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Abstract

In this paper we revisit the fundamentals of the null-field method with
discrete sources. We prove the unique solvability of the null-field equa-
tions for the total field inside the particle and the internal field outside
the particle, at all wavenumbers. For this purpose, we use the equivalence
between the null-field and surface integral equations methods. Further-
more, we discuss the completeness property of different systems of discrete
sources for a surface field approximation, and derive an infinite set of inte-
gral equations for the surface fields in a variety of discrete sources. Finally,
we formulate the null-field scheme as an approach aiming to construct an
approximate solution to the scattering problem. The way in which we in-
troduce the T matrix of a particle is different from the standard approach
relying on the assumption that the system of regular vector spherical wave
functions for the interior problem is a basis.

1 Introduction

In 1965 Waterman proposed the null-field method (otherwise known as the
extended boundary condition method) aimed at the approximation of the time-
harmonic electromagnetic field scattered by a nonspherical particle [1]. The
method is attractive from the computational standpoint, since it requires simply
the evaluation of certain surface integrals involving classical special functions
while neither singular nor even weakly singular boundary operators have to be
computed. The null-field method was later developed for treating problems
in acoustics [2, 3, 4, 5, 6], elastodynamics [7, 8], and hydrodynamics [9, 10].
Many calculations have been based on the null-field method and its subsequent



variants; for a review we refer to Refs. [11, 12, 13, 14, 15]. The null-field method
is often used as a way of computing the T matrix for a single particle, which in
turn is used to solve multiple-scattering problems; a fundamental paper is Ref.
[16]. Thus, one can construct the T matrix for a group of particles from the
knowledge of the T matrix for each constituent particle alone.

Essentially, in this approach, the null-field equation together with the vector
spherical wave expansion of the dyadic Green’s function are used to derive an
infinite set of integral equations for the surface fields, which in turn are ap-
proximated by the tangential components of the localized vector spherical wave
functions. The infinite set of integral equations guarantees that the null-field
condition is satisfied inside a spherical surface enclosed in the particle, so that by
analytic continuation, the null-field condition will be satisfied inside the whole
domain occupied by the particle.

Despite its wide range of applicability, the numerical performance of the
null-field method (for one particle) is strongly dependent on the particle shape:
it tends to degrade as the shape deviates from that of a sphere. A special feature
is that for strongly deformed particles, the null-field condition is satisfied inside
the inscribed sphere, and to a lesser degree or not at all in domains far from this
sphere. Intuitively, one may expect that the numerical stability of the method
can be improved if the null-field condition is imposed explicitly (rather than by
analytic continuation) in a domain which is larger than the inscribed sphere.
Along this line, formal modifications of the single spherical coordinate-based
null-field method have been proposed. These methods include (i) the iterative
version of the null-field method [17, 18], (ii) the application of the spheroidal
coordinate formalism [2, 19], and (iii) the use of discrete sources [20].

The null-field method with discrete sources uses the basic idea of the discrete
sources method in which (i) the approximate solution to the scattering problem
is constructed as a finite linear combination of discrete sources placed on a
certain support, and (i) the boundary conditions are used to determine the
amplitudes of the elementary sources. However, in the null-field method with
discrete sources, the amplitudes of the elementary fields are computed from the
null-field equation rather than from the boundary condition. In summary, (i)
the null-field equation is used to derive an infinite set of integral equations for
the surface fields in a variety of discrete sources, and (ii) the surface fields are
approximated by fields of discrete sources. Depending on the choice of discrete
sources, the infinite set of integral equations for the surface fields guarantees that
the null-field condition is satisfied inside a spherical surface, several overlapping
spherical surfaces, a nonspherical surface (homothetic with the particle surface),
or on a segment of the z-axis enclosed in the particle. The method can be
regarded as an enhancement of the conventional null-field method, because the
use of discrete sources leads to better conditioned systems of equations and
confers a larger flexibility to the method.

This paper is devoted to a review of the null-field method with discrete
sources, and implicitly, of the conventional null-field method. The presentation
includes (i) a proof of the unique solvability of the null-field equations for the
total field inside the particle and the internal field outside the particle at all



wavenumbers, (ii) a discussion of the completeness property of different systems
of discrete sources for surface fields approximations, (iii) a derivation of an
infinite set of integral equations for the surface fields in a variety of discrete
sources, and (iv) a formulation of the null-field scheme as an approach aiming
to construct an approximate solution to the scattering problem and to derive
the T matrix. The key point in proving the uniqueness results is the equivalence
between the null-field method and surface integral equations techniques. Our
main goal is to provide a rigorous analysis of the method; however, in order to
facilitate the readability and understandability of the paper, the mathematical
proofs are given in appendices. We would like to emphasize that the T-matrix
concept is central to the superposition T-matrix method as well as to finding
orientation-averaged optical observables, but is secondary to the subject of this
paper. This paper is all about finding the solution of the scattering problem for
a given fixed object with specific size, shape, and orientation.

2 Basic results of the electromagnetic scattering
theory

2.1 The transmission boundary-value problem

Let D; be a bounded three-dimensional domain with a smooth closed boundary
S, and a simply connected exterior Ds. The surface S is assumed to be of
class C?, i.e., if r(u,v) is a parametric representation of S with parameters
uw and v, then r(u,v) is twice continuously differentiable. We denote by n
the outward pointing unit normal vector to S, and by &; and u; the electric
permittivity and magnetic permeability in the domain Dy, t = s,1i, (i.e., Dy =
Dy, D;) respectively. The wavenumber in Dy is k; = ko./E¢ftz , where kg is
the wavenumber in free space. Throughout our analysis we assume a time
dependence of exp(—jwt), where j = v/—1, w is the angular frequency, and ¢ is
the time.

Electromagnetic scattering by a dielectric particle is described by the follow-
ing transmission boundary-value problem.

Given {Eq,Hy} as the full solution to the Mazwell equations representing
the impressed incident field [21], find the scattered and internal electromagnetic
fields {Es,H,} and {E;, H;} satisfying the Mazwell equations

V x Et = jk(),LLth, V x Ht = —jk()EtEt (].)
in Dy, t = s,1, and the two transmission conditions

nxE=1nxE,; (2)
nxH=nxH; (3)

on S, where the total fields in Dy are given by

E=FE,+E, H=H,+H,. (4)



In addition, the scattered field {Es, Hs} must satisfy the Silver-Miiller radiation
condition

~ 1
rx,/pSHS—l—\/eSES:o(f), as r — oo, (5)
T
uniformly for all directions T =r/r.

In general, the existence and uniqueness of the solution to the electromag-
netic boundary-value problems is established by the method of integral equa-
tions. The main advantage of using the surface integral equations method (in
the case of a uniform scattering object) lies in the fact that this approach reduces
the problem defined over an unbounded domain to one defined on a bounded
domain of lower dimension, that is, the boundary of the scatterer. The unique
solvability of the transmission boundary-value problem is stated by the following
result (§23 of Ref. [22]).

For n x Eg, n x Hy € Tg’a(S), the transmission boundary-value problem
possesses a unique solution By, H, € Cl1(Ds)NC%*(Dy) and E;, H; € C*(D;)N
C%%(D;) with the boundary values NxE,, nxH, € Tg’a(S) andnxE;, nxH; €
T9%(S).

Here, C%%(G), 0 < a < 1, is the Banach space of all uniformly Holder
continuous vector functions on G, where G is a bounded closed subset of R3,
and Tg’a(S), 0 < a < 1, is the Banach space of all uniformly Holder continuous
tangential vector functions with uniformly Hoélder continuous surface divergence
on S [23, 24]. Precise definitions of the function spaces that are relevant to our
analysis are provided in Appendix 1.

Note that the Holder continuity of the boundary data is required for the
integral equation treatment of the boundary-value problems. Also note that the
straightforward use of potential theory to formulate surface integral equations
for the classical boundary-value problems of the scattering theory leads to equa-
tions that are not uniquely solvable at eigenvalues of certain interior boundary-
value problems. One such a problem is the interior Maxwell boundary-value
problem in D;. In fact, it can be shown that for any domain D;, there exists
a countable set of positive (real) wavenumbers k;, called eigenvalues, accumu-
lating only at infinity for which the homogeneous interior problem has nontriv-
ial solutions. In the following, the set of eigenvalues of the interior Maxwell
boundary-value problem in D; is denoted by A(D;).

2.2 Stratton-Chu representation theorem

To derive the null-field equations we make extensive use of the Stratton-Chu
representation theorem. Applied in D, to Eg,H, € C1(D,) N C(Dy), it yields
(Theorem 6.6 in Ref. [24])

( ESO(I') ) =V x /Ses(r/)g(ks,r,r’) ds(r’)

J ’ / / rec D,
+ koﬁsv x V x /Shs(r )g(ks,r,r") dS(x"), < re D, > (6)




( Hso(r) ) —V x th(r’)g(ks,r7r’) dS(r')

J / / / re D,
— kONJSVXVX/;'es(r )g(k87r7r) dS(I‘), ( I'G.D»L' )’ (7)

where e; = nxE,; and hy, = nxH, are the electric and magnetic tangential
fields, 0 is the zero vector, and

jER

_ o
TWR,R |r — 1’|

g(k,r,x") =

is the free-space Green’s function satisfying the scalar Helmholtz equation with
the wavenumber k = ko./ep, i.e.,

Ag(k,r,v') + E*g(k,r,r') =0 for r # ' (8)

In Egs. (6) and (7) we use a compact way of writing two formulas (for r € Dy
and r € D;) as a single equation. An application in D; to the incident field
{Eo,Hg} (with the exterior material) yields

( —E(()J(r) > =Vx /geo(r’)g(k57r,r’) ds(r’)

. , € D;
VXV X /Sho<r’>g<kmr’r’> 450 ( re ) > Y

and

( —H(())(r) ) N4 /Sho(r’)g(ks,r,r’) ds(r’)

j € D,
v [ewgthr) ase), (1900 )L a0

where eg = nxEq and hy = nxHj. Adding Eqs. (6) and (9), and Egs. (7) and
(10), we obtain

( fEES(Ea) ) =VX /Se(r’)g(ks,r,r’) ds(r')

j / / / re D
+ kogstVx/Sh(r )g(ks,x,x") dS(x'), ( re D, ) (11)

7N
s
@
—
N

fﬁol(rr) ) =VX /Sh(r’)g(ks,r,r’) ds(r')

j / / ’ re D,
_ko#stVx/Se(r)g(ks,r,r)dS(r), ( reD, )7 (12)



respectively, where e = e; + €9 and h = h, + hg are the tangential components
of the total field on S. Finally, the application in D; to E;, H; € CY(D;)NC(D;)
gives (Theorem 6.2 in Ref. [24])

< —E(:(r) ) =Vx /Sei(r’)g(ki,r,r’) ds(r)

j € D,
+ kjgiv XV x /Shi(r’)g(ki,r,r’) ds(r'), ( e D ) (13)

and

( —}E—(r) ) =Vx /Shi(rl)g(ki,r,r’) ds(r')

. J ot ) ’ ’ re D
v [etigorr) asoer, (1D ). aa)

where e; = nxE,; and h; = nxH,;.

2.3 Surface integral equations

There is a direct connection between the null-field method and the surface in-
tegral equations method, which can be used to prove the unique solvability of
the null-field equations [5, 6, 25]. For this reason, we summarize below the
surface integral equations for the transmission boundary-value problem in the
electromagnetic scattering theory.

The key quantity in the potential theory is the vector potential A, with an
integrable surface density a. This is given by

A,(r)= /Sa(r')g(k, r,r’)dS(r'), reR® - S, (15)

and it is apparent that the Stratton—Chu representation theorems are formulated
in terms of the vector fields Vx A, and VxV x A,. For deriving surface integral
equations for the electromagnetic fields, the tangential components of the vector
fields V x A, and V x V x A, must be evaluated on S. The boundary values
of these vector fields on S are expressed in terms of the magnetic and electric
surface integral operators, defined by

(Ma)(r) = fi(r) x [v x / a(r’)g(k,r,r’)dS(r/)}, res, (16)

S

and

(Pa)(r) = f(r) x [v X V x /

a(r')g(k,r, r’)dS(r')}, res, (17)
s

respectively. More precisely, for continuous tangential densities, i.e., a € T'(S),
we have (Theorem 6.11 in Ref. [24])

hli)r& n(r) x [V x A,(r + hn)] = (Ma)(r) + %a(r), res, (18)



while for a € T)*(S),

lim n(r) X [V xV x A,(r+ hn)] = (Pa)(r), reS. (19)

h~>0+

The problem of electromagnetic scattering by a dielectric particle can be
reduced to a pair of coupled integral equations for the tangential fields e and h.
These equations are derived from

1. the null-field equations (11) and (12) in D;, and

2. the null-field equations (13) and (14) in Ds, bearing in mind the boundary
conditions e; = e and h; = h.

Thus, considering Egs. (11) and (12) for r € D;, and passing to the boundary,
we obtain

(%z - M, )e - kojg P.h = ey, (20)
(%I _ Ms)h + ﬁ?’se = hy, (21)

while considering Eqgs. (13) and (14) for r € Dy, passing to the boundary, and
using the boundary conditions e; = e and h; = h, we obtain

(%I + Mi)e + %Pih =0, (22)
(57 +Mi)n - kojm Pie =0 %

where 7 is the identity operator. The surface integral operators M; and P; are
given by Eqgs. (16) and (17) with the wavenumber k; = ko./E¢pi for t = 5,1,
respectively. To proceed, we must choose two equations or two linear combina-
tions of the above four surface integral equations for the tangential fields e and
h,ie.,

a1Eq.(20) + a2Eq.(21) + a3Eq.(23),
A1Eq.(20) + B2Eq.(21) + B3Eq.(22),

where «; and ;, ¢ = 1,2, 3, are constants to be chosen. Harrington [26] describes
several possible choices, as shown in Table 1.

Table 1: Choice of constants for the surface integral equations.

Formulation a1 (%) Q3 ,81 ,82 63
E-field 1 0 0 0 0 1
H-field 0 0 1 0 1 0

Combined field 0 1 -1 1 0o -1
Mautz—Harrington 0 1 -4 1 0 -«
Miiller 0 pus i e 0 &5




For all these choices, we always have the existence; e and h are just the
tangential components of the total field, and we know that the transmission
problem always has precisely one solution. However, the question of uniqueness
is less obvious.

The Miiller system of surface integral equations, corresponding to the choice
a1 =0, ag = g, ag =y, f1 = €5, B2 =0, and fs = ¢, i.e.,

1 1 ] €s
717 s s — <1 1 - — s 7h: s 24
[2 (M, aM)}e ey P Pohs e (20
1 1 j Hs
“T— ——— (M — M) b+ ———— (P, — P;)e = hy,
[2 us+ui(” a )} kO(Ms+Ni)( ) fs + i

(25)

is uniquely solvable. More precisely, we have the following result (§23 of Ref.
[22], and Section 6.27 of Ref. [27]):

For £ = [eg, ho]T € I5%(S), where TYy*(S) = T3*(S) x Ty *(S),the Miiller
system of surface integral equations, written in matriz form as

(%I — IC)u =f on S, (26)

where u = [e,h|T | T denotes transpose, and

1 J
K= | & T U Foles <0 e (27)
J )
—m(PS - Pi) T (s Ms — piM;)

has a unique solution u = [e,h]T € Tg’o‘(S).

The combined-field formulation also gives a uniquely-solvable system of equa-
tions [28], while the Mautz—Harrington system is uniquely solvable, provided
that the constants a and 3 are such that /3, where the bar notation means
complete conjugate, is real and positive [26, 28]. Furthermore, the E-field sys-
tem of surface integral equations (20) and (22) is uniquely solvable if and only
if ks ¢ A(D;) (25, 26, 29].

2.4 Null-field equations

The null-field method relies on the null-field equations for the electric fields
(11) in D; and (13) in Dy, while taking into account the boundary conditions
e; = e and h; = h. Thus, given {Eq, Hp} as an entire solution to the Maxwell
equations representing the impressed incident field, the aim is to compute the



tangential fields e and h from the equations

Eo(r)+V x /Se(r')g(ks,r,r') dsS(r')

J
k‘oEs

+ V x V x / h(r')g(ks,r,r’') dS(r') =0, r € D;, (28)
s
V x / e(r)g(ki,r,x") dS(r")
s

J
kog;

+ V x V x / h(r')g(ki,r,x') dS(r') =0, r € D, (29)
s

or equivalently, by making use on the Stratton—Chu representation theorem for
the incident field in D;,

V x /S[e(r’) —eo(r')]g(ks,r,x") dS(r")
J

+ k()ES

V x V x /S[h(r’) — ho(r')]g(ks,r,x") dS(r') =0, r € D;, (30)

V x Le(r Yg(kiyr,r’) dS(x)
J

+ koEZ‘

V x V x / h(r')g(ki,r,x') dS(r') =0, r € D;. (31)
S

To prove the unique solvability of the null-field equations (28)—(29), we use
the equivalence between these null-field equations and the Miiller system of
surface integral equations.

Let the tangential fields e and h satisfy the null-field equations (28)—(29).
Then, e and h satisfy the Miiller system of surface integral equations (26), and
conversely.

Consequently, from this result, which is proved in Appendix 2, and the
unique solvability of the Miiller system of surface integral equations, we infer
the uniqueness of the tangential fields e and h satisfying the null-field equations
(28)—(29) for all wavenumbers ks. Note that although, the null-field method
seems to be similar to the E-field formulation of the surface integral equation
method (both methods use Eq. (11) in D; and Eq. (13) in Ds), they are
equivalent only when ks ¢ A(D;) (Appendix 2).

Once the null-field equations are solved for the tangential fields e and h,
the scattered and internal fields can be computed from Egs. (11) and (12) for
r € Dg, and from Eqgs. (13) and (14) for r € D;, respectively. Moreover, for the
electric and magnetic far-field patterns defined through the relations (Theorem



6.8 in Ref. [24])

and satisfying

H,..(F) = /Zi? X Eyoo(F), T Egoo(f) =T Hyuo(F) = 0,

we have the computational formulas

E,o(F) = J% /S {? x e(r') + \/’?? x [h(r') x ?]}e*jks?"/ ds(r'),  (34)

™

H,..(F) = % /S {? x h(r') — \/;»? x [e(r') x ?]}e*jks?"/ ds(r’).  (35)

From the Stratton—Chu representation formulas for {E,, H,} and {E;, H;},
as well as from the representation formulas (34) and (35) for {E;eo, Hsso }, the
following estimates can be derived.

For the scattered and internal fields, we have the estimates

Elloc,ce < Ce(llell2,s +|Ihll2,s), t= s, (36)
||Ht||OO,Gt < Ch(|‘e| 2,8 + ||h||2,s)v t=s,i, (37)

where Gy is a closed subset of Dy and the constants C.,Cy > 0 depend on S
and Gy. Moreover, for the far-field patterns we have the estimates

[Esoo(T)| < Ceso(lel2,s + [[h]]2,5), (38)
[Hsoo ()] < Choo([lell2,s + [[h][2,5), (39)
for allT € Q, where
ks S ks S
Cooo = s (1, Ms) , Choo = 1, Thex (1, ;1) , (40)

and ) is the unit sphere.

An important consequence of this result, which is proved in Appendix 3,
is that we can approximate the electromagnetic fields {E;, H,} and {E;, H;}
in Dg and D;, respectively, if we are able to approximate the tangential fields
{e,h} on S.

10



3 Null-field method with discrete sources

In the null-field method with discrete sources

1. the tangential fields e and h are approximated by a complete system of
discrete sources, and

2. an infinite set of integral equations for e and h is derived in a variety of
discrete sources by means of the null-field equations (30)—(31).

As discrete sources localized, distributed and multiple vector spherical wave
functions, systems of vector Mie potentials, and magnetic and electric dipoles
will be considered. Note that distributed spherical vector wave functions (lowest-
order multipoles) have been used by Eremin and Sveshnikov [30] in the frame-
work of the discrete sources method to analyze the scattering by axisymmetric
particles, while multiple spherical vector wave functions (multiple multipoles)
have been introduced by Hafner [31] in the framework of the multiple multipole
method. Eremin [32] has shown that for oblate axisymmetric particles, the use
of lowest-order multipoles with origins located in the complex plane still decou-
ples the scattering problem over the azimuthal modes and increases the stability
of the computational scheme.

3.1 Systems of discrete sources and infinite sets of null-
field equations

Let us consider the vector functions 9 (k:r) and NI (kr), for ¢ = 1,3 and
t = s,1, with the properties

1. V x 9)22[ = kt‘)’lg and V X mg = ktﬂﬁg,
2. Qﬁé and ‘ﬁ(ll are finite at the origin, and
3. M and M2, satisfy the radiation condition,

where the significance of the multi-index « will be clarified later on. In addi-
tion, denoting by T2%(S) the Hilbert space of all square integrable tangential
vector functions and by T2(S) the product space T2(S) x T?%(S), we require the
following.

1. The systems of tangential vector functions

Bx L (k) | [ 8 x 0 (ki) _
0 ’ 0 |y R x g (ki) |
Hi
0 o0
( a=1

11



and

A x ax M (k) i x ax N (k) >
G Bt R s f o 93 (k) |7 | g /B2 x B x 93 (k)
ER 5,1 a=1
(42)

where the superscripts 8 and 1 correspond to the subscripts s and i, re-

spectively, are complete and linearly independent in the product space
T2(S) =T?(S) x T?(S).

2. If the tangential fields e and h satisfy the null-field equations (30)—(31),
then e and h satisfy the infinite set of null-field equations
JACEEIIE S
s
. [ Hs 3 —
3/ £ (h = ho) - (k)| dS =0, (43)
JACETIRE -1
s

5 [E 0= ) - 28] a5 =0, (49)

/S [t (hs) + j\/Zh (k)] dS =0, (45)
/S [ oth(hi) + j\/gh-i))té(ki~)} as =0, (46)

fora =1,2,..., and conversely.

For the definition of a complete system of functions and some basic results
from functional analysis we refer to Appendix 4. It should be pointed out that
the unique solvability of the infinite set of null-field equations (43)—(46) for all
wavenumbers follows on one hand, from the first result stating the completeness
of the system of tangential vector functions (42), and on the other hand, from
the second result and the unique solvability of the null-field equations (30) (31).

In particular, 9t and Dt stand for the following systems of discrete sources
[20]:

1. the localized vector spherical wave functions (localized vector multipoles)

1
M (kr) = M? (k)= ————— Y x [ul (kr)r], (47
() = MU (b) = e Vo [ (], (4D
1
O (k) = NY,, (k) = 1V x MY, (kx), q= 1,3 (48)
where « = (m,n) and @ = (—m,n) forn=1,2,...and m = —n,...,n;

12



2. the multiple vector spherical wave functions (multiple vector multipoles)
mg (]{JI‘) = Mgrm [/{J(I‘ - rop)]’ (49)

‘th(kr) = N%.m[kj(r - I'op)], q=13, (50)

where {rop};\;"l is a finite set of points (poles) distributed in D;, N is

the number of poles, & = (m,n,p) and @ = (—m,n,p) for p =1,..., Ny,
n=12..,and m=—n,...,n;

3. the distributed vector spherical wave functions (lowest-order vector mul-
tipoles)

MY (kr) = an"mlﬂ[k(r — 2n7)], (51)
N (kr) =N [k(r — z,2)], ¢=1,3, (52)

a
m,|m|+

where {z,}22, is a dense set of points situated on a segment I', C D; of
the z-axis, Z is the unit vector in the direction of the z-axis, [ = 1if m =0
and Il =0if m # 0, « = (m,n) and @ = (—m,n) for n = 1,2,... and
m=-n,...,n;

4. the distributed vector Mie potentials
1
mg(kr) = M%(kr) = %v.g(kv rgur) Xr, (53)
1
DG (kr) = Ni(kr) = .V X ML(r), ¢=1,3, (54)

where {r?}2° , is a dense set of points distributed on a surface S~ enclosed
in D;, {r}}°°, is a dense set of points distributed on a surface ST enclosing
Di,anda=a=nforn=1,2,...;

5. the modified distributed vector Mie potentials; these are given by Egs.
(53) and (54) but in which the system {g(k,r%,r)}52, is replaced by the
more general system

far) =k [ 9i(r))g(k,r',r)dS(r'), r € R*\ S*, (55)
S+

where the sets of functions {2 }5°; and {¢}}5°; are complete in L?(S™)
and L2?(ST), respectively, and L2?(S) is the Hilbert space of all square
integrable scalar functions on S.

Another systems of vector functions used in the null-field method with discrete
sources are [20]

1. the distributed magnetic and electric dipoles

1 ~ 1 ~
O (k) = A, (k) = Vgl 1) x 7, = 59 x [gl 18, 1)78,),
(56)
1
N (k) = A (k) = LV X A0 (0), q =13, (57)
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where {r? }2° , is a dense set of points distributed on a surface S~ enclosed
in D;, {r}}°°, is a dense set of points distributed on a surface ST enclosing
D;, 71, and 71, are two tangential linear independent unit vectors at the
point r¢, and a =a = (n,p) forp=1,2 and n =1,2,.. ;

2. the modified distributed magnetic and electric dipoles

M (k) = A2(0) =V x [ WA )g(k,r', 1) AS(r), x € RO\ S¥,
S+
(58)
1
N (kr) = A (kr) = EV X ML(r), (59)
where the systems of tangential vector functions {®?1°% | and {®}}>
are complete in 72%(S~) and T?(S™T), respectively.

Note that we can define the vector functions ., (kr) and .4, (kr) by

np

1 P\
My (kr) = ﬁVgo(k,r}”r) X T (60)
1
Aok (hr) = 2V % AL (x), (61)
where n(kR)
, _ sin e
go(k,r,r') = R R=|r—-T1| (62)

and now {r}}°°, is a dense set of points distributed on a surface S~ enclosed
in D;; thus, the discrete sources are distributed on an interior instead of an
exterior surface. For the systems of discrete sources based on magnetic and
electric dipoles, the following results are valid.

1. Fach of the systems of tangential vector functions

o0

0
‘ n x ML (k) -
(i). { 0 } ’ _j\/?lﬁ x ML (k) || K # (D) 7
i o=l
(63)
0 oo
n Xx ‘ﬁl kz
(i) [ J()}’ gy R ) || e EADD
i o=l
(64)
[ nxnx (k) -
(@) 3 | 5. [Pi5 « 6 x M (ks i) ’ (65)
L EX a=1
B ﬁxﬁx‘ﬁi’l(/ﬂm)
(w). j @ﬁ X n X mi’l(ks,z ) ’ (66)
L Es,i a=1
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where the superscripts 8 and 1 correspond to the subscripts s and 4, re-
spectively, are complete and linearly independent in the product space
T2(S) =T?(S) x T?(S).

2. If the tangential fields e and h satisfy the null-field equations (30)—(31),
then e and h satisfy one of the following infinite sets of null-field equations

JACEIOEIES
5[40 = o) - 98] 5 = (67)

[l o) 4 /B o] ds=o, (69)

or

JACEEIETCR
+j\/’?:(h ~hy) - M (k)| dS =0, (69)

/s[e - Mg (kiv) +J'\//€T:h : W};(ki-)] ds =0, (70)

fora=1,2,..., and conversely.

The explicit expressions of the systems of discrete sources (47)—(48), (49)—(50),
(51)—(52), (53)—(54), and (56)—(57) are given in Appendix 5, while the distribu-
tions of their poles are illustrated in Fig. 1. Some general rules regarding the
choice of the discrete sources are given below:

1. In the case of axisymmetric particles, multiple and distributed vector
spherical wave functions with poles located on the z-axis (axis of sym-
metry) are appropriate. The reason is that the scattering problem can be
reduced to a sequence of subproblems for each azimuth mode. However, it
is obvious that these systems of discrete sources adequately describe the
geometry of prolate particles, but not of oblate particles. In order to make
them suitable for the latter type of particles, the procedure of analytic con-
tinuation of the spherical vector wave functions onto the complex plane
along the source coordinate Z is considered. The complex plane (Rez, Im%)
with Rez, ImZ € R, is the dual of the azimuthal plane ¢ = const, i.e., (p, 2)
with p > 0 and z € R, and is defined by taking the real axis ReZ along the
z-axis. In Fig. 2 we illustrate the complex plane and the curve X, which
is the image of the generatrix ¥ in the complex plane. The programming
effort for computing the spherical vector wave functions with an origin
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located in the complex plane is not very high, because the recurrence re-
lations for the angular functions of complex argument are the same as the
recurrence relations for the angular functions of real argument.

2. In the case of non-axisymmetric particles, multiple vector spherical wave
functions, distributed vector Mie potentials, and distributed magnetic and
electric dipoles are appropriate. The distribution of the poles on auxiliary
surfaces which say are homothetic with the particle surface will properly
describe the particle geometry; in particular, they will enlarge the domain
in which the null-field condition is imposed.

3.2 Null-field scheme

For a numerical implementation, the infinite set of null-field equations (43)—(46)
is truncated at some order. Moreover, taking into account the boundary condi-
tions e = e; and h = h;, we approximate e and h by the system of tangential
vector functions (41). Because for k; ¢ A(D;), this system is complete in T2(.5),
it follows that for any e > 0, there exists an integer N = N(e) and the sets
{cé\’, allﬂv}lﬁ\[:1 and {E]ﬂv, Jjﬁv}é\’ﬂ such that

lu—unlffs=lle—enll3s+|h-hyls <e

where u = [e,h]”, uy = [ey,hn]?, and

N
ey = Y [ B x My (ki) + dY i x M (ky)], (71)
B=1
hy = —j, /;f > R x (ki) + di D ox M (ki) (72)
v B=1

on S. The coefficients {cg,dg}év:l and {EIBV7J£3V}JﬁV:1 are computed from the
truncated systems of equations (43)—(44) and (45)—(46). Inserting the represen-
tations (71) and (72) into the truncated system of null-field equations (45)—(46),
and making use on the orthogonality relation

[t [ S [+ e[ i) [}os [0 ]

(2

(73)

for any o, 6 =1,2,..., we find

Eg:cg and Eg:dév,
provided that the matrix
-~ 1 1 N -~ 1 1 N

(fs[n X 0TS ()] - DM (k) dS)a " (fs[n x O (ki-)] - L (i) ds) -
N NPT
(Jli > 90T} (ki )] - DK (ki-) dS ) . (Jsli 9T} (kir)) - 9 (ki) dS) .
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Figure 1: Distributions of the poles of the localized vector spherical wave func-
tions (a), multiple vector spherical wave functions (b), distributed vector spher-
ical wave functions (c), distributed vector Mie potentials (d), and distributed
magnetic and electric dipoles (d). The domains delimited by dotted lines indi-
cate the regions where the null-field condition is imposed explicitly.
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Figure 2: Complex plane and three poles of the multiple vector spherical wave
functions.
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is nonsingular. Thus, the coefficients {czﬁv, dév}gzl, which determine ey and hy
according to

. n x N (ki)
T S oo () | (0 (74)

are computed from the truncated systems of null-field equations (43) and (44).
Using the expansion of the incident field in terms of regular vector spherical

wave functions
oo

Eo(r) = 3 [aaM} (k.r) + b N} ()], (75)

a=1

we find that the resulting matrix equation is

Y N
(cﬁ )ﬁd o (aa)a:l
Q31N(k57ki) N N :Q31N(ksaks) (76)
(dﬂ )le (ba)(ljzl
with N N
(@vas), ., (@ves),
Qsin (ks, ki) = N N
(@%vas), ., (@ves),
and
Qi s = K2 /{nxsmﬁ )] (k)
T maff % 9T (k)] - Ik, )} dS, (77)
QL2 s = I /S {16 % 98 (k)] - 9T (ks )
+ g x Uy (ki) - ()} S, (78)
Q2 s = i1 /{nxsmﬂ )] (k)
[ x 9T (k)] - D (k) } dS, (79)
Qo = ik /{nxw )] 9k, )
—i—mr[nxﬁﬁﬁ( i)] - a(kS')}dsv (80)

where m, = k;/ks = \/ei/es is the relative refractive index of the particle
with respect to the ambient medium. The matrix QY v (ks, ks) has the same
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expression as the matrix Qs1n (k;, ki), but with the vectors M}j (ks) and Né(ky)
replacing the vectors Qﬁé(kl) and ‘ﬁé(k‘l), respectively. The physical meaning
of the representation (74) is that the surface fields e; = e and h; = h are the
tangential components of the electric and magnetic fields E; and H; on the
surface S, respectively.

For the systems of discrete sources based on magnetic and electric dipoles,
the tangential fields can be approximated, for example, by (according to the
completeness of the system (63))

ex N n x Wy (ki)
o 6

= CN Ei ~ 5 (81)
Bzzlﬂ _Jﬁnxm( )

while the coefficients {¢}} }_, are determined from the truncated system of null-
field equations (69).

In principle, once the approximate tangential fields ey and hy are known,
an approximate scattered field can be constructed as

En(r) =V x /SeN(r’)g(ks,r, r') dS(r')

V x V x / hy(r')g(ks,r,x') dS(r’), r € Dy, (82)
kOES S

so that outside a circumscribing sphere, we have the expansion

Esn(r) = Oil[fNM?’( r) + g3 NG (k)] (83)
with
o = e[ i) |
+j\/’?:hN [ 15((:)) ]} s, a=1,2,.... (84)

Similarly, an approximate electric far-field pattern is given by

E,oon(F) = 34% /S{? x en(r') + \/‘?:r x [hy(r') ?]}e—jks?.r’ as(), (85)

for which we have the expansion

B () = 1 D112 oo F) +J0) ) (56)

where
m, (T) = My, (T) = (_j)nJrlmmn(?)v (87)
00 (F) = B (T) = (=) 0 (F), (88)
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and m,,,(T) and n,,,(T) are the normalized spherical harmonic vectors. In
practice, for computational reasons, the series (83) and (86) are approximated
by their partial sums, i.e.,

M
Eovar(r) = Y [f2/ M3 (kor) + g)'N3 (kor), (89)
al_ .
EsooNM k‘i Z f moc +Jga na( )] (90)

The above development enables us to introduce the T matrix of the par-
ticle. The null-field scheme corresponds to the choice M = N. Inserting the
representations (74) into Eq. (84) for « = 1,..., N, we obtain

(MY )
= Quin(ks, ki) ( . )@:1 (91)

(95)521 (dg) B=1 |

where the matrix Q1 (ks, k;) has the same expression as the matrix Qs v (k;, k),
but with the vectors ML (k,-) and NL(k,-) replacing the vectors 9t (k,-) and

M2 (k,-), respectively. Furthermore, combing Egs. (76) and (91), we find that

the transition matrix T relating the scattered field coefficients to the incident

field coefficients, i.e.,

() (),
N N *TN b N )
(ga )a:l ( O‘)azl

is given by
Tn = Quin(ks, ki) [Qa1n (ks, k)] QY (Ks, Ks).

For localized vector spherical wave functions, we have le N = ln, and we are
led to the standard representation of the transition matrix. In this case, the
null-field scheme coincides with the T-matrix scheme of Waterman.

4 Discussion

In two technical reports [33, 34|, Dallas provided a rigorous mathematical study
of the basis properties of spherical wave functions, as well as, an analysis of the
convergence and numerical stability of the (second) Waterman scheme for the
approximation of the acoustic field scattered by a hard obstacle [3]. Besides the
mathematical treatment, Dallas signalized some confusions and misinterpreta-
tions that appeared in the literature regarding the formulation of the null-field
method. In this context he mentioned that “many of these sorts of errors and
misconceptions have not been recognized and corrected by succeeding writers
after appearance once, but instead were repeated and propagated, making their
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eventual eradication far more difficult”. Because the work of Dallas is less known
to the physics community (the reports have a purely mathematical component),
we present below his criticism, adapted to the case of electromagnetic scattering
by a dielectric particle.

In the conventional null-field method with localized vector spherical wave
functions, the null-field equations read as

jk2 /S [e(r’)-Mi(ksr’)ﬂ\/‘zjh(r’)-Ni(ksr’) dS(r’)} =—aa,  (92)
ik /S [e(r’)-Ni(ksr’m\/‘?:h(r’)-Mi(ksr’) dS(r’)} =~bas  (93)

for « = 1,2, ..., while the expansion coefficients of the scattered field
(oo}
E(r) = Z[faMz(ksr) + ga NG, (k1)) (94)
a=1

are as in Eq. (84), that is,

HIRGARP )
[P [ M};(ks.')) ]} s, a=1,2,.... (95)

The standard justification of the T-matrix scheme relies on the assumption that
the vector spherical wave expansion of the internal field

Ei(r) = [csMj(kir) + dsgNj(kir)], (96)
B=1

which is valid inside the inscribed sphere, is also valid up to the boundary. From
this assumption and the boundary conditions, we obtain

e(r) [eS) ﬁ(I‘) X Mé(kll‘)
{ h(r) ] - Z_: ©p —j\/iﬁ(r) x N (k;r)
n(r) x Nj(kr)
Hg | ﬁﬁ(r) X M (kir) | (° (97)

and then
N T =
[ ] —autenia] 5



Due to the linearity of the Maxwell equations there is a linear relationship
between the scattered and incident field coefficients expressed in terms of the

transition matrix as
[ (fa)goz1 ] _ T{ (aa)&:l } . (100)

(9a)az1 (ba)az1
From Eqgs. (98)—(100), we find
TQs (ks ki) = —Qui (ks ki), (101)
and so,
T = —Qui(ks, k:)[Qa1 (s, k)] " (102)

The matrices Qa1 (ks, k;), Q11 (ks, ki) and T are of infinite dimension, and in order
to obtain a practical solution, the classical Abschnittsmethode for constructing
an approximate solution to an infinite system of linear equations in a space of
sequences (or infinite matrices) is applied [35, 36]. The above justification of
the T-matrix scheme contains several misleading statements.

1. The representation (97) means that the system of tangential vector spher-
ical wave functions is a basis. However, this system of vector functions is
complete and linearly independent, but does not have the much stronger
property of being a basis, unless S is a spherical surface centered at the
pole of the spherical solutions. A counterexample is given in Appendix
6; other arguments can be found in Refs. [33, 37]. In fact, there is a
general failure in the literature on this method to assert the existence of
infinite-series expansions in terms of a sequence which is merely known to
be complete. “This is frequently reflected in the consistent omission of the
limits of summation, along with the interpretation of a summation as a
finite-sum approximation at one point, but as a convergent infinite-series
representation at another point, according to the exigencies of the current
argument” [34].

2. The above derivation is completely formal; the product indicated on the
left-hand side of Eq. (101) is intended as (convergent) infinite-matrix
multiplication and it is not known exactly if the infinite inverse matrix
Q3! exists or the Abschnittsmethode can be applied to generate convergent
approximations. It is indeed remarkable to find that the T-matrix equation
does in fact turn out to hold for some particle shapes and sizes.

For these reasons, “the null-field method should be regarded as an approach
aiming to approximate quantities in the scattering process other than the tran-
sition matrix directly; accordingly, the appearance of the transition matrix in
the description of the method should be considered as natural but nevertheless
peripheral to its foundation” [34].

The emphasis placed in Refs. [1, 3, 39] on the transition-matrix aspect of
the algorithm has apparently led to a common use of the term “the T-matrix
method” in referring to the Waterman method. In fact, the algorithm is one of
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many schemes that might be called “T-matrix methods”. More precisely, any
method, which delivers an expansion of the far-field pattern in terms of spherical
harmonic vectors, can be cast into the form of a T-matrix method. The reason is
that for each incident field representing a vector multipole M (kyr) or N (k,r),
the expansion coefficients of the corresponding far-field pattern { f,, ga}f}’:l form
the B-column vector of the transition matrix T . In this regard, surface integral
equations methods, in which the far-field pattern is computed from the Strat-
ton—Chu representation theorem for the scattered field (once the surface fields
are known) [40, 41], or volume integral equations methods, in which the far-
field pattern is computed from the far-field representation of the Green function
(once the field inside the particle is known), fall into this category.
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Appendix 1

Let G be a bounded closed subset of R3 that can be identified with either the
bounded domain D;, the unbounded domain D, = R? — D;, or the boundary S.
We consider the function spaces C(G), C*%(G), and L?*(G) defined as follows.

1. C(G) is the usual Banach space of all continuous (complex-valued) vector
functions defined on G with the supremum norm

xeG

where for a(x) = [a1(x), az(x), az(x)]7,

la(x)| = \/a(x) -a(x) = V]a (%)) + |a2(x)? + |as (x)]?

is the magnitude of the vector a(x), or the Euclidean norm in C3.

2. 0%9(G), 0 < a < 1, is the Banach space of all uniformly Hélder continu-
ous vector functions on G,

C%(G) = {a|la(x) —a(y)| < C]x — y|* for all x,y € G}

endowed with the norm

lallae = sup JaG) [+ sup 2O 2]
xeG x,yE€G, x£y |X - y|a

If G is unbounded, then by a € C%%(G) we mean that a is bounded and
the Holder inequality is satisfied. Obviously, if a € C%%(G), 0 < a < 1,
then a is uniformly continuous on G.

3. L?(G) is the Hilbert space of all square integrable vector functions on G,
ie.,

L*(G) = {a| /G|a(x)|2dG exists }.

L?(G) is the completition of C'(G) with respect to the square-integral norm

lallec = ([ laGoac) "

induced by the scalar product
@by = [ alx) b*(x)dG.
G

For tangential vector functions on S, we consider the function spaces T'(S),
T%%(S), Ty*(S), and T2(S). These are defined as follows [23, 24].
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1.

T(S) is the Banach space of all continuous tangential vector functions on
S,
T(S)={alaecC(S), n-a=0},

endowed with the norm || - ||s,s.

. T%%(8), 0 < a < 1, is the Banach space of all uniformly Hélder continuous

tangential vector functions on S,
T%%(S) ={a|ac C®(S), n-a=0},
endowed with the norm || - ||4,s-

Tg’o‘(S), 0 < a < 1, is the Banach space of all uniformly Hélder continu-
ous tangential vector functions with uniformly Hoélder continuous surface
divergence on 5,

TY(S) = {a|a € T"%(S), Vi-ac C®(S)},

equipped with the norm

1alla.a,s = lalla,s +1[Vs - alla,s,

where V; is the surface divergence (for the definition of the surface diver-
gence we refer to Ref. [24]).

. T?%(S) is the Hilbert space of all square integrable tangential vector func-

tions on S,
T?(S) ={a|ac L*S), n-a=0}

with the scalar product (a, b), . T?(S) is a subspace of the Hilbert space
L3(S).

The above function spaces are relevant for analyzing of the direct electromag-
netic scattering boundary-value problem or the exterior Maxwell boundary-
value problem. For the transmission boundary-value problem, the pertinent
function spaces are the product spaces

and

T(S) =T(S) x T(S),
TOa(S) = T%(8) x TO(S),
TEUS) = TP (S) x T (9),

T2(S) = T%(S) x T?*(9).

The scalar product in T2(S) = T%(S) x T?(S) is defined, for a = [a;,a]T €
T2(9) and b = [by, ba]T € T2(5), by

<avb>2,s = <[ Z; ] ’ { E; ]>2,s

= <alyb1>27s+ <a27b2>27sa (]‘03)
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so that the norm in T2(S) is

alts=( 2 | o).,

= (ana1), g+ (an,82),

= lla1ll3 5 + [lazll3 s-

In the convergence analysis of the null-field method we will also consider the
product space I? = 12 x 2, where [? is the Hilbert space of square-summable
sequences. The scalar product in 1> = [? x [? is defined, for a = [aj,a]T € I
and b = [bl,bg]T € I? with a; = [(aia)oo ]T = [ail,aig,...] € (% and b, =

a=1

[(bia)aozl]T = [bﬂ, big, .. ] el?fori= 1,2, by

eon=( n ][0 ]),

= <al’ b1>2 + <327 b2>2

- Z(alam + G/ZQE)a (104)
a=1

e
= (a1, a1), + (a2,22),

= Z(|a1a|2 + |a2a|2)~
a=1

so that the norm in 2 is

2
a1l

Appendix 2

In this Appendix we prove the equivalence between (i) the null-field equations
(28)—(29) and the Miiller system of surface integral equations (Part 1), and (ii)
provided that ks ¢ A(D;), between these null-field equations and the E-field
surface integral equations (Part 2).

Part 1. Consider the Miiller system of surface integral equations (24)—(25)
written in an equivalent form as

%(ES +ei)e— (esMs —eiM;)e — k‘]—(”Ps — Pi)h = ¢;ey, (105)
0

—_

7(,“5 + Nz)h - (/’LSMS - ,U/iMi)e + é(Ps - Pi)e = ,ushO- (106)

[\V]
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Fore, h € Tg’a(S) satisfying the general null-field equations (28)—(29), we con-
sider the electromagnetic fields

J

E:Eo—i—VxAse—i—kerVxAZ, (107)
0cs
J J
H=- VXxEsr)=Hyg+V x A} — VXV xA® 108
kots (r) = Ho " kops (108)
and
E, =VxAl+-L VxVxAj, (109)
k‘oé‘,‘
j i J ;
H, =-— VX E;(r) =V x A}, — V xV xAL. 110
ko pis (x) " kou (110)

First, we prove the direct result. From the null-field equations, we have
E=H=0in D; and E; = H; = 0 in D,. Passing to the boundary in the
equations E = H = 0 in D;, and using the jump relations (18) and (19) for

. . L. 0, .
vector potentials with densities e, h € T,"*(.S), we obtain

~ 1 J

0= E_= s€— — sh 111
n x ey + M,e 2e+k08877 (111)
~ 1 J

0=nxH_ =h dh—-h— L Pe, 112
n x 0o+ M 5 kouspe (112)

while passing to the boundary in the equations E; = H; = 0 in D, we obtain

D\ 1 j
0=fxE;, =Me+-et 3 Ph, (113)
2 koEi
~ 1 j
0=nx H’i-‘r = MLh + 51’1 — ﬁpze (114)

From Eqs. (111) and (113), we find Eq. (105), while from Eqgs. (112) and (114),
we find Eq. (106).

To prove the converse results we assume that e, h € TS’Q(S) satisfy the
Miiller system of surface integral equations (105) and (106). Then, we argue as
follows.

1. For e, h € TE’Q(S), the boundary values of e,n x E_ and g;n x E;, are
given, respectively, by

~ 1 j
esn X E_ =¢g,e0 + e Mge — iese + k‘]—Pgh, (115)
0
~ 1 j
gnx E;y =g, Me+ ieie + k‘]*?ih, (116)
0

whence by means of Miiller’s surface integral equation (105), we get

Ssﬁ xE_ = &‘iﬁ X EH— (117)
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Similarly, considering the boundary values psn x H_ and u;n x H;, , and
using Miiller’s surface integral equation (106), we get

ﬂsﬁ xH_ = /j,Zﬁ X Hi+. (118)

2. We define the fields E' = ¢,E and H' = u,H satisfying the Maxwell
equations

V x B =jkoesH',V x H = —jkousE’' in D;,
and the fields E, = ¢;E; and H} = u;H; satisfying the Maxwell equations
V x E| = jkoe;H,,V x H, = —jkou;E} in D,,
as well as the Silver—Miiller radiation condition
T x eH, + ViE, = o(%), as r — oo.

Taking into account that the fields E/, H' € C%*(D;) and Ej, H] €
C%“(Dy) fulfill the the boundary conditions (cf. Eqs. (117) and (118))

nxE =nxE_=nxE =nxE] (119)
and
nxH =nxH_ =nxH =nxH, (120)

on S, we deduce that {E’,H'} and {E}, H,} solve the homogeneous trans-
mission boundary-value problem. Hence, they vanishes identically, and
from E' = 0 in D; and E, = 0 in Dy, implying E = 0 in D; and E; = 0
in Dy, the conclusion readily follows.

Part 2. Consider the E-field system of surface integral equations

1 ] _
<§I—M5>e— @'Psh—eo, (121)
(lz+ Mi)e + 3 phn—o. (122)
2 koé‘i

As before, fore, h € Tg’a (S) satisfying the general null-field equations (28)—(29),
we consider the electromagnetic fields {E, H} and {E;, H;} given by Eqgs.
(111)—(112), and (113)—(114), respectively. The proof of the direct result is
obvious. From the null-field equations, we have E = 0 in D; and E; = 0 in D,.
Passing to the boundary in the equation E = 0 in D; we obtain Eq. (121), while
passing to the boundary in the equation E; = 0 in D, we obtain Eq. (122).
To prove the converse result we assume that e, h Tg’a(S) satisfy the E-field
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surface integral equations (121) and (122). For e, h € Tg7a(5), the boundary
values of n x E_ and n x E;, are given, respectively, by

. 1 J
xE_ = Me — - —
n eg + e 2e+k0€s

]
ih, 124
el (124)

Psh, (123)

~ 1
ani+:Mie—|—§e—|—

whence by means of the E-field surface integral equations (121) and (122), we
obtain

AixE_=0, (125)
fixE; =0. (126)

In view of Eq. (125), {E, H}, satisfying the Maxwell equations with the
wavenumber k, in D;, and the boundary condition n x E = n x E_ = 0 on
S, solve the homogeneous interior Maxwell problem. Hence, E = 0 in D;, pro-
vided that ks ¢ A(D;). Similarly, in view of Eq. (126), {E;, H;}, satisfying the
Maxwell equations with the wavenumber k; in Dy, and the boundary condition
nxE;, =nxE;; =0on S, solve the homogeneous exterior Maxwell prob-
lem. Hence, E; = 0 in Dy, and we conclude that if ks ¢ A(D;), the null-field
equations are equivalent with the E-field surface integral equations.

Appendix 3

In this appendix we prove the estimates (36)—(39).

First, we prove the estimate (36) for the scattered field (the case t = s).
Consider the free-space dyadic Green’s functions of electric and magnetic type
G and G, respectively, defined by

V x éeO = émOv
V X Gpo = k2Geo + 6(r — 1)L

Application of the second vector—dyadic Green’s theorem (P, Q € C?(D))
/[P~(V><V><Q)—(V><V><P)~Q]dV
D

:—/[(ﬁxV><P)~Q+(ﬁ><P)~(V><Q)]dS,
s

in D; (actually, in a domain bounded by the surface S and a spherical surface
ER with a large radius R) to P = E; and Q = G, and in D; to P = Ey and

Q = G, yields

ES(I‘) - /S[e(r') : émo(ksvr/’ I‘)

+ jkopsh(r’) - Geo(ks, r', 1)) dS(x"). (127)
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The first integral in Eq. (127) denoted by Ei(r), that is,

E.(r) = /Se(r’) - Gomo(ks, v’ 1) dS(x")

can be estimated as follows. Let

3
a’rnO(kS7r/7r) = Zaz ® GmOi(kS7r/7r)7
i=1

where G,,0; are the vector components of the dyadic G,,o and €; with i =
2,3 are the Cartesian unit vectors, set a;(r’) = e(r) - €;, and note that

S22 lai(®)[?> = le(’)|?. Then, using the relation e - G0 = >o_ e [6; ®
G = Z?zl a; G0, the triangle inequality, and the Cauchy—Schwarz in-
equality for vector-valued functions

/Zm )| dS(’ (/Zm jrasa))”
([ Lrserasen)”

we obtain

sup |Eg(r)]
reGs

3

_ sup‘ /S [Z ai(r/)GmOi(ks,r’,r)} ds(r')

=1

<sup/‘ a;(r")Gmoi(ks, x',r
s [ o) Gt

ds(r")

S Sup/Z|a1 mOl kS7r I‘)|dS( )

reG

<afop ([ 5 oot ase)) ") ([ S ase)
= fap (f 351wt maser) V] feerease)

=C

(128)
with

Ce1 = 3 sup (/Z|Gm01 ks,x’,r)[2dS(r ))1/2.

reGs
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Similarly, for the second integral in Eq. (127) denoted by Egs(r), we find

SucI:) |Es2(r)| < Cez|lhl|2,s (129)

reGg

with (provided that ko and ps are real)

3 1/2
CeZ = 3kO,us sup (/ Z |G60i(k5ar,7r)2d5(r/)>
S =1

reGg

and G,y = Zle €; ® Geg;- Combining Egs. (128) and (129), we obtain the
estimate (36) with a constant C. = max(Ce1, Cc2) depending on S and G. The
same technique can be used for proving the estimate (36) in the case ¢t = 4, and
the estimate (37) in the cases t = s, 1.
To prove the estimate (38), we express the electric far-field pattern as (cf.
Eq. (34))
Esoo (/f) = Esool(/f) + E5002 (i‘\)a

where
o~ .]ks jksTr’ /
E;oo1 (I‘) = ? [ X e( )]e ’ dS(r )a
A s =~ —jksTr’
Bal®) = 42 /2 [ (@ 5 ) x 87 as(e).
Then, we find

B (0] = [52 [ xee 7 as(w)

2 / [
[ let)las
477( / |e(r'>|2d5<r'>)1/2

dS(r)

| /\

<
= R e]l.s for all F € 0 (130)
- Ar 2,8 )
and similarly,
A k9 S o~
Basoa(®)] < -2, /E2||h|]2.s for all T € Q. (131)
4\ eg

Combining Eqs. (130) and (131), we obtain the estimate (38) with

kS S
Ceoo = — max (1, M) .
47

S

The estimate (39) is proved in an analogous manner.
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Appendix 4

In this appendix we recall some basic results from functional analysis [37, 42].

1.

A subset M of a normed space X is called complete if every Cauchy
sequence of elements in M converges to an element in H. A normed space
is called a Banach space if it is complete. An inner (scalar) product space
is called a Hilbert space if it is complete.

. Two elements u and v of a Hilbert space H are called orthogonal if

<u,v>H = 0; we then write v L v. If an element u is orthogonal to
each element of a set M, we call it orthogonal to M and write u L M.
Similarly, if each element of a set M is orthogonal to each element of the
set K, we call these sets orthogonal, and write M L K. The Pythagorean
theorem states that |[u£v||3, = ||u||3, +||v||% for any orthogonal elements
u and v.

A subset M of a normed space is said to be closed if it contains all its
limit points, i.e., if for every sequence u,, € M with a limit v € H, we
have u € M, then M is closed. For any set M in a normed space, the
closure of M is the union of M with the set of all limit points of M. The
closure of M is written M. M is contained in M, and M = M if M is
closed. Note the following properties of the closure:

(a) for any set M, M is closed;
(b) if M C K, then M C K;

(c) M is the smallest closed subset containing M; that is, if M C K and
K is closed, then M C K.

Let H be a Hilbert space and M a subspace of H (i.e., a complete vector
subspace of H). The vector w € M, defined as ||u — w||g = inf,epr |Ju —
v||g is the best approzimation of u among all the vectors of M. The
operator P : H — M mapping u onto its best approximation, i.e., Pu = w,
is a bounded linear operator with the properties P?> = P and <Pu, v>H =
<u, Pv>H for any u,v € H. P is called the orthogonal projection operator
from H to M, and w is called the projection of u to M. The set of
all elements orthogonal to M is called the orthogonal complement of M,
Mt ={u€ H|ul M}. Foru € H, the projection w = Pu satisfies
u—w L M, and any element v € H can be uniquely decomposed as
w = w + wr, where w € M and w € M~+. This result is known as the
theorem of orthogonal projection.

Let X be a normed space and M a subset of X. M is dense in X if
and only if for any u € X there exists a sequence uy € M such that
llu — un||x — 0 as N — co. Every set is dense in its closure, i.e., M
is dense in M. M is the largest set in which M is dense; that is, if M
is dense in K, then K C M. If M is dense in a Hilbert space H, then
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10.

11.

M = H. Conversely, if M = H, then M is dense in H. Let H be a Hilbert
space. If M is dense in H and u is orthogonal to M, then u = 0y, where
0 is the zero element of H.

The elements 1,9, ...,%N of a vector space X are called linearly inde-
pendent if the equation Zi\il a;v; = 0 can only be satisfied by a; = 0 for
i =1,...,N. If any finite number of elements of an infinite set {1;}$2; is
linearly independent, the set {1;}52, is called linearly independent.

A system of elements {v; }2°, is minimal in a Hilbert space H if none of the
elements belongs to the closure of the linear span of the others, i.e., for each
i, ¥; ¢ span{y; | j # i}. A system {1;}52, is called biorthogonal to the
system {u;}52, if <¢i, {Ej>H = §;5, where ;5 is the Kronecker symbol. The
biorthogonal system {@Zj 524 is uniquely defined if and only if the system
{1;}32, is minimal. Essentially, the “minimality” is a type of strengthening
of the property of linear independence.

A gsystem of elements {1;}2, is closed in a Hilbert space H if there are
no elements in H orthogonal to any element of the set except the zero
element 0y, that is, for u € H, the conditions
<U7¢1>H =0, 1=1,2,..., imply u =0g.

A system of elements {1;}5°, is complete in a Hilbert space H if for any
u € H and any € > 0, there exists an integer N = N(¢) and a set {al¥ },
such that ||lu — Zfil aN||g < e. If the system {1;}5°, is complete in
H, then the sequence of subsets

N
My = span{t, o, ..., o} = {u =) _agy|a; € C}

i=1

is limit dense in H, that is, for any v € H, the distance from u to My
goes to zero as N — oo, i.e., |lu — Pyul||lg — 0 as N — oo, where Py is
the orthogonal projection operator from H to My.

A system of elements {1;}52, is complete in a Hilbert space H if and only
if it is closed in H.

A system {4;}2, forms a Schauder basis of a Banach space X if any
element u € X can be uniquely represented as u = Y .o a;1);, where
the series converges in the norm of X. If {¢;}$°, is a basis of a Hilbert
space H, then the biorthogonal system {1;] 524 is also a basis of H, and

each element u € H can be represented as u = Z;’il@, 7:2;2>H1/12 A basis
{i}2, of H is a complete minimal system of H, but a system {1;}52,
can be complete but not form a basis of H. Thus, the basis property is
far stronger than the completeness property.
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12. A complete system {t;}32, forms Riesz basis of a Hilbert space H if and
only if the Gramm matrix G = [Gy;] with Gi; = (¢,1);) ,, generates an
isomorphism on 2. Actually, a complete system {1;}52; forms a Riesz
basis of H if and only if

(a) the inequalities

N N )
2
c1 E lai|” < HE a;i; .
im1 im1

hold for any constants a; and for any N, where the positive constants
c1 and ¢y do not depend on N and a;, or

N
<y laif (132)
=1

(b) there exist positive constants ¢; and ¢y such that

qZI¢”ﬁﬂMm@Q] i) | (133)

i=1

for all w € H. Note that if {¢;}32, is a Riesz basis then

sup [[illi < ez and nf[[¢s][r > 1. (134)

13. A map A of a vector space X onto a vector space Y is called a linear
map if A transforms linear combinations of elements into the same linear
combinations of their images. Linear maps are also called linear operators,
and in linear algebra, one usually writes arguments without brackets, i.e.,
A(u) = Au. Linearity of an operator is a very strong condition which is
shown by the following equivalent statements:

(a) A transforms sequences converging to zero into bounded sequences;

(b) A is bounded, i.e., || Aul||x < c||u||x for all u € X and ¢ independent
of u;

(c) A is continuous.

Appendix 5

In this appendix we give the explicit expressions for the commonly used systems
of discrete sources.
The localized vector spherical wave functions are defined by

ML3 (kr) = c,2) 3 (kr)[jmz™(0)0 — 717 (0) @)™, (135)
1,3 20 (RT) pm =
N, (kr) = cn{n(n + 1)TP,‘L |(cos 0)F
s o Ol )64 gm0} eme, (130
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where ¢, = 1/1/2mn(n + 1), (r,0,¢) are the spherical coordinates of r, (T, 8, @)
are the unit vectors in spherical coordinates, 2. designates the spherical Bessel
functions j,, z3 stands for the spherical Hankel functions of the first kind h,,,

2] = gl ol (137)
[krzl3(kr)] = %[km}t?’(kr)] = %[rz,ll’?’(kr)], (138)

R‘lml(cos 0) are the associated Legendre functions, and the angular functions
|m| |m|
and 7,

the relations

are related to the associated Legendre functions P,llm‘(cos 0) by

m|
Py (cos )
Im| gy — £n_(cOsV)
T (0) e (139)
d
Iml gy — 4 plm|
T7(0) dQP" (cos@). (140)
Equivalent representations are
M}qﬁl(kr) = 2711’3(/€T)mmn(6‘ 90)7 (141)
1 3 1,3 ’
N3 (k) = V(- 1) 2200y 0,.p) 4 BTz BT e 0), (142)
y kr kr
where
Lnn (0, ) = V%P‘”'(cos@)e’m‘/’r (143)
Ny (0, 9) = ca[171(0)8 + iz (0) @], (144)
My, (0, ) = e [fmal™ (0)8 — 71 (0)@lel™?, (145)

are the normalized spherical harmonic vectors.
The expressions of the spherical vector wave functions with an origin shifted
at zo along the z-axis are given by

M3 (k(r — 202)) = enz,® (kRo) {jmmy," (60) [sin(6 — 6o)F

+ cos(0 — 00)0] - meawmp (146)
and

Z}L’?’ (k‘Ro)

TR Pl (cos )

NL3 (k(r — 202)) = cn{n(n +1)

—~ 1,3 /
X [cos(0 — Oo)r — sin(f — 60)0] + [kRozy*(kRo))
K Ro

~

x {7]ml (00)[sin(0 — 0o )T + cos(6 — 6,)0]
+ jmal™ (90)30}}63”"“" (147)
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where z is the unit vector along the z-axis,

Ro=+p?+ (2 —20)?, sinfy = Rio’ cos by = Z};OZO’

(148)

and (1,6, ) and (p, ¢, z) are the spherical and the cylindrical coordinates of r,
respectively. The localized vector spherical wave functions correspond to zg = 0
in Egs. (146) and (147), in which case, Ry = r and 6y = 0.

The distributed vector Mie potentials are computed as

M (k) = %Vg(k‘,rn,r) -

= mp(r,1,)8 + My (r,1,) @, (149)
Ny (kr) = %V X M, (r)
= (v, 1,)F 4 ng(r,1,)0 + ne(r,r,)P, (150)
where
mo(e,7,) = 1 G (R (.52, (151)
(1) =~ (o) a5, (152)
and

o) = o { [T () - T ()| [R5 + 65

2\ R2 R
n 2—%9’(12”) cos @n}, (153)
no(r.E) = %{%Rﬁ —;%%fs(?,?n)g,(Rn)
+ BT g, | gy 7). (134)
oer,) = o [ 2ol ‘;?fff@’?")g'(fen)
PR () o ) (155)

In Egs. (151)—(155), r = 7T, vy, = 7T, (1,0, ¢) and (ry, 6,, ¢n) are the spheri-
cal coordinates of r and r,,, respectively,

cos©O,, =TT, = cosfcosb, +sinfsinb, cos(p — ¢, ), (156)
f1(T,T,) = sin b, sin(p — ¢n), (157)
fo(r,T,) = sinf cosb,, — cosOsin b, cos(p — ¢y), (158)
F3(F,T0) = — — cos O, (159)

T

n
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and

R,=|r—r,|= \/r2+r%—2rrncos®n, (160)
ok Rn
) = _ 161
o(Rn) = T (161)
The distributed magnetic and electric dipoles are given by
1
M (kr) = ﬁVg(k,rn,r) X Thp
1 ~
= ?(I‘ - I'n) X Tnpfl(Rn)a (162)
1
Npp(kr) = EV X Mpp(T)
1 o
= 3 L = 1) X [(r = 10) X Tnp| f2(Rn)
— 2 fi(Ra)}, (163)
where
. 9(Rn
AR = Gty = )P (164
g R,
Fal) = (3~ 3ibR,, — k2R2) ST, (165)

and as before, R,, = |r — r,,| and g(R,,) = exp(jkR,)/ (47 R,,).

Appendix 6

In this appendix we give a counterexample showing that the tangential systems
of regular and radiating vector spherical wave functions do not form bases.
For the dyadic g(k,r,r’)I, we have the expansion

g(k,r, eI
M2 (kr') @ MY (kr) + N2 (kr') @ N} (kr)
o | +LE(kr') @ LY (kr), r <1’
=ik ; (166)
a=1 | MLi(kr') @ M3 (kr) + NL(kr') ® N2 (kr)
+LL(kr') @ L2 (kr), r >/

whence from the identities ag = a- gI and V x (fa) = fV xa—a x Vf, we
obtain

e )
o +la(r’) - N2 (kr’/ c(kr) r <1’
=ijk? Z (167)
a=1 | [a(r’) - ML(kr")]N3 (kr)
+[a(r’) - NL(kr')|M2 (kr), r >’



Figure 3: The spherical surface Si dividing S into two parts S; and Ss.

and

V %V x [a(r')g(k, r,1')]
[a(r’) - MZ (k)| M, (kr)
oo +la(r") - N2 (kr')INL (kr) r <o/
=ik : (168)
o=1 | [a(r') - Mg (kr')| M, (kr)
+la(r') - NG (kr")|NZ (kr), 7>’
Consider a spherical surface Si dividing S into exactly two parts: the first

one S is in the exterior of Sg, and the second one S, is in the interior of Sg
(Fig. 3). Define the electromagnetic fields

E(r) =V x [a(r')g(k,r, )], (169)
H(r) = —ki—uv x E(r), (170)

where 1’ is a fixed point on Sgr. Using the expansions (167) and (168), we find
that for r € Sy, we have (r < 1’)

o(r) o0 n(r) x ML (kr)
[ h(r) } => {Ca [ —j\/jﬁ(r) x N1 (kr) ]

n(r) x NL (kr)
o | \/iﬁ(r) « ML (kr) (171)
with
o= Rla() N3(b)], do = jRlal) MY, (172)
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while for r € Sy, we have (r > 1)

r) ) x M3 (kr)
[ h(r) -] €<>xN3<k>
) X N3 3 (kr)
o | \/in(r) x M2 (kr) (173)
with
fo = jk*[a(r’) - Ng(kr')], ga = jk*[a(r’) - Mg(kr')]. (174)

If the expansion (171) is also valid on S, i.e., if the tangential system of regular
vector spherical wave functions is a basis, we contradict the spherical wave
expansion of the Green function. The same conclusion can be drawn for the
tangential system of radiating vector spherical wave functions.
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