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Purpose of This Presentation

Make known a multi-year effort to re-compute all of the
example problems in the foundational trilogy of NACA reports

 Re-computations performed using the solution method specific to each
NACA report

* Re-computations checked and re-checked using modern flutter solution
methods
(“One does not set about lightly to correct the masters.”)

 NASA TP has been / will be published for each report in the trilogy
Present outlines of Theodorsen’s and Garrick’s —

* Equations of motion

* Solution methods

Present representative re-computations and comparisons with
the originals
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1930’s and 40’s NACA Computing Environment

* “Computers”
Employees whose job function Lﬁ,
was to iStrong motivation to minimize

* Tools [human time and effort required to

— Pencil solve equations:
* Recast equations to eliminate -
- solution steps

- complex arithmetic

— Slide

— Mechanical calculators
(comptometers — patented 1887)
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1930’s and 40’s NACA Computing Environment

* “Computers” e

Employees whose job function Lﬁ,
was to |

* Tools Unfortunately —
— Penci Human computers ...

... are prone to error

— Slide

— Mechanical calculators
(comptometers — patented 1887)
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Assumptions Made in NACA 496

Flow is potential, unsteady, incompressible
“Wing” is two-dimensional typical section
Three degrees of freedom

— Torsion —

— Aileron deflection — 3

— Vertical deflection (flexure) — h

Wing motions are sinusoidal and infinitesimal

Wing has no internal or solid friction, resulting in no
internal damping



Assumptions Made in NACA 496

* Flow is potential, unsteady, incompressible
 “Wing” is two-dimensional typical section

Three degrees of freedom
— Torsion — «
— Aileron deflection — 3

— Vertical deflection (flexure) — h

 Wing motions are sinusoidal and infinitesimal

’
\ Assumption removed in

NACA 685 and NACA 741




Equations of Motion Collected
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Equations of Motion Collected
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(A) = Sum of moments about the elastic axis

21



Equations of Motion Collected
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(A) = Sum of moments about the elastic axis

(B) = Sum of moments about the aileron hinge
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Equations of Motion Collected

@) o rrre(Lra)] ate (B tasden+iri+ omam- Lo om0 D +_ﬁx§[mzp_@_@)ﬂ]
L 1) 4 e 2e (ot D)0 v By (1) Dot 1 Tig]

SN PPN SN 1y PO PR ¥ CETT ST Wy e 0
N TS FET(E oy e L ESN PO LRy

© & x,—m)+dr5-x+ﬁ(2:g_—ﬂx oL RS YRR A

ﬂﬂﬂ:’:) ﬂﬂ'.' ﬁ_l_(z ) —I—Tmﬁﬂ'i-guﬁ]“ﬂ

(A) = Sum of moments about the elastic axis
(B) = Sum of moments about the aileron hinge

(C) = Sum of forces in the vertical direction
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Equations of Motion Collected
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Equations of Motion Collected
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Equations of Motion Collected
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Steps taken to obtain “final” equations of motion:

(1) Make substitutions « = aoe‘kbt

ﬁ — ﬁo l(k t+(p1)
b= hoei(k%th)
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Equations of Motion Collected
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Equations of Motion Collected
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ﬂﬂ{k)tr_a: h ( )
T +7+(5 +2

v
b
B = ﬁoei(k%twl) L (kz)z .
b
h = hoei(k%t“%) etc.

28



Equations of Motion Collected
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Equations of Motion Collected
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Steps taken to obtain “final” equations of motion:

(2) Normalize all equations by (%k)z;c
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Equations of Motion Collected
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Final 3DOF Equations of Motion

(A) (Aaa+a + AP +Agnh = 0
(B) Abaa + (Ab,[)’ +IB + Abhh =
(C) Acqa + Acgf + (4., +@h = 0

where A,, = Ry, +1il,, , etc.

I
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Final 3DOF Equations of Motion
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Final 3DOF Equations of Motion

(A) = 0
(B) = 0
©) ~ 0
2
WaTy\ 1 [(bw,7.
The Qs and X are central to ( > —<
: w, ) K\ vk
Theodorsen’s solution methods
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(B)

(€)

Final 3DOF Equations of Motion

-- with addition of structural damping terms --

(A, + Q1 +ig)X)a + AgpB + Agnh

Acgat + Acgf + (A, + Qp (1 +igp)X)h



(A)

(B)

(€)

Final 3DOF Equations of Motion

-- with addition of structural damping terms --

(A, + Q1 +ig)X)a + AgpB + Agnh

Acgat + Acgf + (A, + Qp (1 +igp)X)h

For all equations of motion, 2DOF and 3DOF,
solution is obtained when their determinant is zero
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Solution Method 1

Employed in NACA 496
2DOF only
No g, allows &

Solution Methods

Solution Method 2

Employed in NACA 685
2DOF or 3DOF
Allows g and &

Solution Method 3

Employed in NACA 741
2DOF or 3DOF
Allows g and &



Solution Methods
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No g, allows & Allows g and & Allows g and &

Expand complex determinant

Separate into real and imaginary equations; set both to zero



Solution Methods

Solution Method 1 Solution Method 2 Solution Method 3
Employed in NACA 496 Employed in NACA 685 Employed in NACA 741
2DOF only 2DOF or 3DOF 2DOF or 3DOF

No g, allows & Allows g and & Allows g and &

Expand complex determinant

Separate into real and imaginary equations; set both to zero

2DOF Example — Torsion-Aileron («, )

Agg + 2, X Agp

Aba Abﬁ + -QﬁX =0 where Al] = Rij+llij

Real equation
QaQﬁXZ + (‘QaRbB + QﬁRaa)X + (RaaRbB - Iaalb[)’ - RaBRba + IaBIba) =0

Imaginary equation

(Qalpp + lae)X + (Raalbp + Roplaa — Raplpa — lapRpa) = 0



Solution Methods

Solution Method 1 Solution Method 2 Solution Method 3
Employed in NACA 496 Employed in NACA 685 Employed in NACA 741
2DOF only 2DOF or 3DOF 2DOF or 3DOF

No g, allows & Allows g and & Allows g and &

Expand complex determinant

Separate into real and imaginary equations; set both to zero

2DOF Example — Torsion-Aileron («, )

Solution is obtained when real and imaginary equations
are both satisfied for the same values of X and k

Real equation
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Imaginary equation

(Qalpp + lae)X + (Raalbp + Roplaa — Raplpa — lapRpa) = 0



Solution Methods

Solution Method 1 Solution Method 2 Solution Method 3
Employed in NACA 496 Employed in NACA 685 Employed in NACA 741
2DOF only 2DOF or 3DOF 2DOF or 3DOF
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Solution Methods

Solution Method 1 Solution Method 2 Solution Method 3
Employed in NACA 496 Employed in NACA 685\/ Employed in NACA 741
2DOF only 2DOF or 3DOF Straightforward DF or 3DOF

No g, allows & Allows g and & Allows g and &

Expand complex determinant

Separate into real and imaginary equations; set both to zero

2DOF Example — Torsion-Aileron («, )

Solution is obtained when real and imaginary equations

Do are both satisfied for the same values of X and k
this
for Real equation

m|any QaQBXZ + ('QaRbB + QﬁRaa)X + (RaaRbﬁ —laalpp — RapRpa + Iaﬁlb“) =0
values

of k Imaginary equation

lnalbﬁ + Qploe)X + (Raalvp + Roplaa — Raplpa — lapRpa) = 0




Solution Methods

Solution Method 1 Solution Method 2 Solution Method 3

Employed in NACA 49;\ Employed in NACA 68;\/ Employed in NACA 741

No g, allows & but complicated |ws g and¢ Allows g and &
Expand complex determinant
Separate into real and imaginary equations; set both to zero
2DOF Example — Torsion-Aileron (a, )
Solution is obtained when real and imaginary equations

Do are both satisfied for the same values of X and k
this
for Real equation

—

m|any QaQBXZ + ('QaRbB + QﬁRaa)X + (RaaRbﬁ —laalpp — RapRpa + IaBIb“) =0
values

of k Imaginary equation

lnalbﬁ + Qploe)X + (Raalvp + Roplaa — Raplpa — lapRpa) = 0




Solution Methods

QX% + (QuRpp + QRaa)X + (RaaRbp — laalbp — RapRba + laplpe) =0

(Qalpp + Qlag)X + (Raalbp + Roplaa — Raplpa — lapRpa) = 0

Solution Method 1

* Treat (), and X as parameters
* Solve 2 equations in 2 unknowns, (), and X



Solution Methods

QX% + (QuRpp + QRaa)X + (RaaRbp — laalbp — RapRba + laplpe) =0

(Qalpp + Qlag)X + (Raalbp + Roplaa — Raplpa — lapRpa) = 0
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Solution Methods

QX% + (QuRpp + QRaa)X + (RaaRbp — laalbp — RapRba + laplpe) =0

(Qalpp + Qlag)X + (Raalbp + Roplaa — Raplpa — lapRpa) = 0

Solution Method 1

* Treat (), and X as parameters
* Solve 2 equations in 2 unknowns, (), and X

2,vs1l/k
. /60 y I
Identify - 1 H
problem-specific N ‘/120 = ﬂkf - 1/ i
value of 2, N a‘o\ 7 ke
N 1] = v
- M
! b4
0 4 2 .3 4 9% & .7 8 39 10

Lk

W, T\ Fvs 0,
o=\ . EEEEEE
vy = F———
16 1~ f \/E
/e
s HHHY
[
4 C > -
— L]
() 20 60

Identify 4
problem-specific
value of 2,

800 00 120 140 /60 180

o

47



Solution Methods

QX% + (QuRpp + QRaa)X + (RaaRbp — laalbp — RapRba + laplpe) =0

(Qalpp + Qlag)X + (Raalbp + Roplaa — Raplpa — lapRpa) = 0

Solution Method 1

* Treat (), and X as parameters
* Solve 2 equations in 2 unknowns, (), and X

Solution Method 2

* Define ), and Qg
* Treat X as a parameter
* Solve polynomial equations for X; and X,




Solution Methods

QX% + (QuRpp + QRaa)X + (RaaRbp — laalbp — RapRba + laplpe) =0

(Qalpp + Qlag)X + (Raalbp + Roplaa — Raplpa — lapRpa) = 0

e

Solution Method 1

* Treat (), and X as parameters
* Solve 2 equations in 2 unknowns, (), and X

Solution Method 2 3
* Define ), and Qg -

* Treat X as a parameter
* Solve polynomial equations for X; and X, 2

1 bwyry 1 — et

V= — ——— 2
Vi ke Vx| L1 %e-
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Solution Methods

QX% + (QuRpp + QRaa)X + (RaaRbp — laalbp — RapRba + laplpe) =0

(Qalpp + Qlag)X + (Raalbp + Roplaa — Raplpa — lapRpa) = 0

Solution Method 1

* Treat (), and X as parameters
* Solve 2 equations in 2 unknowns, (), and X

Solution Method 2

* Define ), and Qg
* Treat X as a parameter
* Solve polynomial equations for X; and X,

Solution Method 3

* Define ) and Qg
 Treat X as a parameter {alx Fo=0
¢ Employ method of elimination / biX +bo =0

* Solve linear equations for X; and X,




Solution Methods

QX% + (QuRpp + QRaa)X + (RaaRbp — laalbp — RapRba + laplpe) =0

(Qalpp + Qlag)X + (Raalbp + Roplaa — Raplpa — lapRpa) = 0

Solution Method 1 ped B 1| 7
Yk ke VX

* Treat (), and X as parameters
* Solve 2 equations in 2 unknowns, (), and X

Solution Method 2

* Define ), and Qg
* Treat X as a parameter
* Solve polynomial equations for X; and X,

Solution Method 3
* Define ) and Qg

* Treat X as a parameter {
* Employ method of elimination /

* Solve linear equations for X; and X,
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Comparisons for Solution Method 1
From NACA 496; Case 1

Effect of 22 on Flutter Velocity, v
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Comparisons for Solution Method 1
From NACA 496; Case 1

Effect of 22 on Flutter Velocity, v
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Comparisons for Solution Method 1
From NACA 496; Case 1

Effect of x, on F
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Comparisons for Solution Method 1
From NACA 496; Case 1

Effect of x, on F
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Comparisons for Solution Method 1
From NACA 496; Case 1

Effect of x, on F
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Comparisons for Solution Method 1
From NACA 496; Case 1

Effect of x, on F
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Comparisons for Solution Method 2
From NACA 685; 2DOF

Case 1l Case 2
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v/bw,

Comparisons for Solution Method 2
From NACA 685; Case 1
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Effect of =2 on for various g5 and g,
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Comparisons for Solution Method 2
From NACA 685; Case 2
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Comparisons for Solution Method 2

Effect of =8 on -2

From NACA 685; Case 2

for various quantities
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Comparisons for Solution Method 3
From NACA 741; Case 2

Effect of =& on - for various Xg
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Comparisons for Solution Method 3
From NACA 741; Case 2

Effect of =& on - for various Xg
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Concluding Remarks

* Inan AIAA Engineering Note Thomas A. Zeiler —

 Made known that numerical errors exist in three foundational reports
on aeroelastic flutter and on early aeroelasticity texts

« Recommended that all of the plots in NACA 496, NACA 685, and
NACA 741 be re-computed and published
e Current work is following Zeiler’s recommendation by —

 Re-computing and checking all numerical examples in these
foundational reports

 Comparing original and re-computed results
e Publishing and making known the existence of the re-computations

* This paper has presented —
 Theodorsen’s and Garrick’s equations and solution methods
* Representative examples of re-computations and comparisons

* Overall good agreement between original and re-computed results
(with some notable discrepancies)



