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Problem Background
• Interest in rapidly quantifying attitude filter performance

• Star tracker, gyro component selection
• Independent check on flight software implementation

• Analytic solutions to single axis case exist in literature
• Farrenkopf (1974, 1978) for Rate Output Gyro (ROG)

• Single-axis analog to Multiplicative Extended Kalman Filter (MEKF)
• MEKF widely used (Space Shuttle, Orion, JWST, Hubble, etc)

• Markley Reynolds (2000) for Rate Integrating Gyro (RIG)
• Single-axis analog to MEKF extension to RIG (Crassidis Markley 2016)

• Attitude Sensor Outages
• Attitude sensors’ measurements can sporadically become 

unavailable
• Sensor field-of-view occlusion
• Sensor image smear during thruster maneuvers
• Sensor reset due to radiation event

• During attitude sensor outage, filter propagates with gyro
• Is it possible to develop analytic expressions for filter performance 

during attitude sensor outages?



Single Axis Spacecraft with ROG
• Rate Output Gyro (ROG) Model

• Single Axis Spacecraft Model

!g(t) = !(t) + b(t) + �vnv(t)
<latexit sha1_base64="U9bCKmu9n4ceSo0hhkc36Bk+FuI=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUhDpTBbsRCm5cVrAPaIchk6bT0DyGJFMoQz/Djb/ixoUibrvzb8y0XWj1QMi559xLck8YM6qN6345ubX1jc2t/HZhZ3dv/6B4eNTSMlGYNLFkUnVCpAmjgjQNNYx0YkUQDxlph6O7zG+PidJUikcziYnPUSTogGJkrBQUL3uSkwgFUdmcw1u4qDJ+AcP51dM04igYi2Bs60JQLLkVdw74l3hLUgJLNILirNeXOOFEGMyQ1l3PjY2fImUoZmRa6CWaxAiPUES6lgrEifbT+WJTeGaVPhxIZY8wcK7+nEgR13rCQ9vJkRnqVS8T//O6iRnU/JSKODFE4MVDg4RBI2GWEuxTRbBhE0sQVtT+FeIhUggbm2UWgre68l/Sqla8q0r14bpUry3jyIMTcArKwAM3oA7uQQM0AQZP4AW8gXfn2Xl1PpzPRWvOWc4cg19wZt8XAZ1D</latexit>

gyro meas true rate bias angle random walk noise

ḃ(t) = �unu(t)
<latexit sha1_base64="Pbc8PBBomekAsPHGvMhkzpBpsE4=">AAACBHicbVBNS8NAEN3Ur1q/oh57WSxCvZSkCvYiFLx4rGBboQ1hs920SzebsDsRSujBi3/FiwdFvPojvPlv3LY5aOuDgcd7M7szL0gE1+A431ZhbX1jc6u4XdrZ3ds/sA+POjpOFWVtGotY3QdEM8ElawMHwe4TxUgUCNYNxtczv/vAlOaxvINJwryIDCUPOSVgJN8u9wcxZMG0Cmf4Cvc1H0bET6WfGsG3K07NmQOvEjcnFZSj5dtf5jWaRkwCFUTrnusk4GVEAaeCTUv9VLOE0DEZsp6hkkRMe9n8iCk+NcoAh7EyJQHP1d8TGYm0nkSB6YwIjPSyNxP/83ophA0v4zJJgUm6+ChMBYYYzxLBA64YBTExhFDFza6YjogiFExuJROCu3zyKunUa+55rX57UWk28jiKqIxOUBW56BI10Q1qoTai6BE9o1f0Zj1ZL9a79bFoLVj5zDH6A+vzB1lHlzo=</latexit>

rate random walk noise

independent
zero mean
unit variance
Gaussian noise

✓̇(t) = !(t)

= !g(t)� b(t)� �vnv(t)
<latexit sha1_base64="ff6ul0kWh62Ka84/eYwmgo/Pfb4="></latexit>

x(t) =


✓(t)
b(t)

�

<latexit sha1_base64="eInA/AVy6aqs8LWJRoa+Bg1OkhU=">AAACNHicbVBNSwMxEM36WetX1aOXYBH0UnZVsCCC4MVjBauCW0qSTttgkl2SWbEs/TH+Cf+CVz0KnhSv/gbTWkSrD0Ie780wM4+nSjoMw+dgYnJqema2MFecX1hcWi6trJ67JLMC6iJRib3kzIGSBuooUcFlaoFpruCCXx8P/IsbsE4m5gx7KTQ06xjZloKhl5qlg5jr/La/hdv0kMYcOtLkXDO08rZPY+wCsoEXx5QPfzCtb79ZKoeVcAj6l0QjUiYj1Jql17iViEyDQaGYc1dRmGIjZxalUNAvxpmDlIlr1oErTw3T4Br58Mg+3fRKi7YT659BOlR/duRMO9fT3Ff6/bpu3BuI/3pcj03GdrWRS5NmCEZ8DW5nimJCBwnSlrQgUPU8YcJKvzsVXWaZQJ9z0YcSjUfwl5zvVKLdys7pXvmoOoqnQNbJBtkiEdknR+SE1EidCHJHHsgjeQrug5fgLXj/Kp0IRj1r5BeCj09Aj6re</latexit>

x(tk+1) = �(�t)x(tk) + �(�t)!g(tk) + n(tk)
<latexit sha1_base64="ki61TbN09X051W4F69jw0JAPfZw="></latexit>

nv(t), nu(t)
<latexit sha1_base64="uqhneQOEIgQ9mWJLSumnAgdRnUI=">AAACBXicbVA9SwNBEJ3zM8avqKXNYhAiSLiLgikDNpYRzAck57G32SRLdveO3b1AOFL7F2y1txNbf4etv8RNcoUmPhjm8d4MM7ww5kwb1/1y1tY3Nre2czv53b39g8PC0XFTR4kitEEiHql2iDXlTNKGYYbTdqwoFiGnrXB0O/NbY6o0i+SDmcTUF3ggWZ8RbKz0KINxyVxcIhkktgeFolt250CrxMtIETLUg8J3txeRRFBpCMdadzw3Nn6KlWGE02m+m2gaYzLCA9qxVGJBtZ/Ov56ic6v0UD9StqRBc/X3RoqF1hMR2kmBzVAvezPxXy8US5dNv+qnTMaJoZIsDvcTjkyEZpGgHlOUGD6xBBPF7O+IDLHCxNjg8jYUbzmCVdKslL2rcuX+ulirZvHk4BTOoAQe3EAN7qAODSCg4Ble4NV5ct6cd+djMbrmZDsn8AfO5w8+MZgB</latexit>
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<latexit sha1_base64="27pJtFvBIO7HGYGkOvnVhXvce84="></latexit>
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<latexit sha1_base64="wyit+cFNimjjLBoEEH5pMbjsvgA="></latexit>



Attitude Filter for ROG
• Use Gyro Measurements to Propagate

• Attitude Measurements (Star Tracker)

• Attitude Measurement Update

P (t�k+1) = �(�t)P (t+k )�
T (�t) +Q(�t)

<latexit sha1_base64="zNkIE7k89/lOB6tnXBXBq6095O0="></latexit>

x̂(t) =


✓̂(t)
b̂(t)

�

<latexit sha1_base64="gwKRdHE1wP5FU1YrnB2f8ppme7E="></latexit>

y(tk) = Hx(tk) + �nnn(tk)

= ✓(tk) + �nnn(tk)
<latexit sha1_base64="whRH63iiKcyzJx8lu8hr6aoZxwU="></latexit>

R = E[�2
nn

2
n(t)] = �2

n
<latexit sha1_base64="gvNPWoTQ0uKApq03qWr7VznewAA=">AAACIHicbZDLSgMxFIYzXmu9jbp0Eyxi3ZSZWtCNUBDBZRV7gXYcMmnahiaZIckIZegj+BK+glvduxOXuvRJzLQDauuBhJ/vP4eT/EHEqNKO82EtLC4tr6zm1vLrG5tb2/bObkOFscSkjkMWylaAFGFUkLqmmpFWJAniASPNYHiR+s17IhUNxa0eRcTjqC9oj2KkDfLtoxt4Di/bHUX7HPnirizSq6iPPcN/aN63C07JmRScF24mCiCrmm9/dbohjjkRGjOkVNt1Iu0lSGqKGRnnO7EiEcJD1CdtIwXiRHnJ5ENjeGhIF/ZCaY7QcEJ/TySIKzXigenkSA/UrJfCf72Az2zWvTMvoSKKNRF4urgXM6hDmKYFu1QSrNnICIQlNW+HeIAkwtpkmobizkYwLxrlkntSKl9XCtVKFk8O7IMDUAQuOAVVcAVqoA4weABP4Bm8WI/Wq/VmvU9bF6xsZg/8KevzG/cLoUQ=</latexit>

K(tk) = P (t�k )H
T
�
HP (t�k )H

T +R
��1

<latexit sha1_base64="CeDAiCZHW5rM2Wtf6XMigM5gEjs="></latexit>

P (t+k ) = P (t�k )�K(tk)HP (t�k )
<latexit sha1_base64="ckuJkP5g+Ep6UrFdElFH0LYAw3A=">AAACInicbZDLSsNAFIYnXmu9RV26GSxKg7QktaAboeCm4KaCvUAbw2Q6aYfOJGFmIpTQZ/AlfAW3uncnrgRXPolJG1Bbfxj4+M85nDO/GzIqlWl+aEvLK6tr67mN/ObW9s6uvrffkkEkMGnigAWi4yJJGPVJU1HFSCcUBHGXkbY7ukrr7XsiJA38WzUOic3RwKcexUgllqMbjaJyRnenBjy5hDMuGbAEr1M06j9W3tELZtmcCi6ClUEBZGo4+levH+CIE19hhqTsWmao7BgJRTEjk3wvkiREeIQGpJugjziRdjz90gQeJ04feoFInq/g1P09ESMu5Zi7SSdHaijna6n5b83lc5uVd2HH1A8jRXw8W+xFDKoApnnBPhUEKzZOAGFBk9shHiKBsEpSTUOx5iNYhFalbJ2VKzfVQq2axZMDh+AIFIEFzkEN1EEDNAEGD+AJPIMX7VF71d6091nrkpbNHIA/0j6/AW+xn5k=</latexit>

x̂(t+k ) = x̂(t�k ) +K(tk)
�
y(tk)�Hx̂(t�k )

�
<latexit sha1_base64="jH49HiPMjl22UUK8xKoJmKofWHs="></latexit>

x̂(t�k+1) = �(�t)x̂(t+k ) + �(�t)!g(tk)
<latexit sha1_base64="7Loq8ZQDYxX9IKsoAXtTzBKfjA4="></latexit>



Farrenkopf’s solution
• Steady State (SS) conditions:

• SS conditions and filter equations reduce to a single 
quartic (Farrenkopf 1974):

• Farrenkopf (1978) solved the quartic analytically
• Always only a single meaningful solution
• Solution is analytic expressions for all elements of P(+), P(-)

• Farrenkopf’s solution can be used to compute 
uncertainty of simple rate estimate

P (�) = P (t�k+1) = P (t�k ) =
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<latexit sha1_base64="ih/EOZUXfYiiGqORkLoYmXmjglY="></latexit>
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<latexit sha1_base64="ZbKwA36eZKBKV1WxPio69f7C9og="></latexit>
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<latexit sha1_base64="/iVezmtqmYtvpCOfNTVVDe8U58k="></latexit>

!̂(t+k ) = !g(t)� b̂(t+k )
<latexit sha1_base64="1WVc6dGSvtGIHg+rOxWGL3enqLQ=">AAACLHicbVDLSsNAFJ3UV62vqks3g0VoEUvSFnQjFNy4rGAf0NQwmU7boTNJmLkRSuiH+BP+glvduxFx48LvME0jaOuBgcM553LvHDcQXINpvhmZldW19Y3sZm5re2d3L79/0NJ+qChrUl/4quMSzQT3WBM4CNYJFCPSFaztjq9mfvueKc197xYmAetJMvT4gFMCseTkq/aIQGT7kg3JtAjO+O60hC/xXHCGRSjhM5xk3B875+QLZtlMgJeJlZICStFw8p9236ehZB5QQbTuWmYAvYgo4FSwac4ONQsIHZMh68bUI5LpXpR8bopPYqWPB76Knwc4UX9PRERqPZFunJQERnrRm4n/eq5c2AyDi17EvSAE5tH54kEoMPh41hzuc8UoiElMCFU8vh3TEVGEQtzvrBRrsYJl0qqUrWq5clMr1GtpPVl0hI5REVnoHNXRNWqgJqLoAT2hZ/RiPBqvxrvxMY9mjHTmEP2B8fUNr4mmQg==</latexit>
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v
<latexit sha1_base64="PbiX5JyLxiwMPt+unvX3JMajHxU="></latexit>



ROG filter performance during outage
• Suppose filter is at steady state        , and then attitude 

measurements no longer available
• Covariance grows according to

• Possible to find analytic expressions for covariance

• Rate estimate uncertainty is simply

P (t�p ) =


�2
✓✓(t

�
p ) �2

✓b(t
�
p )

�2
✓b(t

�
p ) �2

bb(t
�
p )

�

= �(tp � tss)P (t+ss)�
T (tp � tss) +Q(tp � tss)

<latexit sha1_base64="QvF1SR18VKs0sO9apLSgOevQWH8="></latexit>

tss
<latexit sha1_base64="wJ4YBjsi4hfq2CAc1WnxLTsNzGc=">AAAB/XicbVBNS8NAFHypX7V+VT16WSyCp5LUgh4LXjxWsK3QhrLZbtq1m03YfRFKKP4Fr3r3Jl79LV79JW7bHLR14MEw8x7zmCCRwqDrfjmFtfWNza3idmlnd2//oHx41DZxqhlvsVjG+j6ghkuheAsFSn6faE6jQPJOML6e+Z1Hro2I1R1OEu5HdKhEKBhFK7Wxnxkz7ZcrbtWdg6wSLycVyNHsl797g5ilEVfIJDWm67kJ+hnVKJjk01IvNTyhbEyHvGupohE3fjb/dkrOrDIgYaztKCRz9fdFRiNjJlFgNyOKI7PszcR/vSBaSsbwys+ESlLkii2Cw1QSjMmsCjIQmjOUE0so08L+TtiIasrQFlaypXjLFaySdq3qXVRrt/VKo57XU4QTOIVz8OASGnADTWgBgwd4hhd4dZ6cN+fd+VisFpz85hj+wPn8AV0algM=</latexit>
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<latexit sha1_base64="XtUJR/Z+4DN7BW3VyYRpf/0KWLQ="></latexit>

�tp = tp � tss
<latexit sha1_base64="3N932OGKxcgHQ/Z6HV9xrcRk7s8=">AAACEnicbVDLSsNAFJ34rPUVdSVuBovgxpLUgm6Egi5cVrAPaEOYTCft0JkkzNwIJRR/wl9wq3t34tYfcOuXOG2z0NYDczmccy/3zgkSwTU4zpe1tLyyurZe2Chubm3v7Np7+00dp4qyBo1FrNoB0UzwiDWAg2DtRDEiA8FawfB64rcemNI8ju5hlDBPkn7EQ04JGMm3D7s3TADB4Cf4alrPTM20Hvt2ySk7U+BF4uakhHLUffu724tpKlkEVBCtO66TgJcRBZwKNi52U80SQoekzzqGRkQy7WXTL4zxiVF6OIyVeRHgqfp7IiNS65EMTKckMNDz3kT81wvk3GYIL72MR0kKLKKzxWEqMMR4kg/uccUoiJEhhCpubsd0QBShYFIsmlDc+QgWSbNSds/LlbtqqVbN4ymgI3SMTpGLLlAN3aI6aiCKHtEzekGv1pP1Zr1bH7PWJSufOUB/YH3+ACuTnMg=</latexit>
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v
<latexit sha1_base64="2RjuLWAr8488kMY0NUDf3TuFcgA="></latexit>



ROG filter performance
• 100 independent realizations
• high-performance MEMS ROG

• high-performance CubeSat star tracker

�v = 9.00
arcsecp

s

�u = 0.00833
arcsecp

s3
<latexit sha1_base64="7dT0ZWI3MMuNX2lRS/KphzhA0MY="></latexit>

�n = 5.00 arcsec
<latexit sha1_base64="d/yo/W0LAUOgFyQuZlRKt31vduc=">AAACFHicbVDLSsNAFJ3UV62vqMtuBovgqiS1ohuh4MZlBfuAJoTJdNIOnZmEmYlQQhf+hL/gVvfuxK17t36JkzYLbT1w4XDOvdx7T5gwqrTjfFmltfWNza3ydmVnd2//wD486qo4lZh0cMxi2Q+RIowK0tFUM9JPJEE8ZKQXTm5yv/dApKKxuNfThPgcjQSNKEbaSIFd9RQdcRQIeA3hRd1xoAchklgRDAO75hglB1wlbkFqoEA7sL+9YYxTToTGDCk1cJ1E+xmSmmJGZhUvVSRBeIJGZGCoQJwoP5s/MYOnRhnCKJamhIZz9fdEhrhSUx6aTo70WC17ufivF/KlzTq68jMqklQTgReLo5RBHcM8ITikkmDNpoYgLKm5HeIxkghrk2PFhOIuR7BKuo26e15v3DVrrWYRTxlUwQk4Ay64BC1wC9qgAzB4BM/gBbxaT9ab9W59LFpLVjFzDP7A+vwBgUucPA==</latexit>



Single Axis Spacecraft with RIG
• Rate Integrating Gyro (RIG)

• Single Axis Spacecraft Model

�̇(t) = !(t) + b(t) + �vnv(t)
<latexit sha1_base64="GgV9FMWRZQ1o0TqvqeZxG5hbzFE=">AAACLHicbVDLSgMxFM34rPVVdekmWARFKDNV0I1QcOOygn2AMwyZNG2DSWZI7hTK0A/xJ/wFt7p3I+LGhd9hpp2FVg+EHM65l5OcKBHcgOu+OQuLS8srq6W18vrG5tZ2ZWe3beJUU9aisYh1NyKGCa5YCzgI1k00IzISrBPdX+V+Z8S04bG6hXHCAkkGivc5JWClsHLq92LI/GTIJ0dwjC+xH0s2IDk/wdHs8g0fSBKOsApHVimHlapbc6fAf4lXkCoq0AwrnzaFppIpoIIYc+e5CQQZ0cCpYJOynxqWEHpPBuzOUkUkM0E2/dwEH1qlh/uxtkcBnqo/NzIijRnLyE5KAkMz7+Xiv14k55KhfxFkXCUpMEVnwf1UYIhx3hzucc0oiLElhGpu347pkGhCwfabl+LNV/CXtOs177RWvzmrNs6KekpoHx2gI+Shc9RA16iJWoiiB/SEntGL8+i8Ou/Ox2x0wSl29tAvOF/fJsClWg==</latexit>

ḃ(t) = �unu(t)
<latexit sha1_base64="wIn89tPaicYmpgS4Kak1Ab7q+a4=">AAACFHicbVC7SgNBFJ31GeMraplmMAixCbsxoI0QsLGMYB6QLMvsZDYZMjO7zNwVwpLCn/AXbLW3E1t7W7/EyaPQxAMXDufcO3fuCRPBDbjul7O2vrG5tZ3bye/u7R8cFo6OWyZONWVNGotYd0JimOCKNYGDYJ1EMyJDwdrh6Gbqtx+YNjxW9zBOmC/JQPGIUwJWCgrFXj+GLJyU4Rxf457hA0mCVAWpFYJCya24M+BV4i1ICS3QCArf9jWaSqaACmJM13MT8DOigVPBJvlealhC6IgMWNdSRSQzfjY7YoLPrNLHUaxtKcAz9fdERqQxYxnaTklgaJa9qfivF8qlzRBd+RlXSQpM0fniKBUYYjxNCPe5ZhTE2BJCNbd/x3RINKFgc8zbULzlCFZJq1rxLirVu1qpXlvEk0NFdIrKyEOXqI5uUQM1EUWP6Bm9oFfnyXlz3p2Peeuas5g5QX/gfP4AJMqd3A==</latexit>

�g(tk) = �(tk) + �ene(tk)
<latexit sha1_base64="McWLRGmN15L2FPPn3hRex8oV9sc=">AAACJ3icbZDLSgMxFIYzXmu9VV26CRahIpSZWtCNUHDjsoK9QKcMmfS0DU0yQ5IRytC38CV8Bbe6dye61CdxpjMLbf0h8OU/53CS3w8508a2P62V1bX1jc3CVnF7Z3dvv3Rw2NZBpCi0aMAD1fWJBs4ktAwzHLqhAiJ8Dh1/cpPWOw+gNAvkvZmG0BdkJNmQUWISyytV3XDMvFHFeJMzfI3TW8b4HLuajQTxAEsPMrPolcp21Z4LL4OTQxnlanqlb3cQ0EiANJQTrXuOHZp+TJRhlMOs6EYaQkInZAS9BCURoPvx/F8zfJo4AzwMVHKkwXP390RMhNZT4SedgpixXqyl5r81XyxsNsOrfsxkGBmQNFs8jDg2AU5DwwOmgBo+TYBQxZK3YzomilCTRJuG4ixGsAztWtW5qNbu6uVGPY+ngI7RCaogB12iBrpFTdRCFD2iZ/SCXq0n6816tz6y1hUrnzlCf2R9/QBnFKN1</latexit>

RIG internal dynamics

RIG output

x(t) =

2

4
✓(t)
b(t)
�(t)

3

5

<latexit sha1_base64="skKGfi63N8vS3zXSUCjMqq1/XKs="></latexit>
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<latexit sha1_base64="cserGqG6z+Pbktdbl2rhXFJeg3c="></latexit>
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<latexit sha1_base64="YPV1Joc9gv4TA7LrJivz82ZxZRw="></latexit>
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<latexit sha1_base64="BVnN4U4gTpuzjjrYG84XwspBxGk="></latexit>
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angle noise



Attitude Filter for RIG
• Use Gyro Measurements to Propagate

• Attitude Measurements (Star Tracker)

• Attitude Measurement Update

P (t�k+1) = �(�t)P (t+k )�
T (�t) +Q(�t)

<latexit sha1_base64="zNkIE7k89/lOB6tnXBXBq6095O0="></latexit>

y(tk) = Hx(tk) + �nnn(tk)
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Markley Reynolds (2000) solution
• Steady State (SS) conditions:

• SS conditions and filter equations reduce to a single quartic 
(Markley Reynolds 2000):

• Markley and Reynolds found analytic solution
• Always only a single physically-meaningful solution
• Solution reduces to Farrenkopf’s when  

• Solution can be used to find uncertainty of a rate estimate
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RIG filter performance during outage
• Suppose filter is at steady state        , and then attitude 

measurements no longer available
• Covariance grows according to

• Possible to find analytic expressions for covariance

• Rate estimate uncertainty is

tss
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RIG performance during outage
• 100 independent realizations
• Ring Laser Gyro (RLG) - RIG

• High-performance star tracker
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Conclusions
• Interest in quantifying attitude filter performance
• Star tracker, gyro component selection
• Independent check on flight implementation

• Analytic solutions exist in literature
• Farrenkopf for Rate Output Gyro
• Markley Reynolds for Rate Integrating Gyro

• Existing solutions can be used to analytic 
expressions for rate estimate uncertainty
• Analytic solutions can be extended to attitude 

sensor outage scenarios
• New analytic results validated by Monte Carlo 

simulation






