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On the Oxidation of the Silicon Bond Coat in 
Environmental Barrier Coatings 

 
Roy M. Sullivan 

National Aeronautics and Space Administration 
Glenn Research Center 
Cleveland, Ohio 44135 

Summary 
Deal and Grove’s formulation is applied to model the oxidation of the silicon bond coat in 

environmental barrier coatings. The approach is similar to the author’s previous study, except now the 
oxidant is assumed to flow through the coating as oxygen ions via vacancies on the oxygen sublattice. 
The use of an “effective permeability” of the oxidant in the coating is required under the vacancy 
diffusion assumption. It is found that the linear-parabolic growth equation from Deal and Grove, 

2
ox oxx Ax Bt+ = , is still applicable for the oxidation of the silicon bond coat, but the equation for the 

parameter A must be modified to account for the coating. The expression for B is the same as that 
obtained by Deal and Grove and thus is unaffected by the presence of a coating. The modified expression 
for A is a linear function of the coating thickness and includes the ratio of the oxidant permeability in the 
oxide to its effective permeability in the coating. 

1.0 Introduction 
Ceramic matrix composites (CMCs) are being developed for many high-temperature applications in 

the aerospace and energy industries. Some of these applications, such as gas turbine engine components, 
involve exposure to gas environments containing oxygen or water vapor. Exposure to these environments 
at high temperatures can result in oxidation of the CMC constituents and limit the life of the CMC 
component. The development of durable environmental barrier coatings (EBCs) is necessary to protect 
the CMC components from these harmful environments. Current EBC systems consist of a silicon bond 
coat applied to the substrate followed by one or more rare-earth silicate (e.g., Yb2Si2O7) protective 
coating layers. One factor limiting EBC durability is oxidation of the silicon bond coat. Oxidants can 
diffuse through the top coating layers and oxidize the silicon bond coat, resulting in the growth of a layer 
of silica between the silicon bond coat and the adjacent top coat. Differences in the molar volumes of 
silicon and silica as well as thermal expansion differences between silica and the EBC layers can result in 
failure of the EBC system. In this report, the term “coating” or “coating layer(s)” refers to the coating 
layer(s) that is applied on top of the silicon bond coat. The bond coat will be referred to specifically as the 
“bond coat.” Symbols used within this report are listed in the Appendix to aid the reader. 

Deal and Grove (1965) studied the oxidation of an uncoated silicon surface in the temperature range 
700 to 1,200 °C. They reviewed the results of oxidation experiments conducted in dry and wet oxygen 
environments, where the oxidants are presumably O2 and H2O, respectively. Deal and Grove assumed that 
oxidation occurred at the oxide/silicon interface and that oxidant transport to the oxidation site occurred 
by adsorption of O2 or H2O molecules from the gas environment to the oxide surface and the subsequent 
permeation of these molecules through the oxide. Amorphous silica possesses large enough spaces in its 
microstructure to accommodate O2 and H2O molecules, so it is reasonable to assume that mass transport 
to the oxidation site will occur by adsorption and permeation of O2 and H2O molecules. The results of 
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many previous studies support this conclusion (see, e.g., Norton, 1961; Williams, 1965; Doremus, 1976; 
Lamkin et al., 1992; Heggie et al., 1992). 

Imposing steady-state conditions on the system, Deal and Grove derived the two-parameter oxide 
growth equation of the form 

 ( )2
ox oxx Ax B t+ = + τ  (1) 

where xox is the oxide thickness, t is time, and A and B are parameters. Also, ( )2o o
ox oxx Ax B τ = +  

, 

where o
oxx  is the oxide thickness at t = 0. Possessing both linear and second-order terms in xox, 

Equation (1) is often referred to as the “linear-parabolic growth equation.”  
Sullivan (2019) revisited the Deal and Grove formulation to study oxidation of the silicon bond coat 

in EBCs. Sullivan adopted many of the same assumptions as Deal and Grove. Of particular significance 
was the assumption that the oxidant molecules O2 or H2O are adsorbed on the exterior surface and flow 
through the coating and oxide layers to the oxidation site by permeation. Sullivan found that the linear-
parabolic growth equation (Eq. (1)) was still valid but that a second term must be added to the equation 
for parameter A to account for the presence of a coating. Denoting the modified parameter A′, he found 

( )2 ox cA A′ = + γ γ δ , where γox and γc are the oxidant permeabilities in the oxide and coating, respectively, 
and δ is the coating thickness. The expression for parameter B was found to not be affected by the 
presence of a coating. Sullivan also found that for multiple coating layers, 12 N

ox i ciiA A =
′ = + γ δ γ∑ , where 

N is the number of layers and δi and γc i are the thickness and permeability of each layer, respectively. 
Recent results from Wada et al. (2017) suggest that oxygen transport through rare-earth silicates such 

as Yb2Si2O7 is by vacancy diffusion of oxygen ions both through the lattice and along grain boundaries. 
This suggests that oxidant transport in the coating layers is likely by a different mechanism from that in 
the silica, provided the coating layers are undamaged and fully densified. The objective of this study is to 
revisit the formulation of Deal and Grove and investigate the effect of a coating on the oxide growth 
equation as in Sullivan (2019), except here it is assumed that the oxidant diffuses through the coating as 
ions via vacancy diffusion. The discussion herein will be restricted to oxidation in dry oxygen. 

The problem to be examined is illustrated in Figure 1. The EBC system consists of two layers: a 
silicon bond coat applied to the substrate followed by a rare-earth silicate coating of thickness δ. The 
coated substrate is exposed to a gas environment containing molecular O2 at a partial pressure 2OP , 

resulting in the oxidation of the silicon bond coat and the formation of a layer of silica between the 
coating and the silicon bond coat. O2 molecules flow from the gas environment to the exterior coating 
surface. At the coating surface, the O2 molecules are exchanged for oxygen ions by a defect reaction 
(Smeltzer and Young, 1975; Young, 2008; Wada et al., 2017). Oxygen ions then flow across the coating 
by vacancy diffusion. The diffusion may occur along grain boundaries or through the grains. The 
following discussion is relevant to both diffusion paths. At the coating/oxide interface, it is assumed that 
the oxygen ions recombine to form molecular O2, which then diffuses across the oxide layer and oxidizes 
the silicon at the oxide/silicon interface. The recombination of O2 liberates electrons, which then must 
flow from the coating/oxide interface to the exterior coating surface to maintain a cyclic flow of electrons. 
Steady-state conditions are assumed, consistent with Deal and Grove (1965) and Sullivan (2019), and 
charge neutrality within the coating is maintained. The flux of O2 molecules from the gas environment to 
the coating surface is denoted as F1. The flux of oxygen ions crossing the coating and the flux of O2 
molecules crossing the oxide layer are denoted as F2 and F3, respectively. The rate of oxidant 
consumption per unit area at the oxide/silicon interface (the oxidation site) is denoted as F4. 
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Figure 1.—Environmental barrier coating system with coating of thickness δ and silicon 

bond coat. Layer of silica grows between coating and bond coat. Silica layer has 
thickness xox, which increases with time. Layer thicknesses are not to scale. OV    
represents the oxygen vacancies; O′′, the oxygen ions; and e′, the electrons in the 
system. 

2OP  is the partial pressure of oxygen, and F represents the oxidant flux at 

different points in the system. 

2.0 Permeation Through the Oxide 
In solid media where oxygen transport is by permeation of molecular oxygen, such as in the oxide, 

Fick’s law and Henry’s law may be applied. Fick’s law is ( )2 2O OoxJ D dC dx= − , where 2OJ , 2OC , and 

Dox are the flux, the concentration, and diffusivity of O2 molecules in the oxide, respectively. Henry’s law 
may be written as 2 2O OC HP= , where H is the Henry’s law solubility coefficient and 2OP  is the O2 

partial pressure in equilibrium with the O2 in the oxide at a concentration 2OC . As a consequence of 

Fick’s law, the O2 concentration in the oxide 2OC  is linear under steady-state conditions (i.e., 2O 0J x∂ ∂ = ), 

provided the diffusivity Dox is uniform over the oxide thickness. 

3.0 Vacancy Diffusion Through the Coating 
The physical description of the oxidant transport through the coating has many of the same elements 

as the theory of metal oxidation pioneered by Wagner (1933). Some of the essential elements of Wagner’s 
theory will be utilized here to model the ion transport across the coating. The following derivations are 
based largely on this theory as described in Fromhold (1976) and Young (2008). 

To develop the equations for the oxidant flux in the coating, consider the layer of coating with 
thickness δ shown in Figure 2, where oxygen diffusion occurs by vacancies on the oxygen sublattice. On 
one side of the layer is a gas reservoir with oxygen partial pressure 

2
A

OP , and on the other side is a gas 

reservoir with an oxygen partial pressure 
2

B
OP . For the sake of this discussion, it is assumed that 

2 2
A B

O OP P> . The defect equation (using Kroger-Vink notation) at boundary A is  
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Figure 2.—Coating layer of thickness δ exposed to gas 

environments with oxygen partial pressures 
2

A
OP  and 

2

B
OP  

at boundaries A and B, respectively. 
 

 2 O O
1 O V 2e O
2

x′+ + →   (2) 

where OV    denotes a vacancy on the oxygen sublattice and OO x  denotes an oxygen ion on its regular 
lattice site (Young, 2008). The reverse reaction occurs at boundary B. From Equation (2), the equilibrium 
equation is 

 ( )2
O

O O eV
1 2
2

′µ = µ = − µ + µ 
 (3) 

where Oµ , 2Oµ , 
OVµ  

, and e′µ  are the chemical potential of the neutral atom O, molecular oxygen O2, 

oxygen vacancies, and electrons, respectively.  
It follows from Equation (2) that the relationship between the concentration of vacancies and the 

oxygen partial pressure is 
1

6
2O OV P

−
  ∝ 

  . Assuming 
2 2

A B
O OP P> , the oxygen vacancy concentrations at 

boundary B will be greater than at boundary A. Thus, the flux of oxygen vacancies will occur from right 
to left with a reciprocal flow of oxygen ions from left to right. There will necessarily be a flow of 
electrons from boundary B to boundary A to maintain a continuous cycle of electron flow. 

The ion flux equation may be derived by considering either the simultaneous diffusion of ions and 
electrons or the simultaneous diffusion of vacancies and electrons. Here, the derivation of the ion flux 
equation begins with the latter approach. Concentration gradients of charged particles (or charged defects) 
will generate an electric field within the coating, which will in turn affect their diffusion behavior. The 
fluxes of the vacancies and electrons, respectively, may be written as 

 O

O O O O

V
V V V V

C
J D u EC

x

∂
= − +

∂

 

         (4a) 

 e
e e e e

CJ D u EC
x
′

′ ′ ′ ′
∂

= − +
∂

 (4b) 
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where Ci is their concentrations; Di, their diffusion coefficients; and ui, their electric mobilities, and E is 
the electric field magnitude.  

Consistent with Wagner’s (1933) original theory, it is assumed that the simultaneous diffusion of 
oxygen vacancies and electrons occur under the condition of charge neutrality 

O O
e eV V 0Z J Z J′ ′+ =   

, 

where Zi is the charge number of the diffusing particles or defects. Substituting the expressions in 
Equation (4) into the charge neutrality expression leads to an equation for the electric field in terms of the 
concentrations and concentration gradients. Substituting the resulting electric field equation into 
Equation (4a) and using Equation (3) leads to 

 
( )

O

O

O

eV O
V 2

V

Tt t dJ
dxZ e

′σ µ
=

 

 

 

 (5) 

where 
OVt  

 and te′ are the transport numbers for the oxygen vacancies and electrons, respectively; σT is the 

total electrical conductivity; and e is the electron charge. The transport numbers represent the fraction of 
the total electrical conductivity carried by each charged carrier; that is, i i Tt = σ σ , where σi is the partial 
conductivity of the charge carrier. In deriving Equation (5), it was also necessary to use the equation for 
the partial electrical conductivity i i i iZ eu Cσ =  and the Einstein relation i i i Bu Z eD k T= , where kB is the 
Boltzmann constant and T is the absolute temperature. 

Now since 
O

O VJ J′′ = −  
, 

O

2 2
O V

Z Z′′ =  

, and 
O

O Vt t′′ =  
, the equation for the flux of oxygen ions is 

(Fromhold, 1976) ( )2
O O e O OTJ t t Z e d dx′′ ′′ ′ ′′

 = − σ µ
 

. Since the electrons are far more conductive than 

the ions, one can use the approximation te′ ≈ 1. Once again, using the equation for the partial electrical 
conductivity and the Einstein relation leads to 

 O O O
O

B

C D dJ
k T dx′′

µ
= −  (6) 

where CO is the concentration of diffusing oxygen ions and DO is the diffusivity of the oxygen ions in the 
coating (Smeltzer and Young, 1975). 

Under steady-state conditions, there is no accumulation of ions, and O 0J x′′∂ ∂ = . Thus, the 
magnitude of the flux is uniform across the coating thickness. Although the terms on the right-hand side 
of Equation (6) may vary with position, the product of these terms does not (Fromhold, 1976). Note also 
that the oxygen ion concentration in the coating CO cannot be assumed to be linear under steady-state 
conditions. 

Since the ion flux is independent of position, integrating both sides of Equation (6) over the coating 
thickness leads to 

 O
O O O0

1
B

dJ C D dx
k T dx

δ
′′

− µ
δ = ∫  (7a) 

or  

 
A
O
B
O

O O O O
1
B

J C D d
k T

µ
′′ µ

δ = µ∫  (7b) 
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where A
Oµ  and B

Oµ  are the chemical potential of the neutral atom O at boundaries A and B (Figure 2), 
respectively. 

The chemical potentials A
Oµ  and B

Oµ   are of course related to the partial pressures 
2

A
OP  and 

2
B

OP  by the 

relation ( )2 2
*

O O O
1 ln
2 Bk T Pµ = µ + , where 2

*
Oµ  is the O2 chemical potential at the reference state  

2OP = 1 atm. As a result, one may rewrite Equation (7b) as 

 
A

O 2
B 2

O 2 2

O O
O O

O

1
2

P

P

C DJ dP
P′′δ = ∫  (8) 

4.0 Permeability and Effective Permeability 

4.1 Permeability of the Oxide 

Permeability is an intrinsic physical property of porous media and solid media where mass transport 
is by permeation. The permeability γ is defined here as the ratio of the molecular flux to the spatial 
gradient of the molecular partial pressure:  

 2
2

O
O

dP
J

dx
= −γ  (9) 

Fick’s law ( ( )2 2O OoxJ D dC dx= − ) and Henry’s law ( 2 2O OC HP= ) may be applied to oxidant 

transport in the oxide layer. Substituting Fick’s and Henry’s laws into Equation (9) leads to the 
conclusion that the oxide permeability is the product of the diffusivity and the solubility constant, 

ox oxD Hγ = . 

4.2 Effective Permeability of the Coating 

Since vacancy diffusion is the assumed mode of oxidant transport in the coating, Equation (9) cannot 
be readily applied to oxidant transport in the coating. To obtain an analogous expression to Equation (9) 
for the oxidant flux in the coating, one must use the notion of an “effective permeability” of the coating. 
Here, the effective permeability of the coating cγ  is defined as the ratio of the flux to the partial pressure 
gradient averaged over the coating thickness. Equation (9) may be modified as  

 2
2

O
O c

dP
J

dx
= −γ  (10a) 

where 2OdP

dx
 is the average partial pressure gradient given by 

 
( )2 22 2

A B
O OO O

0

1 P PdP dP
dx

dx dx
δ − −

= =
δ δ∫  (10b) 
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Using Equations (8), (10a), and (10b) and invoking 2O O2J J′′ =  yields the following expression for the 
effective permeability of the coating layer: 

 
( )

A
O 2
B 2

O 2 2
2 2

O O
O

A B O
O O

1

4

P
c P

C D dP
PP P

γ =
−

∫  (11) 

Obviously, the effective permeability is not an inherent property of the coating, but rather a 
circumstantial quantity associated with the coating. Note that the product CODO is known to be a function 
of the partial pressure (Smeltzer and Young, 1975; Young, 2008). From Equation (11), the effective 
permeability is evidently dependent on how the product CODO varies with the partial pressure and on the 
values of the partial pressures at the coating boundaries, 

2
A

OP  and 
2

B
OP .  

5.0 Reformulation of Deal and Grove 
Consider now the oxidation of a silicon bond coat and the formation of a layer of oxide between the 

coating and the bond coat as shown in Figure 1. It is clear from the previous discussion that the relevant 
variable for diffusion through the coating is either the chemical potential of the neutral atom O or the 
associated O2 partial pressures at the coating boundaries. The chemical potentials of the neutral atom O at 
the exterior coating surface and at the coating/oxide interface are denoted as O

aµ  and O
bµ , respectively, 

and their associated partial pressures are 
2O

aP  and 
2O

bP . In the current formulation, the partial pressures at 

the coating boundaries are chosen as the relevant variables.  
The flux of oxidant from the gas environment to the exterior surface of the oxide was expressed by 

Deal and Grove (1965) using an equation of the form ( )*
1

aF h C C= − , where C* is the equilibrium 
oxidant concentration, C 

a is the oxidant concentration at the exterior surface, and h is a constant. A 
similar expression was also adopted by Sullivan (2019) to represent the flux of oxidant from the gas 
environment to the exterior coating surface. Since the O2 partial pressures are the relevant variables in this 
formulation, one can replace ( )*

1
aF h C C= −  with the analogous expression  

 ( )2 2 21 O O O
aF J h P P= = −  (12) 

where h  is also a constant. 
In light of Equations (8) and (11), the flux of oxygen ions crossing the coating is 

 ( )2 22 O O O
2 c a bF J P P′′
γ

= = −
δ


 (13) 

where cγ  is now given by 
( )

O 2
2

O 2 2
2 2

O O
O

O
O O

1

4

a

b

P
c Pa b

C D dP
PP P

γ =
−

∫ . 

It is assumed that the oxygen ions on the coating side of the coating/oxide interface are in chemical 
equilibrium with the O2 molecules on the oxide side of this interface. As such, the chemical state of the 
oxidant on both sides of this interface may be specified with the partial pressure 

2O
bP . Henry’s law applies 

in the oxide, so the O2 concentration on the oxide side of this interface is given by the product 
2O

bHP . 
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Furthermore, the oxidant concentration in the oxide may be assumed to be linear under steady-state 
conditions, so the oxidant flux in the oxide may be written as 

 ( )2 23 O O
ox b c

ox

DF J HP C
x

= = −  (14) 

where C 
c is the oxidant concentration at the oxide/silicon interface, the assumed site of the oxidation 

reaction. 
The rate per unit area (or flux) of oxidant consumed in the oxidation reaction is given by 

 4
cF kC=  (15) 

where k is the reaction constant. This first-order reaction equation is the same equation used by the 
previous authors (Deal and Grove, 1965; Sullivan, 2019). 

Note that Equation (13) defines the flux of oxygen ions O′′, whereas Equations (12), (14), and (15) 
define the flux of molecular oxygen O2. Thus, under the steady-state conditions, the relations between the 
flux equations are 

 1 2 3 42 2 2F F F F= = =  (16) 

Substituting Equations (12) through (15) into the relations in Equation (16) leads to 

 
2O

c
ox

ox ox
ox ox

c

C D H
kD H kD HP D kx

h

=
+ + δ +

γ

 
(17a) 

 2

2

O

O

b
ox ox

ox ox
ox ox

c

P D kx
kD H kD HP D kx

h

+
=

+ + δ +
γ

 (17b) 

 2

2

O

O

ox
a ox ox

c

ox ox
ox ox

c

kD HD kxP
kD H kD HP D kx

h

+ + δ
γ=

+ + δ +
γ





 (17c) 

Substituting the expressions from Equation (17) into any of the Equations (12) through (15) yields 

 2O
1 2 3 40.5 ox

ox ox
ox ox

c

kD HP
F F F F kD H kD HD kx

h

= = = =
+ + δ +

γ

 (18) 

The rate of oxidant consumption per unit area F4 and the rate of increase of oxide thickness are 
related by  

 4

1

oxdx F
dt N

=  (19) 
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where N1 denotes the number of oxidant molecules incorporated in a unit volume of oxide. Substituting 
Equation (18) into Equation (19) and rearranging leads to 

 2O
1

ox ox ox ox
ox ox ox

c

D D H D H Ddx x dx HP dt
k Nh

 
+ δ + + = γ 

 (20) 

Upon integrating Equation (20), the linear-parabolic oxide growth equation is obtained in its usual form 
( )2

ox oxx A x B t′+ = + τ , where 

 2 2 2ox ox ox

c

D D H D HA
k h

′ = + δ +
γ

 (21a) 

and 

 2O
1

2 oxDB HP
N

=  (21b) 

The first term on the right side of Equation (21a) is recognized as the expression given by Deal and 
Grove (1965) for the parameter A; that is, 2 oxA D k= . This expression for A followed from their 

conclusion that h k . If it is likewise assumed that h Hk , the last term in Equation (21a) will be 
much smaller than the first term and therefore may be neglected. Note also that for the permeation of 
molecular oxygen through the oxide, ox oxD Hγ = . Therefore, Equation (21a) may be written 

( )2 ox cA A′ = + γ γ δ . This has the same form as the expression for A′ obtained by Sullivan (2019), except 
now the inherent permeability of the coating has been replaced with an effective permeability.  

Equation (21b) is the same expression for B given by Deal and Grove for the case without a coating. 
Once again, B has been shown to be independent of whether or not there is a coating. Thus, the only 
effect of a change in the assumed mode of oxidant transport in the coating is the replacement of the 
coating permeability with an effective permeability in the expression for A′. 

6.0 Assessment of Experimental Results From Previous Studies 
Wada et al. (2017) measured the flux of oxygen through Yb2Si2O7 wafer specimens at 1,400 °C 

subjected to an O2 partial pressure differential applied across the specimen thickness. The O2 partial 
pressure on the high- and low-pressure sides were denoted 2O (hi)P  and 2O (lo)P , respectively, and the 

specimen thickness was denoted L. Wada et al. measured the oxidant flux as a function of the partial 
pressure differential in two partial pressure regimes: a high-pressure regime where 103 ≤ 2O (hi)P  ≤ 105 Pa 

and 2O (lo)P  = 1 Pa and a low-pressure regime where 2O (hi)P  = 1 Pa and 10–9 ≤ 2O (lo)P  ≤ 10–5 Pa.  

The effective permeability of Wada et al.’s wafer specimens may be calculated for each of the partial 
pressure test conditions. Combining Equations (10a) and (10b) and making the substitutions 

22
A

OO (hi)P P→ , 22
B

OO (lo)P P→ , and δ → L, the effective permeability may be written as 

 
2 2O O(hi) (lo)

JL
P P

γ =
−

  (22) 
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where J is the measured oxygen flux that results from the applied partial pressures, 2O (hi)P  and 2O (lo)P . 
The effective permeability from Wada et al.’s measurements in the high-pressure regime are plotted 
versus the partial pressure 2O (hi)P  in Figure 3. 

The experimental results from Wada et al. (2017) indicate that in the high-pressure regime the oxygen 
flux is related to the applied partial pressures 2O (hi)P  and 2O (lo)P  according to  

 
3 3
16 16

2 2O O(hi) (lo)
gb

LJ Y P P
S

    = −     
 (23) 

where Sgb is a factor that accounts for the grain boundary density and Y is a constant. Equation (23) may 
be rewritten as 

 
13O 2 16

22O 2

(hi)
OO(lo)

P

P
gb

LJ Y P dP
S

−
= ∫  (24) 

and by combining Equations (22) and (24), the effective permeability may be written as 

 
13O 2 16

22O 2
2 2

(hi)
OO(lo)

O O(hi) (lo)
Pgb
P

YS
P dP

P P
−

γ =
− ∫  (25) 

Notice the similarity between Equation (11) and Equation (25).  
 
 

 
Figure 3.—Effective permeability versus partial pressure 

2O (hi)P . Lines are plots 

of Equation (25) using YSgb = 1.23×10–14 mole/(cm∙sec∙Pa3/16) and three different 
values of 

2O (lo)P . Circular markers are from measurements by Wada et al. 

(2017) on Yb2Si2O7 wafer specimens at 1,400 °C. 
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The relationship between the effective permeability and 2O (hi)P , given by Equation (25), is 

illustrated in Figure 3. These plots of Equation (25) were obtained using the values  
YSgb = 1.23×10–14 mole/(cm∙sec∙Pa3/16) and 2O (lo)P  = 1; 1,000; and 5,000 Pa. Figure 3 demonstrates the 

claim made previously that the effective permeability is not an intrinsic property of the coating, but rather 
a consequential quantity that depends upon the partial pressure at the boundaries. 

Lee (2018) performed oxidation experiments on EBCs applied to CMC specimens. The EBC 
consisted of a silicon bond coat and a Yb2Si2O7 coating of thickness δ = 254 µm. These experiments were 
performed at 1,316 °C in air at 1 atm. Sullivan (2019) fit Lee’s oxide growth results to the linear-parabolic 
equation ( )2

ox oxx A x B t′+ = + τ , and through regression analysis obtained a value A′ = 7.4563 µm. Using 

the expression ( )2 ox cA A′ = + γ γ δ , Sullivan obtained an estimate of cγ  ≈ 2×10–13 mole/(atm∙cm∙sec) for 
the effective permeability of oxygen through the Yb2Si2O7 coating in Lee’s experiments.  

The O2 partial pressure applied to the exterior coating surface in Lee’s (2018) experiments was 
approximately 20,000 Pa. The O2 partial pressure at the coating/oxide interface 

2O
bP  was not reported, but 

it was likely in the range 1 Pa < 
2O

bP  < 20,000 Pa. The plot of γ  versus 2O (hi)P  in Figure 3 shows that in 

the region 2O (hi)P  = 20,000 Pa and 2O (lo)P  > 1 Pa, γ  ≤ 1×10–12 mole/(atm∙cm∙sec). This is in fairly 

good agreement with the coating effective permeability estimated by Sullivan (2019) using the expression 
( )2 ox cA A′ = + γ γ δ  (i.e., 2×10–13). The comparison is even more favorable if one considers that Lee’s 

and Wada et al.’s experiments were conducted at different temperatures, 1,316 and 1,400 °C, 
respectively. Indeed, one would expect the effective permeability at 1,400 °C to be slightly higher than 
the value at 1,316 °C, since the diffusion coefficient is an increasing function of the temperature 
(Smeltzer and Young, 1975; Young, 2008). 

7.0 Concluding Remarks 
The formulation of Deal and Grove for the oxidation of silicon has been revisited to investigate the 

oxidation of the silicon bond coat in environmental barrier coatings (EBCs). The reformulation was 
performed in a manner similar to the author’s previous work, except herein it was assumed that the 
oxidant is transported across the coating layer as oxygen ions via vacancies on the oxygen sublattice. The 
results of this study reveal that the linear-parabolic oxide growth equation from Deal and Grove is still 
valid and that the equations for the parameters are ( )2 ox cA A′ = + γ γ δ  and 2O 12 oxB D HP N= . The 

equation for the parameter A′ has the same form as that previously obtained by Sullivan, except the 
permeability of the coating has been replaced with an effective coating permeability. The equation for B 
is the same as that obtained in the previous study by Sullivan. Moreover, it is the same as that obtained by 
Deal and Grove. Thus, one can conclude that the equation for parameter B is unaffected by the presence 
of a coating. 

The linear-parabolic equation and the equation for A′ can serve as a design tool for sizing the coating 
thickness in EBCs. With these equations, the coating thickness can be selected to limit the silica layer 
thickness to an acceptable magnitude over the operational lifetime of the component. The values of A and 
B over the temperature range 700 to 1,200 °C have been measured and reported by Deal and Grove for 
oxidation in dry and wet oxygen environments. The value of A′ can be determined for any coating 
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thickness δ from ( )2 ox cA A′ = + γ γ δ , provided the values for the oxidant permeability in the oxide γox 
and the effective permeability of the coating cγ  are either known or can be measured.  

Similar design studies can be performed for EBCs with multiple coating layers. By extending the 
derivations in Section 5.0 “Reformulation of Deal and Grove” to EBCs with multiple coating layers, it 

can be shown that ( )12 N
ox i ciiA A =′ = + γ δ γ∑  , where N is the number of layers and δi and ciγ  are the 

thickness and effective permeability of each layer, respectively.  
Regardless of whether the oxygen transport through the coating layers is by permeation of O2 

molecules or by vacancy diffusion of oxygen ions, the permeability (or effective permeability) of each 
layer can be measured using a test configuration similar to that shown in Figure 2. The permeability can 
be obtained using Equation (22), 

2 2O O(hi) (lo)JL P P γ = −  , where J is the measured flux under steady-

state conditions and L is the coating specimen thickness. This expression would apply to either mode of 
transport. Keep in mind that in the case of ion diffusion, the effective permeability is a function of the 
partial pressures on both the high- and low-pressure sides of the coating ( 2O (hi)P  and 

2O (lo)P , 

respectively). The effective permeability must be measured under the same partial pressure conditions 
that are expected in service.  
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Appendix—Symbols 
A and B  parameters in oxide growth equation 
A′  modified parameter A 
C 

a   oxidant concentration at exterior surface 
C c  oxidant concentration at oxidation site 
C*  equilibrium oxidant concentration 
Ce′   concentration of electrons in coating 
CO   concentration of diffusing oxygen ions in coating 

2OC   concentration of O2 molecules in oxide layer 

OVC  
  concentration of oxygen vacancies in coating 

De′   diffusion coefficient for electrons in coating 
DO   diffusion coefficient for oxygen ions in coating 
Dox  diffusion coefficient for O2 molecules in oxide layer 

OVD  
  diffusion coefficient for oxygen vacancies in coating 

E   electric field magnitude 
e   electron charge 
e′  electron 
H  Henry’s law solubility coefficient 
h and h  constants in equations for oxidant flux from gas environment to exterior surface  
F1  flux of O2 molecules from gas environment to coating surface 
F2   flux of oxygen ions crossing coating 
F3  flux of O2 molecules crossing oxide layer 
F4   rate of oxidant consumption per unit area at oxide/silicon interface 
J measured flux 
Je′  flux of electrons 

OJ ′′   flux of oxygen ions 

2OJ   flux of O2 molecules 

OVJ  
  flux of oxygen vacancies  

k  reaction constant 
kB  Boltzmann constant 
L  coating specimen thickness 
N  number of coating layers  
N1   number of oxidant molecules incorporated into a unit volume of oxide 

OO x   oxygen ion on its regular lattice site 
O′′  oxygen ion 
O2  oxygen molecule 

2
A

OP    partial pressure of O2 at boundary A 

2O
aP    partial pressure of O2 at exterior coating surface 

2
B

OP   partial pressure of O2 at boundary B 

2O
bP    partial pressure of O2 at coating/oxide interface 

2OP   partial pressure of O2 in gas environment 
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2O (hi)P  O2 partial pressure on high-pressure side of coating specimen 

2O (lo)P  O2 partial pressure on low-pressure side of coating specimen 

Sgb   factor accounting for grain boundary density 
T   absolute temperature 
t  time 
te′   transport number for electrons  

Ot ′′   transport number for oxygen ions 

OVt  
    transport number for oxygen vacancies 

ue′   electric mobility of electrons 

OVu  
  electric mobility of oxygen vacancies 

OV     oxygen vacancy 
x  spatial coordinate  
xox  oxide thickness 

o
oxx   oxide thickness at time t = 0 

Y  constant  
Ze′  charge number of electrons 

OZ ′′   charge number of oxygen ions 

OVZ  
  charge number of oxygen vacancy 

γ  permeability 
γ   effective permeability 
γc  permeability of coating 

cγ   effective permeability of coating 
γc i   permeability of coating layer i 

ciγ   effective permeability of coating layer i 
γox   permeability in the oxide 
δ  coating thickness 
δi   thickness of coating layer i 
µe′  chemical potential of electrons 

A
Oµ   chemical potential of neutral atom O at boundary A 

O
aµ    chemical potential of neutral atom O at exterior coating surface 
B
Oµ   chemical potential of neutral atom O at boundary B 

O
bµ    chemical potential of neutral atom O at coating/oxide interface 

2
*
Oµ    O2 chemical potential at 2OP = 1 atm 

Oµ   chemical potential of neutral atom O 

2Oµ   chemical potential of molecular oxygen O2 

OVµ  
  chemical potential of oxygen vacancies  

σi   partial conductivity of charge carrier 
σT   total electrical conductivity 
τ  time parameter in oxide growth equation  
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