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Abstract

Direct numerical simulation (DNS) is used to isolate the influence of sweep on a sep-
arating turbulent boundary layer. Attention here is limited to the behavior of the
turbulence within the adverse-pressure-gradient (APG) region upstream of separa-
tion. Other regions and quantities are considered in Coleman, Rumsey & Spalart [1].
The mean three-dimensionality and outer-layer inviscid skewing have only a slight
effect upon the structure of the turbulence (measured by the relationship of the
components of the Reynolds-stress tensor and the efficiency of the turbulence en-
ergy transfer) compared with that of the adverse pressure gradient, which dominates
both the skewed and unskewed layers.

1 Introduction

This note examines the manner in which turbulent boundary layers are affected by
sweep — that is, by misalignment between the pressure gradient and the freestream
velocity vector. The resulting three-dimensional boundary layer (3DBL) is charac-
terized by mean velocities and vorticities that change direction as well as magnitude
with distance from the surface. We consider the spatially developing incompressible
turbulent 3DBL over an idealized — flat, smooth — 35-degree infinite swept wing that
develops by applying a prolonged adverse then favorable pressure gradient (APG
and FPG, respectively) in the ‘chordwise’ direction (normal to the leading edge) to
an originally two-dimensional (2D) mean state with nonzero spanwise (parallel to the
leading edge) mean velocity. Note that this use of ‘spanwise’ and ‘chordwise’ is not
uniform aeronautical terminology, since these sometimes indicate directions, respec-
tively, normal and parallel to the direction of flight (cf. Bradshaw & Pontikos [2]);
the direction of flight itself will be referred to here as ‘streamwise’. Following Driver
& Johnston [3], we shall describe as ‘collateral’ any 2D boundary layer — such as
the initial 2D state just mentioned — whose nonzero spanwise component of mean
velocity is solely an artifact of the orientation of the coordinate system.

Direct numerical simulation (DNS) is used to create a computational version
of the infinite-swept-wing experiments of Bradshaw & Pontikos [2] and especially,
since it also involves separation, of van den Berg et al. [4]. This effort continues
and generalizes our work on unswept turbulent separation bubbles, presented in
Coleman, Rumsey & Spalart [5] (henceforth denoted CRS18), and supplements the
broader study of swept separation in Coleman et al. [1] (henceforth CRS19). The
latter contains a discussion of the validity of the swept-wing Independence Principle
for the turbulent case, and implications for Reynolds-averaged turbulence models.
Here we focus solely on the role of mean three-dimensionality in the evolution of
the energetics and structure of the turbulence in APG boundary layers leading up
to separation.



Table 1. Case parameters.

Case o (deg-) UooY/V Uooemo/y Qooemo/y Vmax/Uoo C/Y SDtOp/UOO

Co 0 80000 3057 3057 0.1333 3.66  0.0034
C35 35 80000 3031 3700 0.1333 3.66 0.0038
!Sweep angle ¢ = arctan(Weo/Us). Chordwise component of upstream/reference velocity

magnitude is U, such that the total/streamwise magnitude is Qoo = Uso/cos o = (U2, + WZ)1/2,

where W, is the spanwise component.

2 Approach and flow definition

The equation set and numerical strategy are identical to those used in CRS18, to
which the reader is referred for details. The approach involves pseudospectral DNS
of a fully turbulent incompressible ZPG boundary layer over a flat no-slip surface,
subjected to first APG then FPG conditions (figure 1). The chordwise (z-direction)
pressure gradients are induced by a transpiration profile Viop(x) through a parallel
plane offset a fixed distance Y from the no-slip surface. The strength and duration
of the pressure gradients are set by the maximum velocity Vi..x and length-scale ¢
of the transpiration profile,

Viop() = —V2Vinax E] exp % — E} 2) + Ptops (1)

with = 0 defined as the location at which Vi,, changes from suction to blowing
(see figure 2a). The last term in (1), ¢ptop, is the magnitude of a (small) constant
‘bleed’ velocity, adjusted to offset the blockage in the nominally ZPG regions, and
thereby produce dP/dz =~ 0 along the wall there.

The new boundary condition on the spanwise velocity is enforced by adding
(1 —exp(—y/yo))Weo, where yg is the Jacobi-to-physical-space mapping lengthscale
and W, the constant spanwise velocity above the layer, to the spanwise component
of the computational variable Uy (see Spalart, Moser & Rogers[6] and Spalart &
Coleman [7]). The mean vorticity and mean viscous terms are altered as in Cole-
man, Ferziger & Spalart [8]. The corresponding change to the finite-domain version
(equivalent to the y — oo form used here) of the top-wall boundary condition is the
replacement of dw/dy = 0 with w = Wy, in (2.2¢) of CRSI18.

We consider a single new case, denoted C35, which is a ¢ = 35° infinite-swept-
wing version of Case C of CRS18, in the sense that the transpiration profile — and
thus the pressure-gradient variation — of the latter is applied along the chordwise
direction of the swept flow, with the same chordwise Reynolds number Uy Y /v.
We shall henceforth refer to Case C, the highest-Reynolds-number flow presented
in CRS18, as ‘Case C0’, as a reminder of its unswept state. As was true for
Case CO0, the combination of transpiration parameters shown in table 1 leads to
an APG/FPG variation that creates a small separation ‘bubble’ (strip), with mean
detachment /reattachment lines parallel to the leading edge. Figure 2 provides an
overall comparison of Cases CO and C35. They have identical Uiop and Viep, with
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Figure 1. Mean streamlines and and contours of (a) chordwise @ and (b) spanwise
w velocity in chordwise-wall-normal plane for Case C35. Shaded/grey regions are
fringe zones. Solid vertical lines indicate locations at which mean chordwise wall
stress is zero. White symbols denote edge of boundary layer.
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Figure 2. Chordwise variation of (a) velocity components at y = Y, (b) mean
wall pressure, Cp ., = (Pwan — Pro)/3pU%, (c) angles of surface-shear ag =
arctan (7, /Ty, ) and velocity at y =Y, aop = arctan(Wiop/Usop), and (d) chordwise
momentum-thickness Reynolds number: Symbols, 7, = 0 locations; shaded/grey
curves, (in b) blockage-free wall-pressure variation associated with slip velocity Usip
induced by Viop (see CRS18), and (in d) virtual Reynolds-number variation given
by ZPG thickness 0,,,, from Coles [9] (see figure 3b and its legend). Chordwise mo-

mentum thickness 6, defined in terms of mean spanwise vorticity (equation (3.4) of

CRS18).



finite Wiop, distinguishing C35 (figure 2a). Figure 2b shows the wall pressure (includ-
ing the blockage-free variation). Figure 2c illustrates the change along the chordwise
axis of the directions of the local wall shear and top-wall velocity for Case C35, and
figure 2d presents the chordwise momentum-thickness Reynolds numbers.

In order to make the comparison between the swept and unswept flows as mean-
ingful as possible (when, for example, examining the validity of the Independence
Principle), Case C35 is defined such that the momentum-thickness Reynolds number
of its mean chordwise velocity component in the ZPG region upstream of transpi-
ration, and that of the mean streamwise component in the same region of Case CO,
‘aim at the same target’. This is done by adjusting the x = 0 location of the
Case C35 transpiration profile such that the chordwise ZPG layer’s virtual thick-
ness 6, at * = 0 (defined as the thickness that would exist were the APG not
applied) is close to the virtual = 0 thickness of Case C0O. The matching is based
on the behavior observed in the Coles [9] experiments, using the C'y = C¢(Rey) inter-
polant shown in figure 3b, and the ZPG von Karman momentum integral equation.
The result is that Usf,/v ~ 3000 for both the ¢ = 0 and 35° cases (see table 1
and shaded/grey curves in figure 2d). At the ZPG reference stations (see below),
the streamwise Reynolds number has increased from Q..0/v = 1744 for Case CO to
2052 for Case C35.

The Case CO and C35 numerical parameters are summarized in table 2. The
chordwise A, and spanwise A, domain sizes, and the number of wall-normal N,
and spanwise N, quadrature points are the same. The chordwise resolution, A, /N,
was increased from N, = 7680 to 15360 to accommodate the finer scales associated
with the misalignment between x and the streamwise direction of the swept flow
(illustrated in figure 4b,c of CRS19). The spatial resolution in wall units shown
in table 2, which is based on the maximum total skin friction within the domain,
near the beginning of the upstream ZPG layer, is comparable to that employed for
Case C0, and thus broadly sufficient. (See CRS18 for a discussion of the somewhat-
marginal spanwise resolution in the ZPG region, and a caveat regarding the wall-
normal resolution above the edge of the boundary layer over the bubble.) The
differences in the inflow and outflow coordinates, xj, and Zoy, are the result of
altering the « = 0 transpiration location as described above.

The chordwise (z) boundary conditions are applied using the ‘fringe method’
introduced by Spalart & Watmuff [10], which involves adding forcing terms to the
governing equations that are only active in the inflow and outflow regions of the
domain, indicated by the shaded/grey zones in figure 1. This allows the chordwise-
periodic spectral discretization to accommodate the x-wise variation of the mean
flow (cf. figure 1). The fringe parameters used here are identical to those specified
in Appendix A of CRS18 (i.e., 1/Y = 1.0, V2/Ux = 1.5, T = 2.0, yg/Y = 0.16),
except for y, /Y, which was decreased from 0.518 to 0.455. The spectral algorithm
imposes periodic boundary conditions in the spanwise infinite-sweep direction z, and
employs Jacobi polynomials, mapped to the semi-infinite domain, in the wall-normal
direction y (Spalart, Moser & Rogers [6]).

Statistics were gathered by averaging over z and in time, involving 78 full z-y
fields over periods of 33.5 and 54Y /U, respectively, for Cases CO and C35, corre-
sponding to 1.3 and 2.1 domain-flow-through times A, /Us. Some quantities were



Table 2. Numerical parameters.?

Case A,)Y /Y 2zow/Y AJY N, Azt N, vy, N. Azf

Co 26 —15.35 10.65 4.0 7680 123 240 4.6 2560 6.0
C35 26 —13.63 12.37 4.0 15360 7.7 240 5.7 2560 7.1

2Origin of chordwise coordinate x, and thus locations of inflow zi, and outflow oyt stations, is
defined by location of sign change of transpiration profile Viop(z), with Zouwt — Zin = Az, where
A; is the streamwise period of the domain (see figure 2a and main text); spanwise period is
A.. Dealiasing is enforced by defining the number of quadrature/collocation points, Nz, N, and
N, such that they are related to the number of streamwise, wall-normal and spanwise Galerkin
spectral expansion coefficients, respectively, by M, = 2N, /3, M, = (2N, —9)/3 and M. = 2N /3.
Spatial resolution is quantified in terms of the quadrature grid, such that Az = A;/N, and
Az = A, /N.; the distance yi0 is that of the tenth wall-normal quadrature point from the bottom
of the domain (with y; = 0). Wall units, e.g., Az" = Az u./v and vy, = yi0 u- /v, are based on

maximum skin friction within the domain, downstream of the fringe zone.

also locally averaged in x, with a filter width as large as 0.1Y. The momentum
balances associated with the resulting statistics are very good, comparable, in both
the x and z directions, to the x balance shown in Appendix C of CRS18.

Computations were run on the NASA Advanced Supercomputing (NAS) Divi-
sion’s Pleiades system, a distributed-memory SGI ICE cluster, on from 1024 to 4096
cores. A total of about 512000 CPU-core-hours were utilised during the statistics-
gatherings phase of the Case C35 computations.

3 ZPG reference state

A high priority for the design of this flow was to specify canonical ZPG conditions
upstream of the APG. This is an essential feature for DNS (or experimental) data
that is to be used to isolate PG effects and to serve as a benchmark for RANS-
model testing, or that of other turbulence-resolving approaches for that matter.
The extent to which this objective was met can be inferred from figure 3. The ZPG
reference station was chosen as z/Y = —9.5 and —8.5, respectively, for Cases CO
and C35. The mean-velocity profiles, the displacement/momentum-thickness shape
factor, and the skin friction are all characteristic of constant-freestream-velocity
boundary layers at their respective Reynolds numbers (Rey = 1744 for C0, 2052
for C35; the corresponding friction velocities are u;/Usx = u;/Qs = 0.0436 for
CO0, and u;/Usx = 0.0525, u,/Qs = 0.0430 for C35). We note the logarithmic-law
scaling of the mean velocity in figure 3a, in agreement between all DNS datasets and
Luchini’s proposed high-Reynolds-number asymptote, and that the Reg dependence
of §* /0 and Cy (figure 3b) for both cases compares well with previous DNS [11]-[13],
and the Coles [9] data for ZPG boundary layers. The Case C35 TKE profile and
individual budget terms (not shown), also agree well with Schlatter & Orlii’s (2010)
ZPG DNS at Reg = 2000 (as it did for Case CO; see figure 6 of CRS18), although the
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Figure 3. (a) Mean-velocity profiles at ZPG reference stations, and ZPG-TBL DNS
of Schlatter & Orlii [12] (SO10) and Sillero, Jiménez & Moser [13] (STM13): ——,
equation (36) of Luchini[14] (L18). (b) Shape factor and skin friction: , in-
terpolant of Coles data: Cy = a + bReg + cRep?, with (a,b,c¢) = (0.0055, —1.2 x
1076, 1.5 x 10719), where Cy = Tw/%png.

correspondence for the Case C35 outer-layer TKE profile is not quite as good as it
is for Case C0. This agreement, for various quantities, underlines the success of the
fringe-zone inflow /outflow treatment, in allowing a spatially developing flow to be
faithfully represented in a periodic domain, and the sufficient length of development
toward a universal ZPG state defined solely by Rey.

The solid line in figure 3b is a curve-fit of the C'y versus Rey relationship found
in the Coles results. As mentioned above, this was used to estimate the chordwise
variation of the chordwise momentum thickness of the virtual (chordwise) ZPG
boundary layer into the APG region — and thus set the origin (i.e., location of the
APG-to-FPG transition) for the transpiration profile Viop(z), so that 6, at z = 0,
0,, for Case C35 is close to 0, = 0y for Case CO0; see figure 2a, d.

4 Effect of sweep on TKE and its rate of production

We begin by examining the impact of the 35-degree sweep on the development
of the turbulence kinetic energy (TKE), focusing on the APG-induced evolution
downstream of the ZPG states in Cases CO and C35. This evolution will clarify
the role of the misalignment between the negative 2D-APG strain S7; and the ZPG
freestream velocity for the swept flow — or equivalently, in terms of axes Z; aligned
with /orthogonal to the freestream velocity, the role of the nonzero mean skewing §13
and lateral 533 strain-rate components, and the weakened streamwise deceleration
§11, associated with S1;. (Recall that in terms of the freestream-aligned components,
the chordwise deceleration Sj; transforms to 511 = Sijcos?o, §33 = Syysin®o

and §13 = §31 = —Sjisinocoso.) The effect-of-sweep comparison is complicated
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Figure 4. Chordwise variation of (a) integrated TKE I}, = fOY kdy, and (b) maximum
TKE (over y) k.. and its wall-normal location ymax. The origin & = 0 of the
shifted chordwise coordinate { = = — x,,,, coincides with the Case C35 ZPG
reference station z,,,,, = —8.5Y. Symbols mark locations at which mean chordwise
wall shear stress 7, = 0. Small vertical lines near {/Y = 2 correspond to the

chordwise station (z/Y ~ —6.5) at which C),__, rises to 0.10 of its maximum value
(see figure 2b).

somewhat by the two ZPG states having different velocity-to-thickness ratios, such
that at /Y = —8.5%, a given S1; strain is about 35% larger in units of u,/dggs,
or Qso/d995, for Case CO than it is for Case C35. (See CRS19 for definition of the
vorticity-based chordwise 99.5% boundary-layer thickness dgg5,.) We will thus be
especially interested in similarities between the two flows, since these will indicate
behavior unaffected by sweep.

To emphasize the 2D-to-3D conversion effected by the APG, the chordwise axis
¢ in figures 4 and 5 has been shifted such that its origin corresponds to the ZPG
reference at ©/Y = —8.5. The nominal beginning of the APG region has been
defined as the station at which the mean wall pressure reaches 10% of its maximum
value, above the separation bubble (figure 2b); this location is noted in figures 4 and
5 by the small vertical mark near £/Y = 2.

The growth of the integrated TKE across the layer, I; = fOY kdy, brought about
by the APG is shown in figure 4a. The difference in the largest values, which for
both flows occur above the bubble, correlates well with the difference in the strain-
rate magnitude relative to the ZPG velocity-thickness ratios cited above, which is
about 35% larger for Case C35. The smaller I; values within the swept flow are
roughly proportional to the local layer thickness, such that the ‘energy density’
I3/Q2 bggs, is fairly constant over each of the ZPG, APG and FPG regions (lower
curves in figure 4a); this scaling also successfully accounts for the variation found in
both flows immediately above the bubble. For both cases, the APG-induced growth

3The 2/Y = —8.5 station is chosen here as the ZPG reference for both cases, despite z/Y = —9.5
defining the Case CO ZPG state in CRS18, to provide the same ‘initial conditions’ for the APG
straining history, in terms of the mean wall pressure variation. See below.
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Torod = PPk/~/25i;5:; and the norm of Reynolds-stress deviator 7qey = py/dijdij/2

where d;; = uju};—(2k/3)d;j, and (d) y-maximum and location of turbulence-to-mean
energy transfer efficiency 7p,04/pk and turbulence stress-energy ratio |7,.|/pk, where

the x, z-plane shear-stress magnitude |7,,| = p(W2 + v’w’2)1/2: ----, Case CO0;
, Case C35; —-— (in a,b), PP = —ugui Sy, (4,7) € (1,2) (ie., omitting
terms involving spanwise direction z3 = z) for Case C35; (in a,b), PP =

—2u'w’ S13 — 2v'w’ Se3 for Case C35.



of the total TKE within the layer is accompanied by a reduction of the near-wall
maximum Kpax (figure 4b), associated with reduced mean skin friction C (figure 6b
of CRS19). The maximum TKE in figure 4b is normalized by the total friction
velocity u.,, defined by both components of the wall shear stress, at either the ZPG
reference station, u,(&p), or at the local chordwise location, u,(§). The decreases of
kmax in the ZPG-to-APG regions of Cases C0 and C35 are quite similar. The growth
of kmay relative to the local wall stress u2(¢) in the ZPG region, between ¢ = 0 and
2, observed in figure 4b, is a symptom of increasing Reynolds number there; see
figure 2d and Spalart [11]. While the sweep has little influence on the near-wall ky,ax
reduction fairly far into the APG region, it does affect the chordwise location at
which the outer-layer peak in the TKE profile becomes larger than the near-wall
peak (cf. figure 12a of CRS18), with this location occurring sooner (smaller £) for
the unswept case. The station downstream of the bubble at which k. returns
from the outer to the near-wall region, under the influence of the favorable- and
zero-pressure gradients, also occurs at larger £ for Case CO. That the kyax location
for the swept flow remains near the wall longer within the APG, and begins again
sooner within the FPGQG, is a consequence of the ‘extra’ TKE production contributed
by the spanwise shear, which persists across the separation/reattachment zone (see
below). The difference in magnitudes of the outer-layer ky,,x above the bubble again
correlates with the difference in the magnitude of the APG /FPG strain S1; = —S29
relative to the ZPG-boundary-layer parameters u. (&) and dggs, (£o)-

The presence of sweep does not alter the similarity of the outer-layer trajectories
of the kpax heights, ymax(§), or the fact that for both flows the maximum kpyax —
which for Case CO0 is close to its upstream ZPG value — is found immediately above
the mean separation.

A comparison of the maximum TKE production rate Py is shown in figures 5(a, b);
also included, for Case C35, are the separate contributions to P, made by the chord-
wise (PI%D) and spanwise (PI?QD_)terms, v@“e PI%D = —u'u/S11 — 2u'v' S19 — V'V Sao
and PIZ’D = Pr — PﬁD = —2u'w'S13 — 2v'w’Sa3. This decomposition provides evi-
dence for the claim made above regarding the importance of the spanwise shear as
the chordwise flow approaches separation, in that PJED — 0 and PIZ’D, while weak-
ening, remains finite. Note that the maximum PI?QD is located near the wall for all
&. The ‘u,-component’ inner scaling used for the maximum chordwise and spanwise
production in figure 5b reveals the conversion from the collateral to the APG-layer
state for Case C35, in that Py /ul for Case CO and PP /ul and PEP /ul all agree in
the pure ZPG region, before they diverge. (Recall that for a collateral/ZPG layer,
the chordwise or spanwise component shear stress and corresponding mean wall-
normal velocity gradient, and thus the wall stress, are all proportional to the sine
or cosine of the sweep angle.) That Px/ul and P2P/ul exhibit similar behavior —
both in terms of the values and locations of their maxima — across the ZPG, APG,
and early FPG regions is consistent with the validity of the Independence Princi-
ple in the low-C, zone bridging the bubble (which, based on figure 6b of CRS19,
corresponds to about 5.5 < ¢/Y < 11.5).

Another similarity between the swept and unswept flows is found in the scalar
‘productive stress’ field, Tprod = pPk/+/25:;5:;. This quantity represents the energy
transfer between the turbulence and the mean flow, and is thus important in both

10



theoretical and modeling contexts. The trajectory of the magnitude and location of
its maximum is illustrated in figure 5¢. The Case CO result is a distillation of the
2D, z-y data shown in figure 13f of CRS18. The shapes of the chordwise variations
of the Case C0O and C35 magnitudes are quite similar, with the difference in their
peaks near /Y = 6.5 again in line with the differences of their u,(&y)/ 59951 (&)
ratios; the locations of the maxima agree surprisingly well, with the only meaningful
discrepancy being the earlier return of the maximum, downstream of reattachment,
from the outer to the inner layer for the swept flow, caused by the nonzero spanwise
shear. The other coordinate-independent quantity shown in figure 5¢ (shaded/grey
curves) is the norm of the trace-free part (deviator) of the Reynolds-stress tensor,
Tdev/p = \/dijd;ij/2, where d;; = Tu; — (2k/3)6;;. Because of the strong Reynolds-
stress anisotropy, especially near the wall, over most of the flow the magnitude
and location of its maximum are significantly different than those of the productive
stress. The chordwise variation of the maximum 74, for the swept and unswept
cases do not reveal a profound dependency on the presence of sweep, except for
the tendency for the near-wall maximum to again remain dominant deeper into
the APG, and earlier into the FPG, for Case C35. The outer-layer locations of the
maxima agree closely with those for the productive stress, for the swept and unswept
flows.

The ratio of the productive stress to the TKE is also relatively indifferent to
sweep, as can be seen in figure 5d. This ratio can be viewed as a measure of
the efficiency of the energy and momentum transfer from the mean flow by the
turbulence. Also included (shaded/grey curves) is the oft-used ‘structure parameter’
a1 = |7uz|/pk, with (to account for the boundary-layer skewing) the numerator
now defined as the magnitude of the z-z shear stress, with |7,./p|? = W+
oW . Although these ratios are equivalent for parallel/unidirectional shear flow,
for spatially developing pressure-gradient layers they exhibit quantitatively different
behavior, in that the maximum ay decreases under the influence of the APG here,
while the actual transfer-efficiency ratio does the opposite. In CRS18, it was found
that replacing the a; numerator by the Reynolds shear stress component aligned with
the local mean streamline removes this qualitative discrepancy in the APG regions,
but not all quantitative differences with the 7,.,q-based ratio. As was stressed in
CRS18, slight streamline divergence can have a surprisingly large impact on the
measures developed, and the insight gleaned, from studies of parallel thin-shear
layers.

In contrast to the TKE profiles, the transfer-efficiency ratio has one local, outer-
layer, maximum at each chordwise location (cf. figure 13h of CRS18), whose value is
only somewhat affected by sweep. There is a modest reduction in the APG region,
perhaps due to the ‘sideways-toppling-eddy’ mechanism, proposed by Bradshaw &
Pontikos [2] (see also Schwarz & Bradshaw [15] to reduce the energy transfer ef-
ficiency in the outer layer. But overall, we are left to conclude (with Coleman,
Kim & Spalart [16], based on their strained-channel study) that the APG strain has
a much more profound effect, for example in near-wall TKE reduction, than the
skewing does on the boundary-layer turbulence.
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5 Closing comments

The discussion above demonstrates the manner in which the Case C35 DNS data can
be used, in this instance to ascertain the relative insignificance of the spanwise mean
strain upon the turbulence structure in swept decelerating boundary layers. Other
issues, involving basic questions such as the relevance of the Independence Principle
and the behavior of lower-order statistics, are taken up in CRS19. The Case C35
database, including thicknesses, skin friction, and mean-velocity and Reynolds-stress
fields, which is available from the NASA Turbulence Modeling Resource website,
https://turbmodels.larc.nasa.gov, is offered as a benchmark for other DNS, LES
and RANS studies, and to guide turbulence theory and RANS modeling.
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