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Control allocation has sufficiently progressed such that it is used in front-line fighter air-
craft such as the F-18 Super Hornet and the F-35 Joint Strike Fighter. Published literature
shows the F-35 utilizes Nonlinear Dynamic Inversion in conjunction with an Effector Blender
that incorporates the Cascading Generalized Inverse control allocation algorithm. While the
Cascading Generalized Inverse algorithm is one of the premier generalized inverse methods, it
does suffer from three deficiencies. In particular, it suffers from an inability to achieve some
desired outcomes, it intermittently provides non-optimal solutions and generally fails to pre-
serve moment direction near maximal achievable moments. An effector unsaturation method
based on a Scalar Difference Quadratic was first introduced and implemented on the iterative
Prediction Method control allocation algorithm which was shown to consistently achieve opti-
mal (weighted) control allocation solutions throughout the entire Attainable Moment Set while
preserving desired moment direction. In this paper, the shortcomings of the Cascading Gen-
eralized Inverse algorithm are addressed by augmenting the baseline algorithm with Scalar
Difference Quadratic unsaturation identification and location at each iteration. Numerical
case studies demonstrate that the Modified Cascading Generalized Inverse algorithm resolves

the aforementioned deficiencies.

Nomenclature
6(Q) = boundary of Allowable Control Set
6(®) = boundary of Attainable Moment Set
Q = Allowable Control Set (ACS), Q c R™
(o} = Attainable Moment Set (AMS), ® c R”"
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B = control effectiveness matrix, B € R"™>™M

B = orthogonal basis vector matrix containing N (B) basis vectors

Myes = desired moment, mg.s € R"

Mges = unit vector in the direction of desired moment, ri1g.5 € R"

Pg; = Generalized inverse generated with positive (semi) definite weighting matrix Wy;, Pg; € R™"
Pnin = Moore-Penrose generalized inverse of control effectiveness matrix B, P,;, € R™<"

Pp,.. = Orthogonal projection operator onto Moore-Penrose surface

Fiwr = Lower bounds of control effector rate limitations, 7j,,, € R™

Fu pr = Upper bounds of control effector rate limitations, 7, pr € R

S = Set of indices for all currently unsaturated control effectors, S; = {1,2,...,m} \ S

Sy = Set of indices for all currently saturated control effectors (e.g. S, = {1, 5,10})

52 = Vector of active control effectors position limits for all indices in S

Udes = Control unit vector in the direction of PinMides, ldes € R™

Ul r = Lower bounds of control effector position limitations, ii;,,» € R™

Uopr = Optimal control allocation solution, ii,,; € R™

iy pr = Upper bounds of control effector position limitations, i, pr € R

Wi = Positive (semi) definite weighting matrix for generation of arbitrary generalized inverse, Wy; € R"*™

I. Introduction

oNTROL allocation continues to make in-roads in the flight control systems of cutting-edge aerospace vehicles
C such as the F-35 Joint Strike Fighter and the F-18 Super Hornet aircraft series [1, 2]. The rationale for control
allocation’s rise in prominence in advanced flight control is multi-faceted. Some of control allocation’s benefits include:
enlarging the set of available control outcomes, increasing aircraft performance [2], achieving control objectives while
simultaneously optimizing secondary objectives (e.g., minimal control cost), incorporating frequency apportioned
control allocation [3| 4], incorporating structural load feedback [3} 5] and enhancing safety for control effector failures.
A wide array of control allocation algorithms are well documented in the literature. These algorithms can be broadly
classified as generalized inverse [3} 69, 121], linear and quadratic programming approaches [[10-13]] and object searching
[14,[15]. One of the preeminent algorithms in use is the Cascading Generalized Inverse (CGI) algorithm. This method
uses a monotonic increasing set of saturated control effectors to produce a sequence of (cascading) generalized inverses
designed to achieve the desired control outcome (also known as the desired moment in literature). The F-35 aircraft
series uses nonlinear dynamic inversion, and an onboard nonlinear aircraft model coupled with an Effector Blender to

great success in unifying aircraft control over multiple aircraft series and a wide range of flight conditions. The F-35



Effector Blender consists of a CGI control allocation algorithm [1} 3] which achieves desired control objectives while
honoring effector position and rate limitations, providing gain limiting, and preventing structural feedback and overload.

A literature review [16H19]] suggests four core requirements for an idealized linear control allocation algorithm. This
idealized algorithm must provide optimal (weighted) cost for any desired outcome over the entire set of all attainable
outcomes, be numerically stable and predictable, enable real-time execution for safety critical systems and readily
accomodate changes in number of desired outcomes and available control effectors. The CGI algorithm satisfies the last
three idealized algorithm requirements, but is known to fail to attain all desired outcomes and to always obtain the
optimal (weighted) control allocation [3} [20].

Closely related to the CGI algorithm are the Prediction Method (PM) [8]], the Affine Generalized Inverse (AGI)
algorithm [9] and the Sequential Null Space Generalized Inverse (SNSGI) algorithm [21]]. The PM utilizes a single
weighted generalized inverse augmented with a sequence of null space components analytically generated from a
partitioned null space basis matrix [8]. This algorithm inherently generates the null space objects without searching
based on a monotonic increasing set of saturated effectors. The PM is guaranteed optimal allocation solutions throughout
the AMS provided the null space component uses the boundary object nearest the generalized inverse component [8]
and the algorithm yields optimal allocation solutions in the large majority of test cases. The PM otherwise satisfies the
idealized core allocation algorithm and has been shown to be more computationally efficient than the CGI algorithm
[21]. The AGI algorithm uses a sequence of generalized inverses (equivalent to those in CGI) and a sequence of null
space components generated from the monotonic increasing sequence of saturated effectors. The AGI was shown to
yield equivalent solutions to the PM for identical sequences of saturated effector sets [9]. The Appendix of this paper
contains a rigorous proof showing CGI solutions are equivalent to those of the PM, and therefore by transitivity CGI
solutions are equivalent to those of AGI.

Effector unsaturation, or the process of allowing a previously saturated effector to unsaturate, was introduced into
the PM and was identified as the source of the PM’s failure to obtain weighted optimal allocation solutions for some
desired outcomes [21]. The Scalar Difference Quadratic (SDQ) was shown to be a functional evaluation to identify and
locate instances of effector unsaturation. The SNSGI algorithm incorporated the SDQ into the PM with a limited object
search consisting of one null space object search for each saturated effector per iteration. The incorporation of effector
unsaturation processing enabled to SNSGI to satisfy all four idealized requirements [21]].

The focus of this research was to incorporate effector unsaturation into the CGI algorithm to enable it to achieve
optimal allocation solutions for all desired outcomes. In subsequent sections of this paper, the Modified Cascading
Generalized Inverse (MCGI) algorithm is introduced and evaluated for allocation performance and computational

efficiency.



II. Background
For systems with redundant controls (i.e. more effectors than outcomes), the control allocation problem seeks the
optimal control i to the under-determined linear system Bii = mig.s for a given control effectiveness matrix B and
desired outcome 7 .5 (€.g., accelerations, forces or moments). The desired outcome 7724, is used interchangeably with
desired moment in literature. Typically, the effectors are subject to upper and lower position limitations (i, and iy, )
and rate limitations (¥;,, and 7, pr)- The effector position limits define the Allowable Control Set (ACS or £2) which

defines the corresponding Attainable Moment Set (AMS or @) respectively as:

Q= {ii € R" |iipyr, < il < lupr, ¥i €{1,...,m}} (1)

®={meR"|Bii=m,ucQ}. ()
The optimal allocation problem for a given 7 4y is:

lippr = argmin {EiTng:Z | Myes = Bil, il € Q} 3)

i
for a positive (semi) definite effector weighting matrix Wg; > 0 (Wy; > 0) and control effectiveness matrix B. In this
research, specifying Wy, as the identity matrix is known as Moore-Penrose (MP) control allocation or minimal control
problem. The generalized inverses used to solve Eq. @) for the weighted (W,;) and minimal control problem (Wg; = I)

are obtain:

-1
Pyi =W B (BW(;} BT) )

Pyin = B (BBT)_I 5)

It is known that a single generalized inverse only yields allocation solutions within the ACS (i.e., ii,p; € Q) over a strict
subset of the AMS [6]. For this reason, iterative generalized inverse methods use a sequence of generalized inverses in
order to enlarge the subset of the AMS that yields admissible control allocation solutions. For a given moment 74,5,

we define the desired moment direction vector as:
rhdes = %des/”n-:ldes ”2 (6)

Examination of weighted optimal allocation solutions along a given rit4.s show that these solutions are piecewise
linear and continuous. The generalized inverse algorithms and null space object searching methods in this research

iteratively solve for each piecewise segment along 71 4.5 until the desired moment is achieved. Each iteration for a linear



segment uses sets of unsaturated and saturated effector indices. Therefore, for each iteration we define the set notation

of saturated effector indices S, and the saturated effector position limit vector 5 as:

Sy = {l €1,2,... 7m| Uopt; € {ulwr,-s Mupri}} (N

T
EZ:[--wuoptn'-'] ViESQ (8)
Similarly the unsaturated effector indices set S is:
S1 :{ie 1’27"'7m|u(1ptj ¢ {ulwri’uupr,:}} &)

such that S; US> = {1,2,...,m}and S; NS, = 0. Furthermore, these effector indices sets are used to reorder associated
quantities into unsaturated and saturated components. The columns of the control effectiveness matrix B are separated

according to the effector index sets S; and S, into:

B = [31 32} (10)

Similarly, B is a basis for the null space of B or N (B) whose rows are separated into the unsaturated and saturated

components respectively:

=~
1

(1)

In [8], it was shown that the general form of the minimal control solution for a given control effectiveness matrix B
and moment 7714, iS:

ﬁ(,pt=ﬁl+l_i|| e (12)

where ii|| = Pinfdes is the unique vector that yields the desired moment 1740, = Bii| [8]. Conversely, ii, € N (B) is
the null-space component so Bii, = 0. Optimal solutions to Eq. li fall in two categories. If ii| € Q then i, = 0 and
Uopt = U|| = Pminiages. Conversely if i) ¢ Q then computation of minimal i, is required. Since if| is orthogonal to

iy, then the 2-norm of the allocation solution of Eq. simplifies to:
ol = 1215 + 1 13)

Thus to minimize ii,,,; with ii)| fixed to yield 771 4.5, it is necessary and sufficient to minimize ||ii ||, such that ii +ii, € Q.

Recalling from [8]] the general form of the PM algorithm optimal control allocation solutions for a piecewise linear



segment:

ﬁopt = ’/_iJ_ + ’/_ZH = (EO + Z)1) + Pminrﬁdes, where (14)
> AAT (AT <
o = BAT (Bsz) % e N (B) (15)
A A A A 71 -
El = _BBg ( 235) Pminzmdes € N(B) (16)
-1
Punin, = BY (BB + Bng) (17)

where ii, = Co + ¢} is the analytic solution to minimize ||ii, ||. The PM algorithm uses a sequence of boundary objects
(one for each piecewise linear solution segment) as moment magnitude increases for 174, along ri14.¢ to generate the
minimal null-space component i, for the minimal control solution ii,,,; = i+ € Q such that /iges = Bii|. Equations
show that the null space component if, = ¢y + ¢} is strictly prescribed by the set of saturated effectors S; for the
current piecewise linear segment. Unlike object-searching allocation algorithms that typically require searching all
boundary objects under some selection criterion, the baseline Prediction Method method inherently generates the next
boundary object as moment magnitude increases along 7i14.s by following each piecewise linear segment to determine
which effector saturates next. This next effector is added to the set of saturated effectors S> which is then used to generate
the null-space component for the next piecewise linear segment of the minimal control solution. Following a similar

line of development in [9], the AGI minimal control allocation solution for a piecewise linear solution segment was:

ﬂoptzc_)O"'Paff’/?ldes (18)
o
Gy = BET (3235) % e N (B) (19)
-1
Pagsi| |BY BY BT (B1BT)™!
Paff = = [Bl 0 = (20)
Pursa| |0 0 0

where P, s of Eq. is obtained by setting the columns of B corresponding to the saturated effectors (i.e., By) to 0.

The baseline PM method of sequentially determining boundary objects without searching has been shown to yield
the correct optimal minimal control solutions in a large majority of 774, numerical test cases. However, it was shown
in [21], that the baseline PM algorithm must allow a previously saturated effector to unsaturate (come off an upper or
lower limit) to enable generation of minimal control optimal solutions for all 7745 € Q. As a result, the Sequential Null
Space Generalized Inverse (SNSGI) algorithm was introduced in [21]. It incorporated the Scalar Difference Quadratic
(SDQ) evaluation into a null space object search routine with the baseline PM algorithm.

The null space object search routine for the SNSGI algorithm is performed for as many piecewise linear segments of

the control solutions as necessary to yield the desired 7ig4.s. For each linear segment, a series of boundary objects are



generated from all strict saturation subset S, combinations which differ from S> by one effector (i.e., S C S5). For
example, if there are seven saturated effectors in S, for a given linear solution segment, then seven null space objects are
searched for the strict subsets combinations of S,. Comparison of the magnitudes of the associated allocation solutions
U = i) +ii_ for saturated effectors set S and i = i+, for saturation subset S was shown to only require comparison
of the magnitudes of the null-space components. The SDQ was introduced as a simple null space component magnitude
comparison function which both identifies and locates unsaturation occurrences. From [21]], the SDQ is the scalar
function:

F =||co+ s - 13 + 13 @1)

Noting that u | = Pintages can be expressed as a scaled unit vector where:

Ages = (Pminn-%des) /||Pmin77ldes”2 == (22)

Pmin"?ldes = ailges, Where a = ”Pmin”?ldesnz (23)

Now substituting only the saturated components of aiiy = Pyin,Mges into Eq. and simplifying yields the SDQ as a

function of unit vector scaling a:

T B
F (a) = ”CQ"'CLHQ —Ico +c1||§ =cqa’+cpa+c. € R (24)
P P
ca=(ﬁ§ (B281)  ar -l (Bo5T) 122) 25)
=7 (poaT) ! =1 (paT) !
cp=-2 (s2 (B2B1) 4y -1 (8:55) ﬁz) (26)
=T (p.pT\ e _ =T (ppT) ' 2
Cec =5, (B;Bz) 52— 8, (BQBZ) K 27

The zero a, of the SDQ coincides with the maximum of the quadratic where:

0F (a) [0a=0 = a, =—cp/2¢cq (28)

For the corner or equivalently each i, iteration (for i > 1), the SNSGI algorithm creates 7 saturation subsets S by
iteratively removing each effector of the current iteration’s saturation indices set S; to create S C Sé and performs the
SDQ evaluation. It was noted in [21] that for the i, piecewise linear allocation solution segment whose endpoints are
denoted by the scaled unit vector gains [a;, a;41] (where a; = | Ppinm;||), that unsaturation is identified (occurrence
necessary to maintain minimal control solutions) if @, € (a;, a;+1]. Moreover, the unsaturation occurrence is located at

a, within the solution segment.



In the event that unsaturation(s) occur, then at each linear solution segment corner, an unsaturation that occurs at the
lowest moment magnitude is utilized to generate the next corner. Unsaturations for multiple effectors are treated as
sequential unsaturations over very small changes in moment magnitude. Desired moments near #,,4, for B € R,
may require up to (m — n) null-space iterations to achieve the desired moment with a total of N = ZE;”Z_") i SDQ

unsaturation evaluations.

ITI. Modified Cascading Generalized Inverse Algorithm
In this section, the Cascading Generalized Inverse Algorithm as described in [3 20] is discussed. Next a CGI
specific Scalar Difference Quadratic is outlined. Implementing the SDQ into the CGI is discussed with a null space
object search implementation for the #;j, iteration where 1 <i < (m — n).
The following legacy Cascading Generalized Inverse algorithm iteration equations delineate the total moment, delta
moment, total control and delta control vectors respectively for the i;j, iteration for a given sequence of unsaturated and

saturated effector indices sets [3]].

m; = Bii; (29)

ii; = ) A (30)
p=1

Aii; = (ki Pr,) Aiii; 31)

A7’711' = %des - ”711'—1 (32)

The vectors m; and i; are the moment and control allocation solution at the i;;, corner or linear segment. Pr, contains
the generalized inverse P, for the i,j, iteration based on the number of unsaturated effectors in that iteration. Defining
q as the number of saturated effectors, then the number of unsaturated effectors is m — g where m is the number of
effectors in B € R™™. If m — ¢ > n the P,, is the weighted generalized inverse computed using B;. If m — ¢ = n, then
P, = BII. Finally, if m — g < n then P, is the weighted least squares solution. Specifically from [3]], the generalized

inverse is found using:

-1
(W;) B (Bl (Wg)_lBlT) for (m —gq) > n
P, € Rim—a)xn
Pr, = Py = Bl’l for (m—gq)=n (33)
0e R |
(BTWIB,)™ BIWY for (m—gq) <n

The nominal version of the CGI algorithm applied to the minimal control problem starts using P, to obtain Ai;.

If any effectors in Aii; exceed a effector position limit then a scaling factor & is determined which brings the worst



effector position to within limits. If no limits are exceeded then k; = 1. In [3]], the authors utilize the scaling on P,
however the scaling could equally be considered as scaling A as Aii; = (k;Pr,) Am; = Pr; (k;Ami;). In this fashion,
the 1st scaling factor k; yields the moment along 714, associated with the end (or corner) of the first piecewise linear
segment. Subsequent corners are obtained in a similar fashion with 77; yielding the moment at the i;;, segment corner.

Expressed in terms of Eqs. (30][31) the minimal scaling factor k; for the i, iteration is found using:

k; = argmin{k;| j € S1} where (34)
k

(ﬁupr(j) - ﬁi—l(j)) /Aﬁl(]) (’/_ii—l(j) + Aﬁl(])) > ﬁupr(.])
K = (35)

(tpwr () = i1 (7)) [ A () (i1 (f) + Addi (7)) < ddpwr(f)

Now implementation of unsaturation identification and location requires using the corner moment magnitudes 7;
for comparison to the zero a, of the SDQ. Since the SDQ is expressed as a function of the gain a for the unit vector
i4es, then applying the projection operator Pgr (projects onto the subspace P,,;;, containing i 4.) to the total control
vector if; at each corner retains only the i component of the optimal allocation solution u; = i + ii.. Then we obtain

the unit vector gain for the i;;, corner from the magnitude of i} using the corner moments 77; as:
ai = ||Pp,.y, @)y = 1PminBiilla = || Piniill, (36)

Next the mathematics of computing the zero a, of the SDQ has options. The SDQ could be computed using Eqs.([25] 26|

o o a1
but this broadly speaking requires computation of (Bng) "and (B;Bg) which is an additional computational

burden. However, the use of partitioned matrices in [21]] substantially reduced this computational burden and eliminated

o a1

the need to compute (B;Bg) for a, evaluation through the use of backward matrix partitioning. Alternatively, the
zero of the SDQ could be computed using only P;, generated from the saturation set > and a second generalized inverse
P, generated from the strict saturation subset S where S, C S5. Specifically, using Eq. from the Appendix of this

paper then for the nominal CGI algorithm we have:

iiy, = Co, + €1, = (Pr; = Pouin) itaes + (I = P1,B) )" Al
p=1

= (P1; = Pin) Maes + (I = P, B) ;1 37)

Recognizing that Eq. (37) is applicable to any moment /7 on the linear segment between 7; and 772;41, then expressing

this moment as 77 = aBiig.s and substituting /7 in for g, in Eq. (37) enables the computation of the Scalar Difference



Quadratic which after simplification yields:

F (a) = H59+ EL”i — 1€+ @115 = caad® + cpa+cc € R (38)

Ca = iy B" (PEP1, = P} Pr) Biges (39)

e =2l B (P}, (1= P,B) = P, (1= PrB) ) i (40)

ce =il ((PTI,B)T (I-PrB) - (PEB)T (1= PrB)+(Pr, - Pr,) B) iy 1)
where a, = —cp,/2cq (42)

For each corner (starting at the i = 2), the MCGI algorithm creates i saturation subsets S; by iteratively removing
one effector to create S C Sé and performs the SDQ evaluation. As shown in [21]], unsaturation is identified and located
if a, € (a;,a;4+1]. At each linear solution segment corner, the unsaturation that occurs at the lowest moment magnitude
is utilized to generate the next corner by terminating the current linear segment at a, updating the saturation sets Sy, S»
and resuming the CGI algorithm of Egs. (29}31). Unsaturations for multiple effectors occur as sequential unsaturations
over very small changes in moment magnitude. Desired moments near 7, for B € R™™ may require up to (m — n)

null-space iterations to achieve the desired moment with a total of N = Zf:;n) i SDQ unsaturation evaluations.

IV. Numerical Results

The performance of the Modified Cascading Generalized Inverse (MCGI) was evaluated against the Prediction
Method, the Sequential Null Space Generalized Inverse, and the Cascading Generalized Inverse for the minimal control
allocation problem in three ways. First the computational efficiency of the MCGI algorithm was compared to the other
algorithms. The second evaluation examined each algorithm’s ability to produce the desired moments throughout the
AMS and to produce the associated optimal effector allocation. Finally, the impact of effector unsaturation is highlighted
by comparing MCGI performance against the CGI algorithm for a single unsaturation case.

Algorithm timing was performed for a series of three control effectiveness matrices with increasing numbers of
desired moments and effectors which yielded an increasing computational burden. The series of control effectiveness
matrices were: By € R¥>*10, Bg € R0 and Bc € R3O, Equation is the linearized control effectiveness matrix
B4 for the NASA F-18 High Alpha Research Vehicle (HARV) [22] at an altitude of 10,000 ft, Mach = 0.3 and AoA =
12.5 deg. The Bp and B¢ control effectiveness matrices were randomly generated robust rank matrices. The matrix
Bp is a representative example of a modern aircraft as it provides six outcomes (e.g., three moments and three forces)
for 20 effectors. The third matrix B¢ is designed to challenge the algorithms and demonstrates solving for a larger
under-determined linear system which is applicable to more fields than just aircraft control allocation. The impact

of increasing the number of effectors and the number of desired outcomes challenged the algorithms in two ways.
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Increasing the number of effectors m results in a general increase in the number of iterations required for a given i ges.
For example, moments near the boundary of the AMS may require (m — n) iterations for B € R to yield the desired
moment. Conversely, increasing the number of desired moments 7, raises the computational burden at each iteration to
find the required matrix inverses. Increasing both m and n substantially increased the overall computational burden.

The computational timing comparisons utilized Matlab® m-files auto-coded into Matlab executables (mex) for all
algorithms. The PM and SNSGI algorithms are developmental Matlab algorithms that produce the optimal control
solution but also provide ancillary information such as the moments, control allocation and saturated control effectors
at each iteration, as well as effector unsaturation and the inverse matrix condition number information [8, [21]. The
CGI m-file is a basic algorithm which only provides the effector allocation and it is available online as a supplement to
[23]. The online CGI algorithm was modified to enable auto-coding and to add LU matrix factorization required for
inverse computation when n > 3 in Bg and Bc¢. Tables [[]and 2] show the computation time comparisons of B for
interior moments and boundary moments respectively. These tables include the Prediction Method without partitioned
inverses (NPI) and with the partitioned inverses (PI) where the partitioned inverses were shown in [21] to substantially
increase computational efficiency. The tables present the SNSGI results without use of partitioned inverses (NPI) and
with partitioned inverses (PI) but also evaluate SNSGI with partitioned inverse plus ill-conditioned inverse handling (P1I,
IC). Lastly, these tables present results for the legacy CGI algorithm and the MCGI. Tables 3| and ] similarly evaluate
the each algorithm’s computational timing but with combined boundary and interior moment cases for Bp and B¢
respectively. Figure [I]shows the mean computation timing comparisons of all algorithms for B4, Bg, and Bc¢. Figure[l]
shows a modest computational increase for unsaturation handling of MCGI over CGI for cases Bg and B¢. However,
the MCGI exhibits lower computational cost than CGI for B4 cases, but this is due to the MCGI algorithm utilizing
vector computations while the legacy CGI code uses individual vector components. Figure [[|shows the computational
benefits of uses matrix inverse partitioning over both MCGI and CGI with increasing computational burden.

Next all algorithms were evaluated for moment and optimal allocation generation capability. For B 4, two groups of
one thousand moment test cases each were selected with one group on the boundary of the AMS and the other group in
the AMS interior. The boundary test cases were desirable since the use of robust rank control effectiveness matrices B
guaranteed the existence of a unique optimal control allocation solution i, pt for each maximal boundary moment Mmax-
The Direct Allocation (DA) algorithm is known to yield these unique allocation solution for boundary moments and
moreover a Matlab® Direct Allocation m-file is available within the online supplement from [23] for the case of n = 3
(i.e Ba). Therefore, the online Direct Allocation supplement was used as the reference source for control allocation
validation for the boundary moment test cases of B4. The interior cases don’t have known closed form unique allocation
solutions, so control allocation validation was performed by using the SNSGI (PI, CI) control allocation solutions as
the comparison reference with other algorithms. Moment validation evaluated each algorithm’s ability to generate the

desired boundary or interior moments respectively.
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A moment error metric E,,, of Eq. || compares an algorithm’s moment output n?algl. to desired moment 77 g5,
for each case i. Similarly, the signed control magnitude error metric E, of Eq. (@4), compares each algorithm’s control
output ﬁalg . to a control reference i,  where the reference was the unique DA boundary solution [6] and SNSGI (PI,

IC) for the AMS interior.

Em,— = ||n_’)ldesi - n_’)lalg,- “2 /”n_;ldesinz 43)

Ee, = (atgl, = lirell,) Mlires]. “44

Additionally, a binary (i.e., true or false) moment validation metric V,,, determined if an algorithm’s moment
solution r?zulgl_ solution was equivalent to the desired moment 74,5, Within a component-wise tolerance of le-10.
Similarly, a control validation metric V,,, compared each algorithm’s allocation solution i, to the reference control
solution ii,.  within the component-wise tolerance le-10 (with ii,. 5 chosen as iip 4 for boundary cases and iisysGr
for interior cases). The error metric statistics, mean (u,,, t,) and standard deviation (o, 0,), for the boundary and
interior cases of B4 are shown in performance Tables E] and@respectively. The values of V,,, and V,, (in red) denote the
percentage of failed validation cases whereas V,,, and V,, (in black) are successful cases for algorithms.

For matrices Bp and B¢, one thousand moment cases were generated by choosing one thousand random control
vector permutations which each consisted of some combination of all effectors saturated at either an upper or lower limit.
It is known [6]], that control vectors i 4.5, on the boundary of the ACS, when converted to moments 7 4es;, = Bilges;, are
either in the interior or on the boundary of the AMS. Therefore the one-thousand numeric test case for Bg and B¢
contain both interior and boundary moments. Control allocation validation was performed using the SNSGI (PI, CI)
control allocation solutions as the comparison reference with other algorithms. Tables clearly show that effector
unsaturation handling in SNSGI and MCGI result in substantially improved ability to achieve both the desired moment
and minimal control solution over the algorithms without unsaturation handling (PM and CGI).

The upper plot of Fig. () shows the AMS for Eq. (@3] and a desired moment series line of non-dimensionalized
aerodynamic moment coeflicients from the origin to 1?1568 = 10.053 0.761 0.1|- The red portion of this line
delineates those moments after unsaturation of effector six occurs. The lower subplot shows the control magnitude (%)
reduction (|liicgr |z — llimcarlln) /limcar ||, achieved for post-unsaturation moments only. MCGI is seen to have

achieved an = 6% maximum control magnitude reduction over CGI.
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—-4.382E-2 -0.5330E-2 +1.100E-2 0.183 -0.183
+4.382E-2 -0.5330E-2 -1.100E-2 0.183 -0.183
—5.841E-2 —-6.486E-2 +3911E-2 0.524 -0.524
+5.841E-2 —-6.486E-2 -3911E-2 0.524 -0.524
+1.674E-2  +0.000E+0 —-7.428E-2 0.524 -0.524
B = s Bupr = s liwr = (45)
—6.280E-2 +6.234E-2  +0.000E+0 0.785 -0.785
+6.280E-2 +6.234E-2  +0.000E+0 0.785 —-0.785
+2.920E-2 +1.000E-5 +3.000E-4 0.524 -0.524
+1.000E-2 +0.3353E+0 +1.000E-5 0.524 -0.524
+1.000E-2 +1.000E-5 +1.485E-1 0.524 -0.524

V. Conclusion

Analysis of the legacy CGI algorithm has demonstrated that it yields erroneous minimal control allocation solutions,
fails to preserve moment direction and/or is unable to obtain desired moment for those cases which seek moment
magnitudes greater than that at which unsaturation occurs along a specified moment direction 7i24.5. Often these cases
occur relatively close to the maximal moment capability of the aircraft. Physically, situations which require near
maximal moment generating capability are seldom utilized in nominal flight conditions, but when they do occur the
ability to obtain these large moments may be critical. Examples of situations requiring maximal control moments are:
the ability to recover from unusual attitudes (e.g. inverted spin), maintaining control during engine failure or during
maximum performance maneuvers (e.g. low slow flight or high alpha maneuvers).

This research applied the Scalar Difference Quadratic for unsaturation identification and location to the legacy
Cascading Generalized Inverse method for Control Allocation. The ability to correctly identify and locate unsaturation
resolved the three issues that prevented the CGI algorithm from obtaining optimal control allocation solutions throughout
the entire Attainable Moment Set. Numerical case studies demonstrated that the Modified Cascading Generalized

Inverse is now able to satisfy the idealized allocation algorithm requirements at a modest computational cost.
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Table 1 Computation Time (us) for Interior Moments, B, € R3>*1°, 1000 Cases

Algorithm ‘ Mean ‘Std Dev‘ Max ‘ Min ‘

PM (NPI) +74.18 | +31.66 | +210.2 | +50.25
PM (PI) +72.59 | +17.65 | +148.1 | +54.2
SNSGI (NPI) | +109.5 | +119.6 | +938.1 | +48.99
SNSGI (PT) +82.89 | +47.59 | +342.2 | +48.04
SNSGI (PL IC) | +81.96 | +47.48 | +360.5 | +47.53
Cal +59.94 | +12.17 | +121.3 | +44.84
MCGI +47.74 | +13.75 | +119.1 | +35.05

Table 2 Computation Time (us) for Boundary Moments, B4 € R3*10, 1000 Cases

Algorithm ‘ Mean ‘Std Dev‘ Max ‘ Min ‘

PM (NPI) +83.03 | +38.24 +257 | +51.79
PM (PI) +79.03 +20 +164.4 | +56.29
SNSGI (NPI) | +112.6 | +121.8 | +897.6 | +49.34
SNSGI (PI) +85.36 | +49.08 | +348.9 | +48.39
SNSGI (PL IC) | +82.31 | +47.57 | +361.8 | +47.72
Cal +81.08 | +18.75 +149 | +52.85
MCGI +53.55 | +15.26 +149 | +37.18

Table 3 Computation Time (us) for Boundary and Interior Moments, Bz € R?°, 1000 Cases

Algorithm ‘ Mean ‘Std Dev‘ Max ‘ Min ‘

PM (NPI) +149.6 | +73.23 | 44084 | +52.1
PM (PI) +107.3 | +32.2 | +214.1 | +54.75
SNSGI (NPI) | +530.9 | +726.2 | +7956 | +49.54
SNSGI (PT) +255.8 | +277.6 | +2314 | +52.85
SNSGI (PL IC) | +261.9 | +347.1 | +5087 | +52.58
Cal +158.1 | +39.05 | +344.8 | +73.97
MCGI +320.3 | +283.5 | +1792 | +37.03

Table 4 Computation Time (us) for Boundary and Interior Moments, B¢ € R¥%: 1000 Cases

Algorithm ‘ Mean ‘Std Dev‘ Max ‘ Min ‘

PM (NPI) +215.8 | +1274 +937.2 +59.56
PM (PI) +150.4 | +60.71 +468.7 +61.46
SNSGI (NPI) | +951.4 | +1445 | +1.714e+04 | +54.99
SNSGI (PT) +430 +614.1 +7456 +59.09
SNSGI (PL, IC) | +428.3 | +623.6 +7786 +58.46
CGI +249.1 | +71.94 +661.5 +116.9
MCGI 49122 | 49254 +7655 +60.28
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= 700
I
£ 600
Z - - PM (NPI)
IS -
£ 500 +-PM (P1)
b SNSGI (NP1}
B 400k —%—SNSGI (PI)
3 - ®-SNSGlI (PI, CI)
© 00l cal
g —A—MCGI
= 20+ S = =T
100 2 Z T io---mmm T
F—=—===wwwwww =
A
OT 1 1
1 2 3 4
Case #

Fig.1 Algorithm Mean Computation Time

Table 5 Boundary Validation Statistics, B4 € R3*10, 1000 Cases

Vin (%) fm (%) Tm (%) | V(%) fu (%) 7 (%)
PM (NPI) +34.5 +0.4597 +0.7553 | +39.6 -3.83 +5.16
PM (PI) +35.5 +0.4468 +0.7485 | +39.8 -3.772 +5.155
SNSGI(NPI) | +17.3 +2.99e-4 +6.662e-4 | +24 -1.65 +3.516
SNSGI (PI) +18.1 +2.97¢-4 +6.505¢-4 | +24.5 -1.556 +3.448
SNSGI (PLIC) | +0 +0 +0 +4 -5.922¢-07  +1.317e-06
CGI +34.3 +0.3191 +0.6327 | +34.3 -8.074 +7.214
MCGI +100 +1.312e-12 +8.316e-12 | +100 -1309e-10  +5.615e-10
DA 100  REF SOURCE * - 100 REF SOURCE * -

1) Vi, Vo % validation cases. Failure (red) and success (black)
2) Mean (,,) and Std Dev (07,,) of moment error metric E,,
3) Mean (u,,) and Std Dev (o, ) of control error metric E;,
Unique DA solution used as reference control

Table 6 Interior Validation Statistics, B4 € R3*10, 1000 Cases

Vin (%) pm (%) om(%) | Vu(%) M (To) oy (%)
PM (NPI) +1.1 +0.14 +0.3105 +3.7 +6.307 +6.484
PM (PI) +1.1 +0.14 +0.3105 +3.7 +5.931 +6.519
SNSGI (NPI) +0.6 +1.22e-05  +1.645e-05 +0.8 +0.942 +1.749
SNSGI (PI) +0.5 +2.048e-05 +3.635e-05 +0.8 +0.1036 +4.645
SNSGI (PL,IC) | +100 +1.3e-12  +1.093e-11 100 REF SOURCE ¥ -
CGI +1.7 +7.383e-2 +8.648¢-2 +3.6 +3.704 +5.076
MCGI +100  +2.338e-13  +4.632¢-12 | +99.8 +3.966e-11 +7.536e-10
MCGI +0 +0 +0 +0.2 +8.081e-07 +5.621e-07
DUR-DA +0 +0 +0 +91.4 +31.45 +17.05

_ See Table Bl notes
" SNSGI (P IC) solution (at equivalent moments) used as reference control
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Table 7 Validation Statistics, Bz € R0, 1000 Cases

Vin(%) i (%) om (%) | Vu(%) Hu (%) ou (%)
PM (NPI) +2.6 +1.941 +2.091 +11 +1.14 +2.767
PM (PI) +2.6 +1.941 +2.091 +11 +1.14 +2.767
SNSGI (NPI) +0 +0 +0 +0.1 +4.096e-08 +0
SNSGI (PI) +0 +0 +0 +0 +0 +0
SNSGI (PL,IC) | +100  +1.123e-12 +2.671e-11 | +100 REF SOURCE -
CGI +2.7 +0.9216 +1.203 +11.3 +1.04 +2.66
MCGI +100  +7.559e-13  +1.894e-11 | +99.8 +1.354e-12 +4.833e-11
MCGI +0 +0 +0 +0.2 +2.452 +3.467
_ See Table[Blnotes
" SNSGI (P IC) solution (at equivalent moments) used as reference control

Table 8 Validation Statistics, Bc € R, 1000 Cases

Vin(%) (%) om (%) | Vu(%) Hu (%) ou (%)
PM (NPI) +0.8 +3.58 +2.721 +8.6 +1.204 +3.07
PM (PD) +0.8 +3.58 +2.721 +8.6 +1.204 +3.07
SNSGI (NPI) +0 +0 +0 +0.1 -1.038e-09 +0
SNSGI (PI) +0 +0 +0 +0.1 +1.393e-08 +0
SNSGI (PL,IC) | +100  +1.112e-13 +3.867e-13 | +100 REF SOURCE ¥ -
CGlI +0.8 +1.454 +1.077 +8.7 +1.218 +3.232
MCGI +100  +5.759%e-14  +7.775e-13 | +99.9 +2.276e-13 +7.271e-12
MCGI +0 +0 +0 +0.1 -1.025e-09 +0

See TableBlnotes

T SNSGI (PL, IC) solution (at equivalent moments) used as reference control

Control Magnitude

Improvement (%)

co N A
T

[e2]
J

= = =Pre-unsaturation
Post-unsaturation

(2]
T

0.68

0.69

0.71
”mdes ”2

0.7

0.72

0.73 0.74 0.75

Fig. 2 Single Unsaturation Case MCGI to CGI Comparison
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Appendix

The focus of this Appendix is to prove the equivalence of the control allocation solutions at each iteration for the
baseline Prediction Method and the Cascading Generalized Inverse algorithm. Moreover, since the baseline Prediction
Method was shown equivalent to the Affine Generalized Inverse algorithm [9]], then through transitivity the Cascading
Generalized Inverse algorithm is also equivalent to the Affine Generalized Inverse solution. The equivalence of these
methods is predicated on utilizing the same sequence of unsaturated effector indices sets S‘i and saturated effector
indices sets S; where at each iteration for i € {a, b, ... }. The superscript denotes iteration order. For example, the
sequence of saturated effector indices sets up to and including the fourth iteration is: S, Sé’ » S5, Sg. The relationship
between the saturated and unsaturated sets at each iteration is: S’i U S; ={1,2,...,m}, Vi and S’i N Sé =0, Vi.

The following Cascading Generalized Inverse iteration equations delineate the total moment, delta moment, total
control and delta control vectors respectively for the i;j, iteration for a given sequence of unsaturated and saturated

effector indices sets [3]].

in; = Bii; (46)

i = Z Aii, (47)
p=1

Adi; = (kiPr) A (48)

A’”711' = "h}des - n_;li—l (49)

The general form of the corresponding minimal control baseline Prediction Method total control vector solution for

a given desired moment 74, and linearized control effectiveness matrix B at the i, iteration is [8]:

Uopr =Co+C1 + PriinMges (50)

where

R R -1
co = BB%- (Bng) 3‘)2, where E() eN (B) (51)
N N -1

& = -BB! (Bng) Pinyies, Where &1 € N (B) (52)

-1 Pmin
Pyin =BT (BBT) - ‘ (53)

Pminz

-1
Prin, = BY (BIBIT + Bng) (54)
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The Affine Generalized Inverse total control solution for the minimal control problem from [9] is:

’/_iupt = EO + Paff "ﬁdes (55)
A A A A -1 - -
Go= BB (B2BY) %, where G € N (B) (56)
Moreover, in [9], it was shown that:
- - 5T [ HT -1 -
c1 = (Puff - Pmin) Mdes = _BBQ (BZBQ) Pminzmdes (57)

The generation of the generalized inverse matrix P,y from Eq. @) is identical to that of P, from the Cascading
Generalized Inverse method in Eq.. Specifically, given the unsaturated effector indices set S ’1 at the i, iteration,

then dividing B into unsaturated and saturated columns and setting the saturated columns to zero vectors then:

-1
BT BT By (B1BT)!

Puff = Pr, = [31 0}

0

= (58)
0 0

Lemma 0.1. Given the Cascading Generalized Inverse definitions of the total moment, delta moment, total control and
delta control in Egs. for the minimal control allocation problem, then the total control vector ii; for the i),

iteration can be divided into two orthogonal components ii; = ii|, + i, where:

i), = P (59)

i, = (Pr, = Pmin) i + (I = P1,B) )" Ail (60)
p=1

Proof. This proof will show that the orthogonal components i), and i, are contained in the orthogonal subspaces
generated by the range space of the column vectors of the transpose of the controls effectiveness matrix B” and the
column vectors of the null space of B basis matrix B respectively. We know from linear algebra that any control vector
i is the sum of the control vectors projections onto Pgr (ii) and P p(p) (i), so then ii = Ppr (i) + Py (p) (i). Given a

total control vector i; € R™ generated at the i,, segment by the Cascading Generalized Inverse method, then application
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of the projection operator Pgr (ii;) = BT (BBT)_1 Bii; together with Eqs. l i yields:

-1
Py (d@;) = BT (BBT) Bii; = PyinBil; 61)
i-1
= PminB AIZI + ZAﬁP (62)
p=1
i—1 i—1
= PinB (KiPr;) | fliges = B ). Aiip | + PoinB ) Al (63)
p=1 p=1

Now since we are showing the division of the total control vector i; for the i-th iteration (i.e., linear segment),
then without loss of generality, we can choose the desired moment such that it is achieved within the i-th iteration
Myes =M; = B 2;:1 Alip, or equivalently Amiy = 0. This is permissible as the magnitude of 174, does not change
the Aii; solutions for the current iteration or any prior iteration in which the moment 71,4, is not satisfied. Specifically,
the scaling factor scales A7 resulting in identical Aii,,. For example given two desired moments 7, and 7, which
differ in magnitude but have identical directions and which are not satisfied during the i-th iteration, then the delta
control solution in an iteration is Aii = P; (kqoAmg) = P; (kpAmip). Moreover, for the Cascading Generalized Inverse
method, if desired total moment is achieved during the i-th iteration then no scaling is required (i.e., k; = 1.) Finally, for
any generalized inverse (particularly the minimal control P,,;,), we have BP,,;,, = I and therefore for the iteration in
which the desired moment is achieved then B (k;Pr;) = 1. Equation is simplified to yield the total control parallel

component as:

i-1 i—1
ujy, = Ppr (U;) = Puin | Mdes — BZAMP + PminBZ Aup» = U|; = PminMdes = PminMi (64)
p=1 p=1

Now analyzing the perpendicular component by projecting onto the subspace spanning the null space of B, we have:

iy, =Py (i) = Pu-ppis) (i) (65)
i—1
= (I = PpinB) | Adl; + Z Aii, (66)
p=1
i—1 i—1
= (I = PpinB) | kiPr, | iiiges — B Z Aiip ||+ (I = PpinB) Z Aii, (67)
p=1 p=1

Again, without loss of generality, we assume the direction of 74 is preserved but the magnitude is chosen such that
the moment is achieved during the i, iteration and therefore k; = 1. Note that the above expressions hold for each point

including the end points. At each corner j where (j < i) then k; = 1 and i ; is defined as above with niiges = 12;.
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Additionally, for any generalized inverse we have BP,,;, = I and BPr, = I since:

Py, - .
BP, =B, B, =B8] (BiBY) +0=1 (68)
0
Now Eq. is expanded and simplified:
i-1 i-1 i1 i-1
fiy; = Pyiiges = PyB ) Aiip = Priniides + PminB ) Afip + " Alip = PyinB ) Al (69)
p=1 p=1 p=1 p=1
i—1
iis, = (Py, = Pmin) ifiges + (I = Py, B) ) Al (70)

where 7 4es = ;. Thus Eq.(64) and Eq.(70) shown the division of the Cascading Generalized Inverse total control

vector i; as claimed. |

Theorem 1. Given a linearized control effectiveness matrix B € R a desired outcome (moment) g5, upper (i, pr)
and lower (id},,, ) effector position limits, then the Prediction Method Egs. and Cascading Generalized Inverse Eq.
solutions at the iz, iteration to the minimal control allocation problem ii,p, = argmin {ﬁrﬁ | Myes = Bil, il € Q}

are equivalent for a given sequence of unsaturation and saturation sets Sf and S; where p =1,2,...,i, Vi < (m — n).

Proof. The optimal allocation solutions to the minimal control allocation problem for a given desired moment 72 4,
along a moment direction i ges = Myes/||Maes||, are known to be piecewise linear and continuous. Both the PM and
the CGI solutions for the i;j, iteration where i < (m — n) are obtained by finding a sequence of effector indices sets
(saturated and unsaturated) and solving for the corresponding control solution at the "corners" of each piecewise linear
segment. This iteration process is typically continued until the desired moment is achieved or the i = (m — n) iteration
is performed but is unable to completely satisfy the desired moment. As the PM and CGI algorithms solution methods
differ after (m — n) iterations, this proof is limited to showing equivalent solutions for moments which can be satisfied
within (m — n) iterations. This proof specifically shows the equivalence of PM and CGI solutions for the iteration
during which the desired moment is achieved. However, iterative application of this proof to a sequentially increasing
set of desired moment magnitudes (one for each iterative segment) along the desired moment direction 14,5 shows that
the PM and CGI solutions are equivalent for all iterations up to and including i = (m — n).

Given the CGI solution from Eq. @]) at the i;j, iteration that satisfies the desired moment (i.e., 71; = Mges), then

Lemma 0.1 shows the partition of the total allocation solution such that:

ﬁi:ﬁﬂi"'ﬁLi=Pmin7?li+(Pti_Pmin)”?li'l'(l_PtiB) Aﬁp (71)
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Recalling that P, and P  from Eq. are equivalent for identical saturation sets S‘i and Sé, then comparison of Eq.
(71) to Eqs. (50}52li57) shows that the CGI solution contains both the i}, and ¢; components of the PM solution. It only

remains to show that:

A A A A _l -
Gy = BET (Bzgg) S, e (I-PrB) Y A (72)
p=1

In the sequel, for simplicity we will drop the i notation subscript when refering the the i;j, iteration quantities but will

retain it for quantities associated with previous iterations. We express ¢ as unsaturated and saturated components (based

T
on the i,y iterations sets S1 and S7) such that ¢y = [gg 53 and similarly the columns of B such that B = | g, Bz]~
1 2
Now recalling the generalized inverses P; and P, ¢ ; for identical effector indices sets:
-1
-1

BY BY BT (B1BY) Pag

Pary = Bl 0 = = =Pr (73)
0 0 0 0

Then expressing the CGI portion of Eq. using the unsaturated and saturated components yields:

aj i-1 I 0 Pary i-1 (I—Puflel) —Pur B> i-1
:(I—P]}B)ZAupz - [Bl Bz:| ZAupz ZAMP
ds p=1 0 1 0 p=1 0 1 p=1
Now recalling from [3] that the delta control vectors Aiij, Aiis, ... is a sequence of vectors where one effector

is saturated and held constant for each iteration. Moreover, due to the nature of the P,y s where P,r 5 = 0, then
subsequent delta control vectors don’t contribute to the saturated controls. For example if the j;;, component of the first
delta control vector is saturated at the upper position limit, then Aii1(j) = iypr(j) then Aiir(j) = Aii3(j) =--- = 0.

Therefore we can express the sum of the 1... (i — 1) delta control vectors in unsaturated and saturated form as:

il i A §

N =1 4 1
>ni, =|"" = (75)
P T A, | |52

where 5, is the vector effector positions corresponding to the active position limits for the saturated effector indices set
S,. Similarly, the 57 vector is the sum of the delta control vector positions for the unsaturated effectors associated with

the set Sp. Substitution of Eq. into Eq. shows the unsaturated and saturated portions of (I — P, B) Zi,;ll Alip

21



are (respectively):

=(I—Paflel)§1—PafﬁBz§2 (76)

dr=5% (77)

G=| |=| |B(B:B}) 3= (78)

Equations show that the saturated components of the PM and CGI algorithm are identical, ¢y, = d». Therefore,

it remains to show equivalence of the unsaturated components:

i—1 L -l
(I = Pag iB1) ), Aiip, = Pag i B2%2 = B1BY (B2BT ) 52 (79)
p=1
First we will show:
i-1
(I-PussB1) Y Aiip,=0 (80)
p=1
where Aii), = [Paﬁ‘l p] (kp Amp) Vp € {1,2,...,i — 1}. The notation [x]; denotes retaining the rows of x associated

with the unsaturated effectors (S ’i) of iteration i. We utilize the notation P; to denote the P 5 for the i, iteration so:

i—1
(I = PayspB1) ZA ip=(I—=P;iBy) ([Pi]; kiAmy + [P2]; koAdity + - - - + [Pi_y]; ki Ariy) (8D
p=1

To expand, note B for p < i can be expressed as By, = [ B, B 2p:| where B; corresponds with the iy, iteration, then

-1
BT (B1BT + Bia, B )
P, = 2l vpe{la,. -1} (82)

-1
T T T
B, (B]B1 +Bl,2PBL2’p)
-1
[Pyl = BT (BiBT + 812,87, ) (83)

P =BT (BIBIT)_1 (84)

Note B, for each iteration p < i can be expressed as B;, = [ B, B Zp] where B corresponds to the i, iteration.
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Examining (I — P;B;) P, we see that:

-1 -1
(I-P;B))P, = (1 - 57 (B15] ) Bl) BT (BiB] + Bi5, B, | (85)

-1
= B (B1B] +B15,B], | - B (BiB] ) (BiB]) (BiB] +Bis,B], ) =0.Vpe{1.2...i-1)
and thus Eq. (80) is identically zero. Now referring back to Eq. (79), it only remains to show that:
s AT (p.pT) ) =
(Pafle2 +BiBY (B,57) )s2 =0 (86)

Now we want Eq. to hold V5, € R* with k = # of saturated effectors. We tranform the linear system into an
equivalent one by using the invertible matrix (B,B% ) and defining the vector ¥ such that 5, = (B,B% ) ¥ and substituting

this into the left side of Eq. , using Parr1 = BIT (BIBIT)_1 and transposing yields:
A -1 A
3T (Bng B (BiBY) Bi+ BzBIT) (87)

Now we will show that (ézég Bg (B BIT)_1 B+ Egé{) is the zero matrix by proving that the right null space of this

matrix is the entire subspace. Since B is robust full rank, then BlT is full rank and from linear algebra the columns of

[ 31T N (B;) | span the entire space. Therefore we create any arbitrary vector w= [ BlT N ( Bl)] X and thus:

- -1 -
0=v" (323535 (BIBIT) BI+BZB{)[B{ N (B))| % VX (88)

Now since the product of the control effectiveness matrix and its null space basis is zero then:
0=BB, = [Bl 32] = -B)B,=BB) = -B)B} =B| B (89)
and therefore distributing BIT in Eq. and using Eq. simplifies to:
(B287 BY + BoBT BT ) = (~B2 BT B + B2BT BT ) =0 (90)

N (By)
When distributing N (By) in Eq. (88)), the first term is identically zero as Bi/N (B1) = 0. Now since the €

0
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span N (B), then from the singular value decomposition of B = UAVT, where VVT = [ with V = [Va g]:

N (By) N (B1) ~ BBT BBYT||N(B))

- (vavj +1§1§T) - — BBTN (By) =0 1)

G o | |z 0

Therefore Eq. holds for all ¥ and thus ¢o, = B 13; (B2BT)_1 52 = =Py r1B252, so the PM and CGI minimal

control allocation solutions are equivalent for the i;, iteration where i < (m — n) as claimed. m]
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