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Problem Background

* |Interest in rapidly quantifying attitude filter performance
 Star tracker, gyro component selection
* Independent check on flight software implementation

* Analytic solutions to single axis case exist in literature

e Farrenkopf (1974, 1978) for Rate Output Gyro (ROG)
* Single-axis analog to Multiplicative Extended Kalman Filter (MEKF)
 MEKF widely used (Space Shuttle, Orion, JWST, Hubble, etc)
 Markley Reynolds (2000) for Rate Integrating Gyro (RIG)
* Single-axis analog to MEKF extension to RIG (Crassidis Markley 2016)

e Attitude Sensor Outages
e Attitude sensors’ measurements can sporadically become
unavailable
* Sensor field-of-view occlusion
e Sensor image smear during thruster maneuvers
* Sensor reset due to radiation event
e During attitude sensor outage, filter propagates with gyro

* Is it possible to develop analytic expressions for filter performance
during attitude sensor outages?



Single Axis Spacecraft with ROG

e Rate Output Gyro (ROG) Model

wy(t) = w(t) + b(t) + 7y () o (t), (1)

independent
gyro meas true rate bias angle random walk noise zero mean
] _ unit variance
b(t) = oune(t)

Gaussian noise
rate random walk noise

 Single Axis Spacecraft Model
0(t) = w(t)
= wg(t) = b(t) — owny(?)

z(t) = [9 (t>] 2(th1) = DA (ty) + T(Ab)w, (te) + 1o(te)
Q(At) = E [n(tx)n’ (t1)]

[1 —At] T(Af) = [At] _ lagAtJr so2 At? —102A¢?

— 102 At o2 At



Attitude Filter for ROG

* Use Gyro Measurements to Propagate
T(tpy 1) = PADZ(t]) + T (At)w,(ty)
P(t,,,) = ®(At)P(t; )" (At) + Q(At)

e Attitude Measurements (Star Tracker)

y(tk) = HIB(tk) + O'nnn(tk)
:Q(tk)+0nnn(tk) R:E[

e Attitude Measurement Update
K(ty) = P(t;)HT (HP(t; )HT + R) ™
P(ty) = P(t,) — K(ty) HP(t;)

T(ty) = &(t;) + K(t) (y(tx) — Ha(ty))



Farrenkopf’s solution
* Steady State (SS) conditions:

INE B B __02()02&)()-
P(=) = P(tyy,) = P(t,) = _U%i( ) U%b( ).

ogo(+) oz (+)
P(+) = P(th) = PED = | 200 2

* SS conditions and filter equations reduce to a single
quartic (Farrenkopf 1974):

4§20 4 82 (655—55—2)$2+53$+53:o

* Farrenkopf (1978) solved the quartic analytically
* Always only a single meaningful solution
» Solution is analytic expressions for all elements of P(+), P(-)

* Farrenkopf’s solution can be used to compute
uncertainty of simple rate estimate

O(th) = wy(t) — b(t)) o



ROG filter performance during outage

e Suppose filter is at steady state ¢.., and then attitude
measurements no longer available

* Covariance grows according to
_ o2, (t>) o3 (t‘)]
P(ty)=| 9, 5 “9P
( p) lggb(tp) Ugb(tp)
— (I)(tp o tSS)P(t;:)q)T(tp o tSS) + Q(tp o tSS)
* Possible to find analytic expressions for covariance

3

1
059(t;) = ope(+) — 2At,05,(+) + Atoog,(+) + o, At, + §03Atp

p) =
O-gb(t;) — O-Z%b(—i_) + O'iAtp Atp — tp o tss

e Rate estimate uncertainty is simply

(\}

02u(ty) = B |(w(ty) - )’ | = ohy(t;) + 03



ROG filter performance

Attitude Estimate Error Growth during Propagation
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Single Axis Spacecraft with RIG

e Rate Integrating Gyro (RIG)

RIG internal dynamics

RIG output

 Single Axis Spacecraft Model

()
x(t) = | b(t)

P(t)

1 —At —1
d(At)= [0 1 0

0 0 0

==

—

—

T(tkt1) =

true rate

b(t)

¢g (tk)

Q(At) =

bias

v

= w(t) + b(t) + gyny ()
b(t) = oyny(t) <

— ¢(tk) + Jene(tk)

E [n(te)n’ (t;)]
2At+ 1a2At3 + 072

= 3At2

2
e

O'

angle random walk

rate random walk

“— angle noise

O(At)z(tk) + |0 ¢g(trt1) + m(trt1)
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Attitude Filter for RIG B(t) = t

* Use Gyro Measurements to Propagate
-

B(t,) = BANE(E) + (0] dy(tisn)
1

Plti,1) = (ANP(H))OT(A) + Q(AL)

e Attitude Measurements (Star Tracker)
y(tr) = Ha(tr) + onnn(tr) R = E[o2n2(t)] = o2
= 0(tr) + onnn(ty)
e Attitude Measurement Update
K(ty) = P(t;)HT (HP(t; )H" + R)
P(t;) = P(t;) — K(tx) HP(t;)

T(ty) = 2(t),) + K(tr) (y(te) — Ha(ty))

1




Markley Reynolds (2000) solution

* Steady State (SS) conditigns:

009( ) Ugb( ) O-gqb(_)_
P(—) = P(tzﬂ) = P(t/;) = ng(_) ng( ) O-l%qb(_)
056(=)  Ths(=) aZ,(—)]
(050(+) oG (+)  054(+H)]
P(+) = P(t,,) = P(t]) = |ogp(+)  oi(+)  0py(+)
050(+)  Tiy(+)  a34(+)

—t

o
 SS conditions and filter equatlo s reduce to a single quartic

(Markley Reynolds 2000):

(§2—2<v+isu)c+1+82) (C2+2(7—iSu)C+1+SS) =
* Markley and Reynolds found analytic solution

* Always only a single physically-meaningful solution
* Solution reduces to Farrenkopf’s when o, =0

* Solution can be used to find uncertainty of a rate estimate

(I)(tg) _ ¢g(tl~c) —A(fg(tk;—l) B l;(t:_l) in(—l-) — E [@2(t+)}
_ 2 L o, A 2 2
= on(H)+ 5ot At



RIG filter performance during outage

e Suppose filter is at steady state ¢.., and then attitude
measurements no longer available
* Covariance grows according to
05(ty ) og(t,) O-gqb(t;)_
P(t,) = |og(t,) on(ty) op(ty)
55 (ty) Thg(ty) 54t
= O(Aty) P(t5) " (At,) + Q(At,)
* Possible to find analytic expressions for covariance

059(t;) = 0ge(+) + Atoog(+) + 0oy (+) — 2At 05, (+) — 2054 (+)

At, =t, — tg,

+ 20,00, (+) + Atyos + %Atﬁai + o7
02, (t;) = 0B, (+) + Atyo?
* Rate estimate uncertainty is
0o (=) = E[0*(t7)] At; =t; —t,
1 5 At 2 5 tj >ty > tss

_ 2 -
= op(ty ) + A—tj% TR A—tj%



RIG performance during outage

100 independent realizations
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Conclusions

* Interest in quantifying attitude filter performance
 Star tracker, gyro component selection
* Independent check on flight implementation

* Analytic solutions exist in literature
* Farrenkopf for Rate Output Gyro
* Markley Reynolds for Rate Integrating Gyro

* Existing solutions can be used to analytic
expressions for rate estimate uncertainty

* Analytic solutions can be extended to attitude
sensor outage scenarios

* New analytic results validated by Monte Carlo
simulation









