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Abstract 
The influence of relative layer shifting on the elastic and damage response of plain weave composite 

laminates is analyzed using a continuum damage mechanics approach in combination with the finite 
element method. First, the homogenized properties of the woven composite as a function of the number of 
layers and of layer shifting are presented. Next, the damage development in various shifting configurations 
is studied using different damage constitutive models for the matrix and the fiber bundles. It is shown that 
the impact of layer shifting on both the elastic response and the nonlinear damage response is significant. 
Most notably, the model captures changes in the damage mechanisms within the woven composite that 
occur due to layer shifting, resulting in stiffer, more brittle behavior, which has been shown experimentally 
in the literature. Model results in the linear and nonlinear regimes are shown to be consistent with both an 
independent analytical model and reported experiments. 

1.0 Introduction 
An advantage of woven composites with respect to the traditionally used unidirectional tape laminates 

is their lower production costs. However, their use has been restricted partially due to a lack of 
understanding of their structural integrity and damage evolution (Ref. 1). Woven composites are typically 
analyzed numerically using discretized repeating unit cells (RUCs) in finite element models. Continuum 
damage mechanics can be included in these models to capture the nucleation and coalescence of micro 
cracks in the matrix and fiber bundles (yarns) (Refs. 2 and 3). One common approach to model elastic and 
damage development is to assume that a repeating unit cell of a single layer represents the whole laminate, 
i.e., geometric variabilities between layers in the composite are disregarded. The parameters used in 
continuum damage models are often obtained by fitting to experiments (Ref. 4), from sub-scale damage 
simulations (Refs. 5 and 6) or from qualitative observations (Ref. 7). The underlying failure mechanisms 
in the woven composites constituents are often assumed different. For example, Barbero et al. (Ref. 4) 
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modeled a woven laminate using a repeating unit cell of one layer. These authors considered damage in the 
fiber bundles by calibrating parameters from experiments and considered the matrix to be elastic and free 
of damage. Uniaxial tensile tests of woven composite laminates were reported to be in agreement with 
their results. Other works have considered failure in the fiber bundles and matrix simultaneously (Refs. 7 
to 9). Blackketter et al. (Ref. 7) used damage parameters based on observations in shear failure and 
considered a remaining stiffness due to friction. Zako et al. (Ref. 8) considered an isotropic damage 
model for the matrix and an anisotropic damage model in the fiber bundles. Their anisotropic damage 
model was based on the orthotropic Hoffman’s failure criteria (Ref. 10). Matveev et al. (Ref. 9) went one 
step further by considering fiber strength variabilities in the fiber bundles and a progressive degradation 
of the matrix stiffness. They considered a repeating unit cell based on a single woven layer and obtained a 
global stress-strain curve which was similar to the laminate with perfectly aligned layers tested by Ito and 
Chou (Ref. 11). More recently, Fagiano et al. (Ref. 12) performed an analysis using repeating unit cells 
with several layers built from micrographs including many mesostructural imperfections (Ref. 12) leading 
to quite computationally expensive models. Green et al. (Ref. 13) showed that using repeating unit cells 
built from micrographs, led to better results since more realistic imperfections are considered. On the 
other hand, very simplified analytical models, such as the one proposed by Gao et al. (Ref. 14), have 
reported consistency with experiments. Their model disregarded yarns’ undulation, which can have a 
significant effect on the damage evolution (Refs. 12 and 15). 

The most important mesostructural variabilities that must be considered in order to use simpler, but 
still accurate, RUCs is a current research topic (Refs. 16 and 17). Layer shifting is a miscrostructural 
imperfection typically ignored e.g. (Refs. 4, 8, 9, 18 to 20), even though it has been reported to affect the 
overall response of woven composites (Refs. 11, 21 to 23) significantly. Previous works have shown that 
strain fields (Ref. 24) and stress fields (Ref. 25) as well as the global mechanical response, are affected 
(Refs. 11 and 26). 

This study explores the impact of layer shifting on the global initial elastic response of woven 
composites and on the consequent damage nucleation and growth in the woven composites constituents. 
Two distinct damage models have been employed. The first represents matrix damage and has been 
applied to model the response of the pure matrix regions in the composite, along with the transverse and 
shear responses of the fiber bundles. For the longitudinal response of the fiber bundles, a second damage 
model, which accounts for the fiber Weibull statistics, has been employed. 

2.0 Continuum Damage Models 
Two separate continuum damage models have been employed herein. The first is applied to the pure 

matrix regions in the composite as well as the transverse and shear behavior of the fiber bundles. 

2.1 Matrix and Transverse/Shear Fiber Bundle Directions 

The continuum damage model for the polymer matrix and transverse/shear fiber directions assumes 
that the elastic strain energies in the damaged and undamaged materials follow a similar form. For small 
deformations and adiabatic processes, the Gibbs free energy density is given by (Refs. 5, 27, and 28), 

 ( ) ( )1 1 12 : 2 : : : :− − −χ = ρ = ρσ σ CD D σε   (1) 

where ρ is the density, σ is the Cauchy stress tensor, ε is the infinitesimal strain tensor, C  is the stiffness 
matrix and the damage tensor D = (1 − Dij)−1 contains the damage parameters Dij, with i, j = 1, 2, 3. The 
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index 1 refers to the fiber direction and 2-3 to the transverse planes. The values of Dij range from 0 
(undamaged material) to 1 (completely damaged material). In unabridged notation, χ can be written as, 
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where ijν  are the Poisson’s ratios, ijE  and ijG  are the normal and the shear elastic moduli and the tilde 

refers to the undamaged property. Now, let C denote the damaged stiffness tensor, i.e., C−1 = D : 1−C  : D. 
Then, one obtain from Equation (2), 

 1
2

−
2

∂ χ
= ρ

∂
C

σ
  (3) 

Moreover, it is assumed that damage is developed when a damage surface of the form (Refs. 5 and 6),  

 21 0
ˆ

: : 1 0( ( ) )c

g

f c e
δ

γ

= − − + γ ≥Y H Y




  (4) 

controls the damage evolution. In Equation (4) H is defined as a tensor in Voigt notation with 
components that are characteristic of the material (to be defined later). These components relate the 
interaction among the different damage variables Dij through the damage driving force Y. Thus, Y : H : Y 
( ĝ ) gives a scalar value closely related to the Griffith energy. The damage driving force Y is energy 
conjugate to D, 

 
∂χ

= ρ
∂

Y
D

 (5) 

The second term in Equation (4), γ, corresponds to a hardening-softening function depending on the 
material parameters c1, c2, the onset of damage growth γ0, and a hardening variable δ. The damage growth 
is given by, 

 
f∂

= λ
∂

D
Y

   (6) 

where λ  is a so-called damage multiplier and that represents the magnitude of the damage increment and 
∂f /∂Y its direction. It is here assumed that hardening rate δ  is related to λ  (Ref. 5) as, 

 
f∂

δ = λ
∂γ

    (7) 
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0; 0; 0f fλ ≥ ≤ λ =  (8) 

The first condition ensures irreversibility of the damage process, the second condition is related to the 
damage surface and the third condition is a balance law for the damage evolution. Therefore, the value of 
λ  is determined provided that damage is evolving ( 0f f= = ), i.e., 

(9) 

One observes that Equations (6) to (9) are inspired from classical theories of associated plasticity. 
Since Y = Y (ε, D) and γ = γ(δ), their corresponding rates can be obtained. Thus, using the rates 

together with Equations (6) and (7), and by considering in Equation (4) that ∂f /∂γ = −1, one can express 
λ  using Equation (9), i.e., 

:
:

: :

f

f f

∂ ∂
∂ ε

∂ ∂ ∂γ∂
∂ ∂ ∂ ∂δ

λ = − ε
+

Y
Y
Y

Y D Y



 (10) 

Therefore, together with Equation (7), the hardening evolution is, 

δ = −λ  (11) 

The numerical implementation of this damage model is shown in the pseudocode given in Figure 1. 

Figure 1.—Pseudocode for the numerical implementation of the damage model. 
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2.2 Fiber Direction 

The damage developed in the fiber direction of a unidirectional fiber bundle, 11
FIBD , is based on a 

cumulative probability of the fibers failure, ( )ˆF σ , at a stress σ̂  following a statistical Weibull 
distribution (Refs. 28 and 29),  

 ( ) ˆ
11 ˆ 1FIBD F e β−ασ= σ = −   (12) 

where α and β are parameters related to the average strength of the fiber bundle and its distribution, 
respectively. These are in turn related to the critical stress to failure of the fiber bundle, cr

bσ  (Ref. 28), 

 ( ) 1cr
b e − βσ = αβ   (13) 

The parameters used to describe the damage evolution of the fiber bundle in the fiber direction, will be 
given in the next section. 

3.0 Material Properties 
3.1 Polymer Matrix 

Typical properties of an epoxy are used for the matrix and are given in Table I. The constants c1, c2 
and γ0 and the components in of the matrix H used in Equation (4) estimated from experiments in 
previous work (Refs. 5 and 6), 

 polymer
:

0.75 0 0 0 0 0
0 0.75 0 0 0 0
0 0 0.75 0 0 0
0 0 0 0.55 0 0
0 0 0 0 0.55 0
0 0 0 0 0 0.55

=

 
 
 
 
 
 
 
 
  

H   (14) 

Note that this matrix describes an isotropic damage evolution in Equation (4), since the normal 
components H11 = H22 = H33 and the shear components H44 = H55 = H66. The stress-strain curve for this 
material model is shown in Figure 2(a). 
 
 
 

TABLE I.—MATERIAL CONSTANTS FOR THE ISOTROPIC EPOXY POLYMER MATRIX (REF. 6) 
E  ν  c1 c2 γ0 

3 GPa 0.38 25.7 MPa –2.8 0.45 MPa 
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Figure 2.—Stress-strain curves for the damage material models implemented. (a) Matrix, (b) fiber bundle in the fiber 

direction, (c) fiber bundle in the transverse/shear directions. Experimental (exp.) and numerical (num.) comparison 
with Bednarcyk et al. (Ref. 5). 

3.2 Fiber Bundle Properties 

The homogenized elastic properties of the fiber bundles for a Vf of 0.49, are presented in Table II. 
To describe the damage evolution in the fiber direction of the fiber bundle used herein, a finite 

element model consisting of a T-300 Toray (Ref. 30) dry carbon fiber bundle and an epoxy matrix were 
used in an isostrain (Voigt) configuration, referred to here as the micro-model, where damage evolution 
was considered in both the dry fiber bundles and the matrix. The elastic and damage constitutive behavior 
of such a dry carbon fiber bundle is well known (Refs. 28 and 30) and it has been previously used for 
strength prediction (Ref. 28). The T-300 Toray dry carbon fiber bundle has a cr

bσ  = 3 GPa and its damage 
evolution is described with a Weibull parameter β = 8.9 (Refs. 28 and 30) in Equations (12) and (13). The 
damage constitutive behavior for the matrix previously described is used. This micro-model was 
subjected to uniaxial extension, Figure 2(b), and a new critical stress, cr

bσ  = 1917 MPa, was found, 

Figure 2(b). Assuming a Weibull parameter identical to that of a dry fiber bundle β = 8.9, the damage 
evolution in the fiber direction is described for the fiber bundle using Equations (12) and (13) and referred 
to as the meso-model in Figure 2(b). Note also that in these stress-strain curves, a more abrupt 
degradation is obtained, in comparison to the damage development in other directions, Figure 2(c). 

To describe the damage evolution in the transverse/shear fiber bundle directions, the damage 
constants c1, c2 and γ0 (Table II) and the components of the matrix H used in Equation (4) were obtained 
from micromechanics simulations using the generalized method of cells model (Ref. 31) and reported in 
previous works (Refs. 6 and 32). This method is useful for finding homogenized nonlinear constitutive 
relations for multiphase materials, particularly if experimental data are unavailable. Moreover, it has been  
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TABLE II.—MATERIAL CONSTANTS FOR THE HOMOGENIZED CARBON FIBER BUNDLES FOR A GIVEN Vf (REF. 6) 

11E  22 33E E=   12 13ν = ν   23ν  12 13G G=   23G  c1 c2 γ0 m cr
bσ   

144 GPa 7.84 GPa 0.29 0.39 1.91 GPa 2.58 GPa 63 MPa –4 0.45 MPa 8.9 1917 MPa 
 
chosen since it is purely based in a multiscale approach and experimental calibration is avoided, cf. 
(Refs. 6, 31, and 33) for further details. The matrix H for the fiber bundles is also taken from (Refs. 6 and 
32) as, 

 fiber bundle:

0 0 0 0 0 0
0 3.10 0.77 0 0 0
0 0.77 3.10 0 0 0
0 0 0 3.00 0 0
0 0 0 0 1.60 0
0 0 0 0 0 3.00

=

 
 
 
 
 
 
 
 
  

H   (15) 

where the terms H44, H55 and H66 correspond to the 1-2, 2-3 and 1-3-directions, respectively. The absence 
of the H11 component means that no damage is developed in the fiber direction, which is instead accounted 
for by the model discussed in the Section 2.2. The terms H23 = H32 are related to coupled damage in the 2 
and 3-directions. Observe that in this case, the damage evolution is described in Equation (4) is not 
isotropic, as it was for the matrix. The stress-strain curves of the matrix and fiber bundles in the 
transverse/shear directions are presented in Figure 2(c). 

The stress-strain curves shown in Figure 2, have been verified via comparison to the results in (Refs. 5 
and 32). 

4.0 Woven Composite Models 
A two-layered laminate, with each layer containing a plain weave composite, model is shown in 

Figure 3(a). Each layer has a wavelength λ = 0.4 mm, yarn width Wy = 0.18 mm and a waviness ratio of 
WR = tl/λ = 1/4, with tl being the layer thickness. The shifting, φ, is defined as the relative position of the 
upper layer with respect to the lower one in the y-direction, ranging from φ = 0 (no shifting) to φ = 0.5λ 
(maximum shifting) with every geometry keeping a constant volume fraction. To study the effect of the 
number of layers, four-layered laminates with the no shifting and maximum shifting configurations were 
also analyzed. Using TexGen (Ref. 34), each layer was discretized with a conformal mesh using standard 
quadratic tetrahedral elements with about 300⋅103 degrees of freedom in each layer. The mesh choice was 
based on a mesh refinement analysis by comparing the Vf and the linear-elastic homogenized Euclidean 
norm of the stiffness matrix (

2
C ), Figure 3(b). Observe that the Vf slightly changes as the mesh is being 

refined because the mesh is not based on a fixed geometry but generated with TexGen (Ref. 34). This 
feature in TexGen has been observed previously, see e.g., (Ref. 35). It should also be noted that energy 
regularization has not been implemented herein. Therefore, localization and softening of the material 
models could lead to a mesh dependency (Refs. 5 and 36). However, the trends and conclusions made 
with these analyses are not expected to change drastically with further mesh refinements, since similar 
results were achieved with a coarser mesh (about 50⋅103 degrees of freedom). 
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Figure 3.—Models. (a) Geometry, (b) normalized volume fraction Vf and norm of the stiffness matrix 
2

C  with their 

convergent values (c) in each layer as function of the degrees of freedom with the mesh shown. Matrix has been 
removed for visualization. 

4.1 Boundary Conditions 

In order to represent a woven laminate with a finite number of layers, periodic boundary conditions 
(BCs) are defined only in the x-y-plane (Figure 3(a)), 

 ( )m m mn n nu u x x+ − + −− = ε −   (16) 

where um are displacements, mnε  the infinitesimal Cauchy strain tensor, xn the nodal positions, + and – 
opposite boundaries, m, n=x, y and Einstein’s summation convention prevails. For the z-direction load 
cases, Dirichlet BCs were imposed, i.e., 

 m mn nu x= ε   (17) 

while keeping the in-plane periodicity. Another mix of Neumann-periodic BCs was also explored, but a 
better convergence was reached with Dirichlet BCs for the nonlinear simulations. It is worth mentioning 
that, although Dirichlet BCs give higher stiffness than Neumann BCs in a single repeating unit cell 
(Refs. 37 and 38), the initial out-of-plane properties with both BCs were similar, since these out-of-plane 
properties do not depend strongly on the type of BCs imposed c.f. (Refs. 39 and 40). An additional case 
of periodic BCs in the in-plane and out-of-plane directions was considered in a repeating unit cell 
consisting of one single lamina. This represents a thick laminate where all the layers are perfectly aligned 
on top of each other and will be used for comparison purposes in the elastic response. 

5.0 Results and Discussion 
5.1 Influence of the Number of Layers on the Global Elastic Behavior 

The woven laminate effective elastic properties are denoted as Ekl, νkl, Gkl with k, l = x, y, z referring 
to the global Cartesian coordinate system in Figure 3(a). Recall that the layers are shifted only in the 
y-direction. The variation of the global in-plane modulus of elasticity Exx and in-plane Poisson’s ratio νxy 
with the number of layers is shown in Figure 4 for the no shifting and maximum shifting models. These 
two properties, which were found to be the most sensitive to the number of layers, are normalized with 
the value obtained with one layer using periodic boundary conditions in all x-y-z directions 
simultaneously, referred to herein as PBCs, simulating a laminate with many aligned layers. 
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Figure 4.—Variation of the laminate properties with the number of layers normalized with the values 

achieved with PBCs simulating a laminate with several layers. (a) Exx, (b) νxy. 
 

From Figure 4, it can be seen that when the layers are perfectly aligned on top of each other (no 
shifting), there is a significant difference from one to two layers, while the results for four layers appear to 
be approaching the PBC results asymptotically, Figure 4(a) and (b). This behavior is expected base on 
homogenization theory, wherein a convergent value is found when the number of repeating unit cells 
increase (Refs. 37 and 39). 

When the woven laminate is in a maximum shifting configuration, the values in Exx and νxy from two 
to four layers remain constant, Figure 4. This suggests that only two laminates in a maximum shifting 
configuration, have a significant impact in woven laminates with more layers. This stiffening is related to 
the in-plane extension and out-of-plane shear coupling, as it will be detailed later. The value of Exx in this 
maximum shifting configuration can be 20% higher in Exx, Figure 4(a), and νxy can be several times 
lower, Figure 4(b), with respect to the value predicted for a laminate with perfectly aligned layers. In the 
next section, it is shown that this magnitude of layer shifting impact on Exx is consistent with experimental 
observations and an independent analytical model. 

In the results of both the perfectly aligned and maximum shifting models shown in Figure 4, it can be 
seen that two layers represent fairly well the elastic properties of a laminate of several layers. Clearly, a 
two layer model provides much more accuracy than a single layer model while remaining significantly 
more computational efficient than a four (or more) layer model. As such, the remaining results presented 
focus on two layer models. 

5.2 Influence of Layer Shifting on the Global Elastic Behavior 
While the previous section considered only the minimum and maximum shifting cases, in this section, 

the variation of the homogenized elastic properties as a function of the layer shifting is addressed. These 
properties have been normalized by their initial values without shifting (superscript 0). Since the layer 
shifting (φ) goes from zero when the layers are perfectly aligned to half of the wavelength, 0.5λ, when the 
layers are completely shifted, the value of φ has been normalized with the wavelength, λ. 

Plots of the variation of the elastic properties as a function of the layer shifting are presented in 
Figure 5(a) and (b). In Figure 5(a), additional results from an analytical model due to Ito and Chou 
(Ref. 11) are shown for comparison. Details of this analytical model are given in the Appendix. Most of 
the properties vary nonlinearly with the layer shifting, with the greatest departure from the zero shifting 
case occurring at the maximum shifting. Observe that the trends in most of the properties follow a similar 
trend in both the numerical and analytical results. The most significant difference is in the Ezz property, 
which seems to be influenced by the undulations of the neighboring fiber bundles considered in the 
finite element model. 
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Figure 5.—Properties at different shifting configurations (φ/λ) normalized with the initial value in the no shifting 

configuration (0). (a) In-plane and out-of-plane modulus of elasticity and shear modulus for the analytical and 
numerical models, (b) in-plane shear modulus and Poisson’s ratio (only numerical), (c) comparison for the 
maximum variation of Exx with experimental data of Ito and Chou (Ref. 11). 

 
In Figure 5, it is shown that the most drastic effect of layer shifting is on Exx (increase of up to 

30%) and νxy (decrease of up to 80%). The reason for the increase in global Exx and the reduction in νxy as 
function of ϕ/λ can be illustrated by using the simplified two-dimensional model 
(Ref. 11) detailed in the Appendix. In this simplified approach, the laminate elastic properties, obtained 
using classical laminate theory, are dependent on the A matrix. In classical laminate theory, it is well 
known that the A16 and A26 components of A are related to extension-shear coupling (Ref. 41). In Ito and 
Chou’s (Ref. 11) analytical model, the analysis is conducted in the x-z plane (see Appendix) rather than 
the x-y plane as in standard classical laminate theory. As such, A16 and A26 relate x- and z-direction 
extension to through-thickness (xz) shear. Furthermore, these components vary along the composite. 

These components, normalized with their initial values at no shifting 0
16A  and 0

26A , are plotted along 
the laminate (from x/λ = 0.5 to x/λ = 1) for different values of shifting ϕ in Figure 6. In this figure, the 
color represents a curve obtained for a certain shifting value (as indicated by the colorbars). Clearly, when 
the layers are perfectly aligned on top of each other (φ = 0), the magnitude of these components attain 
maximum value. In contrast, when the layers are completely shifted (φ = 0.5λ) both of the components 
become completely suppressed. Thus, one observes that the drastic changes in the effective elastic 
properties when layer shifting increases (Figure 5(a)) can be attributed to the vanishing in-plane 
extension/out-of- plane shearing coupling effect shown in Figure 6. 
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Figure 6.—Shear-extension coupling components of the classical laminate theory A matrix normalized with the initial 
value in the no shifting configuration (0) along the laminate in the analytical model (Appendix) and their variation 
with layer shifting φ. (a) A16, (b) A26. 

 
The increase in Exx from no shifting to maximum shifting has also been reported experimentally by 

Ito and Chou (Ref. 11), albeit for a different carbon/epoxy material system. In order to compare the 
present numerical and analytical results to these authors’ experimental results, the ratio of Exx at 
maximum shifting and perfectly aligned layers ( max 0xx xxE E ) is shown in Figure 5(c). The uncertainty 
from experimental data of (Ref. 11) was calculated using an error propagation theory for quotients 
(Ref. 42). The resemblance between the experimental results and the present numerical and analytical 
results, lends credence to the validity of the models presented herein. Furthermore, the fact that all three 
agree on the maximum effect of the layer shifting, suggests that layer shifting can be quite important in 
comparison to other mesostructural variabilities present in the experimental samples such as voids, local 
changes in volume fractions and fiber misalignments, to mention a few (Refs. 16, 17, and 43). 

Regarding the drastic decrease in global Poisson’s ratio, this has been also observed experimentally 
by (Ref. 26), who tested single layers and woven laminates of several layers. This effect might be 
partially due to the layer shifting effect. In contrast, the global out-of-plane shear modulus Gxz show 
changes of no more than ∼ 5% and the changes in global Ezz and Gxy are practically negligible. However, 
to the knowledge of the authors, there is no experimental data available for comparison. 

5.3 Influence of Layer Shifting on Damage Development 

Since layer shifting affects the various elastic constants to very difference extents, it is expected that 
damage nucleation will be affected differently for every loading scenario as well. The effect of layer 
shifting in the global stress-strain responses due to damage evolution are presented here. These are 
obtained as follows. First, the degraded elastic properties are obtained from the homogenized damaged 
stiffness tensor C at a given strain level by using the boundary conditions described in the Section 4.1. 
Then, these properties are used to obtain the global stress-strain responses. This procedure is applied to 
the no shifting and maximum shifting configurations, since they should act as the lower and upper the 
bounds in the mechanical response. 
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Figure 7.—Numerical (num.) and experimental (exp., (Ref. 11)) nonlinear behavior of the plain WCs under 

uniaxial extension. (a) Stress-strain curves, (b) global in-plane modulus degradation. 

5.3.1 Global Uniaxial Extension Response 
In Figure 7(a), stress-strain curves under uniaxial extension are compared to experimental results of 

Ito and Chou (Ref. 11), who also reported a random shifting configuration laying between the bounds 
given by perfectly aligned layers and maximum shifted layers. It must again be emphasized that the 
experiments represent a different carbon/epoxy composite than that modeled herein. However, valid 
qualitative comparisons can be made by properly normalizing the results. The stress values are 
normalized by their numerical and experimental values in the maximum shifting configuration at 
εxx = 0.8% ( 8Mxxσ ), where the simulations were stopped. The evolving value of Exx at different strain 

levels is normalized with the undamaged value 0xxE , Figure 7(b). The damage development of the no 
shifting and maximum shifting configurations shows qualitative similarities with the experiments, 
although damage in the model is considerably more moderate. In both numerical models and experiments, 
the no shifting configuration tends to result in more damage, whereas in the maximum shifting 
configuration, the damage is limited. The maximum shifting model shows a curve that is more linear up 
to the failure when compared to the no shifting configuration (Figure 7(a)). 

The contour plots of the damage variables in the fiber direction, Figure 8, can explain the different 
damage development in the maximum shifting and no shifting configurations. For the no shifting 
configuration, it can be observed that the largest amount of damage is developed within the pure matrix 
zones where the yarn undulation is minimum and the damage within the yarns is moderate. This correlates 
with the greater degree on nonlinearity for the no shifting case in Figure 7(a). In contrast, in the maximum 
shifting configuration, the damage is mainly developed in the yarns in the fiber direction. The pure matrix 
regions develop considerably less amount of damage when it is compared to the no shifting configuration. 
This correlates with less nonlinearity and the more brittle behavior for the maximum shifting case in 
Figure 8(a). These results suggest that layer shifting can have a significant impact on the character of 
damage growth and nucleation in woven composites. Clearly, the common practice of ignoring layer 
shifting when modeling woven composites could lead to prediction of erroneous damage mechanisms 
compared real, multilayered woven composites. 
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Figure 8.—Damage variables 11
FibD  and D11 in the yarns and matrix for the 

no shifting and maximum shifting configurations at εxx = 0.8%. 
 

 
 

Figure 9.—Numerical (num.) and experimental (exp., (Ref. 44), Random shifting) nonlinear behavior of the 
plain WCs under in-plane shear extension. (a) Stress-strain curves, (b) global in-plane shear modulus 
degradation. 

5.3.2 Global In-Plane Shear Response 
In Figure 9(a), the stress-strain curves obtained in global in-plane shear are compared to experimental 

results (Ref. 44), where the shifting was uncontrolled, i.e., random. Once again, the carbon/epoxy material 
systems are not the same, but through normalization, valid qualitative comparisons can be made. The 
experimental response for this random configuration is compared to the numerical results for the no 
shifting and maximum shifting configurations, which should act as upper and lower bounds for the 
uniaxial loading case discussed before. The stress values of the curves are normalized with their stress 
levels at the maximum strain of γxy = 3.7% achieved in the simulations. 

In Figure 9(b), the global shear modulus degradation Gxy (normalized with is initial value 0xyG ) is 
shown at different shear strains γxy. Here, larger strain levels are achieved in both numerical models and 
experiments compared to the uniaxial case discussed above. For both the no shifting and maximum 
shifting configurations, a high degree of nonlinearity is observed, which is also reflected in the 
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experiments. The global stress-stress curves for both the no shifting and maximum shifting configurations 
are similar and therefore it is predicted that damage development is not highly dependent on the layer 
shifting. This can be confirmed by observing the contour plots of the damage variable D12 shown in 
Figure 10 where one can see that for both shifting configurations, damage is developed in the regions of 
yarns’ undulation, and does not depend on the interaction between layers. Therefore, for the composite 
considered herein, it appears that damage under in-plane shear is yarn undulation-dominated mechanism 
and layer shifting has a negligible effect on damage development. This result also agree with the 
observations of (Ref. 7), where it was observed that nonlinearity in the global stress-strain curves under 
shear loading was due to damage within the composite yarns themselves, rather than from damage 
development in the matrix. The negligible effect of the layer shifting in the global in-plane shear response 
might be expected from the elastic response where negligible changes were observed for the in-plane 
shear modulus with respect to layer shifting (Figure 5(b)). 

 
 

 
Figure 10.—Damage variables D12 in the yarns and matrix for the no shifting and 

maximum shifting configurations at γxy = 3.7%. 
 

Figure 11.—Global out-of-plane properties degradation. (a) Ezz, (b) Gxz.  
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5.3.3 Global Out-of-Plane Response 
The degradation of the global out-of-plane elastic modulus, Ezz, and shear modulus, Gxz, due to the 

corresponding out-of-plane εzz and γxz extensions, are presented in Figure 11(a) and (b). To the authors’ 
knowledge there are no reported experiments for comparison. However, normal damage in the z-direction 
develops in similar fashion for both the no shifting and maximum shifting configurations, suggesting a 
negligible influence of layer shifting. This negligible effect was also observed in the Ezz modulus of global 
elastic response (Figure 5(a)). 

Regarding the out-of-plane shear modulus Gxz, the maximum shifting model shows more pronounced 
damage development than for the no shifting model at higher strain levels. This is also linked to the 
elastic response in the Figure 5(a), where a slightly increase of Gxz with the layer shifting was observed. 
The higher levels of damage developed are thus a consequence of higher out-of-plane interactions in the 
transverse yarns when layers are shifted, and leading to more damage in the yarns. 

As mentioned, a true quantitative comparison between the results of the present numerical model and 
the experimental results from the literature was not possible due to differences in the material systems. 
This difference includes not only the matrix and fiber materials, but also the overall and yarn fiber volume 
fractions. In a future investigation, the influence of the damage development at different volume fractions 
and shifting configurations will be carried out together with the development of detailed yarn 
micromechanics models for the accurate description of the damage development in a lower scale. 

6.0 Conclusions 
The effect of layer shifting on the global elastic and damage responses of woven composite laminates 

has been investigated with numerical models and compared to experiments and an analytical model from 
the literature. It has been found that most of the global elastic properties vary in a nonlinear fashion with 
layer shifting. The most pronounced effects were in the in-plane modulus of elasticity and Poisson’s ratio, 
varying as much as by 30 and 80%, respectively. 

The damage development in woven composites under uniaxial extension was also affected by layer 
shifting. For a laminate with no shifting, it was observed that most of the damage is developed in the pure 
matrix regions causing a characteristic nonlinear global response. In contrast, in a laminate with a 
maximum shifting, the amount of damage in the matrix is decreased, and damage mainly concentrates in 
the yarns, causing an abrupt, more brittle-like, response. For global in-plane shear loading, damage was 
observed mainly in the vicinity of the yarn undulations, and the layer shifting effect was negligible. 
Regarding the out-of-plane response, damage development in the global out-of-plane direction was 
observed to be insensitive to layer shifting. However, layer shifting promotes higher damage levels in the 
global out-of-plane shear response. 

The numerical results were in good qualitative agreement with available experimental results from the 
literature. Through appropriate normalization, valid comparisons were made to elucidate the similar 
trends present in the model predictions and the experimental data, even though the carbon/epoxy material 
systems were not the same. The model results indicate that layer shifting can have a dramatic effect on the 
linear and nonlinear behavior of woven composites, as has been observed experimentally. When ignoring 
layer shifting, as is commonly done in woven composites modeling, models may not even predict correct 
damage mechanisms. Such lack of fidelity can negatively impact the model’s capability not only to assess 
material performance, but also to perform model-based materials design. 
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Appendix—Analytical Model 
An analytical model following the approach of Ito and Chou (Ref. 11) has been used to show the 

relation between the shear-extension coupling terms and how they are affected by layer shifting, φ. 

Geometrical Description 

Consider two woven composite layers on top of each other as shown in Figure 12, each one with 
thickness 2hy. Henceforth, the lower and upper layers will be distinguished with the superscripts A and B, 
respectively. The center lines z0 of the longitudinal yarns, can be approximated with the sinusoidal 
functions, 
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where φ is to account for the layer shifting of the upper layer with respect to the lower one. 
The fiber directions for each layer are simply obtained as, 
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Since the thickness of each yarn is hy/2, the upper and lower functions zu and zl defining upper and 
lower bounds of the longitudinal yarns are obtained, 
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Figure 12.—Two-dimensional analytical simplification of the woven composite laminate. 
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The functions of transverse yarns zt (ht heights in Figure 12), that represent the domain of the yarns in the 
out of page (y)-direction, are obtained for the lamina A, and for the lamina B, 

 ( )

21 sin 2
2

2sin 1 2
2 2

y

A
t

y

h
x x

z x
h

x x

  π + ≤ λ   λ  = 
  π λ  − − ≥ λ    λ    

  (21) 

 ( )
( )25 sin

2

23 sin
2 2

y B But
B
t

y B B
t l

h
x x x z z

z x
h

x x x z z

  π + + φ ∈ ≥   λ  = 
  π λ  − φ − + ∈ ≤    λ    

  (22) 

where λ is the yarn wavelength.  

Laminate Properties 

Considering the x-z plane, Figure 12, the relations between the normal forces per unit length, N, and 
the strains, ε, generated in the x-z directions are related by considering the extensional portion of classical 
laminate theory (Ref. 41) as, 

 
11 12 16

12 22 26

16 26 66

x x

z z

xz xz

N A A A
N A A A
N A A A

ε     
     = ε     
     γ     

 (23) 

where the components of the matrix A, which vary with the x-coordinate Aij = Aij(x), contain the 
contributions of each layer, 

 ( ) ( ) ( )A B
ij ij ijA x A x A x= +   (24) 

with, 

 ( ) ( ) ( ) ( ) ( ) ( ) ( ), , , ,, A B A B A B A BA B t m
y mtij ij ij ijA x h x Q x h x Q x h x Q x= + +   (25) 

where , , , ,,A B A B A B A B
y u tlh z z h= −  are the heights of the yarn’s transverse sections and ,A B

mh  the 

heights of the matrix regions, as depicted in Figure 12. All these values are directly obtained with the 
previous expressions. ijQ  are the reduced stiffness matrices for the laminates, yarns’ transverse sections 

and matrix regions, represented with the superscripts A, B, t and m, respectively. Observe that the line over 

( ),A B
ijQ x  means that rotation of the stiffness matrix in the fiber directions ,A Bθ  (Equation (19)) is taken 

into account following the typical notation used in classical laminate theory. The effective properties at an 
infinitesimal slice dx (see Figure 12) are then calculated as functions of x (Ref. 41), 
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 ( ) ( ) ( )11
xx

dxE x
a x H x

=   (26.a) 

 ( ) ( ) ( )22
zz

dxE x
a x H x

=  (26.b) 

 ( ) ( ) ( )66
xz

dxG x
a x H x

=   (26.c) 

where a11, a22 and a66 are the components of the matrix a(x) = A−1(x). The effective laminate properties 
are then taken as an average over the region ( )/ 2x xλ ≤ ≤ λ  as, 

 ( )
/22xx xxE E x dx

λ

−λ

λ
= ∫   (27.a) 

 ( )
/22zz zzE E x dx

λ

−λ

λ
= ∫   (27.b) 

 ( )
/22xz xzG G x dx

λ

−λ

λ
= ∫   (27.c) 
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