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General Background

• The models considered here take the form of convection-diffusion 
equation(s) with source terms

• The equations are discretized in a manner similar to the mean flow in 
both space and time, except:
– First-order convective terms (therefore nearest neighbor stencil)

– Source terms use Green-Gauss gradients

• Solved in a loosely-coupled fashion with the mean flow equations at 
each time step
– Tend to use CFL numbers roughly one order of magnitude smaller than 

mean flow

• Primary difference from the mean flow implementation is the special 
care taken to ensure positive eddy viscosity during the solution
process
– Follows directly from the approach outlined in Spalart and Allmaras (1992) 

and Baldwin and Barth (1991)

• The outline shown here is the current approach; this is a very active 
area of research
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Positive Operators and M-Type Matrices

I.e., if 
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where vi ≥ 0

then if A is a positive operator, then
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where si ≥ 0

A positive operator is one that when applied to a vector of non-negative 
elements produces a vector whose elements remain non-negative:

An M-type matrix is a matrix that is diagonally-dominant with positive 

diagonal elements and negative off-diagonal elements. The primary 

property of an M-type matrix is that its inverse contains only non-negative 
elements and is therefore a positive operator.
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Form of Implicit Equations

Consider the one equation Spalart-Allmaras model

written in the following general form:
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With Jacobian matrices denoted by an overbar,

our implicit scheme can then be written as
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Require this to be

an M-type matrix

Require this to be

a positive operator
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Requirements for Positivity

In order to achieve this, it is sufficient to require the following:
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Positivity for Convective Terms

Assuming a constant velocity within the control volume, the convective

terms can be converted from area integrals to line integrals as:
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First-order upwind scheme:

If 0,i face iU υ υ>   =� �

If 0,i face jU υ υ<   =� �

So the convective flux on the face can be written as:
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Positivity for Convective Terms
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The diagonal when updating node 0 is 
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Note that all contributions will either be positive or

zero. A similar situation exists for the off-diagonals,

which will all be either negative or zero.

Recalling that ( ) ( ) ( )
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Now recall our condition that be an M-type matrix.( )i i i jU U lυ υ+ −− = − = +M M � �

Note M is independent of υ� , and since the residual contribution is

defined as υM � , then the Jacobian =M M , and we have satisfied

the condition that 0.υ − ≥ M M �
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Positivity for Convective Terms

The diffusion and source terms are a bit more involved,

but the approach is the same and is covered in the notes.

To see whether the matrix is diagonally dominant,

it is easiest to consider a 1-D example.

Consider the residual at node i:
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The linearization will not have off-diagonals larger than the diagonal,

so we have satisfied the requirements for positivity of the convective terms.
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Other Items of Interest

• Coupling: Loose or tight?

• Enforce positivity or “take what you get”?

• Full linearization or approximate?
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