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Abstract
Analytic expressions for spacecraft attitude and rate estimation performance of an attitude estimation filter in terms
of sensor specifications are useful tools for spacecraft design. Farrenkopf (1978) famously found analytic expressions
for steady-state pre-update and post-update attitude and gyro bias estimate error variances for an attitude estimation
filter for a single-axis spacecraft with a Rate Output Gyro (ROG). Markley and Reynolds (2000) extended the analysis
for a Rate-Integrating Gyro (RIG) with angle white noise. These expressions allow for the rapid evaluation of system
performance during preliminary mission design phases. One contribution of this paper is the analytic calculation of
the steady-state pre-update and post-update angular rate estimate uncertainty for both the ROG and RIG cases.
The primary contribution of this paper is the extension of the results for both the ROG and the RIG cases to
the situation of an attitude sensor outage. This situation arises frequently in practice; for example when a star
sensor’s field of view is occluded, when a star sensor’s readings are unreliable during a thruster burn that vibrates
the spacecraft, or during star sensor outages due to radiation upsets. Analytic expressions for the attitude estimate
uncertainty, gyro bias estimate uncertainty, and angular rate estimate uncertainty are given in terms of the attitude
sensor outage interval, the star tracker measurement noise, and gyro noise parameters. Validity of the analytic results
is demonstrated via Monte Carlo simulation.
Keywords: filter, gyro, spacecraft, performance, estimate

Acronyms
MEKF Multiplicative Extended Kalman Filter

RIG Rate-Integrating Gyro

ROG Rate Output Gyro

1 Introduction
Kalman filter techniques [1, 2, 3] have been widely uti-
lized for spacecraft attitude estimation algorithms by fus-
ing star tracker and gyro measurements [4, 5, 6]. When
the spacecraft gyro is a Rate Output Gyro (ROG), Far-
renkopf [7, 8] famously found analytic expressions for
steady-state pre-update and post-update attitude and
gyro bias estimate error variances for an attitude estima-
tion filter for a single-axis spacecraft. Farrenkopf’s anal-
ysis modeled a single-axis ROG as having an unstable
bias and angle random walk noise. Farrenkopf’s result
is useful for preliminary analysis of spacecraft attitude
estimation systems in terms of simple sensor noise spec-
ifications. Markley and Reynolds extended this analysis
for the case of a Rate-Integrating Gyro (RIG) [9] which
is modeled as having the additional noise source of angle
white noise; the work lead to a derivation of a full three-
axis attitude estimation filter for RIGs [10]. Farrenkopf’s
analysis was recently extended to consider various types
of rate estimation in addition to attitude and gyro bias
[11], but analytic expressions have yet to be developed
and will not be considered in this paper.

In all of the above mentioned cases, analytical filter
performance results were obtained for steady-state con-
ditions where both the star tracker and gyro measure-
ments are available. One contribution of this paper is the
analytic calculation of the steady-state pre-update and
post-update angular rate estimate uncertainty for both
the ROG and RIG cases. However, it is also desirable
to understand filter estimate performance during an atti-
tude sensor outage. During an attitude sensor outage, the
estimation algorithm’s estimates must be propagated by
the gyro alone. This situation arises frequently in prac-
tice; for example, when a star sensor’s field of view is
occluded, when a star sensor’s readings are unreliable
during a thruster burn the vibrates the spacecraft, or
when a star sensor resets due to a radiation event. The
primary contributions of this paper are the formulation
of analytic expressions for the attitude estimate uncer-
tainty, gyro bias estimate uncertainty, and angular rate
estimate uncertainty in terms of the attitude sensor out-
age interval, the attitude sensor measurement noise, and
gyro noise parameters.

This paper consists of two main parts. Section 2
presents the standard ROG model frequently used in the
literature, reviews Farrenkopf’s [7, 8] classic analysis, de-
velops an expression for a rate estimate and its associated
uncertainty, and finally extends the analysis to obtain al-
gebraic expressions for the attitude, gyro bias, and rate
estimate uncertainty as a function of attitude sensor out-
age time. The following Section 3 presents a RIG model,
reviews Markley’s and Reynolds’ [9] analysis, develops an
expression for a rate estimate and its associated uncer-
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tainty, and finally extends the analysis to obtain algebraic
expressions for the attitude, gyro bias, and rate estimate
uncertainty as a function of attitude sensor outage time.

2 Rate Output Gyro (ROG)
This section focuses on the case of a single-axis Rate Out-
put Gyro (ROG). A ROG model is presented in Section
2.1. The ROG is then used in a single-axis attitude es-
timation filter 2.2 that estimates spacecraft attitude and
gyro bias. Farrenkopf’s famous analysis is reviewed in
Section 2.3; additionally, a simple rate estimate is pre-
sented and an analytic expression for its uncertainty is
developed. Section 2.4 formulates expressions for atti-
tude, rate, and gyro bias estimates during an attitude
sensor outage following steady-state operation. Finally,
the analytic results are compared with numerical simula-
tion in Section 2.5.

This system is of frequent interest as it is a single-
axis analog to the full three-axis Multiplicative Extended
Kalman Filter (MEKF) of [5, 6] commonly used on space-
craft. The analytic results from a single-axis analog allow
for rapid evaluation of estimation performance for given
hardware specifications and to provide data for validation
of MEKF implementations in flight software.

2.1 Rate Output Gyro (ROG) Model
Farrenkopf [7, 8] considered the Rate Output Gyro
(ROG) model

ωg(t) = ω(t) + b(t) + σvnv(t) (1)

where ωg(t) is the gyro measurement at time t, ω(t) is
the true angular rate, and the angle random walk noise
σvnv(·) is a zero mean Gaussian white noise process with
variance σ2

v such that

E [σvnv(t)σvnv(τ)] = σ2
vδ(t− τ)

where E[·] is the expectation operator and δ(·) is the
Dirac delta function. The gyro measurement is further
corrupted by a bias b(t) which drifts according to the
model

ḃ(t) = σunu(t) (2)

where the bias drift noise σunu(·) is a zero mean Gaussian
white noise process with variance σ2

u such that

E [σunu(t)σunu(τ)] = σ2
uδ(t− τ)

The angle random walk noise is assumed to be indepen-
dent of the bias drift noise, implying

E [σvnv(t)σunu(τ)] = 0

2.2 Single-Axis Attitude Filter for ROG
The rotational motion of a single-axis spacecraft is given
by the trivial kinematic model

θ̇(t) = ω(t) (3)

which relates the spacecraft attitude θ(t) to its angular
rate ω(t). The dynamics of spacecraft motion, namely the
differential equation for ω̇(t), may be difficult to charac-
terize as they may depend on fuel slosh, structural flex,
air drag, solar radiation pressure, gravity gradients, elec-
trical dipole torques, and other sources. It is common to
algebraically substitute the true angular rate in Equation
3 with the content of Equation 1, a modeling technique
known as “dynamic model replacement” [4, 5, 6, 7, 8, 11].
Performing this substitution leads to the satellite kine-
matic model

θ̇(t) = ωg(t)− b(t)− σvnv(t)

Combining the satellite kinematic model with the gyro
bias drift relation of Equation 2 one can model the system
with the state

x(t) =
[
θ(t)
b(t)

]
(4)

Assuming the gyro measurement ωg is available with pe-
riod ∆t the system dynamics have the discrete time model
[12, 13]

x(tk+1) = Φ(∆t)x(tk) + Γ(∆t)ωg(tk) + n(tk) (5)

where for time step ∆t = tk+1 − tk the state transition
matrix is

Φ(∆t) =
[
1 −∆t
0 1

]
the gyro input matrix is

Γ(∆t) =
[
∆t
0

]
and

n(tk) =
[∫ tk
tk−∆t [−σvnv(τ)− (tk − τ)σunu(τ)] dτ∫ tk

tk−∆t σvnv(τ)dτ

]

Taking the expectation of the process noise term n(tk)
with itself yields the process noise covariance

Q(∆t) = E
[
n(tk)nT (tk)

]
=
[
σ2
v∆t+ 1

3σ
2
u∆t3 − 1

2σ
2
u∆t2

− 1
2σ

2
u∆t2 σ2

u∆t

]
(6)

A single-axis attitude estimation filter for a ROG with
a state given by Equation 4 will have a state covariance
matrix of

P (tk) = E[(x(tk)− x̂(tk)) (x(tk)− x̂(tk))T ]
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where x̂(tk) is the filter’s estimate of the true state x(tk)
at time tk. The state estimate may be propagated from
its value x̂(t+k ) just after the most recent attitude mea-
surement update to its value x̂(t−k+1) just before the next
attitude measurement update by using the expectation of
Equation 5:

x̂(t−k+1) = Φ(∆t)x̂(t+k ) + Γ(∆t)ωg(tk)

where the gyro measurement ωg(tk) is used to propa-
gate the system state estimate between attitude measure-
ments. The state covariance matrix is propagated from
its value of P (t+k ) just after the most recent attitude mea-
surement update to its value P (t−k+1) just before the next
attitude measurement update using

P (t−k+1) = Φ(∆t)P (t+k )ΦT (∆t) +Q(∆t) (7)

Attitude measurements, from a star tracker or some
other sensor, are modeled as

y(tk) = Hx(tk) + σnnn(tk)
= θ(tk) + σnnn(tk) (8)

where y(tk) is the attitude measurement at time tk, the
measurement matrix H = [1 0], and the attitude mea-
surement noise σnnn(·) is a zero mean Gaussian white
noise process with variance σ2

n. The attitude measure-
ment noise is assumed independent of all gyro measure-
ment noise. The attitude measurement noise covariance
matrix is simply

R = E[σ2
nn

2
n(t)] = σ2

n

Given an attitude measurement y(tk) at time tk, the
state covariance is updated from P (t−k ) to P (t+k ) by ap-
plying the measurement information using the Kalman
gain:

K(tk) = P (t−k )HT
(
HP (t−k )HT +R

)−1 (9)
P (t+k ) = P (t−k )−K(tk)HP (t−k ) (10)

The system state estimate is also updated by the mea-
surement information using the Kalman gain:

x̂(t+k ) = x̂(t−k ) +K(tk)
(
y(tk)−Hx̂(t−k )

)
2.3 Analytic Steady State Filter Uncer-

tainty
Given that the process noise covariance matrix Q, the
measurement noise covariance matrix R, and the state
transition matrix Φ are all independent of the state, the
dynamics of the filter’s state covariance matrix P (·) may
be studied exclusively via Equations 7, 9, and 10. As
the system is observable, the state covariance matrix will

converge asymptotically to a steady state limit. In other
words, there is a time index j such that

P (t−k+1) ≈ P (t−k ) (11)
P (t+k+1) ≈ P (t+k ) (12)

for all k > j. Denote the limiting covariance matrices as

P (t−k ) = P (−) =
[
σ2
θθ(−) σ2

θb(−)
σ2
θb(−) σ2

bb(−)

]
P (t+k ) = P (+) =

[
σ2
θθ(+) σ2

θb(+)
σ2
θb(+) σ2

bb(+)

]
(13)

Farrenkopf showed [7] that Equations 7, 9, 10, 11, and
12 reduce to the single quartic equation

x4 + S2
ux

3 + S2
u

(
1
6S

2
u − S2

v − 2
)
x2 + S4

ux+ S4
u = 0

where

Su = σu∆t3/2

σn

Sv = σv
√

∆t
σn

x = σ2
θb(−)∆t
σ2
n

(14)

and ∆t is the time between attitude measurements.
Farrenkopf later [8] found a unique analytic solution to

the quartic equation by discarding non-physical solutions.
Farrenkopf found

σθθ(−) = σn

√(
x

Su

)2
− 1 (15)

σθθ(+) = σn

√
1−

(
Su
x

)2
(16)

σbb(−) = σn
∆t

√
S2
u

(
1
x

+ 1
2

)
− x (17)

σbb(+) = σn
∆t

√
S2
u

(
1
x
− 1

2

)
− x (18)

where

β =
√
S2
u (4 + S2

v) + S4
u

12

x = −1
2

(S2
u

2 + β

)
+

√(
S2
u

2 + β

)2
− 4S2

u


Trivial algebraic manipulation of Equation 14 yields

the solution for σ2
θb(−)

σ2
θb(−) = σ2

n

∆tx
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Using the solution for all elements of P (−) and algebraic
substitution into Equations 9 and 10 further yield

σ2
θb(+) = −S

2
uσ

2
n

∆tx (19)

An estimate of the angular rate at time t−k can be com-
puted by subtracting the filter’s bias estimate from the
gyro measurement

ω̂(t−k ) = ωg(t)− b̂(t−k ) (20)

The rate estimate uncertainty at time t−k is then

σ2
ωω(−) = E

[(
ω(tk)− ω̂(t−k )

)2]
= E

[(
−
(
b(tk)− b̂(t−k )

)
− σvnv(tk)

)2
]

= E

[(
b(tk)− b̂(t−k )

)2
]

+ E
[
σ2
vn

2
v(tk)

]
+ 2E

[(
b(tk)− b̂(t−k )

)
σvnv(tk)

]
= σ2

bb(−) + σ2
v (21)

where the fact that
(
b(tk)− b̂(t−k )

)
is independent of

nv(tk) was used. Similarly, the uncertainty in this rate
estimate just after a bias estimate update (at time t+k ) is

σ2
ωω(+) = E

[(
ω(tk)− ω̂(t+k )

)2] = σ2
bb(+) + σ2

v

2.4 Analytic Estimate Uncertainty after
Propagation

Now consider the case when the filter has reached steady
state and then the attitude measurements suddendly be-
come unavailable. Denote the time of the most recent
attitude measurement as tss. After processing this atti-
tude measurement, the state covariance matrix has value

P (t+ss) = P (+) =
[
σ2
θθ(+) σ2

θb(+)
σ2
θb(+) σ2

bb(+)

]
where σ2

θθ(+) , σ2
θb(+), and σ2

bb(+) are given by Equations
16, 19, and 18 of the previous section.

After the attitude measurements become unavailable,
the only thing the filter can do is to propagate its solution
using gyro measurements. The remainder of this section
will develop analytic expressions for the attitude estimate
uncertainty, gyro bias estimate uncertainty, and angular
rate estimate uncertainty as a function of the time elapsed
since the filter was at steady state.

Consider the time tp > tss. At this time the filter has
propagated its state estimates ∆tp = tp − tss seconds
since the most recent attitude update at tss. The state
covariance matrix P (t−p ) at propagation time t−p is found

by propagating P (t+ss) according to the usual equation

P (t−p ) =
[
σ2
θθ(t−p ) σ2

θb(t−p )
σ2
θb(t−p ) σ2

bb(t−p )

]
= Φ(∆tp)P (t+ss)ΦT (∆tp) +Q(∆tp) (22)

where
Φ(∆tp) =

[
1 −∆tp
0 1

]
and

Q(∆tp) =
[
σ2
v∆tp + 1

3σ
2
u∆t3p − 1

2σ
2
u∆t2p

− 1
2σ

2
u∆t2p σ2

u∆tp

]
Evaluating the covariance propagation of Equation 22

yields

σ2
θθ(t−p ) = σ2

θθ(+)− 2∆tpσ2
θb(+) + ∆t2pσ2

bb(+)

+ σ2
v∆tp + 1

3σ
2
u∆t3p (23)

σ2
θb(t−p ) = σ2

θb(+)−∆tpσ2
bb(+)− 1

2σ
2
u∆t2p

σ2
bb(t−p ) = σ2

bb(+) + σ2
u∆tp (24)

The rate estimate uncertainty at time t−p is

σ2
ωω(t−p ) = E

[(
ω(tp)− ω̂(t−p )

)2] = σ2
bb(t−p ) + σ2

v (25)

2.5 Numerical Simulation of ROG
Single-Axis Filter

Consider a ROG with

σv = 43.6 µrad√
s

= 9.00 arcsec√
s

= 0.150 deg√
hr

σu = 0.0404 µrad√
s3

= 0.00833 arcsec√
s3

= 0.500 deg√
hr3

which is characteristic of a high-end MEMS gyro pop-
ular in CubeSats and SmallSats. Suppose star tracker
measurements are available every 0.5 sec and have mea-
surement noise

σn = 24.2 µrad = 5.00 arcsec = 0.00139 deg

which is characteristic of high-end star trackers for Cube-
Sats and SmallSats.

Assume a single axis spacecraft uses an attitude filter
as described in Section 2.2 and has reached steady state
operation. The filter’s estimate uncertainty has been as-
sessed in Section 2.3. Then assume the attitude mea-
surements from the star tracker are suddenly unavailable,
but the ROG is still used to propagate the filter’s state
estimates. The analysis of Section 2.4 provides analytic
expressions for the filter uncertainty as a function of prop-
agation time.
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A Monte-Carlo simulation analysis was performed to
demonstrate the predictive accuracy of the analytic re-
sults. The simulation analysis consists of 100 disctinct
simulation realizations of the system with initial condi-
tion specified by the steady-state filter covariance matrix
of Equation 13. In each realization the filter then uses a
gyro only to propagate its estimates as star tracker mea-
surements are assumed to be unavailable. The attitude
estimate uncertainty growth is shown in Figure 1 where
the grey trajectories are filter attitude estimate error real-
izations and the blue curves are ±3σθθ(t−p ) from Equation
23. Gyro bias estimate errors are shown in Figure 2. Rate
estimates from Equation 20 have errors shown in Figure
3.

Figure 1: ROG filter attitude estimate error; grey
trajectories are from 100 distinct simulation realizations,

blue curves are ±3σθθ(t−p ) analytic estimates from
Equation 23.

3 Rate-Integrating Gyro (RIG)
This section focuses on the case of a single-axis Rate-
Integrating Gyro (RIG). A RIG model is presented in
Section 3.1. The RIG is then used in a single-axis atti-
tude estimation filter 3.2 that estimates spacecraft atti-
tude and gyro bias. Markley’s and Reynolds’ analysis is
reviewed in Section 3.3; additionally, a simple rate esti-
mate is presented and an analytic expression for its uncer-
tainty is developed. Section 3.4 formulates expressions for
attitude, rate, and gyro bias estimates during an attitude
sensor outage following steady-state operation. Finally,
the analytic results are compared with numerical simula-
tion in Section 3.5.

This system is of frequent interest as it is a single-
axis analog to the full three-axis Multiplicative Extended
Kalman Filter (MEKF) extension for RIGs of [10]. As in

Figure 2: ROG filter gyro bias estimate error; grey
trajectories are from 100 distinct simulation realizations,

blue curves are ±3σbb(t−p ) analytic estimates from
Equation 24.

the ROG case, the analytic results from a single-axis ana-
log allow for rapid evaluation of estimation performance
for given hardware specifications and to provide data for
validation of MEKF implementations in flight software.

3.1 Rate-Integrating Gyro (RIG) Model
Markley and Reynolds [9] considered the following model
for a Rate-Integrating Gyro (RIG)

φ̇(t) = ω(t) + b(t) + σvnv(t) (26)

where φ(t) is a dynamical state internal to the RIG.
Assuming no bias b(·) and no angle random walk noise
σvnv(·), the RIG internal angle state φ(·) would inte-
grate the true spacecraft angular rate ω(t) to perfectly
track change in the spacecraft attitude θ(t). RIGs typ-
ically do have angle random walk noise σvnv(·) , which
is modeled as a zero mean Gaussian white noise process
with variance σ2

v such that

E [σvnv(t)σvnv(τ)] = σ2
vδ(t− τ)

just as in the ROG case. Similarly, the RIG is corrupted
by a bias b(t) which is assumed to drift according to the
model

ḃ(t) = σunu(t) (27)

where the bias drift noise σunu(·) is a zero mean Gaussian
white noise process with variance σ2

u such that

E [σunu(t)σunu(τ)] = σ2
uδ(t− τ)

The RIG output angle at time tk is modeled as

φg(tk) = φ(tk) + σene(tk) (28)
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Figure 3: ROG filter rate estimate error; grey
trajectories are from 100 distinct simulation realizations,

blue curves are ±3σωω(t−p ) analytic estimates from
Equation 25.

where the angle output noise σene(·) is a zero mean Gaus-
sian white noise process with variance σ2

e such that

E [σene(t)σene(τ)] = σ2
eδ(t− τ)

Angle output noise is also known as readout noise and
electronic noise.

The angle output noise, angle random walk noise, and
bias drift noise are assumed to be independent of each
other.

3.2 Single-Axis Attitude Filter for RIG
Combining the single-axis spacecraft kinematics model of
Equation 3 with the RIG model of Equations 26 and 27
lead to the combined dynamics

ẋ(t) =

0 0 0
0 0 0
0 1 0

x(t) +

1
0
1

ω(t) +

 0
σunu(t)
σvnv(t)

 (29)

for the system state

x(t) =

θ(t)b(t)
φ(t)

 (30)

The combined continuous time dynamics of Equation
29 can be discretized [9] allowing for the propagation of
the state from time tk to time tk+1 = tk + ∆t via

x(tk+1) =

1 0 0
0 1 0
0 ∆t 1

x(tk)+

1
0
1

uk+1+

 0
αk+1
βk+1

 (31)

where
uk+1 =

∫ tk+1

tk

ω(τ)dτ

αk+1 =
∫ tk+1

tk

σunu(τ)dτ

βk+1 =
∫ tk+1

tk

σvnv(τ)dτ +
∫ tk+1

tk

(tk+1 − τ)σunu(τ)dτ

Just as in Section 2.2, the “dynamic model replace-
ment” technique is used to algebraically substitute the
integral of the true angular rate in Equation 31 with the
RIG measurement model of Equation 28. This substitu-
tion leads to the system dynamics model

x(tk+1) = Φ(∆t)x(tk) +

1
0
1

φg(tk+1) + n(tk+1) (32)

where for ∆t = tk+1 − tk

Φ(∆t) =

1 −∆t −1
0 1 0
0 0 0

 (33)

n(tk+1) =

−βk+1 − σene(tk+1)
αk+1

−σene(tk+1)


Taking the expectation of the process noise term n(tk)

with itself yields the process noise covariance

Q(∆t) = E
[
n(tk)nT (tk)

]
=

σ2
v∆t+ 1

3σ
2
u∆t3 + σ2

e − 1
2σ

2
u∆t2 σ2

e

− 1
2σ

2
u∆t2 σ2

u∆t 0
σ2
e 0 σ2

e

 (34)

whose upper left 2x2 block partition matches the ROG fil-
ter’s process noise covariance matrix of Equation 6 when
σe = 0.
A single-axis attitude estimation filter for a RIG with

a state given by Equation 30 will have a state covariance
matrix of

P (tk) = E[(x(tk)− x̂(tk)) (x(tk)− x̂(tk))T ]

where x̂(tk) is the filter’s estimate of the true state x(tk)
at time tk. The state estimate may be propagated from
its value x̂(t+k ) just after the most recent attitude mea-
surement update to its value x̂(t−k+1) just before the next
attitude measurement update by using the expectation of
Equation 32:

x̂(t−k+1) = Φ(∆t)x̂(t+k ) +

1
0
1

φg(tk+1)

where the gyro measurement φg(tk+1) is used to propa-
gate the system state estimate between attitude measure-
ments. The state covariance matrix is propagated from
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its value of P (t+k ) just after the most recent attitude mea-
surement update to its value P (t−k+1) just before the next
attitude measurement update using

P (t−k+1) = Φ(∆t)P (t+k )ΦT (∆t) +Q(∆t) (35)

which of course has exactly the same form as Equation
7; but note in the RIG case of Equation 35 the state
covariance matrix P (·) has dimension 3x3, the 3x3 state
transition matrix is given by Equation 33, and the 3x3
process noise covariance matrix is given by Equation 34.

Attitude measurements are modeled similarly to Equa-
tion 8 as

y(tk) = Hx(tk) + σnnn(tk)
= θ(tk) + σnnn(tk) (36)

where now in the RIG case H = [1 0 0]. As before, the
attitude measurement noise covariance matrix is

R = E[σ2
nn

2
n(t)] = σ2

n

Given an attitude measurement y(tk) at time tk, the
state covariance is updated from P (t−k ) to P (t+k ) by ap-
plying the measurement information using the Kalman
gain:

K(tk) = P (t−k )HT
(
HP (t−k )HT +R

)−1 (37)
P (t+k ) = P (t−k )−K(tk)HP (t−k ) (38)

The system state estimate is also updated by the mea-
surement information using the Kalman gain:

x̂(t+k ) = x̂(t−k ) +K(tk)
(
y(tk)−Hx̂(t−k )

)
3.3 Analytic Steady State Filter Uncer-

tainty
As in section 2.3, since the process noise covariance ma-
trix Q, the measurement noise covariance matrix R, and
the state transition matrix Φ are all independent of the
state for the RIG case, the dynamics of the RIG filter’s
state covariance matrix P (·) may be studied exclusively
via Equations 35, 37, and 38. The observable system dy-
namics again guarantee the state covariance matrix will
converge asymptotically to a steady state limit; meaning
there is a time index j such that

P (t−k+1) ≈ P (t−k ) (39)
P (t+k+1) ≈ P (t+k ) (40)

for all k > j. Denote the limiting covariance matrices as

P (t−k ) = P (−) =

σ2
θθ(−) σ2

θb(−) σ2
θφ(−)

σ2
θb(−) σ2

bb(−) σ2
bφ(−)

σ2
θφ(−) σ2

bφ(−) σ2
φφ(−)

 (41)

P (t+k ) = P (+) =

σ2
θθ(+) σ2

θb(+) σ2
θφ(+)

σ2
θb(+) σ2

bb(+) σ2
bφ(+)

σ2
θφ(+) σ2

bφ(+) σ2
φφ(+)

 (42)

Markley and Reynolds [9] showed that Equations 35,
37, 38, 39, and 40 reduce to the single quartic equation

(
ζ2 − 2

(
γ + 1

4Su
)
ζ + 1 + S2

e

)
×
(
ζ2 + 2

(
γ − 1

4Su
)
ζ + 1 + S2

e

)
= 0

where

Su = σu∆t3/2

σn

Sv = σv
√

∆t
σn

Se = σe
σn

σ2
θb(−) = −σuσnζ

√
∆t

and ∆t is the time between attitude measurements.

Markley and Reynolds were able to analytically solve
the quartic by discarding non-physical solutions. They
found

σ2
θθ(−) =

(
ζ2 − 1

)
σ2
n (43)

σ2
θθ(+) =

(
1− ζ−2)σ2

n (44)

σ2
bb(−) = +1

2∆tσ2
u + σu

√
2γ
√

∆tσuσn + σ2
v + 1

3∆t2σ2
u

(45)

σ2
bb(+) = −1

2∆tσ2
u + σu

√
2γ
√

∆tσuσn + σ2
v + 1

3∆t2σ2
u

(46)

σ2
θb(−) = −σuσnζ

√
∆t (47)

where

γ =
√

1 + S2
e + 1

4S
2
v + 1

48S
2
u

ζ = γ + 1
4Su + 1

2

√
2γSu + S2

v + 1
3S

2
u

Note that Markley’s and Reynolds’ solution of Equations
43, 44, 45, and 46 for the RIG case only differ from Far-
renkopf’s solution of Equations 15, 16, 17, and 18 for the
ROG case by the Se term and notation. For σe = 0 the
solutions are equivalent.

Solving for the remaining terms in the steady state co-
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variance matrices, one can find

σ2
θφ(−) = σ2

e

σ2
bφ(−) = 0

σ2
φφ(−) = σ2

e

σ2
θb(+) = −σuσn

√
∆t

ζ

σ2
θφ(+) = σ2

e

ζ2

σ2
bφ(+) = σuσ

2
e

√
∆t

σnζ

σ2
φφ(+) = σ2

e −
σ4
e

σ2
nζ

2

An estimate of the angular rate at time t−k can be for-
mulated by back-differencing gyro measurement and sub-
tracting the gyro bias estimate

ω̂(t−k ) = φg(tk)− φg(tk−1)
∆t − b̂(t−k−1) (48)

The error of this estimate is defined by ω̃(t−k ) = ω(tk) −
ω̂(t−k ). To compute the error, first note that substitution
of Equation 31 into 28 yields

φg(tk) = ∆tb(tk−1) + φ(tk−1) +
∫ tk

tk−1

ω(τ)dτ + σene(tk)

+
∫ tk

tk−1

σvnv(τ)dτ +
∫ tk

tk−1

(tk − τ)σunu(τ)dτ

Combining the above with Equation 28 again and writing
the bias estimation error as b̃(t−k−1) = b(tk−1) − b̂(t−k−1)
results in the estimate error

ω̃(t−k ) =

ω(tk)−

∫ tk
tk−1

ω(τ)dτ
∆t

− b̃(t−k−1)

− 1
∆t

∫ tk

tk−1

σvnv(τ)dτ − 1
∆t

∫ tk

tk−1

(tk − τ)σunu(τ)dτ

− 1
∆tσene(tk) + 1

∆tσene(tk−1)

where the first term vanishes for spacecraft angular rates
that are constant over the differencing interval ∆t. As-
suming the spacecraft angular rate is constant over the
differencing interval, the rate estimate uncertainty at time
t−k is then

σ2
ωω(−) = E

[
ω̃2(t−k )

]
= σ2

bb(−) + 1
∆tσ

2
v + ∆t

3 σ2
u + 2

∆tσ
2
e

Similarly, the uncertainty in this rate estimate just after
a bias estimate update (at time t+k ) is

σ2
ωω(+) = E

[
ω̃2(t+k )

]
= σ2

bb(+) + 1
∆tσ

2
v + ∆t

3 σ2
u + 2

∆tσ
2
e

3.4 Analytic Estimate Uncertainty after
Propagation

Now consider the case when the filter has reached steady
state and then the attitude measurements suddendly be-
come unavailable. Denote the time of the most recent
attitude measurement as tss. After processing this atti-
tude measurement, the state covariance matrix has value

P (t+ss) = P (+) =

σ2
θθ(+) σ2

θb(+) σ2
θφ(+)

σ2
θb(+) σ2

bb(+) σ2
bφ(+)

σ2
θφ(+) σ2

bφ(+) σ2
φφ(+)


whose entries were given in Section 3.3.

As in Section 2.4 for the ROG case, this section will de-
velop analytic expressions for the attitude estimate uncer-
tainty, gyro bias estimate uncertainty, and angular rate
estimate uncertainty as a function of the time elapsed
since the filter was at steady state for a RIG.

Consider the time tp > tss. At this time the filter has
propagated its state estimates ∆tp = tp − tss seconds
since the most recent attitude update at tss. The state
covariance matrix P (t−p ) at propagation time t−p is found
by propagating P (t+ss) according to the usual equation

P (t−p ) =

σ2
θθ(t−p ) σ2

θb(t−p ) σ2
θφ(t−p )

σ2
θb(t−p ) σ2

bb(t−p ) σ2
bφ(t−p )

σ2
θφ(t−p ) σ2

bφ(t−p ) σ2
φφ(t−p )


= Φ(∆tp)P (t+ss)ΦT (∆tp) +Q(∆tp) (49)

where

Φ(∆tp) =

1 −∆tp −1
0 1 0
0 0 0


and

Q(∆tp) =

σ2
v∆tp + 1

3σ
2
u∆t3p + σ2

e − 1
2σ

2
u∆t2p σ2

e

− 1
2σ

2
u∆t2p σ2

u∆tp 0
σ2
e 0 σ2

e


Evaluating the covariance propagation of Equation 49

yields

σ2
θθ(t−p ) = σ2

θθ(+) + ∆t2pσ2
bb(+) + σ2

φφ(+)
− 2∆tpσ2

θb(+)− 2σ2
θφ(+) + 2∆tpσ2

bφ(+)

+ ∆tpσ2
v + 1

3∆t3pσ2
u + σ2

e (50)

σ2
θb(t−p ) = σ2

θb(+)−∆tpσ2
bb(+)− σ2

bφ(+)− 1
2∆t2pσ2

u

σ2
θφ(t−p ) = σ2

e

σ2
bb(t−p ) = σ2

bb(+) + ∆tpσ2
u (51)

σ2
bφ(t−p ) = 0

σ2
φφ(t−p ) = σ2

e
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The spacecraft angular rate can be estimated similar to
Equation 48, where the gyro bias estimate b̂(t−p ) is used
to correct successive gyro measurements in

ω̂(t−p ) =
φg(t−j )− φg(t−p )

tj − tp
− b̂(t−p ) (52)

where tj > tp > tss. Let ∆tj = tj − tp. The error in this
estimate is then

ω̃(t−j ) =

ω(tj)−

∫ tj
tp
ω(τ)dτ
∆t

− b̃(t−p )

− 1
∆tj

∫ tj

tp

σvnv(τ)dτ − 1
∆tj

∫ tj

tp

(tj − τ)σunu(τ)dτ

− 1
∆tj

σene(tk) + 1
∆tj

σene(tk−1)

where b̃(t−p ) = b(tp) − b̂(t−p ). Assuming the spacecraft
angular rate is constant over the differencing interval tp ≤
t ≤ tj , the rate estimate uncertainty at time t−j is

σ2
ωω(−) = E

[
ω̃2(t−j )

]
= σ2

bb(t−p ) + 1
∆tj

σ2
v + ∆tj

3 σ2
u + 2

∆tj
σ2
e (53)

3.5 Numerical Simulation of RIG Single-
Axis Filter

Consider a RIG with

σv = 1.45 µrad√
s

= 0.300 arcsec√
s

= 0.00500 deg√
hr

σu = 0.000404 µrad√
s3

= 0.000083 arcsec√
s3

= 0.00500 deg√
hr3

σe = 0.484814 µrad = 0.100 arcsec = 0.000028 deg

which is characteristic of a Ring Laser Gyro common in
large science satellites. Suppose star tracker measure-
ments are available every 0.2 sec and have measurement
noise

σn = 15.0 µrad = 3.09 arcsec = 0.000859deg

which is characteristic of the navigation suite for these
types of satellites.

As before, assume a single axis spacecraft uses an at-
titude filter as described in Section 3.2 and has reached
steady state operation. The filter’s estimate uncertainty
has been assessed in Section 3.3. Then assume the at-
titude measurements from the star tracker are suddenly
unavailable, but the RIG is still used to propagate the
filter’s state estimates. The analysis of Section 3.4 pro-
vides analytic expressions for the filter uncertainty as a
function of propagation time.

A Monte-Carlo simulation analysis was performed to
demonstrate the predictive accuracy of the analytic re-
sults. The simulation analysis consists of 100 disctinct
simulation realizations of the system with initial condi-
tion specified by the steady-state filter covariance matrix
of Equation 42. In each realization the filter then uses a
gyro only to propagate its estimates as star tracker mea-
surements are assumed to be unavailable. The attitude
estimate uncertainty growth is shown in Figure 4 where
the grey trajectories are filter attitude estimate error real-
izations and the blue curves are ±3σθθ(t−p ) from Equation
50. Gyro bias estimate errors are shown in Figure 5. Rate
estimates from Equation 52 have errors shown in Figure
6.

Figure 4: RIG filter attitude estimate error; grey
trajectories are from 100 distinct simulation realizations,

blue curves are ±3σθθ(t−p ) analytic estimates from
Equation 50.

4 Conclusion
Standard models for single-axis Rate Output Gyros
(ROGs) and Rate-Integrating Gyros (RIGs) were pre-
sented. Single-axis attitue estimation filters were devel-
oped. The classic analysis of a single-axis spacecraft atti-
tude estimator was presented; Farrenkopf’s analysis [7, 8]
for the ROG case and Markley’s and Reynolds’ [9] for the
RIG case. This paper showed how these classic analyses
may be used to find an analytic expression for uncertainty
in a simple rate estimate. Finally, the analytic expressions
for the uncertainty in attitude, gyro bias, and rate esti-
mates as a function of propagation time were found for
the situation when the spacecraft attitude estimator has
reached steady-state operation and subsequently loses at-
titude measurements. Validity of the analytic results was
demonstrated via Monte Carlo simulation.

IAC-19-C1.6.2 Page 9 of 10



70th International Astronautical Congress (IAC), Washington D.C., United States, 21-25 October 2019.
Copyright c©2019 by the International Astronautical Federation (IAF). All rights reserved.

Figure 5: RIG filter gyro bias estimate error; grey
trajectories are from 100 distinct simulation realizations,

blue curves are ±3σbb(t−p ) analytic estimates from
Equation 51.
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