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ABSTRACT NOTATION
Estimati te Time-of-Failure (ToF) of tem is ki . .
CSHImEHng aeetiate Lime-ot-Lal ure (To )0. a system 1s key X random variable that describes a system state at
in making the decisions that impact operational safety and .

o : R ) time k.

optimize cost. In this context, it is interesting to note that .
different approaches have been explored to tackle the x,(;) realization of X k, that is, realization of the system

problem of estimating ToF. The difference is in part
characterized by different definitions of the hazard zones.
The conventional definition for the cumulative distribution
function (CDF) calculation is assumed to have well-defined
hazard zones, that is, hazard zones defined as a function of
the system state trajectory. An alternate method suggests the
use of hazard zones defined as a function of the system state
at time k, instead of hazard zones defined as a function of
system state up to and including time k& (Acufia and Orchard
2018, 2017). This paper explores these differences and their
impact on ToF estimation. Results for the conventional CDF
definition indicated that, (/) the cumulative distribution
function is always an increasing function of time, even when
realizations of the degradation process are not monotonic, (i7)
the sum of all probabilities is always 1 and does not need to
be normalized, and (iii) all probabilities are positive and less
than or equal to 1. Similar results are not observed for CDF
calculation with hazard zones defined as a function only of
the system state at time k. Results for ToF estimation using
Acuna's definition differ, suggesting that there is an
underlying assumption of independence in the hazard zone
definition. Therefore, we present an alternate definition of
hazard zone which guarantees the properties of a well-
defined CDF with a more straightforward ToF definition.
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state associated with the i'" trajectory at time k.

X vector of random variables where each random
variable describes the system state at every time
step, that is, the stochastic process that represents
the evolution in time of the system state.

x(® vector of realizations of X, that is, realization of
the system state trajectory associated with the ith
trajectory.

o(+) Probability density function

P(") Probability mass function

h(-) Hazard zone function

Hazard zone indicator function

1. INTRODUCTION

The benefits of estimation of Time-of-Failure (ToF) of a
system include but are not limited to: undertake remedial
actions to prevent the failure, extend the time until it happens,
schedule maintenance at a convenient time, or prepare for the
failure in a fashion that minimizes the negative effects
(Goebel et al. 2017). Thus, proper characterization of the ToF
is essential for decision-making processes. In this regard,
different definitions for computation of the probability of
failure have been explored which differ on the definition of
the hazard zone function. Hazard zones are all possible
system states under which the system undergoes a
catastrophic failure. Hazard zone functions are functions of
the system states which describe those regions in the state
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space that include all possible states under which the system
undergoes a failure.

With the purpose of estimating the ToF of a component or
system, sampling-based approaches have been widely
adopted. In these approaches a population of samples is
obtained from the state posterior PDF at the time when
prognosis is initiated. Then, each of the samples is used as an
initial condition for simulating state trajectories in “random
walk” fashion iterating the state transition equation with
random realizations of the process noise. At each iteration,
the hazard zone function is evaluated in order to identify if
the system states reached the hazard zone. This latter
information is used to compute the failure distribution as a
cumulative distribution function that describes the
probability of failure up to and including % time.

While the state transition equation assumes the system is
healthy, simulated state trajectories may migrate from a
healthy region to a failure region and then migrate from the
failure region to a healthy region. Due to the nature of the
random process the trajectories do not exhibit strictly
monotonic behavior.

With the assumption that a system can actually only fail once,
hazard zone functions should identify a trajectory that
reached the hazard zone at the Lt iteration or at previous
iterations. Namely, the hazard zone function needs to be
trajectory-dependent function instead of state-dependent one.
However, previous works reported in the literature defines
the hazard zone function as a function of only the system state
at the kiteration (Orchard and Vachtsevanos 2009; Pola et
al. 2015), which leads to inaccurate estimations of the ToF.

In this work we present an alternate definition of hazard zone
as a function of system states up to and including time k,
which guarantees that for the estimated ToF: (i) the
cumulative distribution function is always an increasing
function of time, even when realizations of the degradation
process are not monotonic, (i) the sum of all probabilities is
always 1 and does not need to be normalized, and (iif) all
probabilities are positive and less than or equal to 1.

This paper is organized as follows. Section 2 presents a
background on the definition of probability of failure in a
more general context. In Section 3, the probability of failure
is defined specifically for the prognostic context. Section 4
describes other definitions of probability of failure recently
reported in the literature for the prognostic context. Section 5
illustrates and discusses the impact on ToF estimation when
the probability of failure is calculated with a well-defined
hazard zone, that is, a hazard zone defined as a function of
the system state trajectory, and calculated with an ill-defined
hazard zone, that is, a hazard zone defined as a function of
the system state at time k, instead of hazard zones defined as
a function of system state up to and including time k. Section
6 compares the cumulative distribution function obtained
through the conventional definition of probability of failure

and through the Acufia's definition for dependent and
independent variables. Finally, Section 7 ends with
conclusions.

2. BACKGROUND

Let A be the input and B be the output of the model,

B=g (A), that characterizes the performance of a system.
Since there are uncertainties associated with the model

inputs, A= (Al, As, ... vAn) represent the input
random variables with PDF fa, (ai> and joint PDF
fay As,.ia, (a1, a2, ..., ap)

If a failure is defined by the event J (A) < b, that is, the

event when the performance function, B=yg (A), reaches
a certain threshold, the probability of failure is then defined

as the CDF of B, Pf = P(g(A) < b), and is calculated
by (Prob. Engineering Design n.d.):

pfz/... /fAhA%”,An(al,ag,...,an)daldag...dan

M

(a)<b
/ fa(a)da
(a)<b
If all the random variables are independent,

pf:/... HfAi(ai)daldaQ...dan @)
ga)<p

There are a number of complexities in the evaluation of the
integration in Eq. (1): (i) The function 9 (A) is usually a
nonlinear function of A; therefore, the integration boundary
is nonlinear; (i7) Multidimensional inte%ration is involved;

(iif) In many cases the evaluation of 9 (a is computationally
expensive. Hence, there is rarely a closed-form solution to the
probability integration, and it is also often difficult to
evaluate the probability with numerical methods. Therefore,
numerical approximation methods, such as the sampling-
based approaches, have been adopted to solve the probability
integration (Prob. Engineering Design n.d.).

3. COMPUTING THE PROBABILITY OF FAILURE IN THE
PROGNOSTIC CONTEXT

Prognosis schemes can be understood as the result of long-
term predictions describing the evolution of a fault indicator,
with the purpose of estimating the Time-of-Failure (ToF) of
a component or system, from the initial conditions of the fault
indicator given by the estimation stage.

The prediction of critical events requires the existence of at
least one critical system state that provides the severity of the
studied condition. It is always possible to combine different
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system states to obtain one unique fault indicator. Then, it is
possible to describe the evolution in time of the dimension of
the fault through non-linear state equations of the system
model.

Consider {X#:% € N} 55 2 Markov process denoting a
state-space representation of the dynamic nonlinear system:

zr = f(Tr-1,Wr-1)
yr = g(zr, vi),

where Tk denotes an 7lz-dimensional system state vector

(€)

with initial distribution P(Z0) and transition probability
p(arlx kfl), Yk denotes the "'y-dimensional conditionally-
independent noisy observations, and Wk and Uk denote
independent random variables.

For the generation of long-term predictions, consider the 7-
step prediction for the fault indicator (one state system of a
combination of  different system states) PDF
plx kp+7 ‘yl:kp) which describes the state distribution at the

future instant kp+ 7 , (T= L...,m ). With the
assumption  that the particle  population

{ol) i)},

state PDF at time kP, then it is possible to approximate the
predicted fault indicator PDF at time ™ = kp +7 , by
sequentially applying the Chapman-Kolmogorov equation, as
shown in Eq. (4), and then updating each particle by sampling
from the transition kernel.

current

N is a good representation of the system

p(zr|yrr,) = D(Tr|y1s,)

p |xk1 (:ck 1’yk)

4)

Q

a1

N
Il
—

w§j’5 o (zk)-
Zy,

In other words, a population of samples is obtained from the
state posterior PDF at the beginning of prognosis. Then, each
of them is used as an initial condition for simulating state
trajectories in “random walk” fashion iterating the state
transition equation with random realizations of the process
noise. Note that the random variables in the context of
prognostic are dependent.

k

Considering P as the time at which prognostics are executed,
and assuming that one of the states corresponds to the fault
indicator, let X = (ka7 ka‘H’ oo X1, Xi) be
the collection of random variables (the stochastic process)
that represents the evolution in time of the system state
associated with the fault indicator,
X = (T, Thyt1s - - - 5 The1, L) be realizations of the
stochastic process that represents the evolution of the fault

indicator, and kap Xkp+1:-Xk be the joint PDF of X. Note

that X kp is the estimated fault indicator at kp given the set of
measurements Y1:p,

Also, let failure be defined by the event h(X) < Y. that is,

the event when the performance function, Y = h(X),
reaches a certain threshold, ¥. With the occurrence of this
event, the state of the system will change from safety to
failure. For example, if the threshold is defined to be zero,
then Y = (%) = 0 divides the random variable space into
two well-differentiated regions: safe regions and failure
regions (or hazard zones). When h(X) =< 0, the system can
no longer fulfill the function for which it was designed, that
is, the system undergoes a catastrophic failure (Prob.
Engineering Design n.d.). Note that h(x) is a function of the
fault indicator trajectory (or system state trajectory), not a
function of the fault indicator at specific time k.

The stochastic state-space representation of the system is
used to compute the failure distribution as a cumulative
distribution function that describes the probability of failure
up to and including time k:

P(ToF < k) = . / kakay peon X (Thy s Tl 1, -+ T )dity, dg, 41 - - dy

h(x)<y (5)
= / fx(x)dx

h(x)<y

Given the aforementioned definition of the hazard zone, and
specifically the simplest hazard zone, namely a time-
invariant and deterministic hazard zone, Eq. (5) can be
rewritten as:

P(ToF < k) — / I(%) fx (x)dx ©)

where I () is an indicator function, which is defined by:

1, h(x)<y;
I — ) — )
(x) { 0, otherwise. @)

Remember that the mean value of a random variable is
defined as the first moment measured about the origin,

o0

px = [ ofx()ds ®
—0o0
If there are n
(z1,29,... 2
by

samples of the random variable X,
n ), the average of the samples is calculated

X= Zw - p(z:) )
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Hence, the integral on the right-hand side of the Eq. (6) is
simply the expected value of I(x)

P(ToF <k)=Y Ix").w?

-

s
Il
—

(10)

I(azgp), R ac;:zl , acg)) cw®

I
.MZ

s
Il
_

In the Monte Carlo sampling case, Eq. (10) can simply be
estimated by:

_ 1 N . N f
<k)=1 = — I @)y — L 11
P(ToF k) =I() =3 1) = (D
where N, f is the number of predicted fault indicator
trajectories (not the fault indicator or system state at time k)
that have the performance function less than or equal to zero,

ie. h(x) < 0,

It should be noted that I (X) is a function of the trajectory of

the fault indicator from kp to k, and its ran%e is defined in the
. Nx
interval [Oa 1]. Namely, ](X) s R™ — 0, 1] .

In addition, I (X) should be defined in such a way that the
following hold:

| 0<P(ToF <k)<1,VkeN
lim P(ToF < k) =1
2. k—oo .

4. OTHER APPROACHES FOR THE COMPUTATION OF THE
PROBABILITY OF FAILURE IN THE CONTEXT OF
PROGNOSTICS

The authors in (Orchard and Vachtsevanos 2009; Pola et al.
2015) define the probability of failure at any time instant &
by the expression,

Ny . .
P(ToF < k)= Z wg)’P(failu'r'e|X = azg)) (12)
=1

where P(failure|X) corresponds to the probability of
system failure, conditional to the value of the state vector
T € R™* Note that Eq (12) is a particular case of Eq.
(13).

P(ToF <k) = P(failure | zx)p(xr | Y11, )de; (13)

R"%k
Further, the authors in (Acufia and Orchard 2018, 2017)
assert that this probability measure (Eq. (12)) has been
misinterpreted as a Cumulative Mass Function (CMF) and is
limited to cases of strictly degenerative systems. For the
general case, (Acufia and Orchard 2018, 2017) propose that
this concept should be reinterpreted as a Probability Mass

Function (PMF) as the probability measure for ToF is defined
at discrete time instants.

The authors in (Acufia and Orchard 2018, 2017) also state
that a failure event can be treated as a non-stationary
Bernoulli stochastic process in which probabilities vary as
time evolves. They denote healthy and faulty systems (at the
k — th time instant) by % and Hk, respectively, and
characterize the true Probability of Failure (PoF) at the

k — th time instant, P(F%) as:

_ P(F, Hi,h1)
P(Hp, k-1 | Fi)’

P(F) V k>k, (14

Since £ (Hkp:kfl | i) corresponds to the probability of
staying healthy until time k — 1, given that the failure
occurred at time k , the authors note that
PHp, 1 | Fie) =1 (it is assumed that the system can
only fail once).

Applying the definition of joint probability, Eq. (14) is then
rewritten as:

P(]:k) = P(.Fk“'lkp;kfl)P(Hkp;kfl), vV k> kp (15)
where £’ (FrlHryir1) corresponds to the failure probability
measure that has been used in (Orchard and Vachtsevanos

2009; Pola et al. 2015), equivalent to the expression in Eq.
(13), i.e.,

P(Fr|Hr 1) =/

R

P(failure | zy)p(zr | yix, )dzs

N _ (16)
= Z w P(failure| X = :v,(:))
-1

where the hazard zone is described by a mapping

h(zg) : R™ — [0,1]

h(zy) := P(failure | i) (17)

and where ©’ (Hkpﬂf*l) is the probability that the system is
healthy until the (k - 1) —th time instant, that is,

P(Hr,k-1) = P(Hi1|Heyh—2) P(Hi,x2)

= P(Hp—1|[Hr,r2) P(Hi—2|Hiyk—3) P(Hi,k-3)

' (18)

k=1
= P(H;[Hk,:5-1)
j=kp+1

Then, as P(H;j|Hyj—1) =1 — P(Fj[He,i-1) and the
failure is modeled through a Bernoulli stochastic process, it
follows that:
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k—1
P(He1) = [[ (1—P(FiMry1) 19

J=kp+1

Therefore, the failure probability described in Eq. (15) is

defined as the product of P(Fr|Hryx-1) and P Hkn:kfl),

where the first term corresponds to the likelihood of failure

atk — th time (assuming that the system was healthy for all

previous moments). The second term indicates the
robability that the system was actually healthy until the
k — 1) — th time instant.

To exemplify, suppose that until the instant kp +7— L the
system was healthy for all previous moments so that
P(fkp-!—ﬂ'—l'Hkp:k,,-kT—?) =0 and P(Hk],:k1,+r—2) = (]- - 0) =1 .
Then suppose that at the instant kp + T, realizations of the
states reach a  failure condition such  that
P(Fryptr[Hiykytr—1) = 0.1 This latter value is used to
compute the probability that the system is healthy until
pr + 7= 1’ that iS, P(Hkp:k,,+7—l) =(1-— 0) . (]. — 01) = 0.9.
At the next time step, kp + 7+ L suppose that realizations of
the states reach a failure condition such that
P(Fpsr+1|Hipiky+r) = 0.15 and
P(MHpyyir) = (1=0)-(1=0.1)-(1-0.15) = 0.765

In this regard, we would like to point out that Eq. (12), Eq.
(13) and Eq. (16) do not incorporate information on the
evolution of the fault indicators before the time instant k, that

is, the trajectory of the fault indicator from kp tok — 1. As
one can see, Eq. (16) (which is used later to evaluate Eq. (19)
) is evaluated only for L. In other words, P(f ailw"elxk),
that is, the hazard zone, is defined only for the k — th time
instant which leads to failure distributions that do not
represent accurately the probability of failure up to and
including time k. Proper failure distribution needs to be a
trajectory-dependent probability instead of a state-dependent
one.

For illustration purposes, consider a system that undergoes a
failure when the fault indicator is below the value three (3),
as described in Eq. (20):

17 L 337

20
0, otherwise. 20)

P(failure|zy) = {
Consider also two trajectories of the fault indicator generated
through Eq. (22) for ten (10) time steps as shown in Table 1.
Then results of the computation of the failure distribution
through Acufia’s definition using Eq. (15) for these
trajectories is shown in Table 2.

As can be seen from Table 2, the cumulative distribution
function reaches the value one (1) at time step ten (10) even
though one of the two trajectories never actually crossed the
threshold. Also, note that the same results for £(Hr,4-1)

would have been obtained if variables were assumed to be
independent, as in Eq. (21).

k—1
P(Mp5-1) = | [ P(H) @21

i=ky
Table 1: Realizations of the fault indicator for 10 time steps.
k 1 2 3 4 5 6 7 8 9 10
Sample No. Xp X X X T T T Tk Tk Tk
1 3.55 330 334 345 323 322 3.18 3.44 3.43 3.23
2 3.26 3.09 2.89 2.82 3.00 2.81 2.56 2.65 247 2.05

Table 2: CDF and PMF of ToF through Acufia’s definition,
that is, Eq. (15), for realizations in Table 1.

k 1 2 3 4 5 6 7 8 9 10

P(Fi|Hp,k-1) 0.00 0.00 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50

P(Hi)  1.00 1.00 0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50

P(Hp,:k—1) 1.00 1.00 1.00 0.50 0.25 0.13 0.06 0.03 0.02 0.01

P(TOF:k) 0.00 0.00 0.50 0.25 0.13 0.06 0.03 0.02 0.01 0.00

P(ToF <k) 0.00 0.00 0.50 0.75 0.88 0.94 0.97 0.98 0.99 1.00

5. COMPUTING FAILURE DISTRIBUTION WITH A WELL-
DEFINED HAZARD ZONE AND AN ILL-DEFINED HAZARD
ZONE

To further exemplify, consider the space state representation
in Eq. (22) as the Markov process that describes a fault
indicator that decreases over time,

T, =a-Tp_ 1 +wp1 VkEN (22)

where 0 < a <1 and Wk in this case denote an
independent Gaussian random variable, that is,
w ~ N(0,0),

k

Assuming that *p is the time instant when predictions are
made, and that the system undergoes failure when the fault
indicator reaches a certain threshold value, the hazard zone is
defined by Eq. (23),

h(x) = min(zp, ..., Tk1,Tk) (23)

>

and the hazard zone indicator is defined by Eq. (24), which is
equivalent to Eq. (7):

=5

If comparison with zero is preferred, the hazard zone can be
rewritten as in Eq. (25),

h(x) < threshold,

24
otherwise. 24)
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Table 3: Realizations of the fault indicator (Markov process

h(x) = min(@p, ..., 2y-1, @) — threshold —(25) L ) e 10 time steps

and the hazard zone indicator can be rewritten as in Eq. (26), k P2 3 4 5 6 7 8 9 10
1, h(x) <0; Sample No. Xp X X X T T T Tk T Tk
I(x) = {0’ otherwise. (26) 1 3.08 278 251 2.09 1.59 1.88 2.20 2.34 224 2.72
. . . . . 2 3.27 3.17 274 293 298 274 2.88 3.08 2.77 2.67
For illustration purposes, ten (10) trajectories (with equal
. . 3 3.18 254 196 1.69 1.63 2.11 238 2.51 237 235
weighting) were generated through Eq. (22) for 10-steps
forward with @ = 0.97 and W ~ N(O, 03) Figure 1 and 4 3.39 3.63 3.72 3.54 3.13 250 2.53 2.53 2.51 2.95
Table 3 shows a single realization for these trajectories. > 3.26 3.26 3.23 3.35 295 284 246 3.18 322 344
These trajectories can be interpreted as estimations of a 6 3.68 3.51 332 3.11 3.33 346 3.84 3.13 236 2.66
decreasing health index x with a failure threshold of 3. Due 7 3.03 3.07 2.85 246 261 272 301 2.72 296 281
to the nature of the Markov process the trajectories do not 3 269 275 2.47 2.69 238 2.82 2.68 2.56 3.11 2.98
exhibit strictly monotonic behavior. While the average of the 9 367 3.10 2.99 256 243 253 2.52 2.47 238 2.42

trajectories decreases (although there is no guarantee for that,

—_
[=]

342 293 324 3.05 280 2.63 2.50 2.83 3.27 2.73

either), individual trajectories migrate in and out of the failure
region.

Table 4: Evaluation of h(X) (Eq. (25)) for realizations in
If the threshold value is set to 3, the evaluation of the hazard ~ Table 3.

zone as defined in Eq. (25) for each trajectory is shown in k 1 2 3 4 5 6 7 8 9 10
Table 4 and the evaluation of the hazard zone indicator as Sample No. h(x) h(x) h(x) h(x) h(x) h(x) h(x) h(x) h(x) h(x)
defined in Eq. (26) is shown in Table 5.

1 01 -02 -05 -09 -14 -14 -14 -14 -14 -14
2 03 02 -03 -03 -03 -03 -03 -03 -03 -0.3
Sr ‘ ‘ ' — 3 02 05 -1.0 -13 -14 -14 -14 -14 -14 -14
Safe Region
4 04 04 04 04 01 -05 05 -05 -05 -0.5
45 - 1 5 03 03 02 02 00 -02 -05 -05 -05 -0.5
6 07 05 03 01 01 01 01 0.1 -06 -06
4- 1 7 00 00 -0.1 -05 -05 -05 -0.5 -05 -0.5 -0.5
8 03 -03 -05 -0.5 -0.6 -0.6 06 -0.6 -0.6 -0.6
9 07 01 00 -04 -06 -06 06 -06 -06 -0.6
. .
10 04 -0.1 -01 -01 -02 -04 -05 -05 -05 -0.5
Threshold .
Table 5: Evaluation of /(X) (Eq. (26)) for realizations in
. Table 3.
k1 2 3 4 5 6 7 8 9 10
ol” ) . " ] Sample No. I(x) I(x) I(x) I(x) I(x) I(x) I(x) I(x) I(x) I(x)
R ;lfl:‘”
ogl? et 1 o 1 1 1 1 1 1 1 1 1
3 2
1.5 Leal® * 2 o 0o 1 1 1 1 1 1 1 1
I:ﬁz 3 0 1 1 1 1 1 1 1 1 1
2 4 1 1 1 1
1+ 1";-7) i 0 0 0 0 0 1
2 50 0 o0 o0 1 1 1 1 1 1
ty
2 6 1 1
05Ty ] 0 0 0 0 0 0 0 0
i 7 o o 1 1 1 1 1 1 1 1
Failure Region
0 , 1 . 8 1 1 1 1 1 1 1 1 1 1
2 4 6 8 10 9 o o 1 1 1 1 1 1 1 1
k 10 o 1 1 1 1 1 1 1 1 1
Figure 1: 10-steps trajectory prediction. 10 .
g ps trajectory p Zl(x“)) 1 4 7 7 8 9 9 9 10 10
i=1
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Then, the computation of P (TOF < k) fork = 1is given
by Eq. (10), that is:

10

P(ToF <1) =Y I(x%)-0.1

10 , @7

=Y 1=y 01
=1
=1-01=0.1
The computation of P(ToF < k)fork = 2 is:
10
P(ToF <2) =Y I(x")-0.1
=1
10 . ) (28)
= ZI(mgz),xg)) 0.1
=1
=4-0.1=04
and so on until k = 10
10
P(ToF <10) = »_I(x¥)-0.1%)
i—1
10 ) ) , , 29
= ZI(xgl), .. .,wf;),:cgz)) 0.1® @
i=1
=10-0.1=1

As a result, the CDF of ToF is shown in Fig. 2b.

On the other hand, consider again the space state
representation in Eq. (22) as the Markov process that
describes a fault indicator that decreases over time.

Assuming that the system undergoes a failure when the fault
indicator reaches a certain threshold value, the hazard zone is
now defined according to Eq. (17) as shown in Eq. (30),

h(zy) = x — threshold (30)
and the hazard zone indicator is defined by Eq. (31),

I(zy) = {3:

The evaluation of the hazard zone as defined in Eq. (30) for

h(zy) < 0;
otherwise.

€2))

each trajectory in Table 3 is shown in Table 6 and the
evaluation of the hazard zone indicator as defined in Eq. (31)
is shown in Table 7 .

Then, the computation of P (TOF < k) fork = lis
given by Eq. (10), that is:

Table 6: Evaluation of (zx) (Eq. (30)) for realizations in
Table 3.

k 1 2 3 4 5 6 7 8 9 10

Sample No. h(zk) h(xk) h(l“k) h(l‘k) h(xk) h(ﬂ?k) h(l”k) h(xk) h(zk) h(xk)

1 0.1 -02 -05 -09 -14 -1.1 -0.8 -0.7 -0.8 -0.3

2 03 02 -03 -0 00 -03 -0.1 01 -02 -03
3 02 -05 -10 -13 -14 -09 -06 -05 -0.6 -0.6
4 04 06 07 05 01 -05 -05 -05 -05 -0.1
5 03 03 02 04 00 -02 -05 02 02 04

6 07 05 03 01 03 05 08 01 -06 -03
7 00 01 -01 -05 -04 -03 00 -03 00 -02
8 -03 -03 -05 -03 -06 -02 -03 -04 01 0.0

9 07 01 00 -04 -06 -05 -05 -05 -0.6 -0.6
10 04 -01 02 01 -02 -04 -05 -02 03 -03

Table 7: Evaluation of £ (Zk) (Eq. (31)) for realizations in
Table 3.
k 1 2 3 4 5 6 7 8 9 10

Sample No. [(zg) I(zy) I(zy) I(xg) I(zg) I(zx) I(zy) I(zy) I(zg) I(xk)

1 0 1 1 1 1 1 1 1 1 1
2 0 0 1 1 1 1 1 0 1 1
3 0 1 1 1 1 1 1 1 1 1
4 0 0 0 0 0 1 1 1 1 1
5 0 0 0 0 1 1 1 0 0 0
6 0 0 0 0 0 0 0 0 1 1
7 0 0 1 1 1 1 0 1 1 1
8 1 1 1 1 1 1 1 1 0 1
9 0 0 1 1 1 1 1 1 1 1
10 0 1 0 0 1 1 1 1 0 1

—
=
(=)}
(=)}
=]
K=
=]
2
2
K=

10 )
S 1)
i=1

10 ,
P(ToF <1) =Y I(z{") - 0.1
=1

(32)
=1-0.1=0.1
The computation of P (TOF < k) fork = 2is:
10
_ (4)
<2)= - 0.
P(ToF < 2) ;I(% )-0.1 33)
=4-0.1=04

and so on untilk = 10,
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10 . _
P(ToF <10) = Y _ I(z\]) - 0.10)
=1
=9.0.1=0.9

As aresult, the CDF of ToF is shown in Fig. 2c.

34

Note that the CDF in Fig. 2b (the CDF obtained for the first
case where hazard zone is defined by Eq. (25) and hazard
zone indicator is defined by Eq. (26)) is a monotonically
increasing function that converges to value one when time
tends to infinity, even when realizations of the fault indicator
cross the threshold more than one time. In contrast, note that
the CDF in Fig. 2c, (for CDF obtained for the second case
when hazard zone is defined by Eq. (30) and the hazard zone
indicator is defined by Eq. (31)) does not increase
monotonically. Although it may reach the value one, it does
not necessarily converge to value one when time tends to
infinity.

6. COMPUTING FAILURE DISTRIBUTION WITH THE
CONVENTIONAL DEFINITION AND WITH ACUNA'S
DEFINITION.

The computation of the CDF of ToF is here repeated using
the Acuifia definition, that is, using Eq. (15), for dependent
and independent variables. Results with Acufia’s definition
are then compared to the result obtained with Eq. (10).

Note that Eq. (15) corresponds to the failure probability at the
time instant k, that is, P(Fy) = P(ToF = k), while
Eq. (10) correspond to the failure probability

P(TOF <k ) Therefore, computation of the CDF though
Eq. (15) needs an additional step for the summation of the
probabilities at previous time instants.

For the case of dependent variables, one hundred (100)
trajectories (equal weighting) were generated through Eq.
(22) for 10-steps forward with « = 0.97 and
w ~ N(0,0.2) Regults for the computation of the CDF
and PMF in this case are summarized in Table 8 and Table 9,
and are shown in Fig. 3 and Fig. 5.

For the case of independent variables, one hundred (100)
trajectories (equal weighting) were generated through Eq.
(35) for 10-steps forward,

T = ME + Wk VkeN’ (35)

where W ™~ N (07 0'2) and K is a value in the interval
2.3,3.3] being H1 = 3.3 and #10 = 2:3 Results for the
computation of the CDF and PMF in this case are

summarized in Table 10 and Table 11 and are shown in Fig.
4 and Fig. 6.

N ——

Safe Region

Threshold RS

o

Failure Region

1 2 3 4 5 6 7 8 9 10

VIios
K
= 04

0.2 -

Figure 2: (a) 10-steps trajectory prediction. (b) CDF of ToF
for realizations in Table 3 when the hazard zone is defined
by Eq. (25) and the hazard zone indicator is defined by Eq.
(26). (c) CDF of ToF for realizations in Table 3 when the
hazard zone is defined by Eq. (30) and the hazard zone
indicator is defined by Eq. (31).

Results obtained for dependent variables with Eq. (10) and
with Acufa’s definition differ, while results obtained for
independent variables with Eq. (10) and with Acuia’s
definition are approximately the same. The latter results
suggest that there is an underlying assumption of
independence in the Acufia’s definition. In particular, as
mentioned earlier, the hazard zone in Acufia’s definition (Eq.
(17)) is defined as a function of the fault indicator at time k,
without taking into account previous time instants. In other
words, the hazard zone is defined in an independent manner.
Consequently, Eq. (16) and Eq. (19) are also independent as
discussed in Section 4.
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(a) Cumulative Density Function (a) Cumulative Density Function

k *
(b) Probability Mass Function (b) Probability Mass Function

Figure 3: CDF and PMF of ToF through Eq. (10) for Figure 5: CDF and PMF of ToF through Acufia’s
dependent variables. definition, that is, Eq. (15), for dependent variables.

(a) Cumulative Density Function (a) Cumulative Density Function

04 T T T T — 0.4 T T T T T T T —

k k
(b) Probability Mass Function (b) Probability Mass Function

Figure 4: CDF and PMF of ToF through Eq. (10) for Figure 6: CDF and PMF of ToF through Acufia’s
independent variables. definition, that is, Eq. (15), for independent variables.
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Table 8: CDF and PMF of ToF through Eq. (10) for
dependent variables.
k 1 2 3 4 5 6 7 8 9 10

P(ToF =k) 0.06 0.17 0.18 0.14 0.08 0.13 0.05 0.04 0.04 0.02
P(ToF < k) 0.06 0.23 0.41 0.55 0.63 0.76 0.81 0.85 0.89 0.91

Table 9: CDF and PMF of ToF through Acufia’s definition,
that is, Eq. (15), for dependent variables.
k 1 2 3 4 5 6 7 8 9 10

P(Fi|Hi,x-1) 0.06 022 0.38 0.50 0.55 0.67 0.71 0.72 0.77 0.79

P(Hi) 094 078 0.62 0.50 0.45 0.33 0.29 0.28 023 0.21
P(Hp,k—1) 1.00 0.94 0.73 045 023 0.10 0.03 0.01 0.00 0.00
P(ToF =k) 0.06 0.21 0.28 0.23 0.13 0.07 0.02 0.01 0.00 0.00

P(ToF <k) 0.06 0.27 0.55 0.77 0.90 0.97 0.99 1.00 1.00 1.00

Table 10: CDF and PMF of ToF through Eq.
independent variables.
k 1 2 3 4 5 6 7 8 9 10

P(ToF =k) 0.08 0.27 0.34 0.23 0.06 0.02 0 0 0 0

(10) for

P(ToF <k) 0.08 035 069 092 098 1 1 1 1 1

Table 11: CDF and PMF of ToF through Acuia’s definition,
that is, Eq. (15), for independent variables.
k 1 2 3 4 5 6 7 8 9 10

P(Fu|Hy,-1) 0.08 0.29 0.51 0.75 0.78 0.91 1.00 1.00 0.99 1.00

P(Hi) 092 071 049 0.25 0.22 0.09 0.00 0.00 0.01 0.00
P (Hkp:kfl)
P(ToF =k) 0.08 0.27 0.33 0.24 0.06 0.02 0.00 0.00 0.00 0.00

1.00 0.92 0.65 0.32 0.08 0.02 0.00 0.00 0.00 0.00

P(ToF <k) 0.08 0.35 0.68 0.92 0.98 1.00 1.00 1.00 1.00 1.00

Note also that cumulative distribution in Table 6 does not
reach a value equal to 1 during the 10 time steps because not
all trajectories crossed the threshold within those time steps.
Nevertheless, cumulative distribution in Table 7 reaches a
value equal to 1 despite of results in Table 7 correspond to
the same trajectories in Table 6. Namely, despite that not all
trajectories crossed the threshold.

7. CONCLUSION

Definitions in the literature on the computation of the CDF
that describes the probability of failure up to and including
time k, have suggested the use of state-dependent hazard
zones instead of trajectory-dependent hazard zones. This may
lead to a CDF that not always increases monotonically and
that - although it may reach value one - does not necessarily
converge to value one when time tends to infinity.

In this study we proposed an alternate definition of hazard
zone which guarantees that: (i) the CDF is always an
increasing function of time, even when realizations of the

degradation process are not monotonic, (i) the sum of all
probabilities is always 1 and does not need to be normalized,
and (iii) all probabilities are positive and less than or equal to
1. For illustration purposes, we computed the CDF for a
simple degradation process using this alternative definition
and using the definition previously reported in the literature.

We then compute the CDF using both the definition
suggested here and using the Acuia’s definition for
dependent variables (the kind of variables encountered in the
context of prognostic), and for independent variables. Results
showed that both definitions provide approximately the same
results only when variables are independent, which suggests
an underlying assumption of independence in the Acuiia’s
definition.

Our definition not only guarantees properties of the CDF but
also provides a more straightforward definition for its
computation in the context of prognostics. It should be noted
that this work only considered the simplest hazard zone,
namely a time-invariant and deterministic hazard zone.
Future work will investigate time-variant and probabilistic
hazard zones.
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