder approximation, illustrated diagramatically in.Fig. 5. By

means of Eq. (12), we find

_ N 1 o — R =
3(ry,dr) = m{ B d(p +35)Ase(de, —B) - Ce(rm)
ASR(qR7 d2

—l—no/ /ASR Gr, —D) - V(=p,5)- C.(R))

V'(-p.3) Al (G, p)p2dp} d’p

+ng /ﬂf [/KSR(QR,—ﬁ) -V(-p,~R;i) - V(-R;i,8)

Ce(R;) A (-Ry;,8) - V' (=p, —Ry;) - Al (Gn, )
x o2, ARy ¥R dp| d%B + ..}

NS B 3 =~ '*T ~ A\ 12~
AA|(:059R/ Asr(Gr, @) - X(rar, @) - Agp(Gr.@)d°q,  (26)

where QF isithe upper unit half-sphere. Finally, taking the average over surface
fluctuations, applying the dyadic identity (A®B)-C=A-C - ET, where A"
is the transpose of A, and using (X(rar, q)) g = X(r, q) (because X(rpy, q) is
deterministic), we obtain

1 A %
N A|cos g Q+< sr(@r, 4) © Agr(Gr, Q) g

(Z(rw, @) d%q, (27)

<§(1‘M7 aa)>5

where <> ¢ means the average over surface fluctuations.

To compute <KSR®XZ~R> > any asymptotic method available in rough surface
scattering theory can be used [10, 11, 19, 20]. In the Kirchhoff approach and
the geometrical optics approximation, the scattering reflection dyadic is given

11
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Figure 5: Ladder approximation of <E§° Q E§°*>.

by [11]
Asr(Gr, Q) = —2mjki| cos O Rot(k10r1, k1d.1)

T -, A
= T;CR<qRa Q) [(ar, Q)F21(Gr, @),

where Ry is the reflection dyadiends = dr1 + (dr - 2)Z,
|q — as/”
ld x de|?|(d — &) - 2|’
B ay= [ sy,
AA

CR(aRv a) S

Po = Po1 + h(py 1)z, and T2 is the two-dimensional dyadic

T21(dr, Q) = Z o (@r, @)N(Ar) © K(Q)

n,u=,0
with entries
Pop(@r, @) = 7 [(Q) - Gal[A(Gr) - @] + 71 [0(Q) - Gr][0(Gr) - @,
re6(Gr, @) = 7 [0(Q) - Gal[B(Gr) - &) — 7L[F(Q) - Ga]6(dR) - al,
roy (G, @) = 7 [B(@) - Gal[0(dr) - &) — 7L [0(q) - Gr)[B(dr) - al,
ro0(ax, @) = 7 [0(Q) - Gal[0(a) - &) + 71 [B(@) - Gal[B(Tn) - -

(28)

(29)

(30)

(31)

(
(
(34)
(

The lower subscripts in the notations of the dyadics R, and To; indicate that the

12



incident wave propagates from medium D; to medium Ds. In Egs. (32)—(35),

cos o — vm2 — 1 + cos? ;¢

ry =1r1(0w) = , 36

+=rilfho) cosOrp + vm?2 — 1 + cos? ;¢ (36)

m? cos by — vm? — 1 + cos?
TH = ’I“”(QL()) = 2 3 ) y (37)

m?2 cos fo + vm2 — 1 + cos? 6
are the Fresnel reflection coefficients, cos g = —1nj - q is the cosine of the docal

incident angle 0y , and
A= 4 (38)
|dr — q

the surface normal unit vector at Mg pointing in D;. Equation (38) reveals that
the incident and reflected wave directions form a specular reflection. From Eq.
(28) it is apparent that the computation of (A gr(qgr,q) & Ay (G q)) ¢ reduces
to the computation of <I£L(§R, q) I (qg, a)>s For doing thisythe integral

1(Gr, &) I (G, §) = / ) ot (PoL —Bi)
A

x lt=lh(PoL) 2o g2 ol 42 p (39)
with
t =ki(d=ar) St 1.37, (40)
t, = tx§ + ty?? (41)
t, =t zZ=k (q— qQg) - Z, (42)

is first computed by the asymptotic method, and then the average over surface
fluctuations is taken; the/result is

(2m)2AA ( ty ty)‘

<I£(aRva)I§*(aRva)>S = t2 (43)

where p(«, 8) i§ the probability density function for the slopes of the surface.
For the Gaussian probability density function

1 o+ 32
Pl B) = 272 exp(f 252 )7

where $2 is the mean square surface slope, we end up with

o S 2rAA t2 + 2
(B (@ @) B (@ @) = 55 oxp( 25 )

(44)

(45)

Taking account of Eq. (45), we then obtain
-1 ld—aal*
87| cosbr| Jo+ [a x Gal*|(q — Gr) - 2[*s?
AN e
X eXP(*ﬁ)I‘m(QmQ) ’ <2(TM; Q)>S

-7, (Gr, §) 4. (46)

<§(I'M, aR)>S

13



For a plane surface, the scattering reflection dyadic is
Asr(Qr, q) = —2mjk1| cos 6a]6(qL — qrni)R21(dr1,q1), (47)
where q; = k1q, and gg, = k1Gr., while the reflection dyadic Ry is
Rai(ars,a1) = r10(@) ® (@) + . 2(@) ® $(@). (48)

If the illuminated area is infinite, we have then to replace AA in Eq. (26) by
(2m)26(qL — qgr1 ), so that inserting Eq. (47) in Eq. (26) and taking acceunt of

1
Pg=—5——d° 49
4 k2 cos 6 AL 9
we get the boundary condition for the specific coherency dyadic
s A= S~y ot
(rar,dr) = Roi(ari,q1) - X(rar, Q) - Ry (el qi), (50)

where (q,Qg, o = —Z) is a system of specular reflection directions.

2.2 Transmission

To establish the boundary condition for the transmitted field we proceed analo-
gously. For the upward transmission direction gr.= qr(0r, @) characterized by
the polar and azimuthal angles 67 and @7} réspectively, with 0; < 7/2 (Fig. 6),
we define the (elementary) transmissién cohérency dyadic at M in an elementary
solid angle AQ) around qr by

C P~ 3 N 1 00 ([~ OO* (=~
AC(ry,dr) == XB(ra, gr)AQ = ?<ET (dr) ® EX* (qr)), (51)

where E2° is the far-field pattern of the transmitted field and X(ras, qr) the
specific transmission coherency/dyadic. The final result is

_ q 1 —_— A A~ —* N~
<E(rM,qT)>S = m /Q+ <AST(QT»Q) ®AST(QT7Q)>5 (52)

: <§(I‘M7 a)>s dQGa

where A'gr is(the scattering transmission dyadic of the rough surface.
In’ the"Kirchhoff approach and the geometrical optics approximation, the
scattering transmission dyadic is given by [11]

Asr(Gr, q) = —2mjkg cos frTa1 (kaGri, k1G.L)
Bho o e o
— 1 0r(@n @17 (@, 8t (@, @), (53)

where Ty, is the transmission dyadic,

2}ﬁo-?1rH?1—m?1r!

cr(Qr, Q) = =———5— — 54
T(qT q) |q % qT‘2|(q . qu) . Z| ( )
B@na) = [ Seahan gy, (55)

14



and
~ _ kd—kar  q-—maqr
ng = = ~ 7 = 7= =
|qu_k2CIT| |q_mCIT‘

(56)

is the surface normal unit vector at Mg pointing in D;. The relation (56) is
an equivalent statement of Snell’s law; thus, the incident and transmitted wave
directions form a specular transmission. The entries of the two-dimensional
dyadic
81(ar.@) = Y tyu(@r @)@ © A@) (57)
n,u=,0
are given by Egs. (32)—(35) with gr in place of g, and with theé Fresnel trans-
mission coefficients (cosfLg = —1p - q)

2 cos O
t1(0o) = =1+780 58
+(0ro) cos by + vm?2 — 1 + cos? Oy r 3(6e5) (58)
2m cos 6 1
tH(eLO) = L0 3 7[1 + il (OLO)] (59)

m2cosfy + vm2 — 1 + cos2Byy am

in place of the Fresnel reflection coefficients = (f£g) and 7 (6Lo), respectively.
By using

27, 42
(1 D @) = e (- s )
t ="k{@m k2dr = k1(q — mar) = t1 + 1,2,
t, =t,X% ty§,
t, =t -z =ki(d—mdqr) -z,
we obtain the boundary, condition for the specific coherency dyadic

| 2

m? / |(d — mdr) - qr
2mcosOr Jo+ |4 x Qr*|(d — mqr) - Z|*s?
S A ~
T;)tm(%’fﬂ : <2(rM7q)>S

2s
71- ~ —~ —~
“ty; (QT, Q) d201~ (64)

At this stage of our presentation, a brief remark is in order. Strictly speaking,
theigeometrical optics approximation applies if the domain D5 is non-absorbing,
since otherwise, at the stationary point, the surface slopes are complex quanti-
ties. However, as in the Snell law, when the transmission angle can be complex,
we may admit, by an analytic continuation procedure, that the surface slopes
can be also complex. In this case, the above results are valid for an absorbing
domain Ds.

For a plane surface, the scattering transmission dyadic is

(Bfrimar))g =

X exp(—

Asr(ar, @) = —2mjks cos0r6(q1 — qri ) Tar (keGri, k1d1), (65)

15



Figure 6: Incidence and transmission directions q and qr, respéctively,and the
area of the illuminated surface AA.

where, for q; = k19, and qry = k2qQry,

Toi(arL,q.) = £8(@r) ® 0(Q) +4.p(@) ©3(@q), (66)

is the transmission dyadic. The boundary condition for the specific coherency
dyadic reads as

~ cos Ot — - P
(ry, dr) = m? COS;Tzl(QanL) -X(ry,q) - Tgl(qTL(u); (67)

where (q,qr, g = —Z) is a system,of Specular transmission directions.

3 Reflection and transmission matrices

To derive the expréssions of the reflection and transmission matrices, we switch
from the dyadicéform représentations of the boundary conditions (46) and (64)
to matrix-form representations [2, 8, 9]. In the case of reflection, we define the
specific collerency column vectors in domain D; by

[ ZGH(rMaaR)
~ 1 [e1 | Zop(ram,dr)
J(rar, ==,/— LN , 68
s = o | e (68)
| Zpp(rar, dr)
and _ R
Zoo(rar, Q)
—~ 1 /e Lo (I‘]y[ a)
J(ra,q) = =/ — LN <O I 69
( M Q) 2\ 1o nga(I‘M,Q) ( )
L Zapap(rJqu)
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where Z,,, are the entries of the specific coherency dyadic <§> 5 and the specific
intensity column vectors by

Zoo(Tar, ") + Loy (Tar, )
Lo =Dalew,) = gy 2 | e “Eeln ) )
iZeo(rar,-) — Zop(rar, )]

where
1 0 0 1
1 0 0 -1
P=10 -1 -1 o0 71)
0 —=j j 0
is a transformation matrix. We find
~ 1 A . ~
I(rm,dr) = ;/ R(Gr, @) I(rar, G) cos.d?q, (72)
Q+
where, for g = q(6, ), the reflection matrix R(qg, @) is given by
o 1 ld—aal*
R(Gr, q) = —
(6. ) 8| cos Oz | cos 0 |\ X"Qr|t)(q — Q&) - Z|*s?
t; +
X exp(f STE )M(rw). (73)

The explicit expressions of the entries of the 4 x 4 matrix M(ry,), n, 4 = @, 0 are
listed in the Appendix. The representation (51) of the reflection matrix can be
also found in Ref. [12].

In the case of transmissions we define the specific coherency column vector
in domain D> by

Z@Q(eraT)

1 [&2 | Teu(rarar)
Irandn) =54/ — | 08, MO "
(ra,dr) 2\/; Z,0(rar,dr) i

Ly (T, dr)

and obtain/the following boundary condition for the specific intensity column
vector:

~ 1 o~ ~ ~
I(ry,dr) = ;/+ T(dir, 4)I(rar, q) cos 0 d°q, (75)
Q

with the transmission matrix being given by

3 o~ o~ o~ 2
(G, d) = (@ — @) - i
T 2cosfrcosf |q x qr|*|(q — mqr) - z]*s?
2+ 12
X exp(—iy)M(t 8)- (76)
2t252 “
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4 Final remarks

We conclude our analysis with some comments.

1. In the conventional derivation of the reflection matrix, a rough surface
illuminated by a plane electromagnetic wave as in Eq. (1) is considered.,
In that case, the far-field pattern of the reflected field at P is (cf. Eqs
(16)) o

Er°(dr) = Asr(@r;S) - Eo(rar), (77)

and the specific reflection coherency dyadic is (cf. Eq. (25))

(@) An(Gr,8) - Co(S) - Alsg(@n, 9), (78)

1
~ AA|cos by

where
Co(8) = Eo(r) @ E§(rar) = E0(B)® E5(8). (79)

Using the representation £y(8) = Sogﬁ(g) + & P(S), implying (say, for
complex amplitudes £y, n = @, 0)

Co®) = Y. Eonf,NE) @A), (80)
n,u=,0

and putting
E00E09 + E0pE0,

1 e EoEl, — S0l
To(8) ==,/ <% A ¢, 81
o®) 2\ po”| —€00&5, — E0pEhp (81)
[€0sE8y — E00&3,]

we conclude that )
I(aR) = ;R(GR,/S\)IO (g) COS 90, (82)

with R(Gg, S)has in’Eq. (73).

2. The Kirchhoff approach does not account for shadowing of the incident
light by the surface undulations. Attempts to include corrections for shad-
owing have been made in the literature by multiplying the reflection and
transmission matrices by a shadowing function depending on the mean
square surface slope [21, 22]. The usage of a shadowing function extends
the validity of the Kirchhoff approach to larger angles of incidence.

3. From Egs. (50) and (67) we find that for a plane surface, the reflection
matrix, defined by

~ 1. .
I(rar, Gr) = —R(@r, @)1(ras, q) cost, (83)
is .
Qr.q) = —M 4
R(qRa q) cos 6 (Tnu)v (8 )
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with reg = 7|, 7op = 71, and 19, = 7,9 = 0, while the transmission
matrix, defined by

~ 1 . ~
I(r]W7 QT> = ;T(qT7 q)I(I']\/[7 q) (GO 0 (85)
is 0
PN cos Ot
T(Qr,q) = WmsmM(tw)v (86)

with tgg = tH, top =11, and to, =tpp = 0.

. Letting cos©® = q - gg = cos 6 cos By + sin 0 sin b, cos(¢ — pr) ‘be thescosine
of the scattering angle, and defining

cos — cos By

cosff = ———, 87
p V2(1 — cos ©) (87)

we obtain an equivalent representation for the reflection matrix:

R(Gn @) = :
ar, )= 8| cos Or| cos B sin*©'cos? 3 52
Iv— cos® 3
X exp(—m)M(rW). (88)
Similarly, defining

cosf — cos § — m cos O (89)

V1+m2—2mcosO’

with cos© = q »qr, we obtain an equivalent representation for the trans-
mission matrix:

(G, ) = m3 (m — cos ©)2
a4 = 5 o 01 cos 0 sin* ©(cos § — m cos f7)1s2
1 —cos?

The relations (88) and (90) are practical formulas for computing the re-
flection and transmission matrices for a rough surface and coincide with
those of the phenomenological approach (based on a facet model for the
rough surface) described in [18]. It should be pointed out that in [18],
the Fresnel reflection and transmission coefficients are replaced by the
corresponding reflection and transmission matrices, which in turn, are
multiplied by the rotation matrices corresponding to the transformation
of the radiance vectors from the scattering to the meridian planes. In our
derivation, these transformations are already encapsulated in the matrices
M(ry,,) and M(t,,).
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5. In the scalar radiative transfer, the quantities of interest are the first el-
ement of the specific intensity column vector (the specific intensity) and
the (1,1) element of the reflection (transmission) matrix. This simplifica-
tion is widely used when the medium is illuminated by unpolarized light
and only the specific intensity of the multiply scattered light needs to be
computed. Using ) )

Z rfm = " J;Tl sin* @, (91)
n,u=p,0

in Eq. (88) gives
B 1 1
8| cos | cos f cost 3 52

17c082ﬁ)7”ﬁ+7ﬁ_

[R(@r, d)]11

— 92
% exp( 252 cos? 3 D (92)
while using
o _ ML
Z b = 5 Sill O, (93)
n,u=¢,0
in Eq. (90) yields
PO m? (m — cos ©)2
T =
[T(6n, D] 2 cos f.cos\@ (cos  — m cos Or)*s?
1= cos? By tf + 14
= . 94
x exp( 252 cosQﬂ) 2 (94)
Note that the relations (92) and (94) can be found in Ref. [18].
Appendix
The entries of thed x 4'matrix M(ry,), n, 4 = ¢, are given by
1
M1 = 5 (rool® + 700 * + [0 l* + e ), (95)
M2 = 5 (Irool* = 700 * + [0 l* = Irep?), (96)
M1z = —Re(ro975, + TppThp), (97)
Mg = —Im(reerg, — TuThp)s (98)
1
a1 = 5 (ool + [rog|* = Irgol” = Irogl), (99)
1
M2z = S (Irool* = [roe* = Ireol® + Ireo ), (100)
M2z = —Re(raomh, — TouT ) (101)
M2a = —Im(r9675, + 7T 0p)s (102)
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Mls1 = —Re(roor59 + TppThy)s (103)
Mls2 = —Re(reor3o — Toury), (104)
Mls3 = Re(roory, + To,750), (105)
Mlzs = Im(rge77, + TouT50), (106)
M4 = —Im(rue750 + rw,rgw), (107)
Maz = —Im(rpergy — r@‘Prggo)? (108)
Mz = Im(rperge — TopT50)s (109)
Mas = Re(rpprse — TopT00)- (110)

For practical applications, it is important to note that r,, = 7, (6, 6a, ¢ — ¢r),
and so, that an azimuthal expansion of M(r,,,,) in terms ofthe relative azimuthal
angle ¢ — g is appropriate. This becomes apparent from the explicit expressions
of the quantities which enter in Eqs. (32)—-(35), namely

1—
cosfrp =1/ %897 (111)
$(@) - gr = —sin g sin(p — va), (112)
5(61) Qr = cos 0 sin g cos(p,~ @r) — sin b cos Oy, (113)
@(ar) - q = sin O sin(v, =xr)) (114)
§(QR) - q = cos fg sin@cos(p — pr) — sin O cos 6. (115)

The matrix M(¢,,) has thessame property. The scalars (q) - qr and 7(dr) - q
are as in Egs. (112)—(115) but with 67 and ¢ replacing 63 and g, respectively,
while the cosine of thélocaliingident angle 6 is given by

mcos©® — 1
V1+m2—2mcos®

(116)

cos Oy =
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