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Preliminary Nonlinear Structural Analyses of Advanced Composite 
Tow-Steered Shells with Large Geometric Imperfections 

Calvin P. Dobrin, K. Chauncey Wu and Bret K. Stanford 
NASA Langley Research Center 

Hampton, Virginia 

Abstract 
The structural performance of two advanced composite tow-steered shells with 

and without tow overlaps, and with large geometric imperfections, are predicted 
using linear and geometrically nonlinear finite element analyses.  These shells, 35 in. 
long and approximately 16.3 in. diameter, are fabricated using automated fiber 
placement from IM7/8552 graphite/epoxy prepreg.  The 8-ply, [±45/±Q]s shell layup 
incorporates a steered fiber angle Q that varies from 10 deg. to 45 deg. periodically 
over the shell circumference.  Shell analysis models are evaluated using geometric 
imperfections normalized to ±1 shell wall thickness (±0.040 in.), which are then 
superposed and rotated incrementally around the shell longitudinal axis.  Using these 
nominal imperfections, the shell prebuckling axial stiffnesses and buckling loads 
predicted with linear and nonlinear analyses are close to reference values from linear 
analyses with no imperfections.  The linear and nonlinear analyses are then repeated 
for scaled imperfections that are larger by up to a factor of 10.  For these larger 
imperfections, linear analyses predict reductions in axial stiffnesses and buckling 
loads of up to 5 and 30 percent, respectively, from reference values.  The nonlinear 
analyses predict even larger reductions in axial stiffnesses and buckling loads of up 
to 10 and 55 percent, respectively. 

1. Introduction
Fabrication of advanced composite structures incorporating tow steering, where continuous 

load-bearing fibers are oriented along curvilinear paths within individual plies, is enabled by 
automated composites manufacturing machinery (Ref. 1).  Tailoring of the fiber angles in tow-
steered laminates may offer improvements in structural performance and reduced weight over 
conventional straight-fiber composites (Ref. 2).  To better assess the potential benefits of this class 
of advanced composites, two monocoque shells with tow-steered layups were designed (Ref. 3), 
fabricated using fiber placement (Ref. 4), and analyzed and tested in axial compression (Ref. 5), 
where good correlation was observed between linear finite element analysis (FEA) results and the 
shells’ measured prebuckling axial stiffness and buckling loads.   

In Ref. 6, very good test-analysis correlation was also observed for the predicted nonlinear 
load-displacement responses into deep postbuckling and back to zero load.  Four distinct regions 
in the shells’ load-displacement response were identified in these displacement-controlled tests 
and analyses.  Starting at zero load and displacement, these regions are linear prebuckling, 
nonlinear postbuckling, nonlinear unloading, and finally linear unloading back to zero.  Global 
buckling occurs between the linear prebuckling and nonlinear postbuckling regions. 

An analytical study was performed in Ref. 7 using linear FEA to investigate the insensitivity 
of the shells’ performance in more detail.  In that study, measured geometric imperfections were 
superposed on finite element models of both shells, and successive linear FEA were performed as 
the imperfections were rotated at fixed intervals about the shell longitudinal axis.  The analyses in 
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Ref. 7 showed that the shells’ prebuckling stiffness and buckling load varied by at most +1 to –4 
percent from reference values computed without imperfections. 

The objective of this present research is to extend the analyses in Ref. 7 to further assess the 
structural performance of the two tow-steered shells both with and without overlaps, and with 
geometric imperfections that are first normalized to ±1 shell wall thickness amplitude and then 
scaled uniformly up to ±10 shell wall thicknesses.  For each shell configuration, the prebuckling 
linear axial stiffness and the lowest global buckling load are computed using linear and 
geometrically nonlinear FEA.  Postbuckling behavior of the shells after that initial buckling load 
was achieved is not a primary consideration in this study, and only shells without cutouts are 
assessed.  

2. Tow-Steered Shells Description
The design and fabrication of the tow-steered shells evaluated in this study are discussed in 

detail in Refs. 3 and 4, respectively.  These shells are fabricated from IM7/8552 graphite/epoxy 
prepreg slit tape (each 1/8-in. wide), using an automated fiber placement system (AFPS, Figure 1) 
that can deposit up to 24 slit tapes in each course, or pass of the AFPS.  One shell is fabricated 
with full material overlapping between adjacent courses, so that the laminate thickness varies 
between 8 plies on the shell sides, increasing to 16 plies on the crown and keel.  The second shell 
uses the AFPS capability to cut and add individual slit tapes to minimize overlaps and produce a 
near-uniform laminate thickness over the entire planform.  These shells, with and without tow 
overlaps, respectively, are designated here as Shells A and B.   

Figure 1.  Fiber placement system (Lockheed Martin/NCAM). 

Both tow-steered shells have a nominal 8-ply, [±45/±Q]s layup.  The fiber angle Q varies 

continuously along a constant-radius circular arc (Ref. 3) from Q0 = 10 deg. on the shell crown, to 

Q1 = 45 deg. on the shell side.  This reference fiber path is shown as the blue line in the shell 
planform view in Figure 2, and spans one-quarter of the shell circumference (the red line in the 
figure).  The reference fiber path is then mirrored about its endpoints to extend it into adjacent 

quadrants of the shell surface while still maintaining C0 and C1 continuity.  This extended fiber 
path is then shifted axially to fully populate the entire shell planform, as shown in the figure.  The 
axial shift increments between the extended fiber paths are defined so that no tow overlaps occur 
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on the shell sides, and to locate the resulting tow overlaps for Shell A toward the shell crown and 
keel. 
 

 
Figure 2.  Tow-steered ply course centerlines. 

 
To predict the laminate thicknesses for Shell A, the maximum 3-in. width of each tow course 

(24 tows x 1/8-in. tow width) is superposed on the fiber paths in Figure 2.  The individual overlap 
patterns for each of the four tow-steered and four straight-fiber plies are integrated, and result in 
the laminate thickness patterns shown in Figure 3.  The Shell A laminate thicknesses vary from 8 
(blue) plies along the shell sides, to 16 (red) plies on the shell crown and keel.  Intermediate 
laminate thicknesses of 10, 12, and 14 plies are indicated in the figure in green, yellow, and orange, 
respectively.  In comparison, Shell B is predicted to have a uniform, 8-ply, laminate thickness. 
 

 
Figure 3.  Predicted Shell A laminate thicknesses. 
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To prepare the shells for structural testing, epoxy potting is used to prevent local brooming 
failure during testing (Ref. 5), and is cast over the last 1 in. of both shell ends.  After curing, the 
potted end surfaces of the shells are then machined flat and parallel to a 35 in. overall test length.  
Axial compression testing and supporting linear FEA are also described in Ref. 5, with measured 
prebuckling axial stiffnesses and buckling loads listed in Table 1.   
 

Table 1.  Measured performance of tow-steered shells. 

 
 

The instrumentation used to measure the shell structural behavior during testing includes a load 
cell permanently installed in the 300 klb-capacity electromechanical test stand, four linear variable 
displacement transducers to record the shell end shortening, and electrical resistance strain gauges 
to collect axial and lateral strains on the shell inner and outer surfaces.  A digital interferometry 
system is also deployed for full-field, 3-dimensional, assessment of the shells’ displacements and 
strains. 
 

3.  Shell Geometry Survey Results 
The outer and inner surfaces of the cured shells are surveyed using a coordinate measuring 

machine, and their average inner diameter is measured at 16.290 inches (Ref. 4).  The measured 
shell laminate thicknesses (Ref. 4) , defined as the difference between the outer and inner shell 
surfaces and plotted in Figure 4, provide qualitative but not quantitative (i.e., direct one-to-one) 
comparisons with the predicted laminate thicknesses for Shells A and B.  For example, the 
predicted laminate thicknesses for Shell A in Figure 3 compare well to the measured laminate 
thicknesses in Figure 4a, with similar thinner regions on the shell sides designated in blue, and 
thicker regions toward the crown and keel in red.   
 

   
                              a. Shell A      b. Shell B 

Figure 4.  Measured shell laminate thickness. 
 

Measured laminate thicknesses (Ref. 4) for Shell A vary from 0.032 to 0.086 in., with distinct 
lobes corresponding to discrete thicknesses of 8, 10, and 12 plies, and smaller lobes at 14 and 16 
plies.  The measured laminate thicknesses for Shell B vary from 0.022 to 0.059 in., with a mean 
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value of 0.039 in.  While the measured Shell B thicknesses in Figure 4b are not uniform as 
predicted, they exhibit a relatively low coefficient of variation of 6.2 percent.  For this study, the 
reference shell wall thickness of 0.040 in. is defined as the product of the nominal 0.005-in. ply 
thickness and the nominal 8-ply layup.   
 

4.  Normalized Geometric Imperfections 
After surveying the cured shells’ smooth inner surface using a coordinate measuring machine 

(Ref. 4), the shell geometric imperfections are then defined as the inner surface’s deviations from 
a best-fit, right-circular cylinder, with a zero-mean value.  After normalization by the reference 
shell wall thickness of 0.040 in., the measured geometric imperfections will range from +0.825 to 
–1.125 shell wall thicknesses for Shell A, and +1.475 to –1.225 shell wall thicknesses for Shell B.  
These measured imperfections were used extensively for the imperfection insensitivity analyses in 
Ref. 7.  However, to reduce any possible bias in the present study’s analysis results, these measured 
imperfection data are first normalized to amplitudes of ±1 shell wall thickness.   

To normalize the measured imperfections, each imperfection dataset is first sorted into 
ascending order.  Then, all positive values are divided by the maximum value, and all negative 
values are divided by the minimum value.  These positive and negative subsets (now with 
maximum and minimum values of +1 and –1, respectively) are then concatenated, and the mean 
value of this combined dataset is computed and subtracted.  This iterative process is repeated 
successively until the resulting mean value converges to a numeral zero (to at least 5 decimal 
places).   

These normalized imperfections, now designated as the nominal A2 and B2 Imperfections with 
a scale factor SF = 1, are shown in Figure 5 with an orientation of F = 0 deg. that corresponds to 
the as-measured orientation of the shells.  The imperfections in Figure 5 have the same qualitative 
shapes reported in Ref. 4.  The A2 Imperfections in Figure 5a are nearly symmetric about two 
orthogonal planes, while the B2 Imperfections in Figure 5b are more asymmetric.   
 

   
                      a. A2 Imperfections         b. B2 Imperfections 

Figure 5.  Normalized shell geometric imperfections. 
 

5.  Shell Finite Element Models 
NASTRAN (Ref. 8) finite element models are developed for Shells A and B.  A converged 

mesh with 140 CQUAD4 quadrilateral elements along the shell axial dimension, and 204 elements 
around the shell circumference (Ref. 7), is used to model the monocoque shells.  Each finite 
element is approximately 0.25-in. square, with a unique layup and laminate thickness to define 
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piecewise continuous approximations to the actual continuous tow steering and overlaps (as 
necessary) patterns.  The contour plot in Figure 6a shows the fiber angles for the first tow-steered 
ply of both shells, with fiber angles from 10 (purple) to 45 deg. (dark red).  The laminate 
thicknesses for Shell A in Figure 6b range from 8 (blue) to 16 (red) plies, whereas the laminate 
thicknesses for Shell B (not illustrated) are a constant 8 plies.  The laminate midplanes in the Shell 
A finite element model are shifted radially to maintain a smooth shell inner mold line, which is 
consistent with the manufacturing process described above. 
 

   
           a. Ply 3 fiber angle            b. Shell A laminate thickness 

Figure 6.  Shell finite element model details. 
 

Fully clamped boundary conditions are applied to both end planes of the shell, except for the 
axial displacements at the top plane of the model.  These axial displacements are constrained to 
move together to allow application of a single uniform deflection or point force to that end of the 
shell.  Transverse displacement constraints are also applied to simulate the epoxy potting cast over 
the shell ends.   

To model the imperfect shell geometry, the normalized imperfections described above are 
superposed on the shell finite element models at a specified rotation angle F.  The radial coordinate 
of each node in the shell analysis model is changed from zero (no imperfection) to its 
corresponding normalized imperfection value.  Linear static and bifurcation buckling 
eigenanalyses are performed in this study to calculate prebuckling axial stiffnesses and buckling 
loads for these shells.  In addition, geometrically nonlinear analyses of the shells are also 
performed using a modified Riks arc-length method to compute a predicted nonlinear load-
displacement response history for the shells.  Shell axial stiffnesses and buckling loads are then 
extracted from the nonlinear load-displacement results. 
 

6.  Structural Analyses with Normalized Imperfections 
To provide baseline values for comparison purposes, finite element models of Shells A and B 

are analyzed without geometric imperfections, and the resulting prebuckling axial stiffnesses and 
linear bifurcation buckling loads are listed in Table 2.  These reference values agree well with 
experimental results reported in Table 1, and also with the corresponding linear analysis results 
for the shells without cutouts presented in Ref. 7. 

The four combinations of Shells A and B, and A2 and B2 Imperfections with SF = 1, are 
analyzed using both linear and geometrically nonlinear FEA.  For each of these combinations, a 
large number of individual analysis cases are run with the geometric imperfections oriented at 
successive 1.76-deg. increments over the range of rotation angles F = 0 to 180 deg. about the shell 
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longitudinal axis.  Results from the analyses performed for each of these cases are presented and 
discussed in this section.   
 

Table 2.  Predicted performance of shells without imperfections. 

 
 
The shell structural performance, computed using linear FEA and normalized by the 

appropriate reference values from Table 2, is plotted in Figure 7 for rotation angles F from 0 to 
180 deg.  The normalized prebuckling linear axial stiffnesses in Figure 7a exhibit very small 
variations of less than ±0.2 percent from the corresponding reference values.  The associated 
normalized buckling loads from the linear analyses are shown in Figure 7b, and differ from the 
reference values by approximately +1 to –3 percent.  In addition, over half of the analysis cases 
evaluated here have buckling loads that are greater than their reference values. 

The results from the linear analyses presented here also compare very well qualitatively with 
the results of similar linear FEA performed in Ref. 7 using measured geometric imperfections.  
However, quantitative differences of up to 0.1 percent for normalized axial stiffness and 1 percent 
for normalized buckling load are observed between these two sets of analyses.  While relatively 
small, these differences are most likely due to variations between the measured geometric 
imperfections used in Ref. 7 and the normalized imperfection data used for the analyses in this 
study.   
 

   
           a. Axial stiffnesses           b. Buckling loads 

Figure 7.  Linear structural performance with SF = 1 imperfections. 
 

The normalized structural performance from the nonlinear analyses of the four shell 
configurations is plotted in Figure 8.  The axial stiffnesses in Figure 8a are qualitatively different 
from the linear results, and are approximately 1 to 4 percent lower.  Sharp localized reductions of 
up to 1 or 2 percent are also observed in the axial stiffness results.  These variations appear as 
spikes or noise in the plots, and will be discussed in more detail below.  The nonlinear buckling 
loads in Figure 8b show similar qualitative trends to the linear analysis results in Figure 7b, but 
with generally larger predicted amplitudes that deviate by +1 to –7 percent from the reference 
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values.  As for the axial stiffnesses, similar localized variations of up to 1 or 2 percent are also 
noted for the nonlinear buckling loads.   

The largest differences between linear and nonlinear buckling loads are noted for the Shell A 
with A2 Imperfections combination, plotted as the black lines in the figures, at rotation angles 
between 60 and 120 deg.  For this shell configuration, the minimum buckling knockdown is 
observed at approximately F = 90 deg., where the predicted normalized buckling load is about 93 
percent of the reference analysis value, or 4 percent under the linear analysis value of 97 percent.  
Examination of the corresponding A2 Imperfections at F = 90 deg. in Figure 5a indicates that, at 
this orientation, the valley-like geometric imperfections are directed radially inward under the 
axially-stiff shell crown and keel, with the ridge-like bulges oriented radially outward along the 
axially-soft shell sides. 
 

   
           a. Axial stiffnesses           b. Buckling loads 

Figure 8.  Nonlinear structural performance with SF = 1 imperfections. 
 

7.  Structural Analyses with Scaled Imperfections 
To assess the effect of larger geometric imperfection amplitudes on the tow-steered shell 

structural performance, the A2 and B2 Imperfections with nominal SF = 1 developed and presented 
previously are amplified photographically using scale factors of SF = 3, 5, and 10.  The linear and 
nonlinear finite element analyses described for the configurations with SF = 1 are then performed 
using these larger geometric imperfections.  As before, the analysis results are normalized using 
the appropriate values from Table 2 before presentation. 

Normalized results from linear structural analyses performed using scale factors of 3, 5, and 
10 are plotted in Figures 9, 10, and 11, respectively.  The normalized axial stiffnesses for the two 
intermediate scale factors SF = 3 and 5 show small variations within 0.5 percent from the reference 
values, but exhibit much larger variations of +1 to –5 percent for the largest SF = 10 imperfections 
in Figure 11a.  The corresponding normalized buckling loads have buckling knockdowns that 
decrease from 0.90 to 0.70, and are inversely proportional to the scale factor.  The percentage of 
cases with a buckling load that exceeds the reference value also decreases in inverse proportion to 
the increasing scale factor.  Almost none of the cases with SF = 10 have a normalized buckling 
load greater than 1. 
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           a. Axial stiffnesses           b. Buckling loads 

Figure 9.  Linear structural performance with SF = 3 imperfections. 
 

   
           a. Axial stiffnesses           b. Buckling loads 

Figure 10.  Linear structural performance with SF = 5 imperfections. 
 

   
           a. Axial stiffnesses           b. Buckling loads 

Figure 11.  Linear structural performance with SF = 10 imperfections. 
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Geometrically nonlinear structural analyses are then performed using the larger imperfection 
scale factors of SF = 3, 5, and 10.  The results of these nonlinear analyses are then normalized to 
generate the structural performance results presented in Figures 12, 13, and 14, respectively.  The 
sharp, spike-like reductions in axial stiffness noted for SF = 1 in Figure 8a are also evident in the 
results for the larger scale factors.  The largest reductions occur in limited quantities and 
amplitudes for the smaller scale factors of 3 and 5.  However, a larger number of significant 
reductions are present for many of the cases with SF = 10 imperfections in Figure 14a.  In some 
of the analysis cases studied, the magnitude of these reductions can be as much as 40 percent. 

The normalized buckling loads computed from the nonlinear analyses are consistently lower 
than the corresponding results from the linear analyses plotted in Figures 9 to 11.  The small local 
discontinuities in the buckling load results observed for SF = 1 in Figure 8b are also present for 
SF = 3 and 5.  Sharp local increases in the normalized buckling load with SF = 10 are noted in 
Figure 14b, and occur at the same rotation angles as the axial stiffness reductions.  For the 
configurations with SF = 10, these increases in buckling load are especially prominent for Shell B 
with A2 Imperfections for a range of rotation angles between 75 and 105 deg., but are also present 
(with smaller amplitudes) for Shell A with A2 Imperfections cases analyzed at several other 
rotation angles. 
 

   
           a. Axial stiffnesses           b. Buckling loads 

Figure 12.  Nonlinear structural performance with SF = 3 imperfections. 
 

   
           a. Axial stiffnesses           b. Buckling loads 

Figure 13.  Nonlinear structural performance with SF = 5 imperfections. 
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           a. Axial stiffnesses           b. Buckling loads 

Figure 14.  Nonlinear structural performance with SF = 10 imperfections. 
 

8.  Detailed Assessment of Nonlinear Analysis Results 
One posited cause for the discontinuities noted in the nonlinear analysis results presented above 

is discussed here, along with a proposed resolution.  An automated batch mode was employed 
because of the large number of nonlinear analyses generated in this study.  However, running 
multiple sequential analyses in this batch mode did not allow collection of the full nonlinear load-
deflection history for each analysis case.  A MATLAB (Ref. 9) algorithm was developed in this 
study to more efficiently process the nonlinear analysis output.  This algorithm recovered the 
maximum value from the load-displacement history (which was assumed to be the buckling load), 
and divided that load by the corresponding end shortening to calculate the corresponding secant 
axial stiffness.   

This postprocessing method is believed to generate misleading results in some cases, as 
evidenced by the spikes noted in the nonlinear results above.  Examining one such configuration 
in more detail, Figure 15 shows the predicted nonlinear load-displacement histories for Shell B 
and A2 imperfections with SF = 1 and 10 oriented at F = 90 deg.  The structural response for the 
SF = 1 case, plotted as a black solid line, shows classical shell buckling and postbuckling behavior.  
This curve shows an initial linear load-displacement response up to a buckling event at 14,920 lbs, 
followed by a sharp reduction in load and subsequent linear increase in load, up to termination of 
the analysis at 12,230 lbs.   

The nonlinear analysis response for the same shell with SF = 10 is represented by the red 
dashed line in Figure 15.  This configuration exhibits an initial buckling event at 6940 lbs 
(indicated by the orange circle in the figure below), and then quickly gains additional load before 
the analysis ends at 11,100 lbs (the blue circle).  The normalized buckling load and normalized 
secant stiffness corresponding to this final data point are indicated with blue circles in Figures 14a 
and 14b, respectively.   

To estimate the shell prebuckling axial stiffness from the nonlinear analysis results, a secant 
stiffness (i.e., load divided by corresponding displacement) is calculated at each converged 
analysis step up to and including the initial buckling load.  These individual secant stiffnesses are 
then averaged to estimate the shell axial stiffness for that analysis case.  A secant stiffness 
calculated using only the initial buckling load, while a much simpler calculation, is consistently 
lower than this averaged stiffness, as well as the axial stiffness computed from a linear analysis. 

Note that the secondary postbuckling stiffnesses are nearly equal for both scale factors in 
Figure 15.  The load-displacement response of this shell also exhibits a postbuckling behavior with 
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a nearly plate-like bilinear response.  The design of such shells with intentional plate-like 
postbuckling responses were studied in Ref. 10. 
 

  
Figure 15.  Nonlinear FEA results for Shell B with A2 Imperfections. 

 
9.  Discrete Nonlinear Analysis Results 

To provide additional insight into the nonlinear response of the tow-steered shells, detailed 
nonlinear shell load-displacement responses are calculated for each of the four shell configurations 
with SF = 1 imperfections at a set of discrete rotation angles F = (0, 30, 60, 90, 120, 150, 180) 
deg.  The (averaged secant) axial stiffnesses and (initial) buckling loads at these discrete angles 
are normalized by data from Table 2, and then plotted in Figure 16.   

The axial stiffness results in Figure 16a show a range of approximately 1.5 percent, and 
correlate well with the linear analysis results plotted in Figure 7a, which exhibit a much narrower 
range of approximately 0.4 percent.  The axial stiffness trends also agree well with the 
corresponding nonlinear analysis results in Figure 8a, but the amplitudes are consistently higher 
by up to 1.5 percent.  The buckling loads in Figure 16b extracted from the discrete nonlinear 
analyses agree qualitatively with the linear analysis results in Figure 7b, and agree both 
qualitatively and quantitatively when superposed on the nonlinear results in Figure 8b.  A direct 
comparison of the nonlinear analysis results for SF = 1 in Figures 8 and 16 is shown in Figure A1 
of Appendix A. 

The nonlinear shell load-displacement responses for shell configurations with SF = 3, 5, and 
10 imperfections are also analyzed using these same methodologies as described above.  The 
resulting normalized axial stiffnesses and buckling loads from these additional analyses at the same 
discrete rotation angles are plotted in Figures 17, 18, and 19, respectively.   

In each case, the axial stiffnesses from these discrete nonlinear analyses show similar trends 
as noted for the corresponding nonlinear analysis results plotted in Figures 12a to 14a, but with 
the higher amplitudes noted for SF = 1.  The computed buckling loads in the figures below also 
show good qualitative and quantitative agreement with the corresponding nonlinear results shown 
in Figures 12b to 14b, with the exception of the discontinuities noted in Figure 14b for Shell B 
with A2 Imperfections with SF = 10 at F = 90 deg.  The nonlinear analysis results for SF = 3, 5, 
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and 10 in Figures 12 to 14, and Figures 17 to 19, respectively, are also compared directly in Figures 
A2 to A4 of Appendix A. 
 

   
           a. Axial stiffnesses           b. Buckling loads 

Figure 16.  Discrete nonlinear structural performance with SF = 1 imperfections. 
 

   
           a. Axial stiffnesses           b. Buckling loads 

Figure 17.  Discrete nonlinear structural performance with SF = 3 imperfections. 
 

For SF = 5, several values of axial stiffness and buckling loads for Shell A with B2 
Imperfections at rotation angles F = (60, 90, 120, 150, 180) deg., and Shell B with A2 
Imperfections at rotation angles F = 150 and 180 deg., were not computed from the nonlinear FEA 
results.  To generate these missing data, the normalized results corresponding to these specific 
cases are instead interpolated using second-order polynomial curve fits to the associated SF = 1, 
3, and 10 data from Figures 16, 17, and 19, respectively.  The analyses used to generate these 
interpolated results are presented in Appendix B.  The results of those analyses indicated in Figure 
18 as the red open circles for Shell A with B2 Imperfections, and green open circles for Shell B 
with A2 Imperfections.  

The buckling load of 6940 lbs from the nonlinear structural response for Shell B with A2 
Imperfections and SF = 10 at a rotation angle F = 90 deg. is designated in Figure 15 with an 
orange circle.  After that buckling load is divided by the corresponding value for Shell B from 
Table 2, the normalized buckling load is also plotted below using an orange circle in Figure 19b 
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below, and also in Figure 14b.  The associated normalized axial stiffness computed from the 
nonlinear load-displacement history is also indicated with orange circles in Figures 14a and 19a. 

a. Axial stiffnesses b. Buckling loads
Figure 18.  Discrete nonlinear structural performance with SF = 5 imperfections. 

a. Axial stiffnesses b. Buckling loads
Figure 19.  Discrete nonlinear structural performance with SF = 10 imperfections. 

The average normalized axial stiffnesses for SF = 1, 3, and 5 are approximately within 1 
percent of the reference values, with a maximum variation of 2 percent.  For SF = 10, the average 
axial stiffness is 3 percent lower than the reference values, with a maximum variation of 7 percent.  
The average normalized buckling loads from the nonlinear FEA decrease in inverse proportion to 
the scale factor, with a maximum reduction for SF = 10 of over 55 percent from the reference 
values.  The computed average (50%), mean minus standard deviation (84.1%), and minimum 
structural performance values are plotted as functions of the scale factor in Figure 20.   

10. Concluding Remarks
The structural performance of two advanced composite tow-steered shells are predicted using 

linear and geometrically nonlinear finite element analyses.  Shell analysis models are evaluated 
without geometric imperfections, and using measured imperfections that are first normalized to ±1 
shell wall thickness, and then superposed and rotated incrementally around the shell axis.  Using 
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these nominal imperfections, the shell prebuckling axial stiffnesses and buckling loads are close 
to reference values from linear analyses with no imperfections. 

a. Axial stiffnesses b. Buckling loads
Figure 20.   Statistical analysis of nonlinear structural performance metrics. 

Shell axial stiffnesses and buckling loads are also evaluated using linear and nonlinear analyses 
that incorporate normalized imperfections that are scaled up by as much as a factor of 10.  For 
these larger imperfections, the linear analyses predict reductions in axial stiffnesses and buckling 
loads of up to 5 and 30 percent, respectively, from the reference values computed without 
geometric imperfections.  The nonlinear analyses exhibit similar trends, but predict even larger 
reductions in axial stiffnesses and buckling loads of as much as 10 and 55 percent, respectively, 
from the reference values. 

Possible future work could include expansion of the discrete nonlinear analyses to cover the 
full range of fiber angles from 0 to 180 degrees.  Hopefully, the axial stiffnesses and buckling 
loads generated from these additional analyses would not exhibit the same large number of  
discontinuities noted in the results of this study.  Detailed examination of the linear buckling mode 
shapes and radial displacements from the nonlinear analyses, their variations, and correlation with 
buckling loads, could also provide meaningful insight into these tow-steered shells’ structural 
response to compression loads.   
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Appendix A.  Comparison of Nonlinear Analysis Results 

a. Axial stiffnesses b. Buckling loads
Figure A1.  Comparison of nonlinear analyses with SF = 1 imperfections 

a. Axial stiffnesses b. Buckling loads
Figure A2.  Comparison of nonlinear analyses with SF = 3 imperfections 

a. Axial stiffnesses b. Buckling loads
Figure A3.  Comparison of nonlinear analyses with SF = 5 imperfections 
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           a. Axial stiffnesses           b. Buckling loads 

Figure A4.  Comparison of nonlinear analyses with SF = 10 imperfections 
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Appendix B.  Curve-Fitted Shell Performance Results 
Because several normalized axial stiffnesses and initial buckling loads for Shell A and Shell B 

configurations with SF = 5 are not calculated from the nonlinear FEA, these discrete data are 
instead interpolated using exact second-order polynomial curve fits to the existing results for SF = 
1, 3, and 10 at specified rotation angles.   

For Shell A with B2 Imperfections at rotation angles F = (60, 90, 120, 150, 180) deg., the 
normalized structural performance data from the geometrically nonlinear FEA in Figures 16, 17, 
and 19 are indicated with the filled circles in Figure B1, and the polynomial curve fits to these 
discrete data are superposed as solid lines.  The interpolated results at SF = 5 are indicated with 
the open circles in Figure B1, and are then exported to Figure 18 as the red filled circles. 

a. Axial stiffnesses b. Buckling loads
Figure B1.  Interpolated performance for Shell A with B2 Imperfections. 

The corresponding curve-fitted structural performance for Shell B with A2 Imperfections at 
rotation angles F = 150 and 180 deg. are illustrated in Figure B2.  The normalized structural 
performance data from Figures 16, 17, and 19 are plotted as the filled circles, with the curve fits 
again shown as solid lines.  The estimated values at SF = 5 are plotted as the open circles in Figure 
B2, and are replotted as the green filled circles in Figure 18.  

a. Axial stiffnesses b. Buckling loads
Figure B2.  Interpolated performance for Shell B with A2 Imperfections. 
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