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Abstract

A simple modification to the negative Spalart-Allmaras turbulence model is
suggested so that when the turbulence working variable, ν̃, is negative, di-
agonal dominance is increased, as is the tendency for the time-advancement
scheme to push ν̃ toward positive values. Owing to the fact that the modifi-
cation is only active when ν̃ is less than zero, the physical model is left un-
changed. Using the proposed modification with a strong implicit solver based
on Newton’s method, convergence rates can be somewhat improved, with typ-
ical reductions in iterations and computer time on the order of 15− 50%. The
benefits are realized primarily when second- or higher-order accuracy is used
for discretizing the convective terms in the turbulence model because of large
overshoots that can occur with these schemes at the edges of boundary layers
and wakes. For flowfields with few regions of negative ν̃, or on very fine meshes
where ν̃ is always greater than zero, little or no benefits should be expected.
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1 Introduction

The negative Spalart-Allmaras (SA-neg) turbulence model, as introduced by
Allmaras et al. [1], allows for continuous time integration of the turbulence
model when the working variable, ν̃, is negative. Although, in principle, nega-
tive values of ν̃ only occur because of insufficient mesh resolution, simulations
on practical meshes in routine use for engineering computations inevitably con-
tain negative values at the edges of boundary layers and wakes. With second-,
and higher-, order discretization of the turbulence model, these values may
reach magnitudes as large as several thousand that of the kinematic viscos-
ity. For these regions, reference [1] provides general requirements, and initial
suggestions, for discretizing the production, destruction, and diffusion terms
so that the turbulence working variable effectively becomes a passive scalar,
thereby allowing integration to continue without having concern for generat-
ing negative eddy viscosity. However, while the initial suggestions are quite
effective, considerable latitude exists for alternate discretizations that also fit
within the guidelines, but which may provide numerical benefits.

In this paper, an inceptive modification is suggested for the destruction
term when ν̃ is less than zero. This simple modification increases the tendency
to drive ν̃ toward positive values and also increases diagonal dominance. These
features particularly benefit implicit solvers based on Newton’s method that
solve the flow equations and the turbulence model tightly coupled, and use
strong linear solvers and preconditioners. For these solvers, increasing diagonal
dominance can be quite beneficial to both robustness and speed of convergence.

2 Governing Equations

The governing equations are the compressible, Reynolds-averaged Navier-Stokes
equations augmented with the one-equation SA-neg turbulence model [1]. The
equations can be expressed in the following conservative form:

∂Q(x, t)

∂t
+∇ · (Fe(Q)− Fv(Q,∇Q)) = S(Q,∇Q) in Ω (1)

where Ω is a bounded domain. The vector of conservative flow variables Q,
the inviscid and viscous Cartesian flux vectors, Fe and Fv, are defined by:

Q =


ρ
ρu
ρv
ρw
ρE
ρν̃

 , Fx
e =


ρu

ρu2 + p
ρuv
ρuw

(ρE + p)u
ρuν̃

 , Fy
e =


ρv
ρuv

ρv2 + p
ρvw

(ρE + p)v
ρvν̃

 , Fz
e =


ρw
ρuw
ρvw

ρw2 + p
(ρE + p)w

ρwν̃


(2)
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Fx
v =


0
τxx
τxy
τxz

uτxx + vτxy + wτxz + κ∂T
∂x

1
σ
ρ(ν + ν̃fn)∂ν̃

∂x

 , Fy
v =



0
τxy
τyy
τyz

uτxy + vτyy + wτyz + κ∂T
∂y

1
σ
ρ(ν + ν̃fn)∂ν̃

∂y

 ,

Fz
v =


0
τxz
τyz
τzz

uτxz + vτyz + wτzz + κ∂T
∂z

1
σ
ρ(ν + ν̃fn)∂ν̃

∂z

 . (3)

Here, ρ , p, and E denote the fluid density, pressure, and total energy per unit
mass, respectively, u = (u, v, w) represents the Cartesian velocity vector, and
ν̃ represents the turbulence working variable in the negative SA model. The
pressure p is determined by the equation of state for an ideal gas,

p = (γ − 1)

(
ρE − 1

2
ρ(u2 + v2 + w2)

)
(4)

where γ is the ratio of specific heats, which is 1.4 for air. The subscripts on
τ represent the components of the viscous stress tensor, which is defined for a
Newtonian fluid as,

τij = (µ+ µT )

(
∂ui
∂xj

+
∂uj
∂xi
− 2

3

∂uk
∂xk

δij

)
(5)

where δij is the Kronecker delta and subscripts i, j, k refer to the Cartesian
coordinate components for x = (x, y, z). µ refers to the fluid dynamic viscosity
and is obtained via Sutherland’s law [2]. In Eq. 5, µT denotes the turbulence
eddy viscosity, which is obtained from the negative SA model by:

µT =

{
ρν̃fv1 if ν̃ ≥ 0
0 if ν̃ < 0

(6)

The source term, S, in Eq. 1 is given by S = [0, 0, 0, 0, 0, St]
T , where the com-

ponents for the continuity, momentum and energy equations are zero. The
source term corresponding to the turbulence model equation takes the follow-
ing form [1]:

St = P −D +
1

σ
cb2ρ∇ν̃ · ∇ν̃ −

1

σ
(ν + ν̃fn)∇ρ · ∇ν̃ (7)
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where the production term is given as

P =

{
cb1ρ(1− ft2)S̃ν̃ if ν̃ ≥ 0
cb1ρ(1− ct3)Sν̃ if ν̃ < 0

(8)

and the destruction term is defined as

D =

{
ρ(cw1fw − cb1

κ2t
ft2)( ν̃

d
)2 if ν̃ ≥ 0

−ρcw1(
ν̃
d
)2 if ν̃ < 0.

(9)

In Eq. 7, 8, and 9, ν denotes kinematic viscosity that is the ratio of dynamic
viscosity to density, µ/ρ. Additional definitions associated with the production
and destruction terms are given as [1]:

S̃ =

{
S + Ŝ if Ŝ ≥ −cv2S

S +
S(c2v2+cv3Ŝ)

(cv3−2cv2)S−Ŝ if Ŝ < −cv2S
(10)

S =
√
~ω · ~ω, Ŝ =

ν̃

κ2
td

2
fv2, fv1 =

χ3

χ3 + c3
v1

, (11)

fv2 = 1− χ

1 + χfv1

, ft2 = ct3e
−ct4χ2

(12)

and

χ =
ν̃

ν
, r = min(

ν̃

S̃κ2
td

2
rlim), g = r + cw2(r6 − r), fw = g

(
1 + c6

w3

g6 + c6
w3

)1/6

(13)

where the vorticity vector is given by, ~ω = ∇×u and d represents the distance
to the nearest wall.

The constants in the negative SA model are given as: cb1 = 0.1355, σ = 2/3,
cb2 = 0.622, ct3 = 1.2, ct4 = 0.5, κt = 0.41, cw1 = cb1/κ

2
t + (1 + cb2)/σ,

cw2 = 0.3, cw3 = 2 cv1 = 7.1, cv2 = 0.7 and cv3 = 0.9. κ and T denote the
thermal conductivity and temperature, respectively, and are related to the
total energy and velocity as,

κT = γ(
µ

Pr
+
µT
PrT

)

(
E − 1

2
(u2 + v2 + w2)

)
(14)

where Pr and PrT are the Prandtl and turbulent Prandtl number that are
set to 0.72 and 0.9, respectively. In the case of laminar flow, the governing
equations reduce to the compressible Navier-Stokes equations, where the tur-
bulence model equation is deactivated and the turbulence eddy viscosity, µT ,
in the fluid viscous stress tensor and the thermal conduction term vanishes.
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For the purpose of the spatial discretization, the Cartesian viscous fluxes
are rewritten in the following equivalent form:

Fx
v = G1j

∂Q

∂xj
, Fy

v = G2j
∂Q

∂xj
, Fz

v = G3j
∂Q

∂xj
(15)

where the matrices Gij(Q) are determined by Gij = ∂Fxi
v /∂(∂Q/∂xj) for

i, j = 1, 2, 3.

3 Spatial Discretization

For the current work, a continuous Galerkin finite-element method is used,
where the domain of interest is discretized into a series of nonoverlapping ele-
ments, and the field variables are assumed continuous across element bound-
aries. Single-valued data are stored at the vertices of the elements and the
solution is assumed to vary within each element according to a linear combi-
nation of polynomial basis functions

Qh =
n∑
i=1

NiQi (16)

Here, Qh represents the dependent variables approximated within each ele-
ment, Qi are the corresponding data at the nodes of the element, and each Ni

represents a basis function.
The spatial discretization is a Streamlined-Upwind Petrov-Galerkin (SUPG)

finite-element method described in Ref. [3]. The SUPG finite-element scheme
is formulated as a weighted residual method, which can be cast in the form
shown below ∫

Ω

(Ni + Pi)

(
∂Q

∂t
+∇ · F− S

)
dΩ = 0 (17)

where Pi, is a stabilizing term that provides dissipation along preferential
directions to eliminate odd-even point decoupling that often occurs with the
standard Galerkin scheme that is obtained if Pi is neglected. In the present
work, the Streamlined Upwind Petrov-Galerkin (SUPG) method is used in
defining the weighting function [4].

Pi =

(
∂N

∂x
[A] +

∂N

∂y
[B] +

∂N

∂z
[C]

)
[τ ] (18)

[τ ]−1 =
M∑
j=1

(∣∣∣∣∂Nj

∂xi
[Ai]

∣∣∣∣+
∂Nj

∂xi
[Gik]

∂Nj

∂xk

)
(19)
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∣∣∣∣∂Nj

∂xi
[Ai]

∣∣∣∣ = [T] |Λ| [T]−1. (20)

Here, M corresponds to the number of basis functions within the element and
the repeated index, i,j, and k imply summation over all the values (i, j, k =
1, 2, 3), and the definitions of [Gik] corresponds to those given in Eq. 15.

The matrices [Λ] and [T ] are the eigenvalues and right eigenvectors, re-
spectively, of the matrix on the left side of Eq. 20 whereas the inverse of [T ]
is given by [T ]−1. The resulting weak statement may be written as

∫
Ω

(N
∂Q

∂t
−∇N ·F·−NS)dΩ+

∫
Ω

[P ]

{
∂Q

∂t
+∇ · F− S

}
dΩ+

∫
Γ

NF·ndΓ = 0

(21)
In evaluating the volume and surface integrals, Gaussian quadrature rules

are used where, for polynomial representations of the dependent variables of
order p, the volume integrals are evaluated using formulas appropriate for
integrating polynomials of order 2p whereas surface integrals are integrated
using formulas for integrating polynomials of order 2p + 1 [6]. Note that
because the field variables are assumed to be continuous in the interior of
the domain, the surface integral typically vanishes on the boundaries of the
interior elements and need only be evaluated on the boundaries of the domain
where appropriate boundary conditions are applied as discussed in Ref. [3].

4 Time Advancement

To advance the solution toward a steady state, the density, velocity compo-
nents, temperature, and the turbulence-model working variable are tightly
coupled and updated using a Newton-type algorithm described in Ref. [3].

Here, an initial update to the flow variables is computed using a locally
varying time-step parameter that is multiplied by the current CFL number,
which is adjusted during the iterative process to provide global convergence.
Using the full update of the variables, the L2 norm of the unsteady residual
is compared to its value at the beginning of the iteration. If the L2 norm
after the update is less than a prespecified target value relative to the original
value, the the CFL number is increased by a multiplicative factor, typically
1.25. If the L2 norm reduction target is not met, a line search is conducted
to determine an appropriate relaxation factor and the CFL number is neither
increased nor decreased.

In contrast to the methodology described in Ref. [3], if slow convergence
of the linear system at any step is detected, the entire step is rejected and the
CFL number is lowered. Here, the determination is made simply by requiring
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the residual of the linear system to be reduced by a factor of two. Rejecting
steps when the linear system is not reduced by this minimal step reduces the
frequency of accepting updates that do not help reduce the residual of the
nonlinear system. As a result, the nonlinear iterative process is more robust.

5 Modification of the Destruction Term

The purpose of developing the SA negative turbulence model was to provide a
continuation of the original SA model so that negative values of ν̃, that occur
at undershoots and during nonphysical transients, do not force the simulation
to halt [1]. In developing the model, five guidelines were originally provided [1]:

• The original SA model is unchanged when ν̃ ≥ 0

• Negative values of ν̃ produce zero eddy viscosity

• Functions in the partial differential equation are C1 continuous with
respect to ν̃ at ν̃ = 0

• Negative SA is energy stable

• The analytic solution is nonnegative given nonnegative boundary condi-
tions

To achieve these objectives, the diffusion, production, and wall destruc-
tion terms have been defined as given above in Eqs. 7, 8, and 9, respectively.
However, simple modifications, in particular to the destruction term, can be
made to enhance the numerical behavior when ν̃ is negative. Specifically, note
that when ν̃ is negative, the sign of the destruction term is such that this
term essentially becomes a production term tending to drive the turbulence
working variable positive. Secondly, the linearization of the destruction term
adds to the diagonal a term proportional to −ρcw1ν̃/d

2. Because ν̃ is nega-
tive, the term added to the diagonal is positive, thereby increasing diagonal
dominance. Both effects are beneficial to the numerical integration of the
turbulence model. As such, one could expect numerical benefits by simply
multiplying the destruction term by a constant, α, to ”boost” the destruction
term as indicated in Eq. 22.

D =

{
ρ(cw1fw − cb1

κ2t
ft2)( ν̃

d
)2 if ν̃ ≥ 0

−αρcw1(
ν̃
d
)2 if ν̃ < 0.

(22)

Note that the benefits discussed above are realized for α > 1.0. However,
increasing α also increases the nonlinearity of the scheme so that one might
expect practical limits to the magnitude, beyond which benefits might be
negated. In practice, the value of α is typically set to 10, although numerical
tests indicate similar results over a range of values as high as 50, so that the
precise value is not critical.
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Although not presented here, replacing the form of the destruction term
with a more general curve that blends smoothly from a quadratic when ν̃ is
near zero, into a linear function for large negative values of ν̃, have also been
explored. The objective in these experiments is to decrease nonlinearity as ν̃
gets larger in magnitude. However, experiments to date indicate that good
results are obtained by simply multiplying by a constant, without regard to
decreasing nonlinearity. However, further explorations are planned.

6 Results

For strong solvers based on Newton’s method, increasing diagonal dominance
can be quite beneficial to robustness and for increasing the rate of convergence.
Two example simulations are provided below. In each case, solutions obtained
using the negative SA model as described in Ref. [1] are labeled as having a
”boosting” parameter of 1.0, whereas the results with a boosting coefficient of
10.0 are labelled appropriately.

The first example demonstrates the benefits of the proposed modification
using the finite-element solver described above. The configuration corresponds
to that of Case 2a from the AIAA 3rd High-Lift Prediction Workshop [7], which
is a high-lift geometry at a freestream Mach number of 0.172, a Reynolds
number of 1.93 × 106 based on the mean aerodynamic chord, and an angle
of attack of 10.47◦. The mesh used for the simulation has been obtained
using the adaptive methodology described in Ref. [8], with the geometry and
mesh both depicted in Fig.1(a). As seen in the figure, the simulation includes
the nacelles, flaps, and slats for the configuration under consideration. The
mesh, resulting after ten adaptation cycles, is comprised of 8, 988, 908 nodes,
47, 920, 723 tetrahedrons, with 1, 778, 232 triangular elements on the surface.
The mesh is very highly anisotropic and provides high resolution of the complex
wake structure behind the vehicle.

The convergence histories for this case are shown in Fig. 1(b), where 320
cores have been used for the simulation. As seen, solutions are obtained to
machine accuracy whether or not boosting is used. Note that the residual for
the turbulence model is somewhat lower than for the flow equations, which
are nominally at machine precision. This is because the turbulence working
variable is linearly scaled at the beginning of the iterative process as described
in Ref. [3] to prevent the turbulence model from dominating the behavior of
the CFL controller. However, using a boosting coefficient of 10.0, convergence
is reached in almost 200 fewer iterations than without boosting. Although not
shown, a similar savings in computer time, of approximately 30% is realized.

The magnitude of the turbulence working variable is shown in Fig. 2. Here,
Fig. 2(a) depicts ν̃/ν∞, as well as the mesh, extending from slightly ahead of
the geometry to a plane located 65 chord lengths downstream. A closeup of
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ν̃/ν∞ on the backplane is seen in Fig. 2(b), where the maximum value in the
center of the vortex is approximately 45, 000. To highlight the presence of
overshoots, and large negative values, Fig. 2(c) shows ν̃/ν∞ restricted to only
negative values. Note that a different colormap has been used to facilitate
easily visualizing the values. In this figure, the light yellow/red on the back
plane represent values of ν̃/ν∞ about −520. Moving only one cell away from
a yellow contour, toward the vortex center, the corresponding value of ν̃/ν∞
is over 1200. Similarly, on the symmetry plane, the red contours near the
vortex have values of ν̃/ν∞ near −1800. Furthermore, on the symmetry plane,
alternating yellow/gray contours are observed. These regions are indicative
of oscillations in the turbulence working variable ranging between −1400 up
to 300 over just a few cells. These oscillations in the turbulence working
variable indicate that the turbulence model solution is not properly resolved
[1]. Clearly, overshoots in the wake area are prevalent in this flowfield, so that
benefits of boosting the destruction term are expected.

(a) Geometry and mesh.

Iteration

R
es

id
ua

ls

200 400 600 800 100010-18

10-16

10-14

10-12

10-10

10-8

10-6

10-4 Continuity/   Boost=1
Turbulence/ Boost=1
Continuity/   Boost=10
Turbulence/ Boost=10

(b) Convergence history.

Figure 1. Geometry, mesh, and convergence history for high-lift test case.
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(a) Farfield view.. (b) ν̃ near backplane.

(c) Negative values of ν̃ near backplane.

Figure 2. Turbulence working variable for high-lift test case.
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For independent confirmation of the benefits that may be achievable using
boosting, the COFFE [9] finite-element solver has been used. For this result,
the geometry is the Common Research Model (CRM) used during the AIAA
4th Drag Prediction Workshop [10]. This geometry is a cruise-type of geometry
at a freestream Mach number is 0.85, a Reynolds number of 5× 106 based on
the mean aerodynamic chord, and angle of attack is 2.33◦. The simulation
was performed on 528 cores, using a mesh consisting of 17, 891, 069 nodes and
106, 012, 944 tetrahedrons. Table 1 shows the number of iterations, as well as
the wall-clock time to converge the solutions. As with the high-lift case above,
boosting the destruction term when ν̃ is less than zero provides substantial
benefits in terms of reducing the cost of the computation. In this example,
the number of iterations has been cut by over a factor of 3, and the wall-clock
time is reduced by half.

Table 1. Convergence for DPW4 configuration with/without boosting.
α Iterations Wall-clock time
1.0 840 19h 16m
10.0 232 8h 29m

7 Summary and Discussion

A very simple modification to the SA-neg turbulence model, requiring only
changing a single line of source code, has been proposed and the benefits
to convergence have been verified using two different solvers. It should be
noted, however, that the two solvers have several similarities in that they
both solve the flow equations and turbulence model tightly coupled, both use
SUPG finite-element discretizations, and both use Newton-type algorithms
with strong linear solvers to advance the solution at each time step. Neverthe-
less, increasing diagonal dominance is normally advantageous for robustness
and convergence of iterative processes. The results included here also demon-
strate that while the initial suggestions in Ref. [1] for discretization of the
production, destruction, and diffusion terms provide a robust algorithm for
simulating very complex flows with the SA turbulence model, other possi-
bilities are within the suggested guidelines that may provide further benefit.
While only one simple modification has been demonstrated in this report, work
will undoubtedly continue to make further improvements.
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