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Computational methods of evaluating a basis of Lagrange polynomials are developed
for the purpose of implementing efficient discontinuous Galerkin conservation laws solvers.
Special attention is payed to the computation of higher-order partial derivatives which
may be required for certain applications. Two different approaches are considered; one
involves hardcoding explicit one-line formulae into the source code in order to make it as
simple as possible, whereas the other uses algorithms designed to minimize the asymptotic
order of growth with respect to the order of the scheme. Timing experiments show that
either approach can perform well if implemented effectively, and identify advantages and
disadvantages of each.

Nomenclature
¢ The ith interpolation node (i.e., Lagrange point) in local element coordinates
p(i)  The position index function
x! The ith interpolation node (i.e., Lagrange point) in Cartesian coordinates
0mn  The Kronecker delta tensor
n Index of a monomial term
Qn Computational domain
P The vector of basis functions
@ Shape function associated with the ith degree of freedom
&1,y e5EN,,,,, Element-specific coordinates (as defined in Table 2)
C The matrix of coefficients to represent the ¢ in the monomial basis
dd The matrix of basis derivatives

8T1 +'“+TNdi7n

D The partial differential operator - for the multiindex r = (r1,r2, ..., "N,,,.)

w1r1...8$NdimTNdim
Index of degrees of freedom

The m x m Identity matrix

Degree of the polynomial basis

Element’s index

Number of elements

Neoora The number of £-coordinates

Ngim  The number of spatial dimensions

Naoy Number of degrees of freedom of u;, within each element

=3 e

Up, Approximate solution
ul, Coefficient of ¢* to represent uy in the nth element (I,)
X The vector of monomials x4

Boldface characters will be used to denote vectors, and their components will be identified with subscripts;
e.g., ¢ = (r1,22,...,n,,, ). In addition, an element name written as a subscript to a variable will indicate
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that variable is evaluated in the context of the named reference element (and may have a different value in
a different element type). Furthermore, because some indices are placed in superscripts, when a variable is
raised to a power it will be wrapped in round brackets (“()”).

Finally, the following convention will be observed. If a = (a1, ..., a,,) and b = (by, ..., by, ), then

a® = (a1)" (a2)*...(am)"".

I. Introduction

Discontinuous Galerkin (DG) methods have shown the potential to enhance the speed and accuracy of
solutions to conservation laws on both structured and unstructured grids (Zhou, Li, and Shu,’ Antoniadis
et al.?2). DG is a type of finite element method, where the computational domain, Qy,, is divided into many
smaller domains known as “elements”. Within each element, the approximate solution, uy, is represented as

Naos

up = Z u%d)l, (1)

i=1

where the coefficients u!, depend only on time, and ¢° are polynomials, known as basis functions that are
not time dependent. The constant Ng,y € N is referred to as the number of “degrees of freedom” of the
approximation. Although much effort has been expended discovering the fastest and most accurate manner
in which to advance the coefficients u!,, there is little published material describing the preferable means
to numerically evaluate the basis functions ¢¢. To address that deficiency, this study develops methods to
compute the basis functions and documents their performance.

Although many factors affect the overall efficiency of a DG code, the speed of basis evaluation may have
a larger impact, for example, in evaluating the smoothness indicators for high-order weighted essentially
nonoscillatory schemes,? which requires all the nonzero partial derivatives of the basis functions. In general,
the number of required derivatives could far exceed that of the actual basis functions. So, the ability to
evaluate these derivatives efficiently may be important in order to minimize the computational cost.

The objective is to compute the following as efficiently as possible; These quantities must be computed:

° ¢z for 1 S 7 S Ndof;

e D"¢' for 1 < i < Ngof and any multiindex r = (rq,72,...,7n,,,. ) such that the resulting expression
does not identically vanish.

1+ 4T .
Here, Ng;p, is the number of spatial dimensions, and D" is the partial differential operator 5 0"l Naim

21" ...0xN . Ndim
Explicitly describing the appropriate range of values for the multiindex 7 is not entirely trivia(il;mthis is
explained in Section II. In this study, the basis functions, ¢, are chosen to be the Lagrange interpolating
polynomials (see Section IT), but the outcome is also relevant for other basis functions.

With the exception of Pyramids, the standard elements (i.e., Line, Triangle, Quadrilateral, Tetrahedral,
Hexahedral, and Prism) are only considered in this study. Pyramids are excluded because there is no basis
consisting purely of polynomials defined on pyramid elements. Instead, rational functions must be used,*
and optimizing their numerical evaluation is an area for further research.

Two approaches to solve the stated objective are considered; “explicit” and “abstract” approaches. In
the explicit approach, the finite element basis and their derivatives are expressed directly into the source,
while both the finite element basis and their derivatives are evaluated on the fly in the “abstract” approach.
These two approaches are compared by measuring the corresponding execution times.

Despite the scarcity of published material on basis and derivative evaluation, Berutt and Trefethen®
describe an efficient method for univariate interpolation by Lagrange polynomials, along with first and
second derivatives. Although these results are related to our objective, we develop more general methods
which apply to multidimensional elements and higher derivatives. In addition, Hesthaven and Warburton®
provide code for evaluating Lagrange polynomials on simplices, but do not discuss higher-order derivatives
nor do they discuss computational efficiency.

This paper is organized as follows. Section II describes the definition of the Lagrange basis for various
elements, followed by the explicit procedure of computing the basis and their derivatives in Section III.
Section IV outlines details of the abstract implementation for on the fly computations of the basis and their
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derivatives. The performance of these two approaches for various polynomial orders are presented in Section
V. Finally, some general conclusions are given in Section VI.

II. Definition of the basis

The goal of this study is to develop a fast method for computing finite element basis functions and their
derivatives. The functions are used to form a solution approximation to a partial differential equation (PDE),
while their derivatives are used in flux integrations and/or defining the smoothness of the polynomials. In
this study, the Lagrange polynomials are used but the outcome is applicable to other polynomial bases.

Here, the reference elements are defined with a vertex at the origin and the rest at different corners of
the unit cube as illustrated in Fig. 1. The vertices are given in Table 1.

1.0 1.0
0.8 1 0.8 1
0.6 1 0.6 1
>~ =
0.4 + 0.4
0.2 A 0.2 1
0.0 A 0.0
0.00 025 050 0.75 1.00 0.00 025 050 075 100 0.00 025 050 075 100
x X X
(a) Line. (b) Triangle. (¢) Quadrilateral.
1.0 1.0 1.0
z z z
0.5 0.5 0.5
0.0 0.0 0.0
1.0 1.0 10
0.0 0.5 0.0 0.5 0.0 0.5
0.5 y 0.5 y 0.5 y
x 10 00 x 10 00 . 10 00
(d) Tetrahedral. (e) Hexahedral. (f) Prism.
Figure 1. Reference elements.
Table 1. Vertices of the reference elements in Cartesian coordinates.
Element Vertices coordinates (z1, z2,z3) = (2,9, 2)
Vo V1 (%] V3 V4 Vs Ve (%rd
Line (0,0,0) (1,0,0)
Triangle (0,0,0) (1,0,0) (0,1,0)
Quadrilateral  (0,0,0) (1,0,0) (1,1,0) (0,1,0)
Tetrahedral (0,0,0) (1,0,0) (0,1,0) (0,0,1)
Hexahedral (0,0,0) (1,0,0) (1,1,0) (0,1,0) (0,0,1) (1,0,1) (1,1,1) (0,1,1)
Prism (0,0,0) (1,0,0) (0,1,0) (0,0,1) (1,0,1) (0,1,1)

The bases are defined by employing local coordinates for each element. The standard Cartesian coordi-
nates are used for line, quadrilateral, and hexahedral elements, while for simplices (triangles and tetrahedra),
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barycentric coordinates are employed for convenience. For prisms, barycentric coordinates are used to rep-
resent the xy-position while the z-position is defined with a Cartesian coordinate.

For completeness, we describe the barycentric coordinates as used in our study. Consider a point () inside
a simplex element, with sides numbered 1, 2, and 3 (for triangle) and 1, 2, 3, and 4 (for tetrahedral); see
Fig. 2. The barycentric coordinates &1, 2, and &3 in the trinagle are then defined as the ratio of the area of

10
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(a) Triangle with reference area of 1/2. (b) Tetrahedral with reference volume of 1/6.

Figure 2. Barycentric coordinates.

the smaller triangles bounded by sides 1, 2, and 3 to the area of the original triangle. Similarly, barycentric
coordinates for a Tetrahedral can be defined as the volume of each smaller Tetrahedral bounded by each
respective face, divided by the volume of the entire Tetrahedral. Note that the barycentric coordinates as
defined on multidimensional reference elements are subject to the following simple identities:

gd:xd; d= 1a-'-aNdim_1a
Naim

é-Ndim =1- Z L,
d=1

where x = (21,22, 23) = (z,y, 2), and d refers to the element’s dimension. Note that the notion of barycentric
coordinates is different from the unrelated concept of the barycentric “formula” for Lagrange polynomials.’?

Table 2 presents the coordinates (barycentric and/or Cartesian) for all the standard elements considered
in this study. These coordinates are further illustrated in Fig. 3.

Table 2. Definition of {-coordinates.

Coordinate definitions Number of coordinates

Element

SHRS &3 &4 N,
Line r - - - 1
Triangle r y l—a-—y - 3
Quadrilateral = gy - - 2
Tetrahedral r Yy z l—-z—y—=z 4
Hexahedral Ty z - 3
Prism z y l—z—y z 4

The finite element basis can now be defined in terms of reference elements coordinates. The basis used in
this study consists of Lagrange polynomials, which were originally invented for the purpose of interpolating
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(f) Prism.

(e) Hexahedral.

Figure 3. Visualization of the ¢-coordinates for each reference element.
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between discrete data points.” Lagrange polynomials, by definition, are each equal to 1 at one point within
the element and 0 at certain other points. All of these points are collectively referred to as Lagrange points
(aka nodes). In other words, the following identity holds for a set of nodes {£" : 1 <4 < Ngor}:

¢'(&7) = 64;. (2)

For a complete basis to be formed, there must be exactly Ngo¢ nodes. Figure 4 shows the Lagrange points
for the Lagrange polynomial, Pk, of order three (K = 3) for standard elements. A set of Lagrange basis

1 1 L L3
23 1 231 - pS 4
—_— [
1/3 /3 ¢ @ $
0+ 0+ o o

0 1/3 2;;3 1 (I) l,:'3 2;’3 :i. 0 1/3 2/3 1
& & &

&

(a) Line. (b) Triangle. (¢) Quadrilateral.

0 2/3
13 V3
21 0
(d) Tetrahedral. (e) Hexahedral. (f) Prism.

Figure 4. Nodes for each element where K = 3 (when interpreting the coordinate axes, recall that the first
Ngim barycentric coordinates are always equal to the Cartesian coordinates).

polynomials for the third-order Lagrange polynomial on line and triangle is shown in Fig. 5.
In order to construct the Lagrange basis, a set of nodes must be defined. The nodes were chosen to be a
set of points, which are evenly distributed in each dimension, with a spacing of % To state this precisely,

€' = op(0) = 1(0)s PN (0), g

for some function
p {1, Nyoy} — NNeoord,
such that p is one-to-one, and
pa(i) <K ¢ 1<d< Neoora-

The function p, which will be referred to as the “position index” function, uniquely maps the index of a
node to a vector of integers not greater than the polynomial order. The actual definition of p is arbitrary,
provided that the mapping is one to one; i.e., it maps the entire set of indices to the entire set of nodes.
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(a) A set of Lagrange basis on Line. (b) A single Lagrange polynomial for a Triangle

Figure 5. Lagrange polynomial of order three.

Now that the nodes have been defined, Ng, s, which is equal to both the number of nodes and the number
of basis functions (see Table 3), can be computed. If an alternative distribution of nodes is desired, the
results presented in this paper for line, quadrilateral, and hexahedral elements can easily be generalized by
substituting the new node coordinate values in place of p(i)/K. By contrast, this cannot be done for simplex
elements because the expressions for ¢ given in Eq. (5) will be in violation of the property given in Eq. (2).

Table 3. Number of degrees of freedom (Npor) of the interpolating polynomials for various element types.
Here K is the order of interpolating polynomial, and Ng;,, is the element dimension.

Line  Triangle or Tetrahedral Quadrilateral or Hexahedral Prism
K +1 (K + Naim)!/ (K Naim!) (K + 1)Naim (K +1)*(K +2)/2

Since the reference elements, coordinates, and nodes have been defined, it is now possible to state the
expressions for the basis functions. Essentially, they are formed by multiplying factors of

gd —m/K
pa(t)/ K —m/K

for some integer m. Because this expression becomes unity at &, and vanishes at any node, where py
evaluates to n, the interpolation property, Eq. (2), can be satisfied.
The value ¢ for each element type will now be stated. Note that the name of an element type may be
written as a subscript to indicate that a quantity must be evaluated in the context of that reference element.
For line elements, the expression is

1 < d < Ncoorda

K
i . & —m/K
¢line(£1) - WE[O pl(l)/K—m/K (4)
m#p1 (i)

In this case, p1(i) := i — 1 is a valid definition for p. To simplify the notation in the following equations,
p1~ (i)

ime i place of &1L in the

and without a loss of generality, the same results may be recovered by using ¢ Iime

following expressions.
For simplices (triangles and tetrahedra), the expression is:

Neoora pdﬁ_l gd _ m/K

Bsimplen, Noyora (E15 s ENeoora) = oal) /K —m/K

d=1 m=0
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For example, we have ¢iriangle = Psimples,3 since a triangle has 3 &-coordinates. This form is equivalent to
that discussed by De Marchi, Cecchi, and Morandi.®
For “bricks” (quadrilaterals and hexahedra), we have:

Necoord

Bhrich Newsya (E1s o ENwmmra) = [ 002 (€0). (6)

d=1

That is, the basis is simply a tensor product of that for line elements. It may seem as though this expression
could also be used for simplex and prism elements, as it would still satisfy the interpolation property,
Eq. (2). However, this cannot be done because the polynomials ¢ must form a complete basis for the
space of polynomials in which they exist. So, when the expressions are expanded into monomial form in
xyz-coordinates, the maximum number of monomial terms must be equal to Ng,f. However, as Table 4
shows (see discussion below), ¢pricr polynomials contain too many terms to be applied to simplex or prism
elements.
The form for prisms is similar to that for bricks, but slightly more involved:

(b;)rism(glaf?vf?n@l) = -Zriangle(gl’g%éé) ;;JiLfrz(g)Jrl(E‘l)? (7)

where j is defined implicitly by

(pd)triangle(j) = (pd)prism(i) : 1 S d S 3= NC,triangle~

This may appear confusing, as the new variable j was introduced spontaneously to link the position indices
for prisms to those for triangles. However, the idea is still quite simple. We merely compute Lagrange
polynomials for triangles based on the horizontal (xy) position and polynomials for lines based on the
vertical (z) position, and take the product.

Now that the basis has been defined, its derivatives will be considered. It was not necessary to develop
actual expressions for the derivatives because in the methods presented in this paper, at least some part of
the differentiation logic was always left to the computer programs themselves. However, it is important to
establish the set of derivatives to be computed.

In Section I, it was mentioned that all of the partial derivatives, which are not identically equal to zero,
must be obtained. Consider the monomial representation of any Lagrange polynomial; i.e.,

Nmon

o= @7, (®)

n=1

for some multiindices g7 = (¢7, ..., q?vd, ), where Ny, indicates the maximum number of monomials in the
m

expansion, and
Naim

(@)% = [] (@a)®.
d=1
This representation is obtained by substituting the definitions given in Table 2 into Egs. (4)—(7), and
then expanding the expressions algebraically. By counting the number of factors in which x, y, and 2z will
appear in Egs. (4)—(7), bounds can be established on the values of g, which are shown in Table 4. If the
number of possible combinations (g7, ..., q”Ndm), which satisfy that the bounds are counted, it can be verified
that Nyon = Naos, which is a necessary property for the basis to be valid.

Table 4. Bounds on the powers of z, y, and z in the monomial representation of the Lagrange basis for different
element types. Here D represents the number of spatial dimensions of the element, and 1 < d < Ng;,, is an
index that is used to represent which coordinate (z, y, or z) the power qg belongs to.

Line Triangle or Tetrahedral Quadrilateral or Hexahedral Prism
Naim
<K Sl < K g <K (¢ +a3), 05 < K

Elementary calculus indicates that for some multiindex r, we have

n

D" (@)?" =0,
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unless
rg <q) : 1<d< Ngim.
Thus, for the derivatives that must be computed, r also satisfies the bounds specified in Table 4. The

complete set of derivatives that must be evaluated is summarized in Table 5.

Table 5. The derivatives to be computed. Here K is the polynomial order, and Ny;,, is the number of spatial
dimensions.

Derivative Bounds on r

D" drine ri <K

D" $simplex,Nyim Zfivil" rg < K

D" Gvrick, Noyim rg <K : 1<d< Ngm
D" ¢prism (ri+re),r3 < K

III. Explicit approach

The closed-form nature of Eqgs. (4)—(7) allowed them to be hardcoded directly into the source code.
Consequently, the time required to evaluate them was simply that required to perform the floating point
arithmetics, which is expected to be fast for low-order cases. We refer to this approach as “explicit” because
Egs. (4)—(7) appear explicitly in the code (as opposed to the abstract approach where they are the final
product of algorithms).

In this method, the source code (in C++) was generated by a preprocessor program written in Python,
which uses the Sympy library,” to construct the products. One change was made to the expressions. Namely,
the denominators, which contain only the constant terms, were precomputed by the Python program and
expressed in the C++ output as floating-point literals. For example, the source code for a line element with
K = 3 was essentially the following, but expressed in C++ syntax:

Dline = —4.5(x —1/3)(z —2/3)(x — 1),
Fine = 13.52(x — 2/3)(x — 1),

Gline = —13.52(z — 1/3)(x — 1),

Gline = 4.53(x — 1/3)(z — 2/3).

In order to generate the derivative expressions, Sympy’s automatic symbolic differentiation is used, with the
assistance of the following identity:

j; [TE-—m/E)y=r > (H(&—m/m) (10)

mesS sCS:|s|=|S|—r \mes

9)

where S is some set of integers (e.g., {1,..., K} \ {i}, as in Eq. (4)). Identity (10) is derived by considering
an arbitrary number of applications of the product rule.

Since one of the goals of DG research is to develop high-order-accurate schemes, the asymptotic time
required to evaluate the basis as K — oo is of interest. By evaluating the number of factors in Eqgs. (4)—(7), it
may be seen that evaluating each ¢' requires O(K) operations. Therefore, evaluating the entire basis requires
O(Naos K) = O(Néi\gé“mﬂ)/Ndim) operations. By contrast, from Eq. (10), it can be seen that computing the
derivatives involves finding all possible combinations of factors from the sets, which have anywhere from 1 to
K elements. From that fact, it is shown that the asymptotic order of growth is larger than any polynomial.

IV. Abstract approach

In the explicit approach, although the expression for each basis function is in simplest terms, some
operations became redundant when the entire basis was computed at once. For example, when computing
Eq. (9), the product (z —1/3)(x —2/3) is computed twice; once for ¢7,, ., and again for ¢3, _. It is possible to
eliminate this redundancy, but the resulting expressions will no longer be in a closed form. Rather, the basis
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evaluation must be implemented as an algorithm, which involves programming abstraction. Indeed, using
the algorithms presented in the following, the time required to compute the basis is reduced to O(Nyoy),
and the derivatives to O(Ngos®):

A. Basis evaluation

The following algorithm is implemented in C++, and used to compute ¢;ne-

Algorithm 1 Compute ¢}, for all 1 <i < Ngop =K +1
minind < 1
minDif f < x
for 1 <p< K do
if x — p/K <minDiff then
mainInd < p
minDiff « z—p/K
end if
end for
prodminlnd —1
for 0 <p < K do
if p # minInd then
prodminlnd — (m _ p/K)prodminlnd
end if
end for
for 0 <p < K do
if p # minInd then

prod? « (minDiff> prodminind

z—p/K
end if
end for
for 1 <i < Ngo¢ do
i prodi*1
line wli—1)
end for
Here,
wi= T (/K= m/K). (1)
0<m<K
m#p

is precomputed, and tabulated during an initialization stage. The minimum-finding step at the start prevents
division by a vanishingly small quantity when z is very close to one of the nodes.
The numerical result of Algorithm 1 for QS;'Z;LZI nd+1 s equivalent to directly evaluating Eq. (4). Otherwise,

for i # minInd + 1, it is equivalent to the “modified Lagrange” formula described by Higham;'? i.e.,

[Tn_o(z — m/K)

Pline = wPr@ (py (i) /K —m/K)’ "
where L
w’ = [] /K —m/K), -
m=0

which is tabulated during an initialization phase.

Although both Algorithm 1 and the barycentric formula® are O(Ny,¢), Algorithm 1 has two advantages.
First, according to Higham, the barycentric formula has greater roundoff error than the modified Lagrange
formula in certain cases. Second, Algorithm 1 involves primarily multiplication operations, as opposed to
the barycentric formula, which involves mainly divisions, and thus, slower on some processors.

Algorithm 2 is developed for simplex elements. The end result is numerically equivalent to directly
evaluating Eq. (5). Yet, the most time consuming step is the final loop, so the entire algorithm is still
O(Ndof)'
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Algorithm 2 Compute {qﬁiimPlew’Ncawd :1 <4 < Ngor}, where Neoorg is the number of ¢-coordinates.
Recall that for these elements, Neoorq = Ngim + 1.
§Ncoo7‘d «—1
for 1 <d < Ny do
§d < T4
choord — choord — Zdq
end for
for 1 <d < N.yprq do
prodg — &y
for 1 <m < K do
prod? < (&, —m/K)prod] !

end for
end for
for 1 <i < Ngop do
i —1

sitmplex,Neoord

for 1 S d S Ncoord do

i prodyt®
simplex,Ncoord wPd (@) simplex,Ncoord
end for
end for

Since all other element types can be written as tensorial products of ¢iine and ¢simpies,3, it was not
necessary to develop any additional algorithms. To compute the basis for these elements, first a complete
basis for a line and/or triangle is evaluated. Then, each basis function for the desired element is formed as a
product of already computed quantities. Since evaluating the basis for a lower-dimensional element is faster
than for a higher-dimensional one, the asymptotic efficiency is determined by the final multiplication step,
which is O(Ngoy).

B. Derivatives

As effective as Algorithms 1 and 2 may be at eliminating redundancy, such generalizations are found to be
very difficult for derivatives. Instead, the basis is represented in terms of monomials, since these can be
easily differentiated with the formula:

Ngim rq—1
(@) =[] <($d)qg_rd IT @ - P)) : (14)
d=1

p=0

if » and g obey the bounds in Tables 4 and 5.
In order to represent the basis in terms of monomials, we require an Ngof X Ngof coefficient matrix C'
such that
d=CX, (15)
where
o' ()7
¢ = : :
@Naos (z)a !

The values of the sequence q', ..., gN4e/ are arbitrary as long as every possible combination of components,
which satisfy the appropriate bounds is included exactly once. In order to find C, the first step is to construct

a Vandermonde-like matrix:
(deof )ql

V= ; : . (16)

(a;l)quOf o (deof)quof
The interpolation property, Eq. (2), requires that CV = I, ,. So, the coefficient matrix is given by

c=Vv1 (17)
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Although the matrix inversion is expensive, it is only necessary to be performed once, regardless of how
many times the basis derivatives are evaluated.
Once C has been computed, the derivatives are given by

dd = C(dX), (18)
where
DIgl ... D gNes De'(z)? ... DT (x)7 "’
DIt patiel gNaos D" (g)d' . DL (gya"
Now, if the values {(zq)" : 1<r<K , 1<d<Ngm}and{[[,gg—p) : 1<q<K , 1<

r < g} are computed first and tabulated, then dX can be computed in O(Ngos) time using Eq. (14). For
that reason, the most expensive operation, which is performed for every derivative evaluation, is the matrix
product CdX, which theoretically is O(Ndofg). That said, the Eigen'! library, which is used in this study,
is actually capable of computing the product in slightly less time. In addition, the derivatives for prism and
“brick” elements can also be obtained in less time because they can be evaluated as a tensor product of
derivatives for line and triangle elements.

C. Implementation

The “abstract” approach was implemented in two different ways. First, it was implemented by defining C++
template classes which use object-oriented paradigms to concisely express the above algorighms. This shall
be referred to as the “abstract template” implementation. It was also implemented with a Python script that
automatically hardcodes the algorithms ino C++ files. Although far less concise than the template approach,
this method is nearly as simple as the explicit approach while maintaining the asymptotic complexity of
the abstract algorithms. This second implementation shall be referred to as the “abstract hardcoded”
implementation.

There is one difference between the algorithms used by the template and hardcoded approaches. Namely,
Algorithm 1 cannot be used in a hardcoded implementation because it involves runtime branching. Instead,
Algorithm 2 was used, as a line can also be considered to be a 1-dimensional simplex! Although this algorithm
involves roughly twice as many operations, it is still O(Ngof).

V. Numerical experiments

Asymptotic analysis is useful for designing algorithms, but in practice the implementation has a critical
effect on performance. So, the execution speeds of all approaches were measured empirically and compared.
Each implementation was evaluated 10° times in a loop, and the average execution time for each iteration
was calculated from the total elapsed time. All implementations were compiled by the GNU C++ compiler
with “-O3” optimization and executed in serial.

Figures 6 and 7 compares the execution speed of the explicit approach to the hardcoded abstract approach.
These comparisons were limited to low polynomial degree because the explicit code took an inordinately
long time to compile for higher degree. For high-order, 3-dimensional elements, the explicit code can involve
thousands of lines of complicated arithmetic. The hardcoded abstract approach seems to take less time to
compile, although this has not been measured precisely. The abstract templated approach compiles nearly
instantaneously by comparison, but its execution time is several orders of magnitude longer. Thus, it is
possible to test much higher degree polynomials with the templated approach, but it is not worth comparing
its execution speed at modest degree.

The asymptotic analysis of the previous sections applies only to the floating point operations. It is
interesting to check whether these results actually predict the execution time of the program. To that end,
Figures 8 - 11 display the timing data for the abstract methods along with power-function curve-fits. The
powers obtained thus, which correspond to the asymptotic order of growth, are reported in Table 6. These
do not always agree with the predictions in Section IV. Although they are technically more desireable, they
suggest that some other factor besides the number of floating point operations may be limiting the execution
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Figure 6. Execution time to compute the complete set of basis functions, without derivatives.
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speed. This hypothesis is supported by the similarity in the execution times of the explicit and abstract
hardcoded implementations, which involve different numbers of operations.

Although the performance of the explicit and abstract hardcoded implementations is generally similar, the
abstract approach is modestly faster for quadrangle, hexahedral, and prism elements. The explicit approach
is slightly faster for some cases for Triangle and Tetrahedral, although the significance of this minor disparity
is questionable. Therefore, differences in compilation time may be the most important factor in distinguishing
these two approaches.

Line ol
Triangle

Quadrangle

Tetrahedral

Hexahedral

Prism

10—8 4

Execution time (s)

10—9 4

101
Naor

Figure 8. Time required to compute the complete basis (without derivatives) by the abstract hardcoded
approach.

Table 6. Order of growth n such that ~ O(Ng,;") time is required to compute the specified quantity. Hex is
not shown due to insufficient data.

Element Basis Derivatives
Line 1.47 1.47
Triangle 1.08 1.08
Quadrangle  0.93 0.93
Tetrahedral  1.02 1.02
Prism 1.00 1.00
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Figure 9. Time required to compute all derivatives by the abstract hardcoded approach.
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Figure 10. Time required to compute the complete basis (without derivatives) by the abstract templated
approach.
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VI. Conclusions

In this study, two approaches to evaluating a basis of Lagrange polynomials and its derivatives are
explored. First, an explicit approach is developed, in which a preprocessing program hardcodes expressions
for the desired quantities into the source code. Then, a more involved computational procedure, known as
the abstract approach, is formulated in order to eliminate redundant operations. The computational cost of
each of these approaches is evaluated both theoretically and experimentally.

The theoretical analysis indicates that the time required to execute the abstract implementations should
grow more slowly than the explicit implementations as the degree of the polynomials is increased. However,
the timing experiments indicate that the implementation in code is more important than the choice of explicit
versus abstract. Furthermore, since the approaches which are fastest to execute take a large amount of time
to compile, compilation time can be as important as execution time. Hardcoding the abstract algorithms
with a preprocessing program was found to give a good combination of execution and compile time for low
to moderately high order. By contrast, the templated abstract approach is the only one of the three which
is viable at extremely high order. Thus, these two approaches are complementary.

This study develops and evaluates techniques for computing a Lagrange basis. Although these methods
and results may be generalized to other bases, such as orthonomal polynomials, it would be useful for future
research to provide a detailed study of such cases. Additionally, a study of the relative importance of the
cost of basis evaluation in the overall efficiency of DG codes could help programmers design or select a basis
evaluation method. Finally, efficient basis evaluations for pyramid elements should also be studied.
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