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Appendix A.  Verification Case 1 – Constant Density Descent 

A.1 Introduction 

A series of exact analytical solutions is developed for a capsule with two parachutes to verify 
CAPDYN and FAST results for terminal conditions.  The case described herein is for the capsule 
and two parachutes acting as a fixed system in terminal descent.  In this simplest case, the 
density is modeled as a constant defined by the initial release altitude.  The analytical solution 
predicts the system terminal dynamic pressure, velocity, and altitude for comparison with 
CAPDYN and FAST simulation results. 

A.1.1 Initial Conditions 

The initial conditions are set such that the system descends at a constant velocity with no motion 
in the horizontal direction. 

A.1.2 Simplifying Assumptions 

The following simplifying assumptions are necessary for Verification Case 1: 

• Both parachutes have identical physical characteristics, aerodynamic models, and 
dimensions. 

• Proximity effects are ignored. 

• Density is held constant at the 5,000-ft altitude value. 

• There is a single riser line attach point on the load. 

• The motion is limited to the vertical axis for all three bodies. 

• The two parachutes will occupy the same space. 

• There is no wind. 

• There are no capsule aerodynamic forces or moments. 

• All out-of-plane parachute aerodynamic coefficients are set to zero. 

• There is no enclosed air mass included in this simulation. 
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A.1.3 Free-body Diagram: Inertial Axis System 

The free-body diagram for this case is shown in Figure A-1. 

 
Figure A-1.  Free-body Diagram, Case 1 

A.1.4 Derivation of Equations 

Newton’s Law:  

 ݉୲୭୲Zሷ ݁̂௓ = റୣܨ∑ ୶୲ୣ୰୬ୟ୪ = ሬܹሬሬറ୲୭୲ + റ௓ ሬܹሬሬറ୲୭୲ܣ = ୲ܹ୭୲݁̂௓ ܣറ௓ = ௓݁̂௓ ሷܼܥܵݍ− = ୲ܹ୭୲ − ௓݉୲୭୲ܥܵݍ  

Equilibrium: 

 ሷܼ = 0 = ୲ܹ୭୲ −  ௓ܥܵݍ

Terminal conditions:  

 ୲ܹ୭୲ = ୲ୣ୰୫ݍ ௓ܥ୲ୣ୰୫ܵݍ = ୲ܹ୭୲ܵܥ௓ = ߩ12 ୲ܸୣ୰୫ଶ  

ˆXe+

ˆZe+

ZA


totW

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୲ܸୣ୰୫ = ඨ2ݍ୲ୣ୰୫ߩ  

Equation of motion: 

 ሷܼ = 0 

Solution: 

 ሶܼ = ୲ܸୣ୰୫ 

 ܼ = ܼ଴ + ୲ܸୣ୰୫ݐ 
A.1.5 Analytical Solution 

The rigid system of the capsule and two parachutes descends in vertical motion at the initial 
terminal conditions with no change and no other motion about any axis.  The descent velocity 
and dynamic pressure will be constant, and the vertical position is a linear function of time. 

A.2 Physical Characteristics 

For purposes of comparison of the analytical solutions with CAPDYN and FAST results, the 
following physical characteristics and initial conditions of the capsule and parachutes are 
assumed: 

Parachutes (each): 

W = 328.087 lb 

Reference area = 10,562.9 ft2 

Drag coefficient, CZ = 0.85 

CX = 0 

Capsule: 

W = 20,862.9 lb 

Totals: 

Wtot = 2(328.087) + 20,862.9 = 21,519.07 lb 

Sref (two parachutes) = 21,125.8 ft2 

CZ = 0.85 

Flight conditions: 

Altitude = 5,000 ft 

Air density = 2.05×10–3 slugs/ft3 (assume constant) 

A.3 Results 
Terminal dynamic pressure = 1.198 psf 

Terminal velocity = 34.19 fps 

Altitude versus time is shown in Figure A-2. 
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Figure A-2.  Altitude versus Time, Case 1 

This simple case assumes the atmospheric density, descent velocity, and dynamic pressure are 
constant with no out-of-plane motion.  Thus, altitude versus time is a linear relationship.  Results 
from CAPDYN and FAST are co-plotted with the analytical model in Figure A-3 showing 
excellent agreement. 

 
Figure A-3.  Altitude versus Time Comparisons, Case 1 
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Appendix B.  Verification Case 2 – Exponential Density Descent 

B.1 Introduction 

A series of exact analytical solutions is developed for a capsule with two parachutes to verify 
CAPDYN and FAST results for descent in an atmosphere where density changes with altitude.  
The case described herein is for the capsule and two parachutes acting as a fixed system in 
descent with density that varies exponentially.  In this variation on Case 1 (Appendix A), the 
density is modeled by the 1976 Standard Atmosphere.  The analytical solution predicts the 
system dynamic pressure, vertical velocity, and altitude as a function of time for comparison 
with CAPDYN and FAST simulation results. 

B.1.1 Initial Conditions 

The initial conditions are set such that the system descends vertically at a constant dynamic 
pressure with no motion in the horizontal direction.  As the system descends, density slowly 
increases and velocity slowly decreases to maintain a constant dynamic pressure.  

B.1.2 Simplifying Assumptions 

The following simplifying assumptions are necessary for Verification Case 2: 

• Both parachutes have identical physical characteristics, aerodynamic models, and 
dimensions. 

• Proximity effects are ignored. 

• There is a single riser line attach point on the load. 

• Density is modeled as an exponential curve fit to the 1976 Standard Atmosphere. 

• For a small time interval, Δt, density is assumed to be constant and vertical acceleration is 
assumed to be zero. 

• The motion is limited to the vertical axis for all three bodies. 

• The two parachutes will occupy the same space. 

• There is no wind. 

• There are no capsule aerodynamic forces or moments. 

• All out-of-plane parachute aerodynamic coefficients are set to zero. 

• There is no enclosed air mass included in this simulation. 
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B.1.3 Free-body Diagram: Inertial Axis System 

The free-body diagram for this case is shown in Figure B-1. 

 
Figure B-1.  Free-body Diagram, Case 2 

B.1.4 Derivation of Equations 

Newton’s Law:  

 ݉୲୭୲ ሷܼ ݁̂௓ = റୣܨ∑ ୶୲ୣ୰୬ୟ୪ = ሬܹሬሬറ௧௢௧ + റ௓ ሬܹሬሬറ୲୭୲ܣ = ୲ܹ୭୲݁̂௓ ܣറ௓ = ௓݁̂௓ ሷܼܥܵݍ− = ୲ܹ୭୲ − ௓݉୲୭୲ܥܵݍ  

Equilibrium: Per the assumption, the very small acceleration is assumed to be zero during each 
small time interval. Thus, 

 ሷܼ = 0 = ୲ܹ୭୲ −  ௓ܥܵݍ

Terminal conditions during a small time interval:  ୲ܹ୭୲ = ୲ୣ୰୫ݍ ௓ܥ୲ୣ୰୫ܵݍ = ୲ܹ୭୲ܵܥ௓ = ߩ12 ୲ܸୣ୰୫ଶ  

ˆXe+

ˆZe+

ZA


totW

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 ୲ܸୣ୰୫ = ටଶ௤౪౛౨ౣఘ ߩ      ; = (ܪ)ߩ =  ஻ுି݁ܣ

where 

H = altitude (ft) 

A = 0.002377 slugs/ft3 

B = 0.0000299 (ft–1) 

At the beginning of each small time interval, density is evaluated at the current altitude and held 
constant during the interval. 

Equation of motion: 

 ሷܼ = 0 

Solution: 

 ሶܼ = ୲ܸୣ୰୫ 

 ܼ = ܼ଴ + ୲ܸୣ୰୫∆ݐ 
B.1.5 Analytical Solution 

During each small time interval, the rigid system of the capsule and two parachutes descends in 
vertical motion at constant dynamic pressure, there is no other motion about any axis, and the 
vertical position is a linear function of time.  At the beginning of each new interval, the density 
increases slightly and the descent velocity decreases slightly compared with the previous 
interval.  In the results that follow, Δt = 5 s. 

B.2 Physical Characteristics 

For purposes of comparison of the analytical solutions with the CAPDYN and FAST results, the 
following physical characteristics and initial conditions of the capsule and parachutes are 
assumed: 

Parachutes (two): 

W = 328.087 lb 

Reference area = 10,562.9 ft2 

Drag coefficient, CZ = 0.85  

CX = 0 

Capsule: 
W = 20,862.9 lb 

Totals: 

Wtot = 2(328.087) + 20,862.9 = 21,519.07 lb 

Sref (two parachutes) = 21,125.8 ft2 

CZ = 0.85 

Flight initial conditions: 

Initial altitude = 5,000 ft 

Air density = 2.05×10–3 slugs/ft3 at 5,000 ft 
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B.3 Results 

Terminal dynamic pressure = 1.198 psf 
Terminal velocity =34.19 fps at 5,000 ft 

The altitude versus time is shown in Figure B-2. 

 
Figure B-2.  Altitude versus Time, Case 2 

Case 2 is similar to Case 1, except the atmospheric density varies with altitude.  As a result of the 
density change, the velocity slowly decreases as the system approaches sea level.  The small, 
slow density change has an almost linear effect on the altitude versus time.  Results from 
CAPDYN and FAST are co-plotted with the analytical model in Figure B-3, showing excellent 
agreement between the three approaches. 

 
Figure B-3.  Altitude versus Time Comparisons, Case 2 



 
 

NESC Document #: NESC-RP-15-01037, Vol. II Page #:  13 of 48 

Appendix C.  Verification Case 3 – Vertical Wind Shear, Constant 
Density 

C.1 Introduction 

A series of exact analytical solutions is developed for a capsule with two parachutes to verify 
vertical wind shear effects in CAPDYN simulated results.  The case described herein is for the 
capsule and two parachutes acting as a fixed system starting and ending in terminal descent.  A 
vertical updraft wind shear is simulated, and the parachute system deceleration response is 
calculated.  The analytical solution predicts the shear effect on the system deceleration and 
velocity.  

C.1.1 Initial Conditions 

The initial conditions are set such that the system descends vertically at a constant dynamic 
pressure with no motion in the horizontal direction.  

C.1.2 Simplifying Assumptions 

The following simplifying assumptions are necessary for Verification Case 3: 

• Both parachutes have identical physical characteristics, aerodynamic models, and 
dimensions. 

• Proximity effects are ignored. 

• There is a single riser line attach point on the load. 

• Density is held constant at the 5,000-ft altitude value. 

• The motion is limited to the vertical axis for all three bodies. 

• The two parachutes will occupy the same space. 

• The simulated vertical wind shear is held constant. 

• There are no capsule aerodynamic forces or moments. 

• All out-of-plane parachute aerodynamic coefficients are set to zero. 

• There is no enclosed air mass included in this simulation. 
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C.1.3 Free-body Diagram: Inertial Axis System 

The free-body diagram is shown in Figure C-1. 

 
Figure C-1.  Free-body Diagram, Case 3 

C.1.4 Derivation of Equations 

Newton’s Law:  ෍ܨറୣ ୶୲ୣ୰୬ୟ୪ = ݉୲୭୲ റܽ = ሬܹሬሬറ + റ௓ ሬܹሬሬറܣ = 	ܹ ݁̂௓ ܣറ௓ = ௓݁̂௓ ሷܼܥܵݍ− = 	 	ܹ − 	௓݉୲୭୲ܥܵݍ	  

Note that ݉୲୭୲ does not include enclosed or apparent air mass. 

Equilibrium conditions: 

Before shear and after equilibrium with shear: ݉୲୭୲ ሷܼ = 0 = 	ܹ −  ௓ܥܵݍ
  

ˆZe+

ZA


totW


(a) Before Shear and After 
Shear Transients

ˆZe+

ZA


totW


(b) During Shear Updraft

WV

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At vertical wind shear initial conditions: ݍ = )ߩ12 ୲ܸୣ୰୫ + ௐܸ)ଶ = 	 ൬12ߩ൰ܸଶ ܣ௓ = ௓ ݉୲୭୲ܥܵݍ ሷܼ = ݉୲୭୲ ሷܼ୲ୣ୰୫ = ௓ܣ − ௓౪౛౨ౣ ሷܼܣ = ௓ܣ − ௓౪౛౨ౣ݉୲୭୲ܣ = ௓݉୲୭୲ܥܵ ݍ) − ୲ୣ୰୫) ሷܼݍ = ௓݉୲୭୲ܥܵ ൬12ߩ൰ (ܸଶ − ୲ܸୣ୰୫ଶ ) = ݇(ܸଶ − ୲ܸୣ୰୫ଶ ) 
where ݇ = ൬ ௓2݉୲୭୲൰ܥܵ  ߩ

Descent velocity post shear transients: ୲ܸୣ୰୫౭౟౤ౚ = ୲ܸୣ୰୫ +	 ௐܸ 

C.1.5 Analytical Solution 

Before and after the shear transient effects, the rigid system of capsule and two parachutes 
descend in vertical motion at the terminal dynamic pressure with no change and no other motion 
about any axis.  A constant vertical updraft wind shear is simulated, causing the system to 
decelerate.  The shear results in the system initial inertial terminal velocity eventually decreasing 
by the magnitude of the wind shear.  

C.2 Physical Characteristics 

For purposes of comparison of the analytical solutions with CAPDYN results, the following 
physical characteristics and initial conditions of the capsule and parachutes are assumed: 

Parachutes (each): 

W = 328.087 lb 

Reference area = 10,562.9 ft2 

Drag coefficient, CZ = 0.85  

Capsule: 

W = 20,862.9 lb 

Totals: 

Wtot = 2(328.087) + 20,862.9 = 21,519.07 lb 

Sref (two parachutes) = 21,125.8 ft2 

CZ = 0.85 
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Flight initial conditions: 

Initial altitude = 5,000 ft 

Air density = 2.05×10–3 slugs/ft3 at 5,000 ft (assume constant) 

Wind shear = 10 fps, vertically up 

C.3 Results 
Terminal dynamic pressure = 1.198 psf 

Terminal wind relative velocity = 34.19 fps at 5,000 ft 

Final terminal inertial velocity = 24.19 fps 

Deceleration versus velocity is shown in Figure C-2. 

 
Figure C-2.  System Deceleration Due to Wind Shear Updraft, Case 3 

Initially, the system is in terminal equilibrium descent with a 34.2-fps velocity.  The 10-fps wind 
updraft causes the relative velocity at the parachute to go immediately to 44.2 fps, which creates 
excess drag and the deceleration of 22 fps2.  As time goes on, the wind relative velocity at the 
parachute decreases, and the acceleration approaches zero.  The wind relative system velocity 
becomes 34.2 fps, while the inertial velocity is 24.2 fps.  Results from CAPDYN are co-plotted 
with the analytical model in Figure C-3 with excellent agreement. 
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Figure C-3.  Capsule Air Relative Velocity Down Comparison, Case 3 
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Appendix D.  Verification Case 4 – Steady-state Glide 

D.1 Introduction 

A series of exact analytical solutions is developed for a capsule with two parachutes to verify 
CAPDYN and FAST results.  The case described herein is for the capsule and two parachutes 
acting as a fixed system starting and ending in a steady-state glide.  Initial conditions are chosen 
such that equilibrium is obtained in both the vertical and horizontal directions.  The analytical 
solution predicts the glide path for the simulated L/D. 

D.1.1 Initial Conditions 

The initial conditions are set such that the system descends at a constant flight path and constant 
dynamic pressure.  Density is set at the 5,000-ft level and held constant. 

D.1.2 Simplifying Assumptions 

The following simplifying assumptions are necessary for Verification Case 4: 

• Both parachutes have identical physical characteristics, aerodynamic models, and 
dimensions. 

• Proximity effects are ignored. 

• There is a single riser line attach point on the load. 

• Density is held constant at the 5,000-ft altitude value. 

• The motion is limited to the vertical and horizontal plane for all three bodies. 

• The two parachutes will occupy the same space. 

• There is no wind. 

• The small effect of the horizontal velocity on dynamic pressure is assumed to be negligible. 

• There are no capsule aerodynamic forces or moments. 

• All out-of-plane parachute aerodynamic coefficients are set to zero. 

• There is no enclosed air mass included in this simulation. 

D.1.3 Free-body Diagram: Inertial Axis System 

Figure D-1 shows the free-body diagram of the system, with the external forces, the angles, and 
the axis system. 
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Figure D-1.  Free-body Diagram, Case 4 

D.1.4 Derivation of Equations 

Newton’s Law: 

റୣܨ∑   ୶୲ୣ୰୬ୟ୪ = ݉୲୭୲ റܽ = ሬܹሬሬറ୲୭୲ + ሬܴറ ሬܹሬሬറ୲୭୲ = ୲ܹ୭୲݁̂௓ ሬܴറ = ሬറܮ +  ሬሬറܦ
Equilibrium glide constraints: ሷܺ = 0 = ሷܼ  ݉୲୭୲ ሷܺ = ܮ cos ߙ − ܦ sin ߙ = 0 ݉୲୭୲ ሷܼ = ܦ)− cos ߙ + ܮ sin (ߙ + ୲ܹ୭୲ = 0 

Horizontal motion in equilibrium: ݉୲୭୲ ሷܺ = ܮ cos ߙ − ܦ sin ߙ = 0,													 ܦܮ = sin cosߙ ܦܮ 	ߙ = tanߙ 	ߙ										, = 	 tanିଵ ൬ܦܮ൰ 
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Vertical motion in equilibrium: ݉୲୭୲ ሷܼ = ܦ)− cos ߙ + ܮ sin (ߙ + ୲ܹ୭୲ = ߙ	cos	ܦ 0 + ߙ	sin	ܮ = ୲ܹ୭୲ 
Let ܦ cos ߙ + ܮ sin ߙ = ܴ = ୲ܹ୭୲ ܴ = 	ܮ ோܥ୲ୣ୰୫ܵݍ = 	 	ܦ ௅ܥ୲ୣ୰୫ܵݍ = ோܥ ஽ܥ୲ୣ୰୫ܵݍ	 	= 	ටܥ௅ଶ ܦܮ ஽ଶܥ	+	 	= 	  ஽ܥ௅ܥ

୲ୣ୰୫ݍ = ୲ܹ୭୲ܵܥோ  

୲ܸୣ୰୫ = ඨ2ݍ୲ୣ୰୫ߩ = ஶܸ 

Solution for equilibrium glide: 

Horizontal Component ሷܺ = 0 ሶܺ = ୲ܸୣ୰୫ sin ߙ  ܺ = ܺ଴ + ሶܺ  ݐ
Vertical Component ሷܼ = 0 ሶܼ = ୲ܸୣ୰୫ cos ܼ ߙ = ܼ଴ + ሶܼݐ 

D.1.5 Analytical Solution 

For the entire simulation, the rigid system of the capsule and two parachutes descends with a 
constant glide path at a constant terminal dynamic pressure with no change and no other motion 
about any axis.  Acceleration is zero in both the vertical and horizontal directions.  The constant 
glide path angle is as predicted for the simulated L/D. 

D.2 Physical Characteristics 

For comparison of the analytical solutions with CAPDYN and FAST results, the following 
physical characteristics and initial conditions of the capsule and parachutes are assumed: 

Parachutes (each): 

W = 328.087 lb 

Reference area = 10,562.9 ft2 

The aerodynamic model is shown in Figure D-2. 
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Figure D-2.  Parachute Aerodynamic Model, Case 4 

Capsule: 

W = 20,862.9 lb 

Totals: 

Wtot = 2(328.087) + 20,862.9 = 21,519.07 lb 

Sref (two parachutes) = 21,125.8 ft2 

Flight initial conditions: 

Altitude = 5,000 ft 

Air density = 2.05×10–3 slugs/ft3 (constant) 

Terminal velocity = 34.19 fps 

α = γ = 5 degrees 

θ = 0 degrees 

L/D = 0.0875 

D.3 Results 

Figure D-3 describes the lateral versus vertical motion for equilibrium glide. Figure D-4 
describes horizontal and vertical distances versus time. 
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Figure D-3.  Case 4 Trajectory Profile 

 

 
Figure D-4.  Distance Components versus Time, Case 4 

The initial conditions are selected such that the system is in equilibrium both vertically and 
horizontally.  The accelerations are zero, and the velocity components are constant—thus, the 
linear distance versus time.  The terminal dynamic pressure is a constant 1.198 psf.  Capsule 
Down and East positions from CAPDYN and FAST are co-plotted with the analytical model in 
Figures D-5 and D-6.  Results from the three approaches are nearly identical. 
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Figure D-5.  Capsule Altitude (ft) versus Time Comparison, Case 4 

 

 
Figure D-6.  Capsule East Position (ft) versus Time Comparisons, Case 4 
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Appendix E.  Verification Case 5 – Horizontal Wind Shear, 
Constant Density 

E.1 Introduction 

A series of exact analytical solutions are developed for a capsule with two parachutes to verify 
CAPDYN results.  The case described herein is for the capsule and two parachutes acting as a 
fixed system impacted by a horizontal wind shear.  Initial conditions are chosen such that 
equilibrium is obtained before the shear occurs.  The analytical solution predicts the effect of the 
shear on the system horizontal motion. 

E.1.1 Initial Conditions 

The initial conditions are set such that the system is descending vertically at a constant dynamic 
pressure and velocity.  Density is set at the 5,000-ft level and held constant.  A horizontal 
constant wind shear is simulated at the initiation of the simulation. 

E.1.2 Simplifying Assumptions 

The following simplifying assumptions are necessary for Verification Case 5: 

• Both parachutes have identical physical characteristics, aerodynamic models, and 
dimensions. 

• Proximity effects are ignored. 

• There is a single riser line attach point on the load. 

• Density is held constant at the 5,000-ft altitude value. 

• Horizontal velocity component is assumed to have a negligible impact on dynamic pressure. 

• The motion is limited to the vertical and horizontal plane for all three bodies. 

• The two parachutes will occupy the same space. 

• The wind shear starts and continues at a constant horizontal velocity magnitude. 

• There are no capsule aerodynamic forces or moments. 

• All out-of-plane parachute aerodynamic coefficients are set to zero. 

• There is no enclosed air mass included in this simulation. 
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E.1.3 Free-body Diagram: Inertial Axis System 

Figure E-1 shows the free-body diagram of the system, with the external forces and the axis 
system. 

 
Figure E-1.  Free-body Diagram, Case 5 

E.1.4 Derivation of Equations 

E.1.4.1 Pre Wind Shear: Vertical Descent 

Newton’s Law: ෍ܨറୣ ୶୲ୣ୰୬ୟ୪ = ݉ റܽ = ሬܹሬሬറ஼ + ሬܹሬሬറ௅ + ሬሬറܦ = ݉ ሷܼ݁̂௓ ሬܹሬሬറ୲୭୲ = ሬܹሬሬറ஼ + ሬܹሬሬറ௅ = ୲ܹ୭୲݁̂௓ ܦሬሬറ =  ௓݁̂௓ܥܵݍ−

Equilibrium conditions: ሷܼ = 0 ሷܺ = ሶܺ = ܺ = ୲ୣ୰୫ݍ 0 = ୲ܹ୭୲ܵܥ௓  

୲ܸୣ୰୫ = ඨ2ݍ୲ୣ୰୫ߩ  
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E.1.4.2 Post Transient: Final Steady-state Conditions 

Newton’s Law:  	෍ܨറୣ ୶୲ୣ୰୬ୟ୪ = ݉ റܽ = ሬܹሬሬറ஼ + ሬܹሬሬറ௅ + ሬሬറܦ = ݉ ሷܼറ = 0ሬറ = ݉ ሷܺറ = 0ሬറ 
Equilibrium conditions: ሷܼ = 0 ሷܺ = 0 

Vertical: 

୲ୣ୰୫ݍ = ୲ܹ୭୲ܵܥ௓ ;	 ୲ܸୣ୰୫ = ඨ2ݍ୲ୣ୰୫ߩ 		(wind	relative) 
Horizontal: ሶܺ = − ௐܸ, ܺ = − ௐܸݐ +	ܺ଴ 

E.1.4.3 During Wind-shear Transient 

Initial conditions at shear initiation: ݐ = 0 ܺ଴ = 0,			 ሶܺ଴ = 0,			 ሷܺ = ௑݉ ܼ଴ܣ−	 = ܼூ஼,			 ሶܼூ஼ = ୲ܸୣ୰୫, 			 ሷܼ଴ = 0 

Newton’s Law, horizontal: ݉ ሷܺ = ௑ܣ− =  ௑ܥܵݍ−

Aerodynamic model: ܥ௑ = ߙ௑ഀܥ = ௑ഀܥ ሶܺ + ௐܸሶܼ  ሶܼ ≈ ݐ݊ܽݐݏ݊݋ܿ = ୲ܸୣ୰୫ ሷܺ = ൬ ݉ܵݍ− ୲ܸୣ୰୫ ௑ഀ൰ܥ ൫ ሶܺ + ௐܸ൯ 
where ݇ = ݉ܵݍ ୲ܸୣ୰୫  ௑ഀܥ
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E.1.4.4 Equation of Motion ሷܺ + ݇ ሶܺ = −݇ ௐܸ 

E.1.4.5 Solution from Calculus ሶܺ = ௞௧ି݁ܣ − ௐܸ 

Using the boundary conditions: ܺ = ௐܸ ൤1݇ (1 − ݁ି௞௧) − ൨ ሶܺݐ = ௐܸ(݁ି௞௧ − 1) ሷܺ = −݇ ௐܸ݁ି௞௧ 
E.1.5 Analytical Solution 

For the entire simulation, the system is acted upon by a horizontal wind shear.  The vertical 
motion is near constant, while the horizontal motion reacts to the shear.  The horizontal inertial 
velocity starts at zero and exponentially approaches the wind speed. 

E.2 Physical Characteristics 

For purposes of comparison of the analytical solutions with CAPDYN results, the following 
physical characteristics and initial conditions of the capsule and parachutes are assumed: 

Parachutes (each): 

W = 328.087 lb 

Reference area = 10,562.9 ft2 

CZ = 0.85 ܥ௑ = ௑ഀܥ ߙ	௑ഀܥ	 = 0.573	per	rad 

Capsule: 

W = 20,862.9 lb 

Totals: 

Wtot = 2(328.087) + 20,862.9 = 21,519.07 lb 

Sref (two parachutes) = 21,125.8 ft2 

Flight initial conditions: 

Initial altitude = 5,000 ft 

Air density = 2.05×10–3 (constant) slugs/ft3 

Terminal velocity = 34.19 fps 

Terminal dynamic pressure = 1.198 psf 

Wind shear velocity = –5 fps  
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E.3 Results 

The horizontal motion is shown in Figure E-2. 

 
Figure E-2.  Horizontal Motion from 5-fps Crosswind, Case 5 

The initial conditions are selected assuming the system is in equilibrium, terminal vertical 
velocity with zero horizontal motion.  A 5-fps horizontal wind shear is simulated at time t = 0, 
causing a horizontal acceleration that results in the system horizontal velocity increasing with 
time.  The system exponentially approaches the wind magnitude as the horizontal acceleration 
approaches zero.  The vertical motion is only marginally affected.  Similar to Case 3, FAST was 
unable to participate in this case due to certain limitations.  Results from CAPDYN are co-
plotted with the analytical model in Figure E-3 showing excellent agreement. 

 
Figure E-3.  Capsule Velocity North (ft/s) Comparison  
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Appendix F.  Verification Case 6 – Pendulum Motion 

Solutions to Equations (6.3.1-5) and (6.3.1-7) are provided in this section.  The system is 
undergoing pendulum motion while translating toward the East and falling.  Time histories of the 
horizontal (East component) velocities of the payload and parachutes, along with swing angle, 
are shown.  The assumed values for ܥேഀ, ܥ஺, and ݍஶ are 0.85, 0.85, and 1.20 psf, respectively.  
The trim angle of attack is 10 degrees.  The simulations conducted for this check case involve no 
wind disturbance and no aerodynamic force applied to the capsule.  Results from CAPDYN and 
FAST are co-plotted with the analytical model.  The initial values of the swing angle and its time 
derivatives are ߠ௢ = 0 and ߠሶ௢ = 0.02 rad/s. 

F.1 Undamped Pendulum Motion (ࢻࡺ࡯ሶ = ૙) 
This section shows the results for the undamped pendulum motion.  The parachute and load East 
velocity components are shown in Figures F-1 and F-2.  The pendulum swing angle is shown in 
Figure F-3.  The CAPDYN and FAST results show excellent agreement with the analytical 
solution.  The slight discrepancies are likely due to numerical integration schemes. 

 
Figure F-1.  Parachute Velocity East (ࢻࡺ࡯ሶ = ૙) 
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Figure F-2.  Load Velocity East (ࢻࡺ࡯ሶ = ૙) 

 

 
Figure F-3.  Swing Angle (ࢻࡺ࡯ሶ = ૙) 
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F.2 Damped Pendulum Motion (ࢻࡺ࡯ሶ = ૙. ૜૙૝) 
This section shows the results for the damped pendulum motion.  The parachute and load East 
velocity components are shown in Figures F-4 and F-5.  The pendulum swing angle is shown in 
Figure F-6.  The CAPDYN and FAST results show excellent agreement with the analytical 
solution.  The slight discrepancies are likely due to numerical integration schemes. 

 
Figure F-4.  Parachute Velocity East (ࢻࡺ࡯ሶ = ૙. ૜૙૝) 

 

 
Figure F-5.  Load Velocity East (ࢻࡺ࡯ሶ = ૙. ૜૙૝) 
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Figure F-6.  Swing Angle (ࢻࡺ࡯ሶ = ૙. ૜૙૝) 

F.3 Divergent Pendulum Motion (ࢻࡺ࡯ሶ = −૙. ૚૟૙) 
This section shows the results for the damped pendulum motion.  The parachute and load East 
velocity components are shown in Figures F-7 and F-8.  The pendulum swing angle is shown in 
Figure F-9.  The CAPDYN and FAST results show excellent agreement with the analytical 
solution.  The slight discrepancies are likely due to numerical integration schemes. 

 
Figure F-7.  Parachute Velocity East (ࢻࡺ࡯ሶ = −૙. ૚૟૙) 
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Figure F-8.  Load Velocity East (ࢻࡺ࡯ሶ = −૙. ૚૟૙) 

 

 
Figure F-9.  Swing Angle (ࢻࡺ࡯ሶ = −૙. ૚૟૙) 
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Appendix G.  Verification Case 7 – Flyout Motion 

Solutions to the coupled equations of motion in Equation (6.3.2-1) are provided in this section.  
The system is undergoing the symmetric scissors motion while falling at the same time.  Time 
histories of the flyout angle and Down velocity are shown.  The assumed values for ܥேഀ, ܥ஺, and ݍஶ are 0.225, 0.85, and 1.24 psf, respectively.  The trim angle of attack is 13.33 degrees.  The 
simulations conducted for this check case involve no wind disturbance and no aerodynamic force 
applied to the capsule.  Results from CAPDYN and FAST are co-plotted with the analytical 
model.  Figure G-1 shows the flyout of one of the parachutes.  Velocity of the capsule in the 
Down direction is shown in Figure G-2.  Note that the transient in the CAPDYN Vdown solution is 
due to line tension initialization and can be mitigated by carefully selecting the initial conditions.  
The results from the three approaches are otherwise identical. 

 
Figure G-1.  Flyout Motion: Parachute 1 Flyout Angle  
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Figure G-2.  Flyout Motion: Capsule Vdown  
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Appendix H.  Verification Case 8 – Maypole 

The analytical development in Section 6.3.2 indicates that the normal force coefficient is 
dependent on the orbiting radius and angular velocity, Ω.  For this check case, the team settled 
on an orbiting radius of 40 ft and a value of 5 deg/s for Ω.  Using Equation (6.3.2-22), CN was 
determined to be 0.01.  The simulations conducted for this check case involve no wind 
disturbance and no aerodynamic force applied to the capsule.  The azimuth angle, χ, is computed 
as follows:  

 χ = atan2(ݎୣ߂ ୟୱ୲,   (H-1a)	୬୭୰୲୦)ݎ߂

ݎୣ߂  ୟୱ୲ = ୡ୦୳୲ୣ,ୣୟୱ୲ݎ −   (H-1b)	ୡୟ୮ୱ୳୪ୣ,ୣୟୱ୲ݎ

୬୭୰୲୦ݎ߂  = ୡ୦୳୲ୣ,୬୭୰୲୦ݎ −   (H-1c)	ୡୟ୮ୱ୳୪ୣ,୬୭୰୲୦ݎ

Time histories for the parachute azimuth angles are shown in Figures H-1 and H-2.  Velocities of 
Parachute 1 in the East and North are shown in Figures H-3 and H-4.  The analytical approach 
was used to prescribe the aerodynamics required to maintain the maypole motion, which was 
subsequently implemented into CAPDYN and FAST.  The results from the two simulations are 
nearly identical. 

 
Figure H-1.  Maypole Motion: Parachute 1 Azimuth 
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Figure H-2.  Maypole Motion: Parachute 2 Azimuth 

 

 
Figure H-3.  Maypole Motion: Parachute 1 Veast 
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Figure H-4.  Maypole Motion: Parachute 1 Vnorth 
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Appendix I.  Verification Case 9 – Nonplanar Pendulum Motion 

To assess the full capability of CAPDYN, the system is prescribed to undergo a nonplanar 
pendulum motion.  Similar to the planar case, the parachutes are treated as a single particle.  The 
system undergoes undamped pendulum motion (ܥே ሶഀ = 0) in the North-Down plane while 
translating and falling in the East-Down plane with velocities of 5.94 and 34.17 ft/s at the center 
of mass, respectively.  Time histories of the North and East velocity components of the 
parachutes, with swing angles, are shown.  The assumed values for ܥேഀ, ܥ஺, and ݍஶ are 0.85, 
0.85, and 1.20 psf, respectively.  The simulations conducted for this check case involve no wind 
disturbance and no aerodynamic force applied to the capsule.  The initial values of the swing 
angle and its time derivatives are ߠ௢ = 0 and ߠሶ௢ = 0.08726 rad/s.  Due to the complexity of the 
motion, only CAPDYN and FAST results are available.  See Appendix K for the treatment of the 
aerodynamics model in CAPDYN to produce this motion.  The parachute velocities in the North 
and East directions are shown in Figures I-1 and I-2.  The capsule North and East velocity 
components are shown in Figures I-3 and I-4.  Due to numerical issues in CAPDYN, there 
appears to be a small (but steady) drift in the Veast for the parachutes and the capsule.  The swing-
angle time history is shown in Figure I-5.  Otherwise, the comparisons show excellent 
agreement. 

 
Figure I-1.  Nonplanar Pendulum Motion: Parachute Velocity East 
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Figure I-2.  Nonplanar Pendulum Motion: Parachute Velocity North 

 

 
Figure I-3.  Nonplanar Pendulum Motion: Load Velocity East 
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Figure I-4.  Nonplanar Pendulum Motion: Load Velocity North 

 

 
Figure I-5.  Nonplanar Pendulum Motion: Swing Angle North-Down Plane 
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Appendix J.  Verification Case 10 – Nonplanar Flyout Motion 

To further assess the full capability of CAPDYN and the computation of proximity variables 
(e.g., ܦ௣௥௢௫ and ߶௣௥௢௫), the system is prescribed to undergo a nonplanar scissors motion.  Similar 
to the planar case, the system undergoes undamped scissors motion in the North-Down plane 
while translating and falling in the East-Down plane with velocities of 5.94 and 34 ft/s, 
respectively.  Time histories of the NED velocities of the payload and parachutes with ߶௣௥௢௫ are 
shown.  The assumed values for ܥேഀ, ܥ஺, and ݍஶ are 0.225, 0.85, and 1.24 psf, respectively.  The 
trim angle of attack is 13.33 degrees.  The simulations conducted for this check case involve no 
wind disturbance and no aerodynamic force applied to the capsule.  Due to the complexity of the 
motion, only CAPDYN and FAST results are available.  A similar procedure (as the nonplanar 
pendulum motion) is used in CAPDYN in determining the special aerodynamics model required 
for this prescribed motion.  The proximity aero angles, ߶௣௥௢௫ଵ and ߶௣௥௢௫ଶ, are ߶௣௥௢௫ଵ = 	atan	2 ൭ቆ(2)ݎ߂௣ଵ௣ଶቇ௣ଵ , ቆ(3)ݎ߂௣ଵ௣ଶቇ௣ଵ൱	 ߶௣௥௢௫ଶ = 	atan	2 ൭ቆ(2)ݎ߂௣ଶ௣ଵቇ௣ଶ , ቆ(3)ݎ߂௣ଶ௣ଵቇ௣ଶ൱	 
where (ݎ߂௣ଶ/௣ଵ)௣ଶ and (ݎ߂௣ଵ/௣ଶ)௣ଵ are the relative position vectors between the parachutes in 
the NED frame, computed as (ݎ߂௣ଶ/௣ଵ)ோ஽ = ௣ଶோ஽ݎ − ோ஽(௣ଵ/௣ଶݎ߂) 	௣ଵோ஽ݎ = ௣ଵோ஽ݎ −  	௣ଶோ஽ݎ
converted to the wind axes of p2 and p1, respectively. 

East and North velocity components for parachute 1 are shown in Figures J-1 and J-2.  The 
proximity angles are shown in Figures J-3 and J-4.  The flyout angles are shown in Figures J-5 
and J-6.  The simulations show excellent agreement.  The small amplitude and phase 
discrepancies in some of the outputs may be due to slight parameter differences and/or numerical 
integration schemes. 
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Figure J-1.  Nonplanar Scissors Motion: Parachute 1 Velocity East 

 

 
Figure J-2.  Nonplanar Scissors Motion: Parachute 1 Velocity North 
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Figure J-3.  Nonplanar Scissors Motion: ࣘ࢞࢕࢘࢖૚ 

 

 
Figure J-4. Nonplanar Scissors Motion: ࣘ࢞࢕࢘࢖૛ 
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Figure J-5.  Nonplanar Scissors Motion: Parachute 1 Flyout Angle North-Down Plane 

 

 
Figure J-6.  Nonplanar Scissors Motion: Parachute 2 Flyout Angle North-Down Plane 
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Appendix K.  Prescribed Aerodynamics Required for Nonplanar 
Pendulum Motion in CAPDYN 

Due to the time-varying nature of the wind axis system in CAPDYN, described in Section 6.3.3, 
a prescribed aerodynamics model (in the CAPDYN wind axis system) is required for the system 
to maintain pendulum motion in the North-Down plane while translating in the East-Down plane.  
Equations K-1 through K-14 derive the required aerodynamics model to produce the nonplanar 
pendulum motion in CAPDYN.  Note that the same procedures can be followed to produce the 
nonplanar flyout motion in CAPDYN as described in Appendix J. 

The following derivations describe the aerodynamics required in CAPDYN’s aero axis to 
maintain the pendulum motion in the ܖෝଵ and ܖෝଷ planes while translating in ܖෝଶ and ܖෝଷ with 
constant velocities.  The parachutes are assumed to be on top of one another.  Figure K-1 is a 
schematic of the nonplanar pendulum motion. 

 
Figure K-1.  Nonplanar Pendulum Motion 

Table K-1 shows the direction cosine matrix between the inertial (NED) frame to the parachute 
body frame.  Figure K-2 illustrates a top view. Table K-2 shows the direction cosine matrix 
between a frame that the aerodynamics coefficients are prescribed with the parachute body 
frame. 

Table K-1.  Direction Cosine Matrix (body frame to inertial frame) 

መ܊  ଵ ܊መ ଶ ܊መ ଷ ܖෝଵ –sin θ 0 cos θ ܖෝଶ 0 –1 0 ܖෝଷ cos θ 0 sin θ 
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Unit vector from PB (parachute particle) to PL (load particle), ଍̂: 
 ଍̂ = 	−sin	ܖߠෝଵ 	+ 	cos	ܖߠෝଷ (K-1) 

Desired velocity of the parachute particle in NED, where V2 is a constant: 

ே	௉ಳܞ  = ሶߠ஼ܮ	 cos ߠ ෝଵܖ 	+	 ଶܸܖෝଶ + ൫ ଷܸ ሶߠ஼ܮ	+	 sin  ෝଷ (K-2)ܖ൯ߠ

Construct the ଎̂ axis as per CAPDYN:  

 ଎̂ = −଍̂ × ௉ಳே|−଍̂ܞ × ௉ಳேܞ | (K-3)

 ଎̂ = 	 ૛ܸ cos ෝଵܖߠ − ൫ܮ஼ߠሶ + ଷܸ sin ෝଶܖ൯ߠ + ଶܸ sin ෝଷටܖߠ ૛ܸ૛ + ൫ܮ஼ߠሶ + ଷܸ sin ൯૛ߠ 	 (K-4)

Construct the ܓመ  axis:  

መܓ  = ଍̂ 	× 	 ଎̂ (K-5) 

መܓ  = 	 ൫ܮ஼ߠሶ cos ߠ 	+	 ଷܸ sin ߠ cos ෝଵܖ൯ߠ + ଶܸܖෝଶ + ൫ܮ஼ߠሶ sin ߠ + ଷܸ sinଶ ෝଷටܖ൯ߠ ૛ܸ૛ + ൫ܮ஼ߠሶ + ଷܸ sin ൯૛ߠ  (K-6)

Aerodynamic coefficient as defined in the CAPDYN aero frame, c (note that ̂܋ଵ = ଍̂, ଶ܋̂ = ଎̂, ଷ܋̂ = መܓ ): 

ிܥ  	= ஺,௖଍̂ܥ−	 	+ ௒,௖଎̂ܥ	 	− መܓே,௖ܥ	  (K-7) 

To maintain constant velocity in ܖෝଶ: 

ிܥ  	 ∙ ෝଶܖ	 	= 	0 (K-8) 

 0	 = ሶߠ஼ܮ௒,௖൫ܥ	 + ଷܸ sin ൯ߠ + ே,௖ܥ ଶܸට ૛ܸ૛ + ൫ܮ஼ߠሶ + ଷܸ sin ൯૛ߠ  (K-9)

Solve for CY,c in terms of CN,c: 

	௒,௖ܥ  = ே.௖ܥ− ଶܸܮ஼ߠሶ + ଷܸ sin (K-10) ߠ

Desired aerodynamics in the b frame: 

ிܥ  	= መ܊஺,௕ܥ−	 ଵ 	+ መ܊0	 ଶ መ܊ே,௕ܥ	−	 ଷ (K-11) 

The b frame to the CAPDYN aero frame, c, is a rotation about ܊መ ଵ by ߶. 
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Figure K-2.  Nonplanar Pendulum Motion (top view) 

 

Table K-2.  Direction Cosine Matrix (aero frame to body frame) 

መ܊ ଷ܋̂ ଶ܋̂ ଵ܋̂  ଵ 1 0 0 ܊መ ଶ 0 cos ߶ –sin ߶ ܊መ ଷ 0 sin ߶ cos ߶ 

CN,b can be expressed in terms of CY,c and CN,c: 

ே.௕ܥ  = ௒,௖ܥ−	 sin߶ ே,௖ܥ	+ cos ߶ (K-12) 

Use Equations (K-10) and (K-12) to arrive at Equation (K-13) to express CN,c in terms of CN,b: 

ே,௖ܥ  = 	 ே,௕൫ܥ ଷܸ sin ߠ + ሶ൯ଶܸߠ஼ܮ sin߶ + ൫ ଷܸ sin ߠ + ሶ൯ߠ஼ܮ cos ߶ (K-13)

For check case 9, assume a linear aero model with no damping: 

ே,௕ܥ  =  (K-14) ߠேഀܥ	
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