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Abstract

The problem of backscattering of light by a discrete random medium
illuminated by an obliquely incident plane electromagnetic wave is consid-
ered. The analysis is performed in a linear-polarization basis and includes
(i) a complete derivation of the cross reflection matrix for a layer with
densely and sparsely distributed particles, (ii) the design of an approx-
imate method for computing the ladder and cross reflection matrices in
the case of a semi-infinite medium with a sparse distribution of particles,
(iii) the derivation of the relations between the elements of the ladder and
cross reflection matrices in the exact backscattering direction for dense
and sparse media, and (iv) the development of practical algorithms for
solving the underlying integral equations by the method of Picard itera-
tions and the discrete ordinate method. Simulation results for particles
with large size parameters are also presented.

1 Introduction

In this paper we continue the analysis initiated in Refs. [1, 2, 3] by focusing on
the coherent backscattering of light by discrete random media.

Scattering characteristics of discrete random media are primarily determined
by the so-called ladder and cyclical diagrams [4, 5, 6]. The sum of all ladder
diagrams characterizes the incoherent part of the scattered radiation and re-
duces to the vector radiative transfer equation, while the sum of the cyclical
(cross) diagrams characterizes the coherent part of the scattered radiation and
reflects the interference of pairs of conjugate waves propagating along the same
self-avoiding path but in opposite directions [7]. Constructive interference of the



scattered waves manifests itself as a narrow interference peak of intensity cen-
tered at exactly the backscattering direction, which is why this phenomenon is
known as the coherent backscattering effect. The coherent backscattering effect
was first predicted theoretically in studies of backscattering of electromagnetic
waves by turbulent plasmas [8], and then observed and analyzed in numerous
experimental and theoretical studies (see, e.g., Refs. [7, 9, 10, 11] and references
therein).

The exact numerical solution of the equation for the coherent part of the scat-
tered radiation is an extremely complicated problem. In Refs. [12, 13, 14, 15],
it was addressed by using the double-scattering approximation, which allows
one to analyze coherent backscattering as a function of the medium properties.
A complete analytical solution for a semi-infinite medium composed of non-
absorbing Rayleigh scatterers and illuminated by an external radiation propa-
gating perpendicularly to the boundary of the medium has been established in
Refs. [16, 17, 18]. In a more general framework, a rigorous equation describing
the coherent backscattering for a plane-parallel medium consisting of arbitrary
randomly oriented and randomly positioned scatterers has been obtained in the
cases of normal and oblique incidences in Refs. [19] and [20], respectively, while
in Ref. [21], a simple approximate method for the numerical solution of the
equation for the coherent part of the scattered radiation in the case of a semi-
infinite medium at normal incidence was described. A comprehensive review of
these results was given in Ref. [22].

The analysis described in Refs. [19, 20, 21, 22, 23] is performed in a circular-
polarization basis, and relies on the following idea: to sum up the cyclical
diagrams, one of the series in each diagram is transformed in such a way that the
wave propagation direction is reversed, i.e., the reciprocity principle is applied
to one of the series. In this review, we follow closely the derivation of Refs.
[19, 20, 21, 22|, but we conduct our analysis in a linear-polarization basis and
for an obliquely incident plane electromagnetic wave. For this reason, the final
integral equations describing coherent backscattering are different.

2 Reflection and transmission matrices

We consider the problem of electromagnetic scattering by a discrete random
medium. More specifically, we consider a group of N identical spherical par-
ticles of radius a centered at quasi-random positions Ri, Rg, ..., Ry € D,
where the domain D is a laterally infinite plane-parallel layer with imaginary
(non-scattering) boundaries z = 0 and z = H. The wavenumbers of the
non-absorbing, non-magnetic background medium and the particles are k; and
ko = mkq, respectively, where m is the relative refractive index. We denote by
f = noVp the particle volume concentration, where ng = N/V is their num-
ber concentration, V is the cumulative volume occupied by the particles, and
Vo = (4/3)ma® is the volume of each particle. The particulate medium is il-
luminated from below by a plane electromagnetic wave with the propagation
direction given by the unit vector 8 = 8(fg, o), 0 < 6y < 7/2, and the ampli-



tude €y (8), that is,
Eo(r) = £y(8)M5T, (1)
Eo(8) = E09b(8) + E0pp(8), (2)

where j = v/—1, r is the position vector connecting the origin of the laboratory
coordinate system and the observation point, # and ¢ hereinafter denote the
corresponding spherical-coordinate angles, and £y and &y, are the transverse
polarization components of the amplitude vector.

If the observation point r is outside any particle, the total field sums the
contributions of the incident field and all individual scattered fields contributed
by the N particles,, i.e.,

N

E (I‘) = EO (I') + Z Escti (I‘), (3)

=1

where Eqe;(r) = X7 (kir;)Te; with r; = r — R;; is the field scattered by particle
i, X3(kir;) is the column vector of the vector spherical wave functions, T is the
particle-centered transition matrix of a spherical particle, and e; is the vector of
the exciting field coefficients. If moreover, the observation point is assumed to
be in the far-field region of the entire particulate medium, the representation for
the field scattered by particle ¢ is used along with the far-field approximation
for the radiating vector spherical wave functions

Xy (kar) = —-e T o (r)x(®), v — oo, ()
1
ejk‘lT

go(r) = =, (5)

where x(T) is the column vector of the vector spherical harmonics in the direction
T. The far-field pattern ES5,;(T) of the field scattered by particle 4, defined by

Esctz( ) —gO( )Escm( )7 is
BZ(F) = — e TR @) Te, (©)

and for x(T) = Zn:(iw X, (T)7(T), we have

sctz Z Esctm ) (7)

n="0,¢
. b ik
E;ftm(r) = _kl TR ( )Te“ n= 9790 (8>

In the far-field region, the scattering by particle ¢ can be described through the
elements of the amplitude matrix S;,¢ (T, s) which relates the amplitudes of the
far-field pattern to that of the incident field:

sctzn Z SW]& 505’ =0, . (9)

§=0,¢



From Egs. (8) and (9), and the relation e; = > ._,  Eoceic, we obtain the
representation
J

—e TR () Teie, €= 0,0 (10)
1

Sine(¥,8) =

Note that for the incident field coefficients ey = 2529#} Eoeeoe, ei¢ satisfies the
&-polarized equation

eic = ¥ Riege +3 " Q(k1Ryj)eje, (11)
J#i
where Q(k1R;;) = T3 (k1Ri;)T, T31(k1R;;) is the translation matrix relating
the radiating and the regular vector spherical wave functions Xs(kir;) and
X (kir;), respectively, and the summation runs implicitly from 1 to N. The
far-field pattern ESg, (T) of the total scattered field Egc((r) = Y, Egcti(r), defined
by Bset(r) = go(r)EZ (), is EZ, (r) = 32, B, (r). Consequently, we get

sct Z Esctn (12)

n="0,¢
sctn Z Esctzn = 97 2 (13)
and further (cf. Eq. (9))
sctn Z Sﬁf gof’ (14)
£=0,p
Spe(T,8) Z‘Smf r,8), n,{=0,p. (15)

Slmllarly, the far-field pattern & o (T) of the total diffuse scattered field &sct(r) =
Eqet(r <ESC'E >, defined by &sct(r) = go(r)& et (T), is

Eer(T) = B (F) — (B (1)), (16)
so that for
5ct Z th’ﬂ (17)
n=0,¢
we find (cf. Eqgs. (12), (14), and (16))
EXy(®) = Y Fe(F,8)E0e, (18)
§=0,¢
e (T,8) = Spe(T,8) — (Sye(T,8)), m,& =16, (19)

The next step is to introduce the diffuse specific coherency dyadic at the
lower boundary of the layer, and relate this quantity to the configuration-
averaged products of the amplitude matrix elements. For this purpose, we define



the (elementary) diffuse reflection coherency dyadic in an elementary solid angle
AQ around the direction T = T(fs, ¢s), A€ qr(0) by (Fig. 1a)

A?dR(O) = <éasct( ) ® gbct( )> <g:§t(A) g:cot*( )> (20)
and the diffuse specific coherency dyadic at the lower boundary z = 0 in the
direction T, ¥4(0,T) by

ACqr(0) = X4(0,7)AQ, (21)

where the asterisk denotes complex conjugation and ® is the dyadic product
sign. Using the relation AQ = A coss|/r?, where A is the area of the illu-
minated surface, we deduce from Eqgs. (20) and (21) that the diffuse specific
coherency dyadic X4(0,T) is given by

Bal0F) = ooy (60 © 65 D) (22)

or, equivalently, that its components,

D> Zany (0,0)7(F) @ 7' (), (23)
n,n'=0,¢
are (cf. Eq. (18))
1 ~
Z‘drm (O I') A|COSG ‘<éas?:<t>n( )éas?:?cn ( >>
1 ~ o~ *
= Al cos by Z Fanene (F,8)E0¢Eoers (24)
§¢'=00
where
ydngn’g’ r, S <‘77I§ I‘ S)YJ§,(?,§)> (25)

Considering the decomposition
34(0,7) = X4r.(0,T) + X4c(0,T), (26)
we find the representations

1

Zavny (0,T) = Acost] £€,§_9¢ydLn§n’£’ (T, 8)E0e&gers (27)
~ 1 SN N
Yacyy (0,1) = a7 E ydcnﬁn’é’(ns)go&gog” (28)
Al cos 6] e

where the ladder and cross components of .Zy,¢,¢/ (T, ), defined by

Fanene (1,8) = Lavpen e (¥,8) + Lacneye (T,8), (29)
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Figure 1: Geometries for defining (a) the reflection and (b) the transmission
matrices.

are (cf. Egs. (15), (19), and (25))
Faunene (¥,8) = Z<Sing(?,§)5fn,§, (T,8))
=0 [ (8098550 .9), R (50)
and
Facnene (®,8) =3 3 (Sine(F,8) 85,6 (F,8))
i@ g

= (Sine(®,8))(Spper(T,5))
i g
=n2 /D <Sin§(?,§)5;n,§,(?,§)>ijg(Rij)d3Rjd3Rl-
—n2 /D (Sine(£.8)),( Sty (£.9)), E°R,d Ry, (31)

respectively. In Egs. (30) and (31), the domain D is a cylinder with the base
area A, and g(R;;) is the pair correlation function.

We are now in a position to introduce the reflection and transmission matri-
ces of the particulate layer. We stipulate that at the lower boundary z = 0, the
diffuse specific coherency column vector Jq(0,T) = [J4(,,)(0,T)] with elements



~ 1 [t ~
Jd(nm’)(oar):§ ;;Zdnn/(ovr) (32)

is related to the coherency column vector of the incident field Jo(8) = [Jo(¢,¢/) ()]
with elements )
SR Y T
Toeen(®) = 3/ 7 -Eoeier (33)

Ja(0,%) = cos 6oR(F,8)J0 (5, (34)

where R(T,8) is the reflection matrix of the layer. In Egs. (32) and (33),
the multi-index v = (n,&) is such that v takes the values v = 1,2,3,4 for
(n,€) = (6,0), (6,9), (p,0), (v, p), respectively. For sparse media, it is known
that at the lower boundary z = 0, the coherent field is equal to the incident
field. Therefore, we have Jo(8) = J.(0), and Eq. (34) states that

through the relation

Ja(0,7) = cos GyR(T,8)J:(0). (35)

From Eq. (24) along with Egs. (32)—(34), we infer that the elements of the
reflection matrix

R(T,8) = [R(y,n) (e (T,8)]
are

1

mydnin'f’ (r,s). (36)

Ry (®,8) =
In view of the decomposition (29), we write
R(?a /S\) =RL (?a §) +Rc (i‘\a g)a (37)

where the ladder and cross components of R(T,8), or simply, the ladder and
cross reflection matrices, are given, respectively, by

1
R Neen(r,8) = ————— S, e (T,8 38
Lo (158) = g gy dtmewe (88), (38)

1
R / ’ A,A == y gl A7A . 39
Cmeen58) = ooy donene (58) (39)
To introduce the transmission matrices of the layer we define the (elemen-
tary) diffuse transmission coherency dyadic in an elementary solid angle A

around the direction T = T(0s, ¢s), A€ar(H) by (Fig. 1b)
2 1 00 (=3 OOk (=5
A%dT(H) = ﬁ<éasct (I‘) ® éasct (I‘)>,

and the diffuse specific coherency dyadic at the upper boundary z = H in the
direction T, X4(H,T) by

ACGqr(H) = X4(H,7)AQ. (40)



In this case, the elements of the amplitude matrix S;,¢(T,s) are (compare with
Eq. (10))
Sine(F,8) = —kile—ikl?-meileﬁxg(?)Teig, n.E=0,p, (41)

while the transmission matrix of the layer T(r,s) (not to be confused with
the no-argument notation T for the single-particle transition matrix), defined
through the relation

Ja(H,T) = cos Oy T(r,8)Jo(8), (42)

~ 1 /& ~
Jd(n’n’)(H’ I') = 5 %Ednn’ (H, I‘)

is computed as in Eq. (36) in conjunction with Eqs. (15), (19), (25), and (41).

where

3 Discrete random layer

In the following, we compute the ladder and cross quantities #qryenrer and
Sacnene by means of Egs. (30) and (31), respectively. Apart from a normal-
ization factor, these quantities are the elements of the ladder and cross reflection
matrices Ry, (T,S) and Rg (T, ), respectively.

Consistent with Ref. [3], we make a series of simplifications.

1. For a £-polarized incidence, the conditional configuration average <ei§ (§)>1
is computed by using the sparse-medium approximation (cf. Eq. (40) of
Ref. [3]) _

(eie(8)), = " iene (8), (43)

where ep¢(8) = 4mx;(s) and

~

z

Ko = k18 + (K — k1) (44)

cos Oy
is the effective incident wave vector. For a medium with densely dis-
tributed particles, the effective wave number K is computed from the gen-
eralized Lorentz—Lorenz law for a semi-infinite discrete random medium at
normal incidence, while for a medium with sparsely distributed particles,
we use the relation

_ .o 1 2
K=k i ;(271 +1)(T! + T2, (45)
where
Tl

Observe that in Eq. (43), the dependency of e;e and eps on the incidence
direction § is indicated explicitly.



2. To describe the propagation of the scattered waves in an effective medium,
we make the following replacements:

1. €0i¢ (g) = ejklg'Ri €o¢ (/s\)

— ejKO'Rie05(§) = <ei5(§)>i, (k‘l/S\ — Ko), (47)
2. Q(k1Ryj) = Q(KRy;) = dEMRuQ(ky Ry;), (48)

3. X3(kir;) = —kie_jkl?'R"'gO(r)x(?)
1
= — L TR (1)x(F) = Xa(Kr), 7= 00, (F = K.),  (49)
1
where in the latter case, for the scattering direction T = T(6s, ps), the
effective scattering wave vector Ky is defined by

~

K, =kt + (K — k)

cos by’ (50)

According to the change (49), the elements of the amplitude matrix for particle
i defined by Eq. (10) become

SN J K.R, T .
Sine(T,8) = —k—le K RLxZ(r)Teig(s), n,&=6,p. (51)
Recalling the notation (59) of Ref. [3], i.e.,

K
= — =j(K - K*)=2K" 92
Ko = g K=K~ ) = 2K, (52

we introduce, as a counterpart of the attenuation coefficient along the incident
direction kg, the attenuation coefficient along the scattering direction ks by

K

Kg =

. 53
cos Oy (53)

3.1 Incoherent part of the scattered radiation

For the incoherent scattered radiation we adapt the results established in Ref.
[3] to the case of an external observation point.



3.1.1 Dense medium

For a {-polarized incidence, we consider the series representation for e;e (cf. Eq.
(47) of Ref. [1])

eic(8) = e0ic(8) + Y _ Q(k1Rij)eoje(8)
J#

+ Z Z Q(k1R;;)Q(k1Rjk)eore(8) + -+, (54)
J#i k#i,j
in which, Q(k1R;;) and ep;e(8) = exp(jki1S - R;)epe(S) are replaced by Q(KR;;)
and (ei¢(8)), = exp(jKo - Ry)epe(8), respectively, that is,

eic(8) = M0 Riee(8) + Y Q(KR.;)eI 0 Riege(s)
J#i
+3° Y QUERW)QER Ko Riene(8) + - - - (55)
G4 ki

multiply it by its complex conjugate transpose e;rg,( ), and retain in the matrix

product e;¢(8)e iﬁ,( S) only the terms corresponding to the ladder diagrams. We
obtain

eig(g)e%, (s) = [eog( JelKo R } [eogl( ol Ko R }T

+ 3 [QUCR o @R ] [QUER, Jege (B)e<0 |

J#i
+30 3 [QUERIQUR oo (3170 ™
JAt k#i,j
. T
< [QUERAQUE R eng @™ - (56

which is equivalent to the following system of equations:

eii(/s\)ezi’ (8) = [305( )eJ o R } [eogf( )eJK0 R }T
+ Y QKR e BNQIKR Jee B)] 57)
J#i

In Egs. (56)—(57), the symbol { stands for complex conjugate transpose, while
the brackets indicate the self-contained paths corresponding to e (8) and e;¢/ (8).
By means of Eq. (51), we find

Sine (T,8).57, ¢ (T,8)

= [T ) T 8] [e T 6 e 5]
= T ) Tes (el (BT, () (58)

10



Inserting Eq. (56) in Eq. (58) yields
Sint(,5)S5ye,(7,3) = 817,907 (7,5) + S SLEHSULES),  (59)
J#i

where
i m o) Qi (o LT K RiuT ~ jKo-R;
Sie(7,8)81¢ (F,8) = E{e K Ry T (5) Tege (8)eK Ri}
x| Ra (1) Tege (8)el<0 | (60)

is the single-scattering contribution, and

SESS 9
= % [e*JKsRixn (T)TQ(KR;;j)eoe (’S\)ejKO.RJ}

DD [e‘JK o (B TQURi) QUK Ry Jeag ()0
1 k#i,j

x [ TR B TQUE R QUE R Jeae (B)X™ | - (61)

is the multiple-scattering contribution. The term S;jg (T,8) corresponds to all
self-contained paths starting at particle j and ending at particle . A diagramatic
illustration of the product Si;¢(r,8)S7, ¢ (¥,8) is

Sine(F.8)S} (F,5)

eoe (S)e 0 = Ta=, Q(KRy;) = ",

and _
e_jKS‘Rixf(?)T = <----".
The first diagram corresponds to the single-scattering term S}, (T,8)S,% (T, 8),
while the rest of them corresponds to the multiple-scattering term S, (¥, 8)S ”,2, (r,s).
Taking the configuration average of Eq. (58) we find that the ladder quantity

Fatmen e (T,8) given by Eq. (30) is (note that in the backscattering direction,
ks = K/ cosbs < 0)

11



Fatnene (£,8) = > _(Sine(T,8)S},¢/(F,5))

i

H
1o e KsZi * (o
:k—%xg(r)T[A /0 e Xpger (2)dz | T (), (62)

where the ladder correlation matrix Xpee (%), defined by

Xieer () = (eic(B)ele/(3)),, (63)

satisfies the integral equation (compare with Eqs. (61) and (137) of Ref. [3])

XL££/ (ZZ) = g 0% ELO{&’ + ng / e_”Rj’iQ(—klei)
D—D24(2:)
X XL§§/(ZJ)QT(—klRﬂ)g(Rﬂ) d3Rji, (64)
with
Erocer = eoc(S)eqe (8). (65)

Recall that in Eq. (64), the domain D is a cylinder with the base area A.

If we let A — oo, the integral equation (64) can be simplified by using the
technique described in Ref. [3]. In this approach, the integral in Eq. (64) is
split into two integrals according to the decomposition g(Rj;) = [g(R;;) —1]+1.
The first integral containing the term g(R;;) — 1 is typical of dense media and
is computed by making use of the approximation

Xpeer () m e "0 720X Leer (1), (66)

while the second integral is typical of sparse media and is computed by em-
ploying the sparse-medium approximation for the integration domain, as well
as the far-field representation for the radiating spherical wave functions. Note
that because the function g(R;;) — 1 tends to zero after a distance of several
particle radii, the approximation (66) is local in the sense that it is valid in the
vicinity of particle ¢ (more precisely, inside a ball around particle ¢ whose radius
Ry is determined by the interval [2a, Ry] in which the function g(R;;) — 1 is not
negligible, e.g., Ry ~ 8a).

In summary, the ladder reflection matrix for a layer with densely distributed
particles is computed as follows:

1. solve the integral equation (64) for the ladder correlation matrix Xr¢e(2;);
2. compute Lyrpeye (T,8) from Eq. (62); and
3. compute the ladder reflection matrix Ry, (7,8) from Eq. (38), that is,

1

—y ¢ TS . 67
A cos 6| cos b ALnen e (T,8) (67)

Rymyeen)(T,8) =

12



From Eqs. (62) and (67) it is apparent that Ry (T,8) does not depend on the
illuminated area A.
Some comments can be made here.

1. In the case of transmission, the approximation (49) implies that the ele-
ments of the amplitude matrix for particle ¢ defined by Eq. (41), are given
by (compare with Eq. (51))

Sine(Tr,8) = —kie_st'RiejHKs'Exg(?)Teig(g), n,§="0, . (68)
1
Consequently, we get (compare with Eq. (62) and take note that in the
forward scattering direction, ks = K/ cosfs > 0)

Fatnene (¥,8) = Z<Sm§(?,/s\)52n,§/ (T,8))
H

_ %xg(?)T[A /O e 120X e )z Tl (8),
(69)
while the elements of the ladder transmission matrix
TL(T,8) = [Ti(n,n) (6,61 (T, 8)]
are
Tuma)ee) (T,8) ! FaLnene (T,8). (70)

B A cos | cos by

The expressions for the reflection matrix given by Eqgs. (62) and (67), and
for the transmission matrix given by Eqgs. (69) and (70), coincide with
those derived in Ref. [3]. The difference is that in the present derivation,
the observation point is outside the discrete random layer.

2. In view of Eq. (59), the ladder reflection matrix can be decomposed into
a single- and a multiple-scattering component,

where the single-scattering component is

1
1 S 1 o o
Ry (.6 (T58) = A cos By cos gs‘yLnﬁn’ﬁ’ (r,s)

Y (S ERSEES). (1)

- A cos by cos by
with (cf. Eq. (60))

_ o (ro—rs)H
1 o Mol ,l1—e
yLné-n/g/ (I‘, S) = E |: —ﬁo — ke :|

X X} (F) Tegg (8)e, (3) T (7), (73)

13



while the multiple-scattering component is

1
ACObHO\CObQ |

1]* A
ACOSQO‘COSQ | XZ:Z n& (r,8)S,¢ (T, 8)).  (74)

M ~
RL(n e (T:8) = Salmene (T,8)

3.1.2 Sparse medium

For sparse media, the complexity of the problem can be reduced by means of the
following approach. Using the far-field representation for the matrix Q(—k1R;;),

e.]klRJL

Q(—]flei) = Qoo( j’L)a Rji — 00, (75)
E1Rj;

Qoo(—Rji) = —4mix*(—Ry;) - x* (—Ry)T, (76)

the relation ep¢(8) = 47mx¢(8), and the approximation g(R;;) ~ 1, we find that
the ladder correlation matrix Xpee/(z;) obeys the integral equation

Xngl (Zz) = 167r267’“’2ix§ (/S\)Xg/ (A)

+16w223 > Z/ 50 (Rij)xD (Rij)

1 ,,7// 77/// etpb +

1 _
— 0, e
x [| COS 91']'| / bagn(z—)°
X Xngl(Z])T X ///( )dz]] d R,], (77)

Y A T /S
[cos 6] »
oTxL, (Rij)T

where 2 and {2 are the upper and the lower unit hemispheres and 9y sgn(2; - z;)
is the indicator function

[ 1, b=sgn(z — zj)
Ob,sgn(zi—2;) = { 0, b+#sgn(z —z) (78)
Defining the 4 x 4 ladder matrix
ERL(ZZ‘, k) = [%L(nm,)(é’g/)(zi, k)] (79)
by
%L(n7,7/)(575/) (Zia k) k2 "7 (k)-r>(]_l£§/(ZZ)-l—TX,'7 (k), (80)
and using Eq. (77) along with the relations
(R TE () = 12 S (K R) (81)
and L R R
Zi1n.&) () (6 K) = Soym (k, k) Sgeer (I, k), (82)

14



where Song(ﬁ, K ) are the elements of the single-particle amplitude matrix in the
particle-centered coordinate system and

Zy(k K') = [Zsnin.e) 0y ey (k, K] (83)

is the ladder coherency phase matriz, we obtain the following integral equation
for Ry (2, k):

-~

%L(zi,k) = noe_ﬁoziZJL(ﬁ,/S\) + o Z / ZJL(E, ﬁij)
b=+

z;—25

1 H i N .
X |2 | Obsgn(zi—2,)¢ TR (2, Ry ) dey | PRy (84)
|COS9w‘ 0

The ladder reflection matrix Ry, (T,S) and its single-scattering component R} (T, )
are then computed as

1 H
RS =~ RsZigR - 1)dz; 85
L(I‘,S) cos 90|COS 95| A e L(szr) Zis ( )

and
1 no

RL(F,8) = [1 — e~ (romr)H]7 5 (F8), (86)

cos Og| cos b5 Ko — Ks
respectively.

The integral equation (84) is similar to the integral equation (116) of Ref.
[3] for the diffuse ladder specific coherency dyadic Xqr(z;,k). In view of this
analogy, Eq. (84) can be solved by employing the solution methods of the

radiative transfer theory, e.g., Picard iterations in conjunction with the discrete
ordinate method.

3.2 Coherent part of the scattered radiation

A method for summing up the cyclical diagrams in the case of an external obser-
vation point has been given in Refs. [19, 20]. The idea is to consider the matrix
product of the exciting field coefficients e;¢ (’s\)e;é/(/s\) and apply the reciprocity
principle to the series for e;rf, (8); in other words, to consider a series which cor-
responds to a reversed propagation direction (e;-g, (8) — e;rf,(—?)). Essentially,
by using the reciprocity principle, the cyclical diagrams are transformed into
ladder diagrams involving only pair correlation functions.

3.2.1 Dense medium

The cross quantity qcnen e (T, 8), which determines the cross reflection matrix,
is associated with the interference of two waves propagating along the same self-
contained path connecting particles ¢ and j, but in opposite directions. From
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Eq (31), we have

Facnen e (T,8) ZZ ine(T,8) Sy e (T s)>

e

—ZZ Sine (F,8))(Sjpe (F.9)), (87)

with (cf. Eq. (10))

1 . . AR . L
— e_Jklr'Rixn (r)Teig(s)} [e_Jklr'RJ xz;, (r)Tejer (s)}
1 .= . B N N kTR
= e MPRLT(§) T (8)el, (8) Tixs, (F)e TR (88)
For the time being, in Eq. (88) and in what follows, we use the free-space
quantities k18, k1T, and Q(k;-) instead of Ko, Ks, and Q(K-), respectively;

they will be replaced with the effective-medium quantities just before taking
the configuration average. The derivation involves the following steps.

Step 1.  Using the series representations for e;¢(s) and e g'( S) as given by
Eq. (54) with eg;¢(8) = exp(jk15-R;)epe(S), and retaining in thie matrix product
e;c(S)e Tg,( ) only the terms corresponding to the cyclical diagrams, we obtain

eic(@)el (8) = [enc (@™ [eoe @) 7]
{Q(klRu)eos( ) ”“SRJ} [Q(lisﬂ)eOg,( ) JklsR,]T

+ [ (k1 R:x)Q klej)GOf(g)ejklgiRj}
k#i,j

i
< (@R R e @) (89
Inserting Eq. (89) in Eq. (88), we find (compare with Eq. (59))
Sine(r,8)57,¢(1,8) = Sgg(?,g)sg,*g, (r,s) + Sffg (r, §)Sn e (T,8), (90)
with
PN 1 —jki TRy jk15R;
16 (F8)S70 (.5) = 5 e () Teo ()=
i

% [efjkl?.R ,(7) Tege: (8)e JklsR:| (91)
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and

S)%(2,8)S1%/(%,8)

1
— ﬁ {e_lku‘ ‘R, ( )TQ(klR”)eog( )eJk1s ‘R, }
1

x [e—j’ﬁ?'ij (B)TQURy)eoe (B)e5 1]

1 3 [ R I TQUE R QU R eog ()75
1 k#i,j

X {G_Jklr'ijg (i‘\)TQ(k’le}g)Q(k‘lei)eogl(/S\)ejkl/s\'Ri} + - (92)
In a diagramatic representation, the product S, ) ¢ (T, 8)SI oo (T,8) is illustrated as

SU(F,5)80i% (7,3)

eoe(8)e™ R = J 4=, Q(k1Ryj) = "2,
e MFRGTE)T = <.

Step 2.  Consider the single-scattering term Sf]{(i‘\, §)SZ/*£, (T,8) given by
Eq. (91). Replacing k18 and k1T by Ky and K, respectively, taking the
configuration average, and combining the resulting expression with the co-
herent term 37, 3 i (Sine (¥,8)) (54,6 (T,8)) gives the following contribution to
chngn/g(r,s) m Eq. (87) (Rﬂ = RJ — Rz)

ZZ< E?S né'rs ZZ ”lfrs Jnf’( A)>

e
2 H
_ KSA/ e—(ﬁo—fﬂs)zi / e—j(KS—K;)'Rn[g(RJ_i) _ 1] dBRji} dz;
X1 (F) Teoe (8)e], (8) THx (). (93)

For sparse media, we have g(R;;) = 1, implying

ZZ<5:;5(?7§ fg/ ZZ WIEAA Jn&’(AA)>'

i jFL
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Thus, when taking the configuration average, the contribution of the single-
scattering term ), >, 761-(87’;,5(?,/5\)82,*5/ (T,8)) is canceled by the contribution
of tl-le cof-lerer.lt term Zl Zj<5m5(?,§)><5]*n,g, (,8)). Adopting this sparse-
medium simplification in Egs. (87) and (90), we compute Fycnen e (T,S) by
means of the relation

Facnewe (,8) =YY (S(F,8)S1L(F,9)) (94)

T
with S, (T,8)S)% (T,8) as in Eq. (92).

Step 3.  Using the symmetry relation for the £-polarized vector of spher-
ical harmonics (cf. Eq. (12) of Ref. [1])

szn (_i‘\) = hfngmn (?)7

where h¢ is the indicator function

- 1, &€=4
h§_{_1’ £:§0 ’

as well as the symmetry relation for the translation matrix (cf. Eq. (23) of Ref.

(1)
7—31 (klez) 7—31

mn,mini mimni,

mn(F1Ri;), Rij = —R

Jis
we transform the series for 87/ e % (r,8) in Eq. (92) according to the reciprocity

principle. Specifically, each term in the series for S#Z, (r,8) is transformed by
using the basic result

Xy () TQ(k1Ryji)eg (8) = hay herxgr (—8) TQUk1 Ruij)ery (=),

which follows from the representation ep¢/ (8) = 4mx (8), the relation Q(k1R;;) =
T35 (k1Rj;)T, the identity (note that for spherical particles, T is a diagonal ma-
trix)

XD ) TQURy)<¢ () = b (6 TTo1 (b1 Ry Ty (5),

and the symmetry relation

Z Xg’mn mnmlnl(klel)Tnlxnmlnl(r)

mnminy

=hyhe Y X (ST T, (FIRi) Ti Xy, ()
mnming

ih h&/ Z Xf’mn T Tfilnl mn(klRm) n1 Wmlnl( /I‘\)
mnmini
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Summing over j in Eq. (92) yields an expansion in which the wave propagation
direction in the series for 87]7?2, (r,8) is reversed; the result is

D 8L(E,8)S)E(F9)
i
1 BER, T e kSR,
= hn'hﬁ’{? > [eﬂklr'Rle(r)TQ(klRij)eos(S)e]kl RJ]
L ojsi
X {e‘jkl(_g)'mxg(—§)TQ(k1Rij)e0,7/(—?)ejkl(_?)'Rj}*
2 Z > [e IR (F)TQ(k1 Rt

L ki
x Q(klRm)eog@)ej’“@Rf][ IR (G TQ(k Rax)

< QR ey (D) PR Y (95)

Step 4.  On the other hand, using Eq. (10) we form the product

1 N =N . N N ik ()R
— ’Jk”'Rixf(r)Teig(s)e;[n,(—r)TTxg,(—s)eJkl( S)Ri (96)

By taking into account the series representations for e;(s) and ezn,(—'f) given
by Eq. (54), we retain in the matrix product ei§(§)ejn,(—i‘\) only the terms
corresponding to the ladder diagrams, that is,
eic(S)el, ()
. ~ T
= [eog( )e’kls R; :| [eon/(f?)ejkl(ir).Rl}

+ Y [QU Ry eoe @] [k R ey (B O]
J#i

—|—Z Z [Q(klRik‘)Q(kle]’)eog(/s\)ejklg‘R]}
J#i k#i,j

. - T
X {Q(th‘k)Q(th]’)eonl(—?)eﬂkl(fr)'Rj} +o (97)
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By analogy with Eq. (57), the above series representation implies that the
matrix e (§)eln, (—T) satisfies the system of equations

~ = s N\ aik1(—T)-R; f
eic(8)el, () = [eac(8)e =] [egy (—F)elir DR ]
+ D[RRy )ee () [QUnRiJej ()T (98)
J#i
Substituting Eq. (97) in Eq. (96) gives
ZS” (r,s S”* S, —T), (99)

J#i
with (compare with Eq. (60))
L[ kR, T kSR,
k—%{e HEROT () Tege (8)e/F Rz}

% [en IR (—5) Teg, (—D)elt DR (100)

Sie(7,8)88, (=8, —F) =

and (compare with Eq. (61))

S Si(F.8)SH (-8, -T)
J#i

= 2 2[R B TQU R o (31
L oj#q

% [ —jk1(=3) sz (-8 )TQ(kleJ)eOn( i:)ejkl(—F)-Rj}

S Y [T BTk R

L jti ki,
X QiR Jeog (8)er* T | [e MO (-8 TQURR )

QUi Ry Jegy (T IR (101)
A diagramatic illustration of the product Sf?jg (T, ’s\)Sg;,(fg, —T) is

S,%(F,8)8¢l (=8, %)

ol ]<: . i Dk j
= + +
e <= «--f L
where
e (8)eF15 R — I q=, Q(k1Ry;) = '3, e FFRLT(HIT = @



eon,(_’f.)e]kl(_r)'Rj = I a=/=, e—Jkl(_S)'Rng’(_’s\)T </t

Comparing Eq. (95) with Eq. (101) and recalling Eq. (99), we obtain

> SLE RSN (E8) = hyhe Y 84 (F,8)S), (=8, —T)

Jj#i Jj#i

= hyyher [Sine(F,8) Sjer,y (=8, —T) — 8,4 (F,8)S¢7, (=8, 7). (102)
From Eq. (102) it is clear that when switching from S%fg, (r,8) to Sg;,(—a -T),

we do not reverse only the incident and the scattering directions but also the
polarization state.

Step 5.  Replacing k18 by Ko, k1T by K, and Q(k1-) by Q(K-), summing
over i, taking the configuration average of Eq. (102), and using Eq. (94), we
are led to the following representation for .Zgcpey ¢ (T,8):

Facneye (£,8) = DD (Sp(F,8)8,4(5.9))

)
= hyyher [Z(smg (%,8)Sjery (=8, —F)) — S e (B, g)} . (103)

In the above equation, the single-scattering term ‘yénfn’ ¢ (r,8) is (compare with
Eq. (73))

ycngn/gl r, S Z< 5 I‘ S S&-/ ’ A _i'\)>

_ ng |:A1_e ("'{0 ks)H

-3 |58 @) Teoe (®)ef, (DT (-8).  (104)

Ry — Rg

For the multiple-scattering term Y, (S (T, 8) Sz, (=S, —T)) we proceed as fol-

lows. Taking the configuration average of Eq. (96), where the matrix e;¢ (§)ejn, (-T)
obeys the system of equations (98), we get

D (Sing(F8)STey (=5, -T))

=18 [ DR @ T (B, (F) T (F) ARe. (109
1

Apart from that, averaging Eq. (98) under the quasi-crystalline approximation,
we deduce that the matrix (e;e (’s\)ezn,(—?)%, which enters the above equation,
satisfies the integral equation

(ei¢(B)el, (—7)), = ej(K°+K;)'R7‘e05(§)eg ,(=F)

+ 1o / QKR (eic(®)el, (—5)),Q1 (KRy,)g(R,) d°Ry. (106)
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Defining the cross correlation matriz of the exciting field coeflicients by

Xoen (zi) = e TG R (e, R)el (—F)) . (107)
we infer from Eq. (106) that Xce,p (2;) satisfies the integral equation
Xeer (2) = 0% By 4 [ e e R
D—D3q(2;)
X Q(_klei)XC§n’ (Zj)QT(—klei)g(Rji) dSRji, (108)
where
ECOfn’ = 605(§)e:§7]/(—f'),
and ) )
Ko=(K—-k K*—k . 109
0= 1)cos95 + 1)COSGO (109)

Note that the specific form of the integral equation (108) implies that Xce,
depends only on z;. Finally, substituting Eq. (107) in Eq. (105), we obtain

> (Sine(,8)S}er (=8, -T))
no H :
= k?xf(r)T [A /0 e_JKsozchgn/(zi)dzi} Tixt (=5). (110)
The integral equations (108) and (64) are similar; however, the kernel of Eq.
(108) is highly oscillating due to the exponential term exp[jki (s +T) - Rj;].
In conclusion, the cross reflection matrix for a layer with densely distributed
particles is computed as follows:

1. solve the integral equation (108) for the cross correlation matrix Xce, (2;);

2. compute Y, (Sine(T,8)S%, (=8, —F)) from Eq. (110) and ¢ . (F,8)
from Eq. (104);

3. compute Fycnene (T, 8) from Eq. (103); and

4. compute the cross reflection matrix Rg(T,8) from Eq. (39), i.e.,

1

_ Y e (T,8). 111
A cos 0| cos bs] acnen'e (T,3) (111)

Regmeen(T,8) =
From Eq. (103) along with Egs. (104) and (110), we see that R¢(T,8) in Eq.
(111) does not depend on the illuminated area A.
In the limit A — oo, the technique described in Ref. [3] can also be used to
simplify the integral equation (108). This approach is presented in Appendix 1.
A backward Monte Carlo method for computing the ladder and cross reflec-
tion matrices in the case of a dense medium is discussed in Appendix 2. This
model relies on the solutions of the integral equations (64) and (108), and em-

ploys essentially the same assumptions as those used in Ref. [3] and Appendix
1.
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3.2.2 Sparse medium

Using the far-field representation for the matrix Q(—k1R;;) as given by Egs.
(75)—(76), the approximation g(Rj;) ~ 1, and the spherical wave expansion of
the plane wave

0o l
el R = NN 93y (kso)uly (BsoRyi), (112)
1=0 qg=—1

where uél(ksoRﬁ) = ji(ksoRji) Yy (ﬁﬂ) are the regular spherical wave functions,

ji(x) are the spherical Bessel functions, Yg;(k) are the spherical harmonics for

the direction E, and R
ksO = kl (/S\+/I‘\) = ksOk507 (113)

we find that the cross correlation matrix Xcg, (2;) satisfies the integral equation
(compare with Eq. (77))

Xeen (2;) = 16m%e 073t (8)xL (—F)

l
n . -~
+ 32“2;75 > ()" q(keo)

H =i-2; R
% X0 (Riy) TXag (20) T (Riy) dz; | 4R (114)
Defining the 4 x 4 cross matrix
Re(2i,k k1) = [Reenen (20 k ki) (115)
according to

~ o~ ng ~ o
Re.enen) (2K ki) = 1% (K TXoey (2)T'x (ki) (116)
1

and the so-called cross coherency phase matriz
Zio(k, K3 k1, K)) = [Ziome o en (&, K3 ki, k)] (117)

by
Zscme) oy eny (& K'iki k) = Sopn(k, k) Sgeer (ki, ki), (118)
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we are led to the following integral equation for R¢(z;, E, ﬁl) in the case k = Elz

b=t 7
1 H bk ]
0, sgn(z; —z; Feos 0351
% hcosgij/o bisgn(zi—=2))°
X Fb(Zi — Zj, f{ij)iﬂc(zj,f{ij, ﬁij)de:| d2ﬁij, (119)

where
0o l
Fy(zi =2, Rij) = 2> > (=)' qu(keo)
~ 2 — Z;
Yo (R )j (bkgg ——=L ). 120
X ql( j)]l( 0|0089ij\> ( )

The elements of the cross reflection matrix R (T, S) are then computed as

~

Re(ne.en(T,8)

1 H
=hyh /[7 *JKsozim , ) i,A7 _5)d ’
e COSHO|COSHS|/O € Cln.enem) (zi, T, —8)dz

= Ry e (7:9)]: (121)
where
Ro(zi, T, —8) = noe K05 Z,(F,8; -8, —7)
+ TLO Z / ZJC(?7 ﬁl]7 _/S\7 ﬁ‘i])
b=+
1 H b ]
X |: / 5b,s n(z;—zj; € Feos 0ij
[cos O] Jo U
X Fb(zl — Zj, ﬁ,;j)%c(zj, ﬁij7 ﬁ7])dZ]:| dQﬁij (122)
and
~ ng 1 — e (ro—ra)H
Rl ’ ’ 5 -
Clmn') (&€ )(r ) cos | cos O] Ko — Ks
X ch(n’gl)(g,n/)(/r\,/s\; —/S\, —/I'\) (123)

Practical algorithms for computing the ladder and cross reflection matrices
for a layer with sparsely distributed particles by means of the method of Picard
iterations and the discrete ordinate method are discussed in Appendix 3.

In Figs. 2 and 3 we illustrate the interference peak, defined by

_ Ru(E9)
O mu=
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where for 8 = §(fy, ) and T = T(m — 0y + O, 7 + ¢p) with g = 0°, © is
the phase angle between the scattering direction T and the exact backscat-
tering direction —8, and Rq; is the (1,1) element of the reflection matrix
R(r,8) = RL(T,8) + Rc(T,s) corresponding to the specific intensity column
vector lq(z,k) = DJq(z,k). This matrix, which is defined through the relation
14(0,T) = cos Oy R(T,8)l(8), is calculated as R(T,s) = DR(t,8)D~ !, where

1 0 0 1
1 0 0 -1

D=10 -1 -1 o0 (124)
0 —j j O

and (cf. Eq. (37)) R(T,8) = RL(T,8) + Rc(T,8). In these simulations,

1. the volume concentration f is chosen such that relative error ¢, between
the values of k = 2K", computed on the one hand from Eq. (45) and on
the other hand from the generalized Lorentz—Lorenz law for a semi-infinite
discrete random medium at normal incidence, is smaller than 10~2;

2. the layer is discretized in Ni.y = 7/AT sublayers, where 7 = xH =
noCextH is the optical thickness of the layer, Coy; is the the extinction
cross section of the particles, and A7 is chosen as AT = 0.1;

3. to ensure that the Picard iterations method converges, weakly absorbing
particles with the relative refractive index m = 1.3340.01j are considered.

It is evident that the half-width of the interference intensity peak decreases with
increasing the concentration, the geometrical thickness of the layer, and the in-
cidence angle. Note that the first two traits are consistent with the numerically-
exact superposition T-matrix computations in Ref. [24].

4 Semi-infinite discrete random medium

To simplify our analysis, we restrict ourselves to the case of a semi-infinite
medium with a sparse distribution of particles. In the following we consider the
integral equations (77) and (114) in the limit H — oo, and reformulate them in
terms of the altitude-independent ladder correlation matrix

o0
Xreer = / ™% Xpeer (2i)dz; (125)
0
and the altitude-independent cross correlation matrix

Xcgn/ = / e_jKSOZchgn/ (z)dz;, (126)
0

respectively.
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k,a=10, H = 500a, 6, = 30° k,a = 20, H = 600a, 8, = 30°
09+ -
— = 7x10"

" -= f=14x10"
< 0g - f=28x10" |
2 0%

8 |
=

g

<

§ 0.7

0.6

| I 111 1 I | I 111 1 1111 I 1111 I | I 1111
0‘50 0.5 1 1.5 2 0.50 0.5 1 1.5 2
Phase angle [deg] Phase angle [deg]

Figure 2: Interference peak versus the phase angle for three values of the volume
concentration: f =7 x 1074, 14 x 1074, and 28 x 10~%. For these values of the
volume concentration, the relative errors in x are ¢, = 9 x 1074, 1.8 x 1073,
and 3.6 x 1073, respectively. The parameters of the calculations are indicated
in the plots.
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Figure 3: Left: interference peak versus the phase angle for three value of the

layer thickness: H = 600a (7 ~ 0.7), 1200a (7 ~

1.4), and 2400a (7 =~ 2.8).

Right: interference peak versus the phase angle for two values of the incidence
angle: 6y = 30° and 60°. The parameters of the calculations are indicated in
the plots.
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4.1 Incoherent part of the scattered radiation

For the incident and scattering directions 8 = (10, o) and T = T(—us, ps) with
us > 0, respectively, the ladder reflection matrix Ry, (¥,8) = Ry (—pus, to, ©s — o)
satisfies the Ambartsumian’s integral equation:

(s + po)RL(—pts, po, s — @o)
no
= |:ZJL(_MS7/1J07 Vs — ©o)

+ s / RL (=g, 1/, s — ©)ZyL (1, o, @' — po) dp'dep’

+ MO/ZJL(_,“Sv —1' s — @ RL(=', o, @' — po) dp'dyp’

+ fops / RL(—ps, 1 05 — @) ZL(p', =" 0" = ¢")

X R (=", po, ¢ — o) dp/d’dp”" d" | (127)

The solution of the nonlinear integral equation (127) by using the method of Pi-
card iterations is discussed in Ref. [25]. Note that simple iterations can diverge
if the particles are nonabsorbing or weekly absorbing, in which case additional
constraints on the solution must be invoked [26, 27, 28, 29|. In the following
we present an approximate method for computing the ladder reflection matrix.
This approach is particularly relevant because the same type of approximation
will be used to compute the cross reflection matrix.

Multiplying Eq. (77) by exp(ksz;) and integrating over z;, we are faced with
the computation of the integrals (note that in the backscattering direction, we
have cosfs < 0 implying ko — k5 > 0)

e 1
/ e_(KO_KS)Zi dzl = 3
0 Ro — Rs

and
Iy (| cos 05]) = 1 /oo el [/OO Ob,sgn(zi— .)efb”‘:%ﬂzl
! | cos 65| Jo o eenlzime
XXL&&/(Zj)de]dzi, b=+, (128)
that is
I+ (] cosb;;])
F“Z’ e d ]d i 129
|Cos€1j|/ / e Leer (27)dz; | dz; (129)
I,— (] cos 6;;])
|C059w|/ KQL/ e_N‘CTSileLgﬁl(zj)de}dZi. (130)
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To compute I+, we change the order of integration according to the rule

/OOO [/Oyf(x’y)dx] dy = /Ooo U:o f(fﬂvy)dy} dz, (131)

and obtain

1 _
I+ (| cos 0;5]) = ;FL+(| cos 0;|) XLeer s

Fiy (| cosbi) = 9_|99| (132)
while for I1,_, we use the approximation
Xuge (2)) = e TG =20MIX e (2)), (133)
and obtain
o (| cosbiy]) =~ Fy (| cos by Kege.
Fr,_(]cosb;;|) = ;@/oo e~ g LlroRigleos Ousliw) g, . (134)
0
A simple representation for the function fr,(-) is [21, 22]
fr(ko(zj — z:); W) = wiko(zj — 2), (135)

where w = [w;] and for very large optical depths the parameter w; is close to
one. More general representations are

N,
fulko(zj — z:);w) = > wylko(z; — 2)]P (136)
p=1
with w = [wy,...,wy,]T and
fu(ko(z; = zi); w) = wiko(z; — 2:)]" (137)

with w = [wy, ws]T, whereby the vector of parameters w is the solution of a least
squares problem which will be formulated below. Note that the approximation
(133), stating that the ladder correlation matrix Xr¢ (2;) decreases with respect
to Xpeer(2i) as z; increases, is a global approximation in the sense that it is
valid for all z; > z;. This is in contrast to the local approximation (66) which
is assumed to be valid for z; in the proximity of z;.

Taking these results into account and introducing the ladder matrix

~ ~

R (k) = [mL(nm’)(ﬁ,&’)(k)] (138)
by
~ no ~ ~
R e (k) = EXZ(k)TXL&/TTXfy(k)y (139)
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where Xp¢e is defined by Eq. (125), we find that Ry (k) obeys the integral
equation

ERL(E): ZJL k S + — 1o Z/ FLb COSQUD

Ro — Rs
X ZJL(E, ﬁij)mL(Rij) d Rij. (140)

Then, using the relation (cf. Eq. (62))

ydLnEn’é/(?’ 8) = Z<Sz‘n§ (r, /S\)S;n’g’(?a §)>
— A%

B (BT Xae T (7). (141)

we compute the ladder reflection matrices Ry (T,8) and R} (T,S) as (compare
with Egs. (85) and (86))

1

Ri(PS) =
L(58) cos fp| cos 65|

R () (142)

and
1 no

R114 (?7 g) = Ly, (i:7 §)7 (143)

cos Op| cos Os| ko — K
respectively.

We now come to the problem of computing the vector of parameters w.
For macroscopically isotropic and mirror-symmetric media and in the exact
backscattering direction, the ladder reflection matrix R, = Ry (—S,8) is of the
form [30]

RL11 0 0 RL14
0 Ry Rpas 0
RL = 144
b 0  Rrs2 Rz 0 (144)
Ry 0 0 Rra

with
R4 = Rrar and Ryos = Rias. (145)

The (1,1) element of the ladder reflection matrix Ry, (—$,8) = DRy, (—8,8)D7!,
corresponding to the ladder specific intensity column vector, is

1
Rrii = §(RL11 + Rpaq + 2Rp14). (146)
In this regard, we determine the vector of parameters as
w = argmin[Rp11(—8,8; w') — R&AY(—5,39)]?, (147)
w/
where now, adopting a more precise notation, Ry11(—S8,s; w’) is the (1,1) ele-

ment of the reflection matrix in the exact backscattering direction computed by
using the approximation (133), and R$%3°(—S,8) is the corresponding element
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of the “exact” reflection matrix (which satisfies the Ambartsumian’s integral
equation).
Two comments can be made here.

1. The integral Ir4 (] cos 6;;|) given by Eq. (129) has been computed by using

the integration rule (131). Denoting p; = cosf;; and p = —cosfs > 0,
this result can be written as
IL+ |M1 ‘/ / e " '*‘1‘ Xng/(zj)de dz;
= Xpeer (1 148
P M T |M | 1334 ( ) ( )

where Xpeer (1) is defined by

XL{&’ (/j/) = /0 e*ﬁZiXngl (zl)dzl, W > 0. (149)

To compute the integral I1,_(|u1]) given by Eq. (130) we do not employ
the approximation (133). Instead, we use the integration rule

/0°° {/yoo f(x,y)dx}dy = /000 [/Oz f(x,y)dy} dz, (150)

and obtain the exact result

T

1 H o H =
(|HJ1|) e u* |:/ ein \HH Xngl(Z])dZJ}dZZ

|M| 0 i
1 _ _

== Xree (|pea]) — Xregr (1)) 151
H|m|7u[ eer (|1 eer (1)) (151)

Note that Ir,(|p1]) is not singular at [p| = p; in the limit |ui| — p,

L—(|p1]) is proportional to the derivative of Xpees at . Then, by means
of Egs. (148) and (151), we come to the following findings: (i) the ladder
matrix

R (1, K1) = [Re )66 (1 K1) (152)
defined by

~

~ ng ~ _ .
RLmayeen (ki) = @Xf(kl)TXLse(u)TTXn/ (k1), (153)
1

for p > 0 and any El = El(ul, ©1), obeys the integral equation

@{ Ko
M+ o

+/ ZJkamLp,k dk

Ar(u, E/) = ZJL(E/7§)

|z @ B ()~ ek ] (159
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and (ii) in the scattering direction T = T(—us, ¢s), the ladder reflection
matrix is

RL(T,8) =

R (s, T). (155
uous( ) )

Note again that the integrand of the second integral in Eq. (154) is regular
and hence can be integrated using Gaussian quadratures. The integral
equation (154) can be considered an alternative to the Ambartsumian’s
nonlinear integral equation (127). Although this equation is linear, the
numerical computation of the second integral in Eq. (154) should be
handled carefully.

2. In general, the vector of parameters w can be determined by matching the
exact and the approximate (1,1) elements of the reflection matrices R§%3°
and Ry11, respectively, at a set of scattering angles. More specifically, if
{?p};}vgl is a set of N, scattering angles including the exact backscattering

direction, that is, T}, = —8 for some py, w is computed as
N,
w =min Y [Rin(F,, 8 w') - REYT (F,.5))% (156)
p=1

4.2 Coherent part of the scattered radiation

The cross correlation matrix Xcg,y defined by Eq. (126) is computed by employ-
ing an approximation which is similar to that used in Eq. (133). The integral
of interest is

s b,{%
lcas (| cos 0;5]) |cos¢9 |/ jKso l/ Spsam(zr—=, Tcos 1
ij

X ji (bk‘soi)xcgn (zj)dzj}dzl, b=+, (157)

| 7,]|

that is

zZq - 24— Zj
|Cl+(|COSQU ‘ COSQ | / _JK s0%i / e [cos 0yl
ij

X ji (k m)xcgn ((23)dz; | dz, (158)
lci— (| cos 8;;]) \cos& | / _JK“"ZL / o Tes T
ij Zi
X 7 (k‘ Ji)xcg (z;)dz; }dz (159)
|CO UI n'\<j J e

For b = +, the integral fooo( Oz,- dz;)dz; is computed by changing the order of
integration as in Eq. (131), while for b = —, the integral [;~([ " dz;)dz; is
computed by using the approximation (compare with Eq. (133))

XCfn’ (Z]) ~ eifC(KS*O(Zj?zi);w)Xcgn/ (ZL) (160)
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The function fc(-) is of the form

fo(Ky (25 — zi);w) = —jui K3y (25 — zi), (161)
N.,

Fo(B (25 — zi)sw) = Y wy =K (25 — 2)]7, (162)
p=1

fo(K (25 — zi);w) = wi[=]K3 (25 — 2:)]"?, (163)

where the vector of parameters w in Eqgs. (161)—(163) coincides with the vector
of parameters w in Eqgs. (135)—(137). We get

o+ (|08 Bi51) = - Fo (] cos ;)Xo (164)
Foyi(|cos0i4]) = "?/OOO e i gmiRwo Rijlcosbisl gy (ko R, ARy, (165)

and
lor- (08 Bi31) = - Fio_1(] cos s )Xo (166)

Fo_i(|cosBi5|) = ﬁ/ e g fo Ko il cos 6 lw) j, (R, VAR (167)
0

Furthermore, defining the cross matrix

Ro(k, k1) = [Re.en e (& Ki)] (168)
by
~ ~ ng ~ .
Roemenen) k ki) = Exz(k)TXcsn’TTXg/(kl), (169)

~

we find that in the case k = k;, Re (k, El) obeys the integral equation

~ ~ n ~ o~
Reo(k, k) = - fﬂs Zsc(k, 8k, 1)
n ~ ~ ~ ~ ~ ~
+ ?0 > /Q Fop(Rij)Zin(k, Rij)Ro(Rij, Riy) IRy, (170)
b=t /D

where

Fop(Rij) =2 > (=)'V (ko) Yar (Rij) Fonu(| cos 05]).- (171)
=0 qg=-1

Taking into account the representation of the cross quantity qcpen e as given
by Eq. (103) with (cf. Eq. (110))

ok ~ o~ n —~T v o~
Z(smg(r, 8)Sier,y (—8,-1)) = Ak—gxg(r)Txcgn/TTxg,(fs), (172)

%
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we compute the elements of the cross reflection matrix Rq(T,S) according to
(compare with Eqgs. (121)—(123))

Regmeen (T,8) = hay hs'{m &g (5 =)
o Ré(n,n’)(&&’)(?’g)} ) (173)
where
Re (T, —8) = O’”f 210 (7,5 -8, F)
1o Z/ FCb i) 20 (T, ﬁj?*/s\’ﬁz‘j)
x Ro(Rij, Rij) A*Ry; (174)
and

1 no

Ré ey (T,8) =
0(77777 )(576 )(I' S> COS 00| COS 05| Ro — Rg

X Zyc(n.e (e (T,8; =8, —T). (175)

The computation of the ladder and cross reflection matrices for a semi-
infinite medium with sparsely distributed particles is organized as follows:

1. compute the ladder reflection matrix R{**“*(r,’S) by solving the exact Am-
bartsumian’s integral equation (127);

2. compute the vector of parameters w by solving the least squares problem
(147), that is, by matching the exact and the approximate (1, 1) elements
of the ladder reflection matrices in the exact backscattering direction; and

3. compute the approximate cross reflection matrix Rg(T,8) from Eq. (173).

Detailed descriptions of the corresponding algorithms relying on the method of
Picard iterations and the discrete ordinate method are provided in Appendix 4.

An important observation should be made here. As already mentioned, the
vector of parameters w in Eqgs. (161)—(163) is the same as the vector of param-
eters w in Egs. (135)—(137). Because of this choice, in the exact backscattering
direction when ko = —jKZ,, the functions fi,(-) and fc(-) are identical. As will
be shown in the next section, this result implies that in the exact backscattering
direction, the elements of the approximate ladder and cross reflection matrices
satisfy some equations which are the result of the reciprocity relation for the
single-particle amplitude scattering matrix.

5 Exact backscattering direction

In the exact backscattering direction, when the coherent intensity is maximal
and is comparable to the incoherent intensity, the elements of the ladder and
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cross reflection matrices are related through remarkably simple relations. In Ref.
[30], these relations were derived for a discrete random medium with a sparse
distribution of particles by employing the Saxon’s reciprocity relation for the
amplitude scattering matrix [31]. In this section they will be obtained by mak-
ing use of the results established so far and which are valid for a macroscopically
isotropic and mirror-symmetric discrete random medium with a dense distribu-
tion of (spherical) particles. A more general derivation is given in Appendix 5.
Note that in the exact backscattering direction T = —§, i.e., cosfs = — cos6;
hence kyg = 0, ks = —Kg, and Ky = —jKo.

First, we consider a discrete random layer with densely packed particles. For
T = -8, Eq. (103) becomes

Facnene (—8,8) =Y Y (814(-8,8)87%(-5,8))
)
:wwWQR%dAﬂ%u 8) — Sepe(-59)],  (170)

%

where (cf. Eq. (110))
> (Sine(—5,8) Sty (—5,3))
no R H N
= —X (*S)T|:A/ eiﬁozixcgn’(zi)dzi}TTXE/(*S)’ (177)
0

and the matrix Xcg,y = <ei§ejn,>i satisfies the ladder-type integral equation (cf.
Eq. (108))

&@&n=€@%%U%w>+m/) e
D—Da2q(2:)
X Q(—k1Ryji)Xcey (27)Q (k1 R;i)g(Rji) d°Ryi. (178)
From Egs. (64) and (178), we deduce that
Xeen (21) = Xy (2:), (179)

so that by using this result in Eq. (62) with T = —S and accounting of Eq.
(177), we obtain

Facnene (=8,8) = hyhe' [ Savneern (=8,8) = Sney e (—8,9)]. (180)
Then, from Eqs. (73) and (104) we get
yclnfn/fl(_/s\’/s\) = yﬁn&n’i/(_g’é\)’ (181)
so that from Egs. (72) and (180), the relation

Ro(n(e.e)(—8,8) = hyrhe [Rugen e (—5,8)
= Rinenien)(—5:5)] (182)
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readily follows. Because both Rp,(—$,8) and Rl (—$,8) are as in Eq. (144), the
above relation can be written explicitly as (Re = Re(—S8,8))

RYL 00 -m,
— 0 RL22 _RL14 0
—RM, 0 0 RM,

where RM(T,8) = Ry, (T,8) — Ri(T,8) with RM, = RM,| and RM,. = RM, is the
multiple-scattering component of the ladder reflection matrix. This result shows
that the (total) reflection matrix at the exact backscattering direction can be
calculated from the ladder reflection matrix.

Let us now prove that for a semi-infinite discrete random medium with
sparsely distributed particles, the equality

fo(KRij| cosb;]; w) = fr(koR;j| cosb;5]; w), (184)

implies that the relation (183) is valid for the elements of the approximate ladder
and cross reflection matrices. From Eqs. (165), (167), and (184) in conjunction
with the relations

j1(0) =1 for I =0 and j;(0) =0 for [ > 0,
we find

FC+[(‘ COS Qij|) = (510FL+(| COS 6‘@“)7 (185)
Fe_i(| cos8;;]) = d10F1.— (] cosb;5]). (186)

Consequently, making use of the special value of the (normalized) Legendre
polynomial Py(1) = 1/v/2 in Eq. (171), we obtain

Foy(Rij) = Fuo(| cos 0,41, (187)

while from Egs. (140) and (170), and the identity

~

ZJC(E,/S\; E,g) = ZJL(k,g),

we get R R
Re(k, k) = Ri(k). (188)

Finally, Eqs. (142) and (173) with T = —8, Eq. (188) with k = —S, and the
relation

R ayeen(—53) = Biienean (—5:8);
which follows from Eqs. (143) and (175), yield the relation (182) for the ap-
proximate ladder and cross reflection matrices.
We conclude our analysis with some comments regarding the computation
of the vector of parameters w.
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1. From Eq. (183), we find that the (1,1) element of the cross reflection
matrix Rc(—$,8) = DRc(—8,8)DL, corresponding to the cross specific
intensity column vector, is

1
Recir = §(R1£A11 + Ry, — 2Rps). (189)

In this regard, an alternative approach for computing the vector of pa-
rameters w relies on the solution of the least squares problem

w = argmin[Rc11(—8,8; w') — REA(—8,9))%, (190)
where RER is calculated as
exac 1 exac exac exac
RET" = i(RII\J/IH '+ RS — 2Ry5Y). (191)

2. Eq. (146) along with Eq. (183) yields

2R111 = Rri1 + Rraa + 2R
=Rei1 + Rooz — Ress + Reaa + 2Ry (192)

Taking into account that the minimizer (147), matching R{5 and Ryq1,
is the least squares solution of the equation

RN = Ruit + Ruas + 2R, (193)

we deduce from Eq. (192) that the minimizer (147) is also the least squares
solution of the equation

2RPE = Renr + Reze — Ress + Roas + 2R1y (194)

This equation was used in Ref. [22] to determine the vector of param-
eters w. Although Egs. (193) and (194) are equivalent, it is apparent
that the algorithm based on Eq. (193) involves the approximate ladder
matrix Rp(—S,8;w), while the algorithm based on Eq. (194) involves
the approximate cross matrix Rg(—S,s; w). Because the computation of
RL(—8,8;w) is faster than that of Ro(—S,8;w) (the problem decouples
over the azimuthal modes), the former algorithm is more efficient.

In order to check the accuracy of the approximate method, we compare the
enhancement factor for a discrete random layer with a “large” optical thickness
and a semi-infinite discrete random medium. For a discrete random layer, the
enhancement factor is defined by £(©) = R11(r,8)/Rr11(T,S), where as before,
the incident and scattering directions are § = §(0y,¢p) and T = T(w — 0y +
O, 7 + o) with ¢g = 0°, respectively, while for a semi-infinite discrete random
medium, £(0) is computed as

£(0) = R (T,5) _ R (T,8) + Reu (T, 5 w)
REE (.9 RETC5,9)
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Figure 4: Enhancement factor versus the phase angle for a discrete random layer
and a semi-infinite discrete random medium. For the volume concentration
f = 1072 | the relative error in k is £, = 1.2 x 1072, The computational
parameters are indicated in the plots.

The results shown in Fig. 4 correspond to a large volume concentration (f =
10~2) which makes possible to keep the number of layers manageable (Nay =~
100 for A7 = 0.1). The vector of parameters w is the solution of the least
squares problem (147), the function fr,(-) is as in Eq. (137), and at the solution,
the relative residual

_ Ruu (=88 w) — REF“(-8,3)|
R (-5,8)

is smaller than 2 x 10~*. The agreement between the curves is quite acceptable.

Finally, in Figs. 5 and 6 we show simulation results for a semi-infinite discrete
random medium consisting of particles with large size parameters. It is inter-
esting to note that in contrast to a finite discrete random layer, the half-width
of the interference intensity peak increases with increasing the concentration,
while its dependency on the incidence angle is rather weak.

6 Conclusions

Following closely the approach described in Refs. [19, 20, 21, 22|, we have
analyzed the coherent backscattering in a linear-polarization basis and for an
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Figure 5: Enhancement factor versus the phase angle for two values of the
volume concentration: f = 7 x 10~* and 14 x 10~*. The number of discrete
ordinates per hemisphere N,, (see Appendix 4) is 16 for k1a = 10, 24 for k1a =
20, 32 for k1a = 30, 36 for kja = 40, 42 for kia = 50, and 48 for k1a = 60. The
computational parameters are indicated in the plots.
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Figure 6: Enhancement factor versus the phase angle for two values of the
incidence angle: 8y = 30° and 60°. The computational parameters are indicated
in the plots.
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obliquely incident plane electromagnetic wave. The main results of our analysis
can be summarized as follows.

1. In Section 3 we have provided a complete derivation of the ladder and cross
reflection matrices for a layer with densely and sparsely distributed parti-
cles. For a dense medium, the reflection matrices are expressed in terms
of the ladder correlation matrix Xrees(2;) satisfying the integral equation
(64), and the cross correlation matrix Xce,(2;) satisfying the integral
equation (108). The integral equation (108) is the result of transforming
the cyclical diagrams into ladder diagrams by means of the reciprocity
principle. These integral equations, which are the starting point for our
analysis, are similar; however, the kernel of the integral equation (108) is
highly oscillating due to the phase term exp[jk; (8 +T) - R;;]. The integral
equation (64) can be simplified into a form that is suitable for a numerical
analysis by using an approach described in Ref. [3]; the same approach,
described in Appendix 1, is used here to simplify the integral equation
(108). For reasons of completeness, a backward Monte Carlo method em-
ploying essentially the same simplifications (assumptions) is presented in
Appendix 2. For a sparse medium, the reflection matrices are expressed in
terms of the ladder matrix Ry, (z;, k) satisfying the integral equation (84),
and the cross matrix R¢ (zi,ﬁ, El) satisfying the integral equation (119)
in the case k = ﬂl. Roughly speaking, both integral equations have the
same kernel, i.e., the ladder coherency phase matrix Zji,(k,k’) defined by
Eq. (83). However, the source term of the integral equation (84) depends
on the ladder coherency phase matrix, while the source term of the inte-
gral equation (119) depends on the so-called cross coherency phase matrix
ZJC(E, E’;El,ﬂ’l) defined by Eq. (117). Algorithms for computing the
ladder and cross reflection matrices for a layer with sparsely distributed
particles by means of the method of Picard iterations and the discrete
ordinate method are discussed in Appendix 3.

2. In Section 4 we have described an approximate method for computing the
ladder and cross reflection matrices in the case of a semi-infinite medium
with a sparse distribution of particles. The key quantities are the ladder
matrix Ry, (k) satisfying the integral equation (140), and the cross ma-
trix Re(k, k1) satisfying the integral equation (170) in the case k = k.
Analytical representations for the kernels of these integral equations are
obtained under the approximations (133) and (160), i.e., Xpeer(2;) =~
exp[—fL(ro(2j—2:); W)[XLge (21) and Xeer (25) & exp[—fo (K (2—2i); W) Xcen (21)
for some vector of parameters w. These approximations are global in the
sense that they are valid for all z; > z;. The vector of parameters w is
computed by matching the exact and approximate (1, 1) elements of the
ladder reflection matrices in the exact backscattering direction, whereby
the exact ladder reflection matrix is the solution of the Ambartsumian’s
integral equation (127). Strictly speaking, the approximate ladder reflec-
tion matrix is used only for computing the vector of parameters w, and

41



consequently, the approximate cross reflection matrix. In fact, we have
adopted an approximate method for computing the cross reflection matrix
of a semi-infinite discrete random medium because our efforts to design
an approach similar to that given by Egs. (152)—(155) and relying on the
integration rule (150) have failed. Nevertheless, our numerical analysis
has shown that the approximate method is fairly accurate. Algorithms
for solving the Ambartsumian’s integral equation and for computing the
approximate ladder and cross reflection matrices by means of the method
of Picard iterations and the discrete ordinate method are provided in Ap-
pendix 4.

3. In Section 5 we have established the relations between the elements of the
ladder and cross reflection matrices in the exact backscattering direction
for dense and sparse media. These relations are first derived for a layer of
macroscopically isotropic and mirror-symmetric discrete random medium
with a dense distribution of particles, and then, by taking into account
that in the exact backscattering direction, the functions f,(-) and fc(+)
are identical, for a semi-infinite discrete random medium with sparsely dis-
tributed particles. A more general derivation using the Saxon’s reciprocity
relation for the amplitude matrix is given in Appendix 5.

For sparse media, the final integral equations are different from those of Refs.
[19, 20, 21 22]; in the present approach the unknowns are the matrix functions
R (%, ) %C(zl,k k) AL (k ), and ERc(k k) depending on direction, while in
Refs. [19, 20, 21, 22|, the unknowns are roughly similar to the expansion coeffi-
cients of these matrix functions in terms of spherical harmonics. Actually, these
integral equations which can be solved by employing the solution methods of
the radiative transfer theory are the main findings of our analysis.

The numerical results presented in this study are intended to demonstrate
that the algorithms can be applied to particles with large size parameters and not
to draw (pertinent) conclusions regarding the dependence of coherent backscat-
tering on the properties of the particles, concentration, and incidence angle. For
this purpose, a more systematic numerical analysis should be performed.

We conclude our presentation by mentioning that the developed algorithms
can be used for computing the reflection matrix of a (finite) inhomogeneous
atmosphere by means of the matrix operator method. To explain this technique,
let us express the interaction principle equation for a discrete random layer with
the geometrical thickness H in a simplified form as (we omit the cosine of the
incident direction)

Ja(0,—k™) = /R(fEJF,El*)Jd(O,ET)dzET

+ /TL(—Et —kH)Ja(H, k) d%k (195)
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Furthermore, let us approximate
[ Re(-k K a(0. kD) ke
~ [/ Rc(fﬁﬂﬁj’)d@ﬂJd(O,E*), (196)
AQ(kT)

where for the given scattering direction —k*, AQ(E*) is a (small) solid an-
gle around the incident direction k*, in which RC(—PF,ET) does not vanish,
i.e., Ro(—k*t, ki) is non-zero for all incident directions ki € AQ(k*). Conse-
quently, if {ﬂj, wﬂl}f\f‘l is a set of quadrature nodes and weights on the upper
unit hemisphere, the discrete form of the interaction principle equation is

a(0, =k = ZwA (—k; ",k )Ja(0,k))

+Zwﬁj L=k, -k )Ja(H, k), (197)
where
R(-k; k) = Ru(-k . k)
1 ~ o~ ~
Wy, Jaak)

The reflection matrix of the entire atmosphere can then be obtained by applying
the doubling/adding algorithm. Obviously, this approach enables us to estimate
the amplitude of the interference intensity peak, but not its angular shape.

Appendix 1

In this appendix we apply the technique described in Ref. [3] to simplify the
integral equation (108). We write this equation as

Xeen (2) = 507 Ecoey + (LoXcen ) (2i) + (McXcen ) (2:), (199)
where Lc and M are integral operators defined by
(LcXaey)(2) = no / o el i Q(—kiRyy)
D—Dsq(2;)
X Xign (2) QN (—k1R;)[9(R;i) — 1] d°Ryji (200)
and
(McXeen ) (zi) = nO/ oMl o R Q(—kn Ryq)
D*Dga (Z7)
X Xiey (2;) QT (—k1R;:) d°Rys, (201)
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respectively, and (cf. Eq. (113)) kgo = k1(8+T) = ksO/lEsO- Putting

Xll ’ ’ /(Z) X12 ’ ’ /(Z)
XC (z:) = C&n'mn,m’'n v Cen'mn,m’n ! B 202
& ( Z) X(Zj1§77'mn,m’n’ (Zl) X%%n’mn,m’n’(zi) ( )

we obtain the component form representation of the integral equation (199):

—
Xé%’l'mn,m’n'(zi) =¢ SOZlE(pJI(I)EU’mn,m’n’ + (‘chcfﬁ')lvfn,m’n’(zi)

+ (MCchn/)pq (Zl)a p,q = 1a 27 (203)

mn,m’n’

Pq
where Ecoe,mn m

rq
(‘CCXCEW/)mn,m’n’ (ZZ)
— § : pqrt —kRj; jjkso-Rji
="no K’ml’mmznzn”n”’/ e J e] J
D—Dgn,(zi)

X u?nl—m,n” (klei)X(gt‘g’n/mlnl,mgnz (ZJ)

X ult (kiR;i)[9(R;:) — 1|R%, d*Ryd Ry, (204)

mo—m/ n'"’

. are the block-matrix components of Ecogyy,

and
(MCXCfU,)I;gn,m’n’ (ZZ)

_ § ’ pqrt —kRj; ,jkso-Rji
= No K’rnlnlmzngn”n”’/ € el ’
D*Dgn,(zi)

X (k1 R;i) X (25)

my—m,n’’ Cén'mini,mans

x uP* (kiRji)R%, d*Ry;d Ry (205)

mo—m/’,n'"
In Egs. (204) and (205), u3,,,(k1R;;) are the radiating spherical wave functions,
the coefficients K77 ».m are given by Eq. (76) of Ref. [3], and the sum

minimanan’ ' n
should be understood as

2 Neank 71 Neank 72 n+ny n'+ng
)IEDIDIED DD DD DD DI DI 1D
rt=1n1=1 mi=—n1 na=1 ma=—n2 n’=|n—n1| n'"’=|n'—nz|

where Nyank is the maximum expansion order.

Computation of the matrix (LcXcgy)(2:). For the integral

rtminimansg .
LCmnm’n’ (Z“ XC&"I/)

_ —kRj; jkso'Rji, 3 .. Tt .
_/ e Jigl J umn(klR]z)chn’mlnl,mznz(ZJ)
D—Dgn,(zi)

x udh (kiR;:)[g(Rji) — 1 R% d*Ry,d Ry, (207)
we use the approximation
/ R d°RjidRj; ~ / R%d°RjidRy;, (208)
Dsza(zi) R:}*Dza (ZI)
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and, by taking into account the representation for the source term in Eq. (199),
we assume that (z; = z; + Rj; cos6;;):

X (z5) = elfo(zim20 XTE (5;) = efGoRaicos b3 X Tt (), (209)

Obviously, as in Eq. (66) and in contrast to Eq. (160), the approximation (209)
is local. Using the spherical wave expansion of a plane wave as given by Eq.
(112), i.e

0o l
eijO'Rji = Z Z 2jlY_ql(kso)u(11l (k’soRﬂ), (210)
1=0 g——1

where uél(ksoRji) = ji(ksoRji) Yy (f{ji) are the regular spherical wave functions,
ji(z) are the spherical Bessel functions, and Ylﬂ(ﬁ) are the spherical harmonics
for the direction k, we then obtain

Lg/'g;lz?nl 777112712 (Zi; XC&W/) = LCmnm/n’Xetgn/mlnl7m2n2 (ZZ), (211)
where
LCmnm’n/
9] l R
= 47TZ Z jlyfql(kSO)(Sq,m’fm
=0 g=—1

x /Oﬂ{/:o[g(Rji) = Uha (k1 Rji)ji (kso Rji) by (ke i)
« o~ FRii gl Kl Rji cos ejiRjz_idei}
x P (cos 0,5 PIT (cos 0,) P/™ ™ | (cos 0;:) sin 6,005, (212)
h,(x) are the spherical Hankel functions of argument z, and P,llml(cos ) are

the associated Legendre functions of degree n and order m. In Eq. (212), the
integral over 6;; can be computed analytically. Using the expansion

jiKZ R;; cos 0, iK!Z-R; 2ll+ *
eJ s0 JL Jl eJ s0 JL == Z uol// KSO ]Z (213)

1"=0
and the spherical harmonic expansion theorem
‘""(COSG) o |(cos«9)
n+n

= Z a(m,n| —m',n/|l')P, pim- mI(C089)7 (214)

U'=|n—n’|
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we obtain
LCmnm/n’

n+n’ 1+
= WZZ Z Z l+l”\/2l +1 —ql :’0 q,m —-m

1=0 q=—1l'=|n—n’| " =|1—1|

ll

x a(m,n| —m/, n|l")a(m —m/,llm" —m,'|l")F,,,

with
Flh :/ e " [g(Ryi) — Uk (k1 Ryi) i (kso Rji) i (K2 Rji)
2a
hi (k1 Rji)R3; dRj;.

Thus, the elements of the matrix (LcXcen)(2;) are

(’CCXC§77 )mn m'n’ (ZZ)

="Nng Z K$1T£1m2n2n//n///LCm17mn”m27m/n’”X€}t§7]’m1n1,m2n2 (Zl)
Computation of the matrix (McXcgy)(zi). For the integral

MEmamim?™ (zis Xegy)

:/ ’@R]ze_]ksﬂ R]’L (kleZ)
D D2a(zz)

X Xetﬁn’mlnl,mgng (ZJ) (klRﬂ)sz dQRjide“

we employ the sparse-medium approximation for the integration domain

D Dza(z) D

and the far-field representation for the radiating spherical wave functions

] +1ejk1Rji
umn(klRJZ) = (_J)n

klei ( ]) J o0

Then, using again the expansion (112), we get

MT'tml’rlegnz (Z“ XCETI/)

Cmnm/n/’

9] l
47T n'—n . ~
= F%<_J) Z Z (_J)lyfql(ksO)éq,m’fm

=0 g=—-1
X Z/ PI™l(cos 6; ) (0059”) l, I(COSGU)

]

—
X |: / 6bs n(z;—z; e ‘Coqgu‘]l (bksO ] )
[cos ;] Jo ~Uoentzim) | cos 6]

X chﬁ mini,mang (ZJ)dZJ:| sin eijdeijv
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(219)
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where © and ©_ are the intervals [0,7/2) and (7/2,7], respectively. Thus,
the elements of the matrix (McXcey)(2;) are

}: pqrt
(MCXC§7I )mn m’n’/ zl ="no Kmlnlmgnzn 'n!"

Mrtmlnl m2n2

Cmy—mn/'mo— m’n”’(zi;xcf”]/)' (222)

It should be pointed out that for dense media, the integral equation (199)
can be solved by the iteration method (see Eq. (99) of Ref. [3])

Xty (1) = 0% ey + (LX) (20) + (MoXSg, ) (=) (223)

Appendix 2

In this appendix we present a backward Monte Carlo method for computing the
ladder and cross reflection matrices in the case of a dense medium. The analysis
is similar to that used in Ref. [32] in the case of a sparse medium. Taking into
account that these matrices are given respectively, by (cf. Egs. (38) and (39))

1
A cos 0| cos b
-
A cos | cos O]

Ry g6 (T,8) = Sauneye (T,8), (224)

R, e, (T,8) = Lacnen e (T,8), (225)

we focus on the estimation of the ladder and cross quantities .Zgrnen ¢ (T, 8) and
Facnen e (¥,8).
Ladder reflection matrix For the incoherent part of the scattered radiation,
we rewrite Eq. (62) for Aarpepe (T,5) as
A~ no 7 A~ ~\ 13
Fanene (T,8) = = /D "= oy (F) TXpeer (Ro) T (F) ° Ry (226)
and the integral equation (64) for Xr¢e/(Ro) as

XLEE’ (RO) = e_HoiRong(/s\)eg)E, (g) + no / e—an
D_D2a(R0)

x Q(k1Ro1)Xreer (R1)QT (k1 Ro1)g(Ro1) d°Ry, (227)

where Rg1 = Rop —Ry. Inserting the iterated solution of Eq. (227) in Eq. (226),
and using the reciprocity relations

Xg(?)TQ(k1R01) e Q(kle_Lk)E()g(/S\)
= hnhgxg(—’s\)TQ(kle,k,l) . Q(klRlo)eon(—i‘\), (228)
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where Ry -1 = Ry — Rp—1 = —Ry—1,%, we obtain

o~ k o~
Falnene (T,8) = hyhghy her Z YéLZ,gn/g/ (T.8), (229)
k=0

where
y(k) //i‘\;/s\:/ / /
dLnén’§ ( ) D—Dso(Ri_1) |: D—D3,(R1) |: D
" FLkngn,g, (Rk, o Rl, RO) d3R0:| d3R1:| - dSRk (230)

and

Frpnene (R, ..., R1,Ro)

n,
= ?gth(Rk, ..., Ry, Ro)
1
x e "0ERE T (—8)TQu(Ry, - . ., R1, Ro)eo, (—T)]
X [x¢/(—8) TQ (R, ..., Ry, Ro)egy (—1)]*e™*Fo | > 0, (231)

with tr,0 = 1 and Qo = |. For k > 1, the quantities t1;(-) and Qg(-) in Eq. (231)
are computed recursively as

tue(Ri, Ri—1, ..., Ro) = nge” "5 -1g(Ry. 1)
X th—l(Rk—h . ,Ro) (232)

and
Qx(Ri, Ri—1,--.,Ro) = Q(k1Rk k-1)Qx—1(Rk—1,- .., Ro), (233)

respectively, where, as before, t1,g = 1 and Qg = I.

Cross reflection matrix For the coherent part of the scattered radiation,
we use Eq. (103) to compute Zycnene (T,8). In this equation, we use the
representation (cf. Eq. (105))

D (Sine(F,3) Siery (-5, 1)

no

-3 /D e KR T ()T e (Ro) Tt (—8) d° R, (234)

where Xce, (Ro) satisfies the integral equation (cf. Eq. (108))
Xcen (Ro) = 0 Roeg (3)el , (—F)
+n0/ e~ R0 g=ik0 Ror Q1 Ry )Xy (R1)
D—Dasa(Ro)

X QT(kilROl)g(Rol)ngl. (235)
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Inserting the iterated solution of Eq. (235) in Eq. (234) and the result in Eq.
(103), and making use on the reciprocity relations (228) and

Xg/(—/s\)TQ(klROl) e Q(kle,Lk)eon/(—i‘\)

= hn/hglxg (/I:)TQ(k‘le’k_l) R Q(kﬁlRlo)eog (/S\), (236)
we end up with
~ - k ~
Facnen e (T,8) = hyhe Z yd(c)ngn/g/ (T,s), (237)
k=1

where
y(k) ,,?,§=/ / /
dCnén’¢ ( ) D—Dyo(Ri—1) |: D—D5,(R1) |: D
X Fckngnlfl (]_:{,]€7 N 7:R,l, Ro) d3R0:| ngl} AN dSRk. (238>

In Eq. (238), Fogpenye (+) is given by

Fcoinene (R, ... ,R1,Ro)

n
= k—gtCk(Rk, ...,R1,Ry)
1
x e~ 3 (R0=r )R [V T () TQu(Ry, .- ., Ry, Ro)eoy (— )]
* XD (F) TQr(Rys - .., Ra, Ro)eger (8)] e~ 2 (romme)aRofe > 1, (239)

where tci(+) and Qg (+) are computed by means of the relation

k
tox(Ri, Rg—1,...,Ro) = (H ejksoRj,j,l)
j=1

% Cj(Klikl) (605190 +005195 )’Z\(kaRU)

X tre(Ri, Re—1,...,Ro), (240)

and Eq. (233), respectively.

From a physical point of view, Fygney¢ () corresponds to the interference of
the waves scattered by the particles chain {Ro.x} = {Ro,..., Rt} illuminated
by the same plane electromagnetic wave propagating in the direction —7, while
Fecknene (+) corresponds to the interference of the waves scattered by the par-
ticles chain illuminated by two plane electromagnetic wave propagating in the
directions —r and § (Fig. 7). In addition, from Eq. (240) we see that tcy(-) and
tLi(+) differ by a phase term depending on the relative positions of the particles
in the chain.
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Figure 7: Scattering by the particles chain {Ry.;} illuminated by (a) the same
plane electromagnetic wave propagating in the direction —T , and (b) two plane
electromagnetic wave propagating in the directions —r and 8.

Monte Carlo method Consider L independent Markov chain paths of lengths
KO 1=1,...,L,ie.,

{Rél:)mz)} RY SRV 5 SRY &

l !
— Rﬁ()(l)_l — REK)(” ={o} (241)

with the initial probability density function p(Rél)) on D, a transition function

p(Rgzl — Rg)), and the absorbing state @ ¢ D. An unbiased estimate for

FaLngye (T,8) i
L L KO
%Lnﬁn’ﬁ’ (r,s) = hhghy he: N7 Z Z wLnEn’&’(R(()l:)k) (242)
1=1 k=0
with F RO RO RO
wLniﬁ/E’(RE)l:)k) = Llﬂzl&)n’&/(k b ’(l) . (l)) ) (243)
pL(Ry) [[io pu(R;Z, — R;Y)

while an unbiased estimate for Zacpeye (T,8) is

L KO

—~ N 1 !
Facnewe (V,8) = hyhe 7 S weneye (RE)) (244)
=1 k=1

with

1 ! !
o Femre®. RO RY)
weneye (Ry,) = (O 71k 0} MDy"
pc(Ry’) [T pc(R;Z; = R;7)
The initial probability density p(Rg) and the probability transition function
p(Rip—1 — Ry) are chosen as follows.

(245)
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1. For the probability densities pr,(Ro) and pc(Ry), satisfying the normal-
ization condition

/ pLc(Ro) d®Rg = 1, (246)
D

we adopt the representations

|“S|

pL(Ro) = —————¢ Il (247)
A(l - e—|“s‘H)
and
pc(Ro) _ (HO - Hs) e—%(m—ms)zo7 (248)
24(1 = e momrai)
respectively, where Ry = (%o, %0,20). The above probability densities

show that the horizontal variables g and yo do not play any role in the
simulations. Moreover, the area of the illuminated surface A in the ex-
pressions of pr,(Rg) and pc(Ro), and the same area in the expressions
of RL(n,n’)(&f’)(/fa/s\) and RC(n,n')(E,f’)(/r\v/S\) given by EqS. (224) and (225),
respectively, cancel out. Note that in the exact backscattering direction,
ks = —kg and so, both probability densities coincide.

2. The transition function p(Rg—; — Ry) is represented in the form

P(Riie—1)

o pLo(Rego1), (249)
k,k—1

pr.c(Ri—1 = Ri) =wpr,c(Rip—1) =w

where w is the single-scattering albedo of the particle. For p(Ry x—1), we
assume the probability density function
— KT

grje > 2a. (250)

p(r):W, Tz

To construct the probability density function pr, (ﬁk,k,l) with ﬁk,kq =
(Ok k—1, Pk k—1) We consider the scattering by the particles chain {Ro.x}
placed in free space and illuminated by the 7-polarized plane electromag-
netic wave propagating in the direction —T (Fig. 8(a)),

Bo(r) = fi(~F)e 7,
In this case,

e] (%) = Qk1Ry—1 5-2) - - - Q(k1Rp)eg, (—T)eir (7)o
= Qr_1(Ry_1, ..., Ro)eg, (—T)elf (") Ro (251)

are the the expansion coefficients of the field exciting particle k — 1,

~

LS (=) = — RO (Tel L (<5), of = 0.9, (252)
’ 1
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Figure 8: Scattering geometries for constructing the probability density func-
tions (a) pr(©,®) and (b) pc(O, D).

are the amplitudes of the far-field pattern in the direction k = E(@,@),
and 35,y o |Elt 1, (k; —T)|? is the differential scattering cross section.
Taking these results into account, we construct the probability density

function as

oo (ﬁ _A) ‘2

1 Z /=0 | sctk—1,n’
pLO.®) =5 Y [ TS (253)
2 n=0,¢ n'=60,¢ f |Egctk 1 77 )|2 d2

and sample the polar angle o = Ok x—1 from the marginal probability
density pr,(0) = fo% pL(6, D) dP, and the azimuth angle & = ¢y ;_1 from
the conditional probability pi,(®|©) = pL(6, ®)/pL(O). As in Ref. [32],
the probability density function pc(©,®) can be chosen as pe(O,P) =
pL(O, ). Another possible choice which relies on the observation that for
the coherent part of the scattered radiation, the particles chain is illumi-
nated by two plane electromagnetic waves propagating in the directions
—1 and § (Fig. 8(b)), is
1 g |ETS k; —7)|2
re(0:9) =1 3 | T okt

o 2
4n:9,g0 n’—0¢f|Egc?§c 17] k —I‘)|2d

Z’rﬂ:@ © |E:70C:I)c 1,17’(k; S)|2 }
Zn’:&,@p f |E;’cot7<‘ 1,m (k7§)|2d2k

+ (254)

It remains an open question if these choices of the probability density functions

reduce the variance in the contribution of each photon, thus reducing the number

of photons and hence the CPU time required to obtain a prescribed accuracy.
We conclude this appendix with some comments.
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1. To construct the probability density functions py, ¢ (ﬁk,k,l) we considered
a chain of particles placed in free space whose positions are uncorrelated,
and assumed that particle k is situated in the far zone of particle k —
1. Thus, the probability density functions pr, c(Rg,kx—1) are typical for a
sparse medium. On the other hand, the probability density function p(r)
including the pair correlation functions g(r) is a characteristic of a dense
medium.

2. For a sparse medium, we use the far-field approximation (cf. Egs. (75)

and (76))

eiF1Re k-1 5
QiR 1) = —Amippom— Enjx Ry )X (Ryepo) T (255)

the representation of the elements of the single-particle amplitude matrix
in the particle-centered coordinate system

Sonn(k, K') = —J4IXT (k)T (K), (256)

and the relation giving the components of the ladder coherency phase
matrix

ZJL(nlaﬁl)(ﬂé)(k’ k/) = Somn(k, k/)Sailﬁ(k’ k/)a (257)
to obtain
Frinene (R, ..., R1,Ro)
k —I{R] j—1
=ny —m)Rk |:H (nO ):|
j=1 _7] 1
x Z 231,60 meotr) (=S R jo—1)
(nk;gk):"'v(nlvgl)ZOxﬁo
X Z3Lk(npe ) (1,65 1) (R ko—1, Re—1p—-2) - .
X ZJLk('flzaﬁz)(fhél)(RZlaRlO)
X ZJLk(m,&)(nm’)(le —r)eF R > 1, (258)
and
F (R ) =n, e—moRoiZ ( -3 _r)emsz Ro (259)
onén’g’ 0 0 JL(£,€)(n,m") R .

Similarly, under the additional assumption K’ ~ k; yielding

k
ter(Rg, Rg—1,...,Ro) = (H ejkso'RJEjfl)
j=1
x th(RkaRk—la-"aRO)a (260)
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we get

FCkn{n’E’ (Rk, . ,Rl, RO)

e Rl -1

k
—L(ko—k)E-
= nge” z(mo )T R {H<n0 R?
j=1 J,3—=1

x Z ZJC(EJ]/)(”MEI@)(_/S\7 Rk,kflﬂ'\» Rk,kq)
(MK +Ek)5---,(M1,61)=0,¢

x ZJLk(nkvik)(nkflvgk—l)(Rk,k‘717 kal,k72) cee

X ZJL’C(WQ,&)(TIL,&)(RQI»RlO)

% Zycrm ey ey (Rio, =T Rig, §)e 20—z Ro > (261)
It should be pointed out that if we insert the iterated solution of Eq. (119),

ie.,

~

Re(Ri, —k, —k) = nge/Ko?Riz ;o (—k,§; —k, —T)
+no/eiﬁRjiejkso'RﬁZJL(—Ev -Ry;)

1

x Rc (R, —Rjs, _Rji)RQH
i

d°R;, (262)

in Eq. (122), i.e.,
Re(Ri, T, —8) = ngel 0?7 RiZ - (F,8; -8, —T)

“+ ng / ef'“””R-ﬁeijO'RﬁZJc (/I‘\7 —ﬁji; —/S\, —ﬁji)

1

X mc(Rj, —Rji, _RN)RT
3

d°R; (263)
and the result in Eq. (121), and furthermore, take into account the reci-
procity relations
SOnn’(*E/, *E) = hnhn’SOn’n(E, E/) (264)
and
ZJL(mE)(n’,E’)(_E/’ _E) = hnhn’hihi’ZJL(n’,é/)(n,E)(Ev E/) (265)

we are led to the same series representation for RC(n,n’)(&,{’)(i‘\v 8) as that
obtained from Egs. (225), (237), (238), and (261). Furthermore, because
for sparse media, g(r) = 1 and [, dr — [~ dr, the probability density
function p(r) given by Eq. (250) simplifies to

p(r) = ke ™, r>0. (266)
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The probability density functions pr,(©, ®) and pc(©,P) become

1 1 o~ =~ ~
PL(©,9) =5 > = Pulk Ri1x2i—7) (267)
n=0,¢
and
©,6) =1 [ip (k,R . F)
pclO, =1 a6 k—1,k—2; —T
n=0,¢
1 o~ =~ .
+ —P,(k, Rk_l,k_Q;s)}, (268)
47

respectively, where, for example, P, (E, f{k_l,k_g; —T) is the phase function
for the incident and scattering directions ﬁk_l,k_2 and E, corresponding
to a m-polarized plane electromagnetic wave illuminating the first parti-
cle of the chain in the direction —¥. Thus, pL(©,®) is the sum of the
normalized phase functions for the two polarization states of the incident
wave propagating in the direction —7, while pc(©,P) is the sum of the
normalized phase functions for the two polarization states of the incident
waves propagating in the directions —r and 8. Note that in the exact
backscattering direction, pr,(©,P) and pc(©,P) coincide. Also note that
in Egs. (243) and (245), the product H?;ll(l/Rij_l) in the expressions
of Frinene(-) and Foppene(-), and the same product in the expressions
of H?Zl DL (Ryll — Rgl)) and H?Zl pc(Ryll — R§-l)) (resulting from Eq.
(249)) cancel out.

Appendix 3

In this appendix we present algorithms for computing the ladder and cross
reflection matrices for a layer with a sparse distribution of particles.

Let 8 = 8(uo, o) be an incident direction and T = T(—pus, ps) with ps > 0 be
a scattering direction. Consider a discrete set of points {2;}2* in the altitude
interval [0, H] , and let {u, wuk}g:“l be a set of N, Gauss-Legendre quadrature
nodes and weights in the interval [0,1]. For the directions k = E(,u,go) and
El = El(ul, 1), assume the azimuthal expansions

Mrank
Re(z,k) = D Rup(zi, p)eme=#0) (269)
m=—Myank
and
L Myank )
Zinkk k)= > Zym(p, )™, (270)

m=—Myank

where M,k is the maximum azimuthal order.
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Ladder reflection matrix. The algorithm for computing the ladder reflec-
tion matrix for a given incident direction § = S(ug, ¢o) involves the following
steps:

1. for each azimuthal mode m, solve the system of integral equations (cf. Eq.

(84))

Rim (25, Tpr) = noe™ "% Zyrm (£ Lk, po)
N

I 1 Zq L ZiTE
—|—27TnozwulZJLm(iMk7Ml)|:E/ e T mLm(Zjvﬂl)de}

1=1 0

N[L 1 H 2 i)
—|—27TnozwulZJLm(iMk7_Ml)[E/ e "Th mLm(zja_Ml)de}

=1 zi

(271)

for Rim (2, £pg) withi=1,..., N, and k =1,..., N, by the method of
Picard iterations;

2. for each azimuthal mode m and the scattering direction —pug, compute

Rim (25, —phs) = noe™ "% Zs1m (—fis, 10)

N,
H 1 Z4 _Hzi—zj
+27TnOZwMZZJLm(_MsaNl)|:E/ e M %Lm(zj,m)dzj]
1=1 0
Nu 1 H 2%
+27rnozwuzZJLm(—Ms,—Ml)[E/ e " mLm(Zja_,Uﬂdzj};
=1 Zi
(272)
3. compute the ladder reflection matrix as (cf. Eq. (85))
Myrank
RLES) = D Rim(—ps, pro)e™ @790, (273)
mszmnk
SR S
Rem (— s, f10) = / € E Ry (21, )z (274)
Hsto Jo

Cross reflection matrix. For the specified incident and scattering directions
and k = k(u, ), assume the azimuthal expansions

Mrank
Ro(z,k k)= D> Rom(zi, p, p)e™?, (275)

m=—Mrank
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and

Myank
Zick,sk,—0) = Y Ziom(u, S p, 1), (276)
m=—Mrank
R N Miyank
Zjc(r,k; —8,k) = Z Zyom (T, p; =S, p)e!™?. (277)

m=—Mrank
Furthermore, for /lEso = EsO(NsOv ©s0), express the function (cf. Eq. (120))

Fb(Z' — Zj,/lE) = Fb(zz - Zja/h(p)

S22 3 R ) P i (e S e (a7

=0 qg=-1

with a sufficiently large truncation index N, as the Fourier series

Fy(zi— 2, 90) = Y Fom(zi — 2, p)el™ (279)

where

Fym (2 — 25, 10)

N
—imo. . m . Zi — %5
= 207370 3™ ()LD (1e0) P ‘(M)Jl<bks0|T|])~ (280)

I=|m|

The algorithm for computing the cross reflection matrix for given incident and
scattering directions 8 = 8(jg, o) and T = T(—pus, ¢s), respectively, involves the
following steps:

1. solve the system of integral equations (cf. Eq. (119))

Rem (26, Lk, iuk) = noe 0% Z 0 (£, 8; Hpp, —T)

Mrank

+ 2mng Z Z W Z3tm (£ftk, f1)
m1=—M;ank l=1

1 2z _Klzlfz‘]
X E € F+m ml( Zjnul)%cml (Zjnula,u'l)dzj

Mrank Ny
+2mng Y > wuZym (e, — )

m1=—Mrank =1
1 H 7szﬂ—zi
X m e " m F_ oy (20 — 25, — ) Rem, (25, —pu, —p)dz;  (281)
for Rem (2i, pr, i) (sign +) and Rem (2, —pik, —fk) (sign —) with i =
LN, k=1,...,Ny, and m = —M,ank, - - -, Mrank, by the method of
Picard iterations;
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2. compute (cf. Eq. (122))

Ro(zi,F, —8) = noe K07 2y (F,5; 8, —7)

Mrank Ny
+ 2mng E E W Zyom (T, s =S, )
m,mi=—Myank [=1
1 Zi ]
—K
x — [ e " Fy ey (20 — 25 ) Rom, (25, s, ) dz;

Kt Jo
Mrank NM
+ 27mng g E W Zycm (T, — s =S, — i)
m,mi=—Myank [=1
1 H 2~z

—K

X E e it F—,—m—ml (Zz — Zj, _ﬂl)mle (Zj7 — MK, _ﬂl)dzj;
(282)

7

3. compute the elements of the cross reflection matrix as (cf. Eq. (121))

1 H
R ’ / A’A = h /h /[7 —iKso0z;
Cnn)(e.e) (T,8) = hyhe cos90|cos95|/0 e
x mC(n,é’)(é,n’)(Zi’E —8)dz; — Ré(n,n/)(gg')(?ag)] (283)

Note that the system of integral equations (271) is solved separately for each
azimuthal mode, while the system of integral equations (281) is solved simul-
taneously for all azimuthal modes. Also note that the integrals over z; in Egs.
(271) and (281) are calculated by using the quadrature scheme described in
Appendix 4 of Ref. [3].

Appendix 4

In this appendix we present algorithms for computing the exact and the ap-
proximate ladder reflection matrices, as well as the approximate cross reflection
matrix for a semi-infinite discrete random medium with a sparse distribution of
particles.

Exact ladder reflection matrix. Consider the azimuthal expansions

Mrank
Ru(=t, o, —0) = D Rum(—p, o)™ #=#0), (284)
m=—Mrank
Mrank
Zy(p o — ') = Z Z st (p, p/ )72, (285)

m=—Mrank

and assume that the incident direction pg coincides with the discrete ordinate
direction .
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The algorithm for computing the exact ladder reflection matrix satisfying
the Ambartsumian’s integral equation (127) is organized as follows:

1. for each azimuthal mode m, solve the system of equations

no
(i 4 1 )RLm (—piy ) = —~ [ZJLm(*umﬂj)
N/»"
+ 27y, Z Wk Rum (=5 1k ) Z 3L (fik, 115)
k=1
N,
+ 27T/J/] Z wukZJLm<_,U/ia _Mk)RLm(_Mka :uj)
k=1
N,

+ (2m)* pipy; Z Wk Wyt Rum (= i o) Z3tm (toae, —442)
k=1

X RLm(_/thj)} (286)

for Rpm (—ps, ) with @, j = 1,..., N, by the method of Picard iterations;

2. for each azimuthal mode m and the scattering direction —pus, solve the
system of equations

no
(,Ufs + ,Utj)RLm(_,UmMj) = ? ZJLm(_/JJSaNj)
N/-"
+ 271',“5 Z Wk RLm(_,UJs: ﬂk)ZJLm (ﬂka p*j)
k=1
NF‘
+ 2415 > W Ztm (— s, =) R (= ks 1)
k=1
N,

f
+ (2m)2 s Z Wk Wyt Rum (— s, i) Zyvm (b, —pur)
k=1

X Rum (s, )] (287)

for Rpm (—ps, prj) with j =1,..., N,, by the method of Picard iterations;

3. compute the exact ladder reflection matrix Ry, (—pus, to, s — po) from Eq.
(284) with po = pj, -

Approximate ladder reflection matrix.

With the same notation as in
Appendix 2, consider the azimuthal expansion

M:ank
R (k) = RLm ()™ =90), (288)

m=—Mrank
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The algorithm for computing the approximate ladder reflection matrix for given
incident and scattering directions 8 = S(uo, @o) and T = T(—pus, s ), respectively,
is organized as follows:

1. for each azimuthal mode m, solve the system of equations (cf. Eq. (140))

o

Rrm (Epur) = Zyrm (E 4k, o)

Ko — Rs

Ni‘
n
+27T?0 E w#lFL_;_(,lLl)ZJLm(iﬂkv,ul)mLm(:ul)
=1

NF"
n
+ QWZO > Wi (1) Zytn (£, =) R (—pu) (289)
=1

for Rrm (E£pk) with £k = 1,..., N,, by the method of Picard iterations,

where
Fiy(m) = ——, (290)
Ms + 4
Fr_ () = H/ e e frlmoRusw) R (291)
0

2. for each azimuthal mode m and the scattering direction —pus, compute

no
——Zium(—#s 110)

S

Rrm(—ps) = Ko

Nﬁ‘
n
+ QW;O E Wy FLy (1) ZyLm (— s, ) Rm (1)
=1

NF‘
n
+ 27T?0 Z Wy FL— (1) Z3vm (= s, =) Rem (—pa); (292)
=1

3. compute the ladder reflection matrix as (cf. Eq. (142))

Mrank
RL (?7/5\) = Z RLm(_,uSa NO)eJm«pSi&pO% (293)

m=—Mrank

Rrm (—pis)- (294)

1
RLm(_Msv /’LO) =
s

sH0
Approximate cross reflection matrix. For k = ﬁ(,u7 ©), consider the az-
imuthal expansion

Mrank
Ro(z,k k)= > Rom(zi,p,p)e™? (295)

m=—Mrank
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and, for Eso = Eso(usm ©s0), express the function (cf. Eq. (171))

~

Foy(k) = Fou(p, )

=2 Z Z (_j)lf)llql(,uso)Pl‘q‘(M)Fbl(|u|)ejq(¢—¢so)

=0 g=—-1

=

with a sufficiently large truncation index N, as the Fourier series

N
Foo( ) = Y Fopm(p)e™?,
m=—N

where
N
Fopm (1) = 2720 3™ (=)' P™ (1150) P™ (1) Fow (]
I=|m|
and

o0
Fop(ul) = & / e eI Il (1o R)AR,
0

Fo_i(lul) = & / e eI USRIk (1 R)AR.
0

(296)

(297)

(298)

(299)

(300)

The algorithm for computing the approximate cross reflection matrix for given
incident and scattering directions 8 = S(uq, @o) and T = T(—pus, s ), respectively,

is organized as follows:

1. solve the system of equations (cf. Eq. (170))

no ~ ~
Rom (Fpw, ) = Zycm(£pn, S5 £ g, —T)
Ko — Rs
n Myank Ny
0
+2r— ) > " wu Fotm-—my (1)

K
mi1=—Mpank [=1

X L (Epre, ) Rom, (ks )
Mrank Ny

n,
+or—= N > wuFoo mem, (— )
= My 11

X ZJLm(iﬂka —,Ul)mle (_ﬂh —,Ul)

(301)

for R (s, 11) (sign +) and Ry (—p, —pr) (sign —) with k = 1,..., N,

and m = —Mank, - - - , Mrank, by the method of Picard iterations;
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2. compute (cf. Eq. (174))

N~ no ~ o~~~
Re(T, —8) = p— Z;c(T,8; -8, —T)
no rank
+27T; Z ZwulFC-‘r —m—mj (/.tl)
m ml—fj\frank =1

X Zyem (T, ps =S, p)Rem, (s 1)
]\/Irank Nﬂ

+ 27‘1’% Z ZwulFC—,—m—ml (—pu)

m,mi=—Myank [=1

X Zycm (T, — ;s =S, — ) Rem, (— 1, — 1) (302)

3. compute the elements of the cross reflection matrix as (cf. Eq. (173))

Rom) (.6 (T,8) = huyhe [7608 Bolcos ] e &) (T —8)

1 A~
~ Rl e 9], (303)

Remark that in contrast to the system of equations (289), the system of equa-
tions (301) involves all azimuthal modes.

Appendix 5

In this appendix we derive the relations between the elements of the ladder and
cross reflection matrices by using the reciprocity relation (cf. Eq. (102))

D SLE,8)SIE(F.8) =D hyhe SiL(E,8)SE (-8, -1). (304)
J# J#

We begin by considering the decomposition of the reflection matrix into a
ladder and a cross component as in Eq. (37), and the decomposition of the
ladder reflection matrix into a single- and a multiple-scattering component as

in Eq. (71), i.e
R(T,8) = RL(T,8) + R (¥,8) + Rc(T,3). (305)

The single-scattering reflection matrix R} (7,8) is determined by (cf. Eq. (72))

D (Sie(F,8)Si (1,8)),

i

the multiple-scattering reflection matrix RM(T,8) is determined by (cf. Egs.
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(74) and (304))

5 2 S USHEDS/LED) + (SEEDS)ES)

i jFi
= 5 2 S USEEISE5)
T
+ hyhehyhe (S¢) (=8, —T)Selr (=8, -1))), (306)

and the cross reflection matrix Re (T, 8) is determined by (cf. Egs. (103), (111),
and (304))

= Z > U(SL(E,8)STE (E,8)) + (S1L(F,8)S,75 (F,8))]

i jF#i
722 [ her (8% (F,8)S 1, (=8, 1))
e
+ hyhe(Sel (=8, —1)8,7% (F,9))). (307)

In the backscattering direction, Egs. (306) and (307) become

3 50 S 8S (-5.9) + (SE-5.915) (-5.9)]

)
S HUCIECEAEE
)
+ hyhehy he (Sg, (—8,8)S¢l, (=8,3))] (308)

and

5 20 S USHR RS (88) + (SRS (55)

i j#i
1 ij =~ ) Qlyx o~
= 520 D[ he (SS9 (-5.9))
i i
+ hyhe (S (=5,3)8, 72 (-5,9))), (309)

respectively. Using Egs. (308) and (309), we express the reflection matrices
RM = RM(—5,8) and Rc = R¢(—8,8) in terms of the matrix elements

Ripuyye.cn(—8,8 51(-8,3)815,(—8,8
(o) (e.en (—8,8) = ACOSQO|COSQ|;;< )8y (=5.%)

as

2Ry, Rig —Ryy Ri3—R31 Ria+ Ry
RM _ L | Boi— Rio 2R Ros + R3a  Roq — Rao (310)
L7 9| Rs1 — Ris Rsa+ Ros 2R33 R3y — Ry3

Ry + Ry Rys — Roy Ryz — Rz 2Ry
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and

2Ry Ria —Ray Ri3—R31  —Ro3— Raz
Re — 1| Ro— Rz 2R —Riy— Ryt Roy— Rao (311)
2| R31—Ri3 —Riy— Ry 2R33 R3y— Ryz |’
—Ro3 — R3s  Ras— Roy  Ryz— Ry 2Ry

respectively. From Egs. (310) and (311) we find that the cross reflection matrix
Rc can be expressed in terms of the matrix elements of the multiple-scattering
reflection matrix RM as

Bin B, Bl B,
R R —R R

RC — L.21 L.22 L41 .24 312
RY RN RM) RM, (812)

M M M M
- RL32 RL42 RL43 RL44

For a macroscopically isotropic and mirror symmetric medium with a dense
distribution of particles, the representation (144) is also valid for RM, and so,
Eq. (312) simplifies to Eq. (183).
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