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Abstract 

The main purpose of this study is to examine the audibility of multiple, low-frequency tones that are placed 
in distinct auditory channels.  Three experiments are described, the goals of which are to determine if the 
presence of sound in multiple channels results in enhanced audibility and to assess the applicability of the 
Statistical Summation Model (SSM) to this frequency range. This model predicts that for the case of 
multiple signals that are in separate auditory channels, implying statistical independence, each with 
sensitivity value id ¢ , the resulting total sensitivity is given by the square root of the sum of the squares of 

the individual id ¢ values.  

In common with previous studies conducted at higher frequencies, the signals are pure tones and the 
maskers are broadband noise. The requirement that low frequency tones be placed in separate auditory 
filters limited the number of tones to a maximum of three. The first of the three experiments measured the 
change in masked thresholds for two- and three-tone signals relative to the level of the equally-detectable 
single tones.  The multiple tone signals were composed of combinations of 55, 120 and 200 Hz tones.  The 
measured changes in thresholds exceeded those predicted by the SSM, although they did not differ 
statistically from the model predictions.  The second experiment employed the same overall approach but 
acquired more data and concentrated on the three-tone signal.  Once again, the measured changes in masked 
threshold exceeded the model predictions, this time to a statistically-significant degree. 

Two issues were postulated with the potential to yield inflated changes in masked threshold: interaction 
between tones resulting in perceptible intermodulation/difference tones, and the assumption that the tones 
were in distinct auditory filters and statistically independent of one another.  The third experiment used two 
sets of three-tone signals to address these latter concerns.  The first set of three tones was composed of 
harmonically related tone frequencies of 55, 110 and 165 Hz, which was an attempt to reduce effects of 
intermodulation difference tones.  The second set of three tones was chosen to be 110, 220 and 330 Hz, 
again reducing effects of difference tones, but also providing greater separation between tones.  Results for 
the first set of three tones compared to those of the earlier experiments indicated that intermodulation was 
not an important effect.  The second set of three tones (110, 220, 330 Hz) yielded changes in masked 
thresholds that, on average, were in good agreement with the SSM, although intersubject variability was 
large and prohibited a definitive conclusion regarding the concern that tone spacing was inadequate. 

The results of the three experiments showed that the masked threshold of sounds with multiple (two or 
three) equally-detectable low frequency tones was lower than those of the single tones.  In other words, it 
is clear that audibility is enhanced by the presence of signals in multiple auditory filters.  This finding is 
consistent with most previous research conducted at higher frequencies.  In contrast with previous research, 
test subjects were, on average, able to detect multitone sounds at lower levels than those predicted using 
the SSM.  Analyses that included Monte Carlo simulations showed that normally distributed errors in the 
single tone thresholds result in biased estimates of the thresholds of multitone sounds.  This phenomenon 
is likely responsible for at least a substantial fraction of the unexpected deviation of measurements from 
SSM predictions. 
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1 Introduction 

This research effort is concerned with the audibility of low frequency noise that typically arises either from 
sources with dominant low frequency content (e.g., helicopters and sonic booms) or sources at long 
distances for which high frequency content has been attenuated by the atmosphere and terrain (e.g., distant 
jet aircraft and road traffic).  For the purpose of this study, “low frequency” is defined as being below about 
200 Hz. 

The human hearing system has been functionally characterized as a bank of bandpass filters and numerous 
experimenters have investigated the attributes of these presumed filters over the past eighty years.  
However, characterization of the lower frequency filters has received relatively little attention when 
compared to those in the frequency range important for speech perception.  Work by Jurado [1, 2] indicates 
that the human hearing system has a “lowest” or “bottom” bandpass filter and thus, sound below its tip 
frequency is perceived via the lower skirt of this lowest band.  The center frequency, shape and bandwidth 
of this lowest auditory filter determined by Jurado were recently confirmed by Rafaelof et al. [3] using a 
different test facility and a somewhat different test methodology. 

Low frequency sound from sources such as those described above is generally not restricted to a single 
auditory filter.  Thus, assessment of the audibility of low frequency sound requires an understanding of the 
influence of simultaneous acoustic excitation of multiple auditory filters.  While many studies over the past 
decades have been concerned with loudness of broadband sounds spanning a wide frequency range, 
relatively few have studied low frequency audibility. 

The studies of audibility of sounds with spectra that span multiple auditory filters have primarily used pure 
tones in the presence of broadband masking noise.  For example, an early study by Schafer et al. [4] 
examined the audibility of single tones and multiple, equally-detectable, tones spanning a frequency range 
from 600 to 1550 Hz in the presence of noise.  Relative to the threshold of a single tone, the threshold of a 
two-tone complex was 0-2 dB lower, and that of a four or eight tone complex was approximately 0-3 dB 
lower.  Additional tones yielded no changes in threshold. Schafer et al. proposed a model that predicted an 
approximately 1.5 dB reduction in threshold for two tones and an approximately 3 dB reduction for four 
tones.  Schafer suggested that the change in threshold was due to the increased opportunity for detection 
that occurs for multiple tones.  For example, two tones with individual probabilities of detection (POD) of 
50% will, when heard together, have a 75% POD and four tones will have a 94% POD.  The change in 
sound pressure level between 50% and 75% or 94% POD is determined by the shape of a typical 
psychoacoustic function that relates POD to the signal to noise ratio of tones in noise.  This modeling 
approach, attributed to Schafer, was subsequently named the independent thresholds model (ITM). 

Green [5] examined the audibility of two-tone complexes relative to single tones.  Four frequencies were 
employed: 500, 1000, 1823, and 2000 Hz and the thresholds of all possible pairs as well as single tones 
were determined in the presence of white noise.  The single-tone threshold values were used to construct 
the pairs of equally-detectable tones.  Results were compared with three models.  The first, the “No-
Summation Model”, predicts that multiple tones, separated by more than a critical bandwidth, will be no 
more detectable than the most-detectable component.  In other words, an observer is only able to listen to 
one critical band at a time.  The data from the experiment clearly show this model to be in error.  The other 
two models consist of the ITM proposed by Schafer et al., described earlier, and the  “Statistical Summation 
Model” (SSM) [6, 7].  The latter is based on statistical decision theory, which was developed in the 1950s.  
Green and Swets [8] contains a summary of much of this important work.  Green [5] concluded that the 
SSM had slightly better agreement with his measurements than did the ITM, but the author recognized that 
the use of only two components did not provide a good test of the difference between the models. 
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Green et al. [9] examined the detection of both single tones and multiple tones between 250 and 4,000 Hz 
in the presence of white noise.  All tone frequencies were harmonics of 250 Hz.  Thresholds of the single 
tones were first determined, followed by threshold measurements of 12 and 16-tone complexes consisting 
of equally detectable tones.  The reduction in threshold of the multiple tones, relative to single tones, was 
large (approximately 6 dB), and consistent with the SSM described earlier.  In addition, it was noted that 
the phase relationship between the tonal components had no effect on measured thresholds. 

Buus et al. [10] performed two related experiments that examined masked thresholds of single tones and 
multitone complexes.  The first experiment investigated single tones (220, 1100, 3850 Hz) and an 18-tone 
complex consisting of selected harmonics of a 110 Hz fundamental, chosen such that adjacent components 
were separated from one another by approximately one equivalent rectangular bandwidth (ERB) of the 
relevant auditory filters.  The harmonics were at equal level and in random phase and the masker was a 
uniformly-masking noise.  Psychometric functions were measured and the results compared with the three 
models described earlier.  As before, the “No-Summation Model” was rejected due to the multitone 
complex being detected at levels lower than those of the individual components.  The other two models, 
the ITM and the SSM were both consistent with the measured data.  The second experiment was designed 
to distinguish between those two models.  The approach adopted was to examine the detection of tones 
presented at random.  This contrasts with the first experiment (and many others) in which test subjects are 
exposed to the same stimulus (i.e., fixed frequency) within an experimental block.  The SSM predicts that 
thresholds will be higher in the random condition than in the fixed condition because of the need to monitor 
all auditory channels in which the signal could appear.  The ITM predicts that thresholds should be the 
same in the fixed and random conditions.  The results clearly indicate elevated thresholds under random 
conditions, thus favoring the SSM.  However, the results were not consistent with subjects employing an 
optimum decision rule. 

In summary, previous studies clearly show that detection is aided by the presence of signal energy in more 
than one auditory channel.  Furthermore, in most instances the studies show stronger support for the SSM 
than other proposed models.  However, none of the previous studies have investigated whether these 
findings are applicable to low frequencies. 

The main purpose of this research effort is to improve audibility predictions at low frequencies through 
examination of sounds that span multiple auditory channels.  In particular, it is important to determine if 
the presence of sound in multiple channels results in enhanced audibility and to assess the applicability of 
the SSM to this frequency range.  In common with the studies already described, the signals are pure tones 
and the maskers are broadband noise.  Since the emphasis is on low frequencies, there are several challenges 
that differ from those encountered in the work described earlier.  The restricted frequency range limits the 
number of tones that can be placed in separate auditory filters.  This constraint has two effects: the change 
in masked threshold that is likely to occur with the addition of a small number of tones is small, and the 
threshold of the multitone sounds may be very sensitive to errors made in the determination of the masked 
thresholds of the individual tones.  Furthermore, as noted by Jurado [1, 2] and Rafaelof [3], there appears 
to be a larger variation between individuals’ auditory filter characteristics at lower frequencies than is 
observed at higher frequencies.  As a result, an incremental approach consisting of a series of small 
experiments was adopted, with the aim of addressing potential problems in a logical and systematic 
sequence, and with the goal of creating a model to predict the audibility of low frequency sounds that span 
multiple auditory channels. 

2 Experimental Approach and Test Procedures 

2.1 Test Facility 
The test facility, the Exterior Effects Room (EER) [11] (Figure 1 and Figure 2) at the NASA Langley 
Research Center and its configuration are identical to those employed by Rafaelof et al. [3].  One test subject 



3 

at a time was seated close to a subwoofer loudspeaker (16L in Figure 1).  The test sounds that can be 
presented to the subject are constrained by the performance of the loudspeaker, and also by background 
noise in the laboratory, primarily from the building’s heating and air conditioning system.  The EER’s 
heating and air conditioning system was switched off when test subjects were present. 

A further constraint is due to the generation of rattle sounds by, for example, light fixtures vibrating in 
response to high amplitude, low frequency sound generated in the psychoacoustic testing.  These rattle 
sounds could potentially provide auditory cues associated with the presence of inaudible signals, but 
fortunately they occur only at high signal sound levels that can be avoided during testing. 

 
Figure 1:  Exterior Effects Room (EER) at the NASA Langley Research Center. 

 
Figure 2:  Single subject test setup: seat 4A in front of 16L subwoofer speaker. 
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2.2 Test Stimuli 
The acoustic test stimuli utilized in the following experiments had common characteristics.  All pure tones 
and broadband sounds were digitally generated.  Sound pressure measurements made at a position 
corresponding to the center of a test subject’s head were used to construct an equalization filter so that 
desired tone levels and uniform masker spectrum levels could be obtained.  As will be described below, the 
test stimuli included random, band-limited noise.  The bursts of noise used in the experiments were 
identical, thus avoiding random differences in masker level from one observation interval to another, as 
would occur if the noise bursts were different random time series with equal spectral levels.  A three-
interval, three-alternative forced-choice (3AFC) adaptive procedure was adopted for the experiments and 
further details are presented below.  Each of the test stimuli, presented in groups of three, had a duration of 
0.75 seconds with a 0.15 second interval of silence between stimuli.  A Tukey window, with the first and 
last 4% of the window equal to half of a cosine, was applied to all test stimuli to minimize transient effects. 

2.3 Test Subjects 
Test subjects that participated in the experiments were selected from two distinct groups.  The first consisted 
of volunteers from the laboratory staff.  This group was used for pilot studies, not described herein, and for 
the first experiment described below.  The other group of test subjects was selected from a pool of local 
residents with a wide range of ages and socioeconomic backgrounds and who were compensated for their 
participation in the experiments.  These participants had previously taken part in a similar experiment [3] 
and had demonstrated good low frequency (below 100 Hz) hearing acuity and the ability to reliably perform 
adaptive, 3AFC procedures.  That previous experiment indicated that subjects’ age and gender had no 
discernable effect on hearing thresholds, so no effort was made to achieve a balance of age and gender for 
this experiment.  Subjects’ hearing was retested immediately prior to their participation in each experiment 
to verify normal hearing within 20 dB over the frequency range of 125 Hz to 4000 Hz [12]. 

2.4 Test Method 
Threshold measurements of signals in the presence of masking noise were made using an adaptive, three-
alternative forced choice procedure.  As shown on the left side of Figure 3, the signal was randomly assigned 
to one of the three intervals.  As illustrated on the right-hand side of Figure 3, a tablet computer screen 
indicated the sound being presented within a trial, followed by another screen for the subject to indicate 
which of the three intervals contained the signal.  This was followed by the third screen that provided 
feedback for correct/incorrect responses.  An adaptive, 3-down 1-up staircase procedure was employed [13] 
in which three correct responses results in a reduction in sound level and a single incorrect response results 
in an increase in sound level.  The starting amplitude of each sound was well above the expected threshold.  
In order to rapidly approach the threshold level, the initial step size was 6 dB and a 2-down 1-up procedure 
was employed until the second reversal.  The step size was then reduced to 4 dB and a 3-down 1-up 
procedure was followed for a further two reversals after which the step size was reduced to 2 dB.  Each 
staircase was limited to 50 trials.  The threshold was estimated as the average of the levels of the turnpoints 
past the third reversal.  This corresponds to 79.4% correct and a d ¢  value of 1.61 [14].  A discussion of 
factors that guided the selection of the adopted test method can be found in Appendix B of Ref. [3]. 

Staircases were interleaved within a test session so that subjects were not able to discern the pattern of the 
adaptive procedure.  The sequence of trials within a session was based on a random selection from the test 
conditions being interleaved.  This selection was different for each test subject in all of the experiments.  
Further testing details are provided for each experiment below. 
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Figure 3:  3AFC trial sequence vs. time (left) and its representation on subject's tablet (right), 

followed by response and feedback tablet screenshots. 

2.5 Laboratory Procedure 
Upon arrival at the laboratory the subjects were given written instructions detailing the test.  After reading 
the instructions the subjects completed consent forms.  Copies of the test instructions and informed consent 
forms are given in Appendix A.  The subjects were then given a verbal explanation of the task that was to 
be performed using the tablet computer, followed by familiarization and training sessions.  The 
familiarization session consisted of listening to some representative sounds and the training session required 
the subjects to provide their responses using the tablet computer.  Test sessions were approximately 8 or 12 
minutes in length for two and three interleaved staircases, respectively, and separated by short rest breaks 
during which the subjects were free to leave the EER.  Further details are given for each experiment below.

3 Experiment A – Exploratory Study of Masked Thresholds for One, Two, 
and Three Tones (55, 120, 200 Hz) 

3.1 Experiment A – Description 
The objective of this experiment is to measure the change in masked threshold that occurs when multiple 
auditory filters contain a tone, each of which is equally audible when presented alone.  As discussed in the 
introduction, the limited frequency range presents several challenges.  For these reasons, this first 
experiment was considered to be exploratory in nature; it was unknown whether uncontrollable 
measurement errors would prevent sufficiently precise quantification of the sought-after effect. 

It was desired that tone frequencies be separated from one another by a minimum of approximately two 
filter bandwidths, i.e., two equivalent rectangular bandwidths (ERB).  This separation might be viewed as 
excessive, but reflects the large variation in filter characteristics observed across test subjects at low 
frequencies [1-3].  This resulted in three tone frequencies within the bandwidth of interest.  The lowest 
frequency (55 Hz) was chosen since it approximates the tip frequency of the “bottom” or “lowest” auditory 
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filter.  The ERB of this filter is estimated to be in the range 35-40 Hz [1-3].  The other tone frequencies 
(120 and 200 Hz) cover the remaining frequency range of interest.  The ERB values at those frequencies 
were derived using the well-known equation,  

 ( )ERB  24.7 4.37 1F= +  

in which F is filter center frequency in kHz [15].  The ERBs at 120 and 200 Hz are thus estimated to be 38 
and 46 Hz, respectively.  Typical measured filter shapes for the lowest filter can be found in Refs. [1-3]. 
Measured filter shapes centered on 120 Hz and 200 Hz can be found in Figure 3 of Ref. [15] and in the left 
pane of Figure 7 of Ref. [16].  All of these measured filter shapes have steep upper and lower skirts with 
the exception of the relatively shallow slope of the upper skirt of the lowest filter.  Thus, although the 
desired separation of approximately two filter bandwidths between tone frequencies was achieved, the 
shallow slope of the upper skirt of the lowest filter provides less attenuation of its neighboring tone than is 
the case for the other tone pairs. 

The chosen broadband masker (nominal spectral level of 32.7 dB/Hz and 40-250 Hz) is illustrated in Figure 
4 along with the ambient noise present in the test facility.  The ambient noise clearly exceeds the nominal 
masker level at frequencies below 40 Hz, although this is of little concern since the lowest (bottom) auditory 
filter has an extremely steep lower skirt, thus greatly attenuating the ambient noise below 40 Hz. 

 
Figure 4:  Power spectral density of ambient noise and equalized masker 

measured at the location of the test subject’s head. 

The first step in this experiment was to determine the threshold of each tone in the presence of the masker. 
Five experienced subjects (laboratory staff) completed 50-trial staircases using the adaptive 3AFC 
procedure described above.  The three test frequencies were interleaved within a single session.  Masked 
thresholds were then calculated for each frequency and each test subject.  The measured thresholds are 
shown in Figure 5 for the five test subjects, one of whom repeated the test on another occasion.  Clearly, 
there is variability both between and within subjects’ masked thresholds for single tones. 
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The three single-tone threshold values allowed the creation of new test signals consisting of combinations 
of two and three equally-detectable tones.  All four possible tone complexes were formed, three pairs and 
one triad.  These new test signals were custom-made for each test subject based on their individual masked 
thresholds.  It should be noted that although they were equally detectable in the presence of the masker, the 
individual tones in a complex generally had unequal masked threshold levels and were different for each 
test subject.  This approach was also used by Green [5, 9] and is in contrast to some previous studies (e.g., 
Ref. [10]) that employed a “uniformly masking noise” that aimed to mask tones equally, regardless of 
frequency.  The application of such an approach at low frequencies is problematic due to less confidence 
regarding auditory filter shapes and bandwidths, and large potential differences between individuals. 

 
Figure 5:  Experiment A – Masked threshold levels of single tones (55, 120, 200 Hz) for five test subjects 

(subject 1 repeated the test). 

Masked thresholds were next determined for the tone complexes using the same subjects and 3AFC 
procedure as before.  The four signals (three pairs of tones and one triad) were divided into two test sessions, 
each of which interleaved two of the four signals.  All sessions contained all three tones, thus ensuring that 
the same auditory channels were required to be active in each session. The determination of masked 
thresholds for the single tones, the pairs and the triad were accomplished in less than two hours for each 
test subject. 

3.2 Experiment A – Results and Discussion 
The masked thresholds of the tone pairs and triad are presented in Figure 6.  The ordinate is the change in 
amplitude of the tone pair or triad relative to the levels at which each member of the pair (or triad) was 
individually detectable.  For example, the masked thresholds for a particular test subject were 47 dB at 
55 Hz and 46 dB at 120 Hz.  These two tones at those levels were added together to form a new test sound, 
the level of which was varied in order to determine its masked threshold.  The masked threshold of this new 
sound was found to be, for example, 2 dB below the original levels of the component tones (45 and 44 dB 
in this example).  Thus, it would be concluded that detection is improved by the presence of sound in 
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multiple auditory filters, the magnitude of the improvement being 2 dB.  The figure shows the changes in 
masked thresholds for all subjects and all sounds.  One subject repeated the test on a second occasion. 

 
Figure 6:  Experiment A – Change in masked threshold levels for tone pairs and a triad relative to level of 

equally-detectable single tones. 

Also shown on the figure are predictions of the SSM.  As mentioned earlier, this model is based on signal 
detection theory, a summary of which may be found in Ref. [8].  A central element of the theory is the 
sensitivity index, usually represented by d ¢ , which is a statistic that provides a measure of the separation 
(in this instance within the internal response of the human hearing system) between a signal in the presence 
of noise and noise alone.  In the case of multiple signals that are in separate auditory filters, implying 
statistical independence, and each with value id ¢ , the resulting sensitivity, nd ¢ , is: 

 2
n

n i
i

d d¢ ¢= æ ö
ç ÷
è ø
å  

in which the subscript i represents each auditory filter and n is the number of filters.  

Since each tone in the pair or triad has the same value of d ¢ ( d ¢  = 1.61 for the test procedure implemented 
in this experiment), and because d ¢  is proportional to the signal intensity, the summation across two and 
three auditory filters is expected to result in reductions in masked threshold of 1.5 and 2.4 dB, respectively, 
i.e., 1010 log n . If tones were closely spaced in frequency (i.e., within a single auditory filter), the change 
in threshold would be much larger: 3 and 4.8 dB, respectively, for the case of total power summation. 

Examination of Figure 6 clearly indicates that the presence of sound in multiple auditory filters aids 
detection.  The data for almost all tone pairs and the tone triad fall below 0 dB.  It also appears that tones 
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exciting three filters are more detectable than for two filters.  Table 1 summarizes all the data for this first 
experiment. 

Table 1:  Experiment A – Masked threshold levels for single tones and changes in masked threshold 
levels for tone pairs and a triad relative to level of equally-detectable single tones. 

Subject 
#  

Masked Threshold (dB) Change in Masked Threshold (dB) 
55 Hz 120 Hz 200 Hz 55/120 Hz 55/200 Hz 120/200 Hz 55/120/200 Hz 

1 50.69 49.19 50.88 -4.12 -0.03 -2.95 -5.31 
2 45.50 47.01 46.55 -2.21 -3.42 -3.75 -4.04 
3 46.01 47.95 50.34 -3.80 -1.18 -0.87 -1.80 
4 44.80 41.50 45.27 -0.67 -1.37 -4.33 -4.50 
5 49.63 49.07 48.56 -3.56 -4.12 -0.72 -4.54 
1r 46.96 46.09 49.19 -1.18 -1.91 1.15 -1.56 

Mean 47.27 46.80 48.46 -2.59 -2.01 -1.91 -3.62 
Std. Dev. 

 
2.38 2.86 2.18 1.45 1.51 2.11 1.56 

The mean reduction in masked threshold levels for the pairs of tones exceeds the model prediction (2.17 
vs. 1.5 dB for the model).  There was some concern that the tones in the first pair (55 and 120 Hz) were not 
as isolated from one another as desired, which could result in larger changes in the masked threshold.  
However, the other pairs (55 and 200, 120 and 200 Hz) also exhibit larger changes in masked thresholds 
than the model predicts, which indicates that lack of isolation is likely not an important factor.  The mean 
reduction in masked threshold for the tone triad, 3.62 dB, also exceeds the model prediction of 2.4 dB.  
However, the model predictions fall within the 95% confidence intervals of the measured mean values for 
both the pairs and the triad.  The 95% confidence intervals on the mean are quite large, particularly for the 
tone triad (approximately ±1.6 dB), which has one-third the number of observations of the tone pairs. 

4 Experiment B – A Study of Masked Thresholds for One and Three Tones 
(55, 120, 200 Hz)  

4.1 Experiment B – Description 
The aim of this follow-on study was unchanged from Experiment A, namely to measure changes in masked 
thresholds when equally-detectable tones are presented in separate auditory filters.  Based on the model 
predictions, the size of the expected effect being sought in this experiment is 2.4 dB.  There are numerous 
methodological and testing issues that can introduce measurement errors of a similar magnitude.  Based on 
the execution of Experiment A, some methodological changes were made.  The first of these was the use 
of compensated test subjects.  These five participants had previously taken part in a similar experiment [3] 
and had demonstrated good low frequency (below 100 Hz) hearing acuity and the ability to reliably perform 
adaptive, 3AFC procedures.  The design of Experiment A resulted in far more data being collected for pairs 
of tones than for tone triads.  Also, the design had a potential weakness in the testing sequence, which 
required that masked thresholds were first determined for single tones, followed by the tone pairs and triads.  
This design ran the risk that any effects due to subjects’ fatigue or learning would be confounded with 
experimental conditions. 

As a result of these considerations, the design of Experiment B was a modified version of that used in 
Experiment A.  As before, the masked threshold of each individual tone was determined using the 3AFC 
method and three interleaved staircases.  This was followed by the creation of a new sound, composed of 
the three, equally detectable tones.  The masked threshold of this triad was measured twice using two 
interleaved staircases.  This entire sequence (individual tones followed by the tone triad) was repeated twice 
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more, and was accomplished in a single laboratory visit for each test subject.  Unlike Experiment A, this 
one did not investigate tone pairs, only tone triads. 

4.2 Experiment B – Results and Discussion 
Data acquired in this experiment are summarized in Table 2, in which masked thresholds for the three single 
tones are presented for each subject and for each of the three repeat conditions.  Columns 5 and 6 of the 
table contain the change in masked thresholds that result from the formation of the triad, each tone of which 
is equally detectable.  Statistical comparisons of the data for all subjects indicate there are no significant 
differences between the three repeats, suggesting that any learning or fatigue effects are small relative to 
other sources of measurement errors.  Figure 7 presents the single tone masked thresholds for each subject 
and each repeat.  As indicated in the figure and in Table 2, there are clearly differences between test subjects, 
both in terms of their mean responses and the data scatter.  For example, subject 3 exhibits both lower 
threshold values and lower scatter, perhaps indicating better frequency selectivity and attentiveness.  More 
interesting is the reduced standard deviation of threshold values for the multitones relative to the single 
tones.  This is the case for both Experiments A and B, as shown in the last row of Table 1 and Table 2.  It 
is clear that the variance of the masked thresholds for the single tones is composed of two components, one 
due to intersubject differences and the other due to intrasubject variability (Figure 5 and Figure 7).  Recall 
that the tone pairs and triads are customized for each test subject based upon their measured thresholds for 
the individual tones.  This process is designed to reduce intersubject differences in the measurement of the 
masked thresholds of the pairs and triads.  Thus, it is not surprising that the observed variance in the 
thresholds of the pairs and triads is less than that observed for the individual tones.  It is noteworthy that 
the standard deviation for the pairs and triads is typically between about 1.4 and 2.0 dB, which is similar to 
the estimates of 1.6 and 1.9 dB reported for intrasubject variability by Rafaelof et al. (Appendix B, Ref. 
[3]). 

Table 2:  Experiment B – Masked threshold levels for single tones and changes in masked threshold 
levels for two staircases of tone triads relative to level of equally-detectable single tones. 

Subject 
# 

Masked Threshold (dB) Change in Masked Threshold (dB) 

55 Hz 120 Hz 200 Hz Triad 
Staircase (a) Staircase (b) 

1 53.59 46.45 46.32 -3.14 -5.48 
1 52.96 47.21 46.24 -4.78 -1.23 
1 49.07 46.25 44.46 -4.11 -3.42 
2 47.57 45.28 46.67 -1.91 -3.66 
2 47.28 46.16 47.16 -3.27 -3.54 
2 48.17 46.59 46.99 -6.17 -4.81 
3 46.28 44.25 46.03 -4.64 -7.43 
3 46.04 44.95 45.54 -5.14 -4.39 
3 44.14 43.82 44.50 -4.29 -1.37 
4 55.04 53.19 51.21 -4.12 -4.63 
4 51.07 49.98 46.37 -0.41 -1.74 
4 53.39 51.44 48.64 -4.26 -2.33 
5 45.41 47.38 50.40 -2.95 -4.12 
5 47.01 46.99 50.63 -4.03 -4.50 
5 51.38 46.24 51.27 -5.00 -6.46 

Mean 49.23 47.08 47.50 -3.88 -3.94 
Std. Dev. 3.42 2.59 2.35 1.41 1.78 
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Figure 7:  Experiment B – masked threshold levels for single tones (55, 120, 200 Hz). 

Table 2 indicates that the masked threshold of the triad is well below that of the single tones.  The mean 
reduction in threshold, across both subjects and repeats, is calculated to be 3.91 dB.  This can be compared 
to the reduction measured in Experiment A, which is 3.62 dB (Table 1).  The standard deviations associated 
with these two estimates are 1.38 dB (Experiment A) and 1.30 dB (Experiment B).  Figure 8 presents the 
mean changes in masked threshold measured in Experiments A and B.  Also shown are the changes in level 
predicted by the SSM.  The difference between the mean threshold shift for the tone pairs and the triads is 
unlikely to have arisen by chance (p=0.007), indicating that detection is improved when more tones are 
added.  The difference between the predicted threshold shift for the triad (2.4 dB) and the mean measured 
shift (3.81 dB) is unlikely to have arisen by chance since the predicted value falls outside the 95% 
confidence interval of the measurement. In contrast, the prediction for the tone-pairs (1.5 dB) is within the 
95% confidence interval of the measurement (mean value of 2.17 dB). The fact that the triads exhibit a 
significant deviation from model predictions and the pairs do not, may reflect the smaller expected effect 
size for the pairs and fewer observations relative to the triad. 

There are several possible explanations for the deviation of the data from the model.  The first concerns the 
manner in which any errors in measuring the single tone masked thresholds will affect the measured 
threshold of a tone pair or triad.  Recall that the creation of the tone pair or triad relies on the measured 
masked thresholds of the individual component tones.  Clearly, these measured thresholds will have some 
uncertainty and such errors will be embedded in the tone pair or triad which will, in turn, affect the change 
in masked threshold of the pair or triad relative to the (assumed) starting point of equally detectable tones. 
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Figure 8:  Experiments A and B – Change in masked threshold levels for tone pairs and triads relative to 

level of equally-detectable single tones. 

It is a simple matter to use the SSM to investigate the effect of an error in one component tone on the 
masked threshold of a pair or triad of tones.  Consider a pair of equally-detectable tones, each in separate 
auditory filters.  As discussed above, the expected reduction in masked threshold is 1.5 dB.  If it is further 
assumed that d ¢  is directly proportional to signal intensity, then an error in the masked threshold of a single 
tone of, say, 3 dB will have the following effect: let the measured values of the equally detectable individual 
tones correspond to d ¢  = 1.61.  If one of them is in error and 3 dB too high, then its actual d ¢  value is 3.22.  
The Statistical Summation Model predicts a reduction in masked threshold of 1.98 dB, that is,  

 2 2 2 2
10 1010 log 1.61 1.61 10 log 1.61 3.22+ - + . 

In other words, an error of +3 dB in one component will result in the masked threshold of a pair of tones 
that is 1.98 dB less than that expected for two error-free tones. 

Figure 9 shows the results of similar such calculations for a range of perturbations to one tone of a pair.  
The overall behavior is clear.  If the estimated masked threshold of one of the tones is below where it should 
be, the effect on the masked threshold of the pair is quite small.  A perturbation of -6 dB in one component 
results in an error of only about 1 dB.  However, if the estimated masked threshold is higher than it should 
be, the error for the pair is much larger (almost 5 dB for a +6 dB error in one component).  The explanation 
for this asymmetry lies in the manner in which the tone pairs (or triads) are formed from the measured 
masked thresholds of each tone.  If one of the masked thresholds is lower than it should be, then the masked 
threshold of the pair (or triad) will be largely controlled by the other tone(s), resulting in a small error.  
However, if one of the masked thresholds is higher than it should be, then this tone will tend to dominate 
the masked threshold of the pair (or triad).  This asymmetric behavior seems to be present in the plots in 
Figure 6 and Figure 8, where more data points fall below the model predictions than fall above. 
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Figure 9:  Effect of error in masked threshold of one tone on masked threshold level of a tone pair. 

A more sophisticated examination of this phenomenon was performed using a Monte Carlo simulation (see 
Acknowledgments) in which it was assumed that measured masked thresholds of single tones have a normal 
distribution when their amplitudes are expressed in decibels.  Using a range of assumed values for the 
standard deviation, thousands of simulations enabled the effects of errors in the individual tones on multi-
tone thresholds to be estimated.  As described above, the difference between the model prediction (2.4 dB) 
and the measured mean change in masked threshold for the tone triad ranged between about 1.2 and 1.5 dB 
in Experiments A and B.  The Monte Carlo simulations indicate that the standard deviation of the individual 
tone thresholds would have to be approximately 3 dB in order to be consistent with the measured mean 
masked thresholds of the tone triad.  Estimates of within-subject variance using an essentially identical test 
methodology as used herein can be found in Appendix B of Ref. [3].  Those estimates of standard deviations 
were 1.6 and 1.9 dB, considerably less than the 3 dB value necessary to explain the deviation of the multi-
tone masked thresholds from the model.  It seems likely, however, that the asymmetry evident in the data 
is at least partly due to the propagation of errors in individual tones to the tone pairs and triads. 

It is perhaps tempting to suggest that the use of longer staircases would have resulted in greater precision 
in estimating masked thresholds of the single tones which would in turn have given greater confidence 
when creating the two- or three-tone signals.  This is undoubtedly true, but as demonstrated by the analysis 
provided in Appendix B of Ref. [3], a point of diminishing returns is quickly reached as staircases are made 
longer.  Generally, the level of uncertainty is related to the square-root of the number of trials in a staircase.  
Therefore, in order to lengthen the staircases to a useful extent, multiple sessions of single tone results 
would need to have been combined.  For instance, increasing the number of trials by a factor of two 
(yielding 100 trial staircases), would have only reduced the uncertainty by a factor of approximately 0.7, 
but would have created experimental blocks (sessions) of 300 trials, a taxing task for test subjects. 

Experiment B was, in part, formulated to examine effects of learning and fatigue that could potentially 
influence the results of serially executed staircases.  No such effects were found.  In retrospect, a superior 
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test design would have been to aggregate the measured thresholds for each of the three individual tones as 
the test progressed.  This would have lowered the uncertainty in the single tone levels that were used to 
create the triads and may have provided an interesting diagnostic measure of differing levels of uncertainty 
in the triads as the test progressed. 

The tone frequencies in the first two experiments were chosen to be as general as possible within the 
frequency range of interest and to be in separate auditory filters.  Published data describing average auditory 
filter shapes and bandwidths were relied upon.  There is a concern that differences between individuals’ 
filters can be large, particularly at the lower frequencies (e.g., Ref. [2] – “Individual differences in 
asymmetry tended to increase as fs (filter center frequency) decreased, mostly due to individual variation in 
the sharpness of the upper skirts.”). Such differences might allow the tones at 55 and 120 Hz to be integrated 
by a single auditory filter, resulting in the multitone thresholds being lower than model predictions.  For 
example, the extreme case of perfect intensity addition for two tones within a filter along with a third tone 
in a separate auditory filter results in a predicted reduction in masked threshold of 3.5 dB, rather than 2.4 dB 
had all tones been in separate filters.  Although an extreme example that is unlikely to actually occur, the 
predicted reduction in masked threshold of 3.5 dB is similar to the mean values measured in Experiments 
A and B (Figure 8).  

Other potential explanations for the better-than-predicted summation of signals across auditory filters relate 
to the SSM assumption of statistical independence between auditory filters. For example, the interaction of 
tones and the creation of intermodulation difference tones can result in perceptible temporal variation within 
the multitone waveform.  It has been suggested (e.g., Refs. [17, 18]) that detection can be affected by 
characteristics of the sounds that are not captured by simple measures such as sound energy and intensity.  
In particular, temporal patterns in the envelope of the time history can be important.  An example of such 
a phenomenon that is known to affect the perception and character of sound and that might be important 
for detection is roughness [19].  It is believed to be important for modulation frequencies between about 20 
and 300 Hz, with maximum effect around 70 Hz.  The chosen frequencies of 55, 120 and 200 Hz create 
difference tones of 65 and 80 Hz which therefore might affect audibility.  The next experiment was designed 
to address some of these concerns. 

5 Experiment C –Masked Thresholds for One and Three Tones (55, 110, 165 
Hz, and 110, 220, 330 Hz ) 

5.1 Experiment C – Description 
The aim of Experiment C is to address two concerns that were identified from the results presented for 
Experiments A and B.  The first is the potential for intermodulation difference tones to provide an additional 
auditory cue that lowers masked thresholds.  The selected tone frequencies in the first experiments were 
55, 120 and 200 Hz.  These were changed to harmonically-related frequencies of 55, 110 and 165 Hz.  The 
difference tones of 55 Hz (110-55 and 165-110 Hz) and 110 Hz (165-55 Hz) coincide with tone frequencies 
and are expected to reduce auditory cues associated with temporal variation of the multitone waveform. 

The second concern to be addressed in this experiment is the potential overlap between auditory filters 
centered at 55 and 110 Hz.  A second set of tone frequencies was selected that eliminated the 55 Hz tone 
and added one at a higher frequency.  Three tones (110, 220 and 330 Hz) were selected, which although 
not as low in frequency as desired, are well separated and unlikely to overlap to any significant degree.  The 
broadband masker in the previous experiments (40 – 250 Hz) was extended to 500 Hz because of the 
addition of the higher frequency (300 Hz) tone.  Masked thresholds of the individual tones in both tone sets 
were determined using three interleaved staircases.  This condition was repeated for four of the five subjects. 
The average masked thresholds for each test subject were used to create the tone triads consisting of equally 
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detectable tones.  The masked threshold of the tone triad was then measured twice using two interleaved 
staircases.  The same five subjects participated in experiments B and C. 

Table 3:  Details of Experiment C. 

Set 
# 

Tone Frequencies 
(Hz) 

# Interleaved Staircases /  
# Replications 

Individual Tones Tone Triads 
1 55/110/165 3/2 2/1 
2 110/220/330 3/2 2/1 

 

5.2 Experiment C – Results and Discussion 
Comparisons of masked thresholds for the tone triads in Set one of this experiment (Table 4) and experiment 
B are shown in Figure 10.  Recall that Experiment B consisted of tones at 55, 120 and 200 Hz and 
Experiment C consisted of tones at 55, 110 and 165 Hz.  The reduction of interaction tones has no 
significant effect on the mean masked threshold, changing it by only 0.4 dB.  This result indicates that 
interaction tones are of little or no importance. 

Table 4:  Experiment C (set 1) – Masked threshold levels for single tones and changes in masked 
threshold levels for two staircases of tone triads relative to level of equally-detectable single tones. 

Subject 
# 

Masked Threshold (dB) Change in Masked Threshold (dB) 

55 Hz 110 Hz 165 Hz 
Triad 

Staircase (a) Staircase (b) 
1 48.78 45.57 46.34 

-2.71 -1.87 1 52.12 43.08 46.56 
2 47.95 37.58 46.02 

-3.13 -3.12 2 49.08 38.63 47.39 
3 50.05 38.37 45.76 

-2.73 -3.18 3 45.27 38.74 44.78 
4 47.86 44.80 54.08 

-3.80 -6.82 4 50.52 43.58 45.82 
5 49.99 42.12 48.36 -6.63 -1.36 

Mean 49.07 41.39 47.23 -3.80 -3.27 
Std. Dev. 1.95 3.07 2.76 1.64 2.14 

The masked thresholds for the second set of triad tones in Experiment C (110, 220 and 330 Hz) (Table 5) 
are presented in Figure 11, along with the triad tone results from Experiment B (55, 120, 200 Hz).  The 
mean masked threshold for the higher frequency tone triad of Experiment C is less than that measured in 
Experiment B.  The mean reduction in masked threshold, across subjects and repeats, was found to be 
3.91 dB in Experiment B (Table 2).  The mean reduction for Experiment C is 2.3 dB.  This compares to the 
model prediction of 2.4 dB.  This close agreement is undoubtedly fortuitous since the variability of 
measured masked thresholds, both within and between subjects, is quite large, as evidenced by Figure 11 
and Table 4.  It is particularly striking that for two test subjects (3 and 4) there is little reduction in masked 
threshold for the triad relative to single tones. 
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Figure 10:  Experiment B and Experiment C (set 1) – change in masked threshold levels of tone triads 

relative to level of equally-detectable single tones. 

 

Table 5:  Experiment C (set 2) – Masked threshold levels for single tones and changes in masked 
threshold levels for two staircases of tone triads relative to level of equally-detectable single tones. 

Subject 
#  

Masked Threshold (dB) Change in Masked Threshold (dB) 

110 Hz 220 Hz 330 Hz 
Triad 

Staircase (a) Staircase (b) 
1 41.05 45.02 45.51 

-4.34 -3.66 1 43.11 46.17 44.88 
2 41.30 39.63 45.70 

-4.55 -2.59 2 39.72 41.95 44.75 
3 38.90 42.95 44.99 

-0.39 -1.08 3 38.16 38.52 42.93 
4 42.84 41.58 46.18 

-0.13 -0.37 4 40.69 42.24 45.19 
5 42.56 46.06 44.69 -3.53 -2.38 

Mean 40.93 42.68 44.98 -2.59 -2.01 
Std. Dev. 1.75 2.69 0.91 2.16 1.30 
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Figure 11:  Experiment B and Experiment C (set 2) – change in masked threshold levels of tone triads 

relative to level of equally-detectable single tones. 

Table 4 and Table 5 indicate that the standard deviations of the thresholds of the triads are less than those 
for single tones.  This finding was noted in the previous two experiments, and likely reflects a reduction in 
intersubject variance that results from the customization of the triads. 

Figure 12 presents all of the data acquired in Experiments A, B and C for tone pairs and tone triads, 
regardless of the tone frequencies.  As was noted for the individual experiments, the mean reductions in 
masked thresholds are greater than the predictions of the SSM.  The difference between the predicted 
reduction in threshold shift for the triads (2.4 dB) and the measured value (3.5 dB) is unlikely to have arisen 
by chance (p<0.05).  As reported in Experiment A, the measured shift for the tone-pairs (2.17 dB) is 
consistent with the predicted value (1.5 dB) (p=0.05).  This may reflect the smaller expected effect size for 
the pairs and the reduced number of observations for the pairs relative to the triad. 
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Figure 12:  Experiments A, B and C – Change in masked threshold levels of tone pairs and triads relative 

to level of equally-detectable single tones. 
 

6 Summary and Conclusions 

A series of three experiments was conducted to examine the audibility of multiple low frequency tones that 
were placed in distinct auditory filters.  The first step in each experiment was to conduct psychoacoustic 
tests to determine the masked threshold of individual tones in the presence of a broadband masker using an 
adaptive 3-alternative forced choice procedure.  The masked threshold derived for each tone and for each 
test subject enabled the creation of multitone sounds consisting of equally-detectable components.  Each of 
these multitone sounds was custom-made for each test subject.  The masked thresholds of two- and three-
tone sounds were then determined in the same manner as used for the individual tones.  The customization 
of the multitone sounds was intended to reduce the effect of intersubject differences.  This was successful, 
as evidenced by lower standard deviations of the multitone masked thresholds relative to those of the single 
tone thresholds. 

The requirement that low frequency tones be placed in separate auditory filters limited the number of tones 
to a maximum of three.  The first experiment measured the change in masked thresholds for two- and three-
tone signals, composed of combinations of 55, 120 and 200 Hz tones.  According to the Statistical 
Summation Model (SSM), the expected change in masked threshold is 1.5 and 2.4 dB for the two- and 
three-tone signals, respectively.  The measured mean changes in thresholds exceeded these values, but not 
to a statistically important degree. 

The second experiment employed the same overall approach but acquired more data and concentrated on 
the three-tone signal.  When combined with tone triad data from Experiment A, the measured changes in 
masked threshold exceed the model predictions to a statistically-significant degree. 
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Several issues were postulated with the potential to yield inflated changes in masked threshold.  The first 
concern was the potential interaction between tones resulting in perceptible intermodulation/difference 
tones.  The second issue concerns the assumption that the tones were in distinct auditory filters and 
statistically independent of one another.  This is of most concern for the lowest auditory filter with a center 
frequency near 50 Hz.  The upper skirt of this filter is relatively shallow.  Also, there is much intersubject 
variability in the shape of the lowest filters that potentially enables perception of the two tones at 55 and 
120 Hz to occur in a single filter, thus resulting in larger-than-expected changes in masked threshold. 

The third experiment used two sets of three-tone signals to address these latter concerns.  The first was 
composed of harmonically related tone frequencies of 55, 110 and 165 Hz, which was an attempt to reduce 
effects of intermodulation difference tones.  This contrasts with the earlier selection in Experiments A and 
B of 55, 120 and 200 Hz tones that are not harmonically related.  The second set of tones was chosen to be 
110, 220 and 330 Hz, again reducing effects of difference tones, but also providing greater separation 
between tones.  Results for the first set of tones compared to those of the earlier experiments indicated that 
intermodulation was not an important effect.  The second set of tones (110, 220, 330 Hz) yielded changes 
in masked thresholds that, on average, were in good agreement with the Statistical Summation Model.  
However, intersubject variability was large and prohibited a definitive conclusion regarding the concern 
that tone spacing was inadequate. 

Several conclusions can be drawn from the results of the three experiments.  All of the experiments showed 
that the masked thresholds of sounds with multiple (two or three) equally-detectable low frequency tones 
were lower than those of the single tones.  It is clear that audibility is enhanced by the presence of signals 
in multiple auditory filters.  This finding is consistent with most previous research conducted at higher 
frequencies.  In contrast with previous research, test subjects were, on average, able to detect multitone 
sounds at lower levels than those predicted using the SSM.  Analyses that included Monte Carlo simulations 
showed that normally distributed errors in the single tone thresholds will result in biased estimates of the 
thresholds of multitone sounds.  This phenomenon is likely responsible for at least a substantial fraction of 
the deviation of measurements from predictions. Other factors that were examined that might explain lower-
than-predicted masked thresholds were difference tones that create temporal fluctuations that potentially 
provide additional auditory cues, and inadequate frequency separation between tones that allows two tones 
to be perceived using a single auditory filter.  However, neither of these factors were shown to be 
responsible for the observed differences between measured and predicted thresholds of multitone sounds. 
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