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Model validation is the process of determining the degree of accuracy between the real
world and the model. The result of model validation can either be used to improve the
model through calibration or quantify the model-form uncertainty. This work focuses on
providing the model-form uncertainty through an area metric for a hypersonic cone-slice-
flap geometry configuration given uncertainty in both the simulation and experimental
data. A procedure will be presented that can give an accurate representation of the model-
form uncertainty using a small number of high-fidelity runs. The work will also assess
the impact between using different high-fidelity solvers and different turbulence models.
The goal of performing this comparison is to provide a quantifiable measurement for the
accuracy of each solver and turbulence model for this type of design. A low-fidelity analysis
will also be performed to get a model-form uncertainty for the lower fidelity analysis. The
two high-fidelty CFD solvers used are VULCAN-CFD and FUN3D and the low-fidelity
results will come from Cart3D. The experimental data came from the 20-inch Mach 6
Tunnel located at NASA Langley Research Center.

Nomenclature

AF axial force (lbf)
ai coefficient for ith basis function
BMC balance moment center
CD drag coefficient
CL lift coefficient
CM moment coefficient
D deterministic variables
d area metric
E(x) empirical distribution function at x
F (x) cumulative distribution function at x
Fs factor of safety
fi quantity of interest for grid i
GCI grid convergence index
L model length (in.)

lref model reference length (in.)
M Mach number
MRC moment reference center (in.)
M∞ freestream Mach number
NF normal force (lbf)
Nt number of samples needed
n number of random variables
PM pitching moment (lbf)
p order-of-accuracy
pnose model nose pressure (psia)
pT∞ facility stagnation pressure (psia)
q order of polynomial
q∞ freestream dynamic pressure (psia)
Ug
CD

grid error uncertainty of CD
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Ug
CL

grid error uncertainty of CL

Ug
CM

grid error uncertainty of CM

Rb model base radius (in.)
Rn nose radius (in.)
SA Spalart and Allmaras turbulence model
Sref model reference area (in.2)
Si main effect Sobol index of parameter Xi

STi
total-effect Sobol index of parameter Xi

sX uncertainty range for small sample size
SST Menter Shear-Stress Transport model
r grid refinement ratio
Y quantity of interest
y+ dimensionless wall distance
Xf flap leading edge location (in.)
Xs slice leading edge location (in.)

xtran
axial balance transfer distance

from BMC to MRC (in.)

ztran
vertical balance transfer distance

from BMC to MRC (in.)
α angle of attack (deg)
εi+1,i relative grid error of grid i+ 1 to grid i
γ ratio of specific heats
κ Von Kármán’s constant
Ψi basis function representing ith mode
σ, cw2 SA model closure coefficients
σw1, σw2 SST model closure coefficients
θf flap deflection angle (deg)
ξ standard random variable

I. Introduction

With advancements in computers, engineers have increasingly relied on modeling and simulation for
design and analysis of aerospace vehicles. Hence, there is a need to quantify how accurate or inaccurate
these models are when compared with empirical data. Validation can be used to determine the adequacy
of the mathematical model for an intended application. One approach to validation is to compare verified
numerical solutions with experimental data for which uncertainty is estimated in both the computational
model and experimental data. With the inclusion of uncertainty in both the experimental data and simulation
a statistical-based measurement of the model-form uncertainty can be provided.

The work here focuses on a cone-slice-flap hypersonic configuration which has been used during the
early years of hypersonics to understand basic flow physics.1–5 The goal of the current work is to present a
validation procedure for a cone-slice-flap configuration by using multiple computational fluid dynamic (CFD)
turbulence models and solvers with limited computational resources given numerous sources of uncertainty in
the experimental and simulation data. Previous research included a similar design with a validation study.6–9

However, these studies do not include various turbulence models and CFD solvers with multiple sources of
uncertainty. The work also includes and in depth comparison of the various solvers and turbulence models.
Analysis is also conducted for nominal and actual wind tunnel conditions, giving an idea to how much can
be known with CFD prior to experimental knowledge.

The computational and experimental results presented herein are for a Mach 6, spherically blunted cone.
This model was studied experimentally in the 20-inch Mach 6 Tunnel located at NASA Langley Research
Center. The experimental database consists of force and moment data, two base pressure measurements, and
a sting-cavity pressure measurement. The simulations are performed as 3D, calorically perfect gas flow on
two state of the art Reynolds Average Navier Stokes (RANS) CFD solvers and with two turbulence models.
An inviscid solver, will also be used to predict the trends between analyses done with the high-fidelity CFD.

This paper is organized to first present the experimental test that will be performed and uncertainty
sources in Section II. Section III presents the computational models, grid convergence study, and initial
configuration study. Section III also describes the uncertainty sources in the computational models. Section
IV presents the uncertainty quantification methodology and the validation approach when comparing the
Mach 6 wind tunnel data and CFD uncertainty results. Section VI provides additions that will be made to
the final manuscript.

II. Experimental Test

An experiment was run in the NASA Langley 20-Inch Mach 6 Tunnel to investigate the aerodynamic
characteristics of a cone-slice-flap configuration. The stainless steel wind tunnel model was a 7-deg half-angle
cone measuring 12 inches in length from the virtual nose tip to the base, and features a sliced surface parallel
to the centerline axis along with a flap mounted on the slice surface. An illustration of a model configuration
on a sting support is shown in Figure 1, in an inverted orientation to show the body slice and flap.
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Figure 1: Cone-Slice-Flap wind tunnel model (shown inverted).

The model is designed with a number of interchangeable parts to investigate the aerodynamic effects of
nose bluntness, slice leading edge location, flap leading edge location, and flap deflection angle. The ranges
of these geometric parameters are given in Table 1, with the slice and flap leading edge locations normalized
by the model length, L = 12 inches, and the nose radius normalized by the model base radius, Rb = 1.4734
inches. An exploded view of the model parts is shown in Figure 2.

Table 1: Range of geometrical parameters.

Parameter Variable Minimum Value Maximum Value

Nose Radius Rn/Rb 0.04 0.30

Slice Leading Edge Location Xs/L 0.65 0.75

Flap leading Edge Location Xf/L 0.80 0.90

Flap Detection Angle, deg θf 0◦ 30◦

The experimental model consists of 36 different configurations where 28 configurations were nominal while
the remaining eight are confirmation configurations used to verify a response surface for the aerodynamic
analysis. The 28 configurations have three flap deflection angles which are located on the aft section of the
model, three different flap leading edge locations, three different planar slice leading edge locations, and three
different nose cone radii. The eight confirmation points have two flap deflection angles, two flap leading edge
locations, one planar slice leading edge location, and three different nose radii. The work here focuses on a
single configuration and future work may address the entire configuration space.

A minimum nose radius was specified for the model rather than a sharp nose tip so that a small pressure
orifice could be installed on the stagnation point of the blunted nose. This orifice was be used to obtain
post-normal-shock stagnation pressure measurements at zero angle of attack so that the Mach number at
the model location in the test section can be determined directly for subsequent calculations of the flow
conditions.

The model was sting-mounted through the base on a six-component force balance equipped with a water-
cooling jacket to regulate the balance temperatures in the high-temperature hypersonic flow. Base pressure
was measured using two flush orifices on the model base. The model was tested over an angle of attack range
from −4◦ to +12◦ and at unit Reynolds numbers from 1.0 to 4.0× 106 per foot.

Configuration 33 was chosen for the analysis herein because this will be the check standard wind tunnel
model for the 20-inch Mach 6 wind tunnel. The geometrical parameters of configuration 33 can be seen
in Table 2 and visualized in Figure 3. This configuration was run at several Reynolds numbers and also
has multiple replicate runs within the test matrix which help quantify the random error uncertainty in the
experiment.
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Figure 2: Exploded view of cone-slice-flap wind tunnel model.

Table 2: Parameters for configuration 33 model.

Xf/L Xs/L Rn/Rb θf

0.85 0.70 0.15 15◦

Figure 3: Geometry for configuration 33.

A. Uncertainty Sources

This section outlines the uncertainty quantification approach which was used to gauge uncertainties within
the wind tunnel experiment. For the current study, both epistemic and aleatory uncertainties are considered.
The approach assumes calorically perfect gas and isentropic flow. Under these assumptions the isentropic
flow relations are exploited and a full Monte Carlo approach is used to estimate systematic load uncertainties.
The first section will describe the systematic error approach and the subsequent section will describe random
error within the experiment.

1. Systematic Error

Systematic error occurs due to measurement error in the experiment. Within the wind tunnel, there are
calibration uncertainties associated with axial force (AF), normal force (NF), and pitching moment (PM).
These uncertainties are determined using a standard balance calibration where the measurement of each
force was assumed to have a normal distribution. There is also a settling chamber uncertainty for the facility
stagnation pressure (pT∞). The facility stagnation pressure is measured using a 500-psia Druck pressure
transducer. The uncertainty comes from the manufacturer’s specifications and was found to have a normal
distribution. There is a model nose pressure (pnose) uncertainty which comes from the uncertainty of the
ESP module that was used to measure the nose pressure and was found to be normally distributed. Other
uncertainties include the axial balance transfer distance (xtran) from balance moment center (BMC) to the
moment reference center (MRC), vertical balance transfer distance (ztran) from the balance moment center
(BMC) to the moment reference center (MRC), and angle of attack (α). The xtran and ztran quantities
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are based off engineering judgment on the device used to measure the model coordinates. Given the lack of
information for accuracy of the transfer distances, they are both considered to be epistemic variables. The
angle of attack uncertainty was determined by mounting an angle measurement system (AMS) accelerometer
package to the model using the model level plate. The model is then run through a series of move-pause
angles for a wind-off run. The residuals between the AMS package and pitch encoder help determine the
uncertainty. Because this was only done once for the model at a twelve angles of attack, this uncertainty
is determined to be epistemic with interval bounds being the max residual between the AMS package and
pitch encoder. Table 3 shows all the wind tunnel load input uncertainties for the systematic error. The
uncertainty for the normal distribution is given as the standard deviation (sd) of the distribution and the
nominal for the distribution is given as the wind tunnel (WT) reading.

Table 3: Wind tunnel load input uncertainties.

Uncertainty Variable Classification Uncertainty Formulation Nominal Uncertainty

AF (lbf) aleatory Normal AF (lbf) WT reading 0.01 (lbf) sd

NF (lbf) aleatory Normal NF (lbf) WT reading 0.005 (lbf) sd

PM (lbf) aleatory Normal PM (lbf) WT reading 0.0165 (lbf) sd

pT∞ (psia) aleatory Normal pT∞ (psia) WT reading 0.1 (psia) sd

pnose (psia) aleatory Normal pnose (psia) WT reading 0.0075 (psia) sd

xtran (in.) epistemic interval 0.2535 (in.) +0.001 (in.)

ztran (in.) epistemic interval 0 (in.) ±0.001 (in.)

α (deg) epistemic interval α (deg) WT reading ±0.01 (deg)

An assumption of a perfect gas and isentropic flow is used to propagate the uncertainties for the systematic
error. This assumption allows for ease of implementation of the Monte Carlo analysis and gives a relatively
close result to what is expected in the wind tunnel due to the Mach 6 flow. Eqs. (1)-(3) are used to transform
the wind tunnel measurements from body fixed axis to wind axis.

CD =
NF sin(α) + AF cos(α)

q∞Sref
(1)

CL =
NF cos(α)−AF sin(α)

q∞Sref
(2)

CM =
PM−NFxtran −AFztran

q∞Sref lref
(3)

The freestream dynamic pressure (q∞) is found using the isentropic flow relation in Eq. (4) with the assump-
tion that gas specific heat ratio of γ = 1.4.

q∞ = 0.7pT∞M
2
∞

(
1 +

M2
∞

5

)−7/2
(4)

The freestream Mach number (M∞), from Eq. (4), is calculated using the Newton-Raphson root finding
method using the normal shock relation with a gas specific heat ratio of γ = 1.4, shown in Eq. (5).

pnose
pT∞

=

(
6M2
∞

M2
∞ + 5

)7/2(
6

7M2
∞ − 1

)5/2

(5)

This work uses the circular area of the base of the cone for the Sref = 6.8202 in2 and the diameter of the
circular portion of the cone as the lref = 2.9468 in. The uncertainty distributions in Table 3 are propagated
through the equations above to assess the distributions of the loads at angles of attack considered in this
study.

The work looked at angles of attack, namely -4◦, 0◦, 4◦, and 12◦, to get a spectrum of the flow behavior
over the full range of angle of attack. Figure 4 shows the load coefficient probability boxes for the wind
tunnel test run at an Reynolds number 2.5×106/ft and angle of attack 12◦. Table 4 gives the 95% probability
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output uncertainty range for each load at the angles of attack of interest. The 95% probability output range
shown here represents that there is at least a 95% chance the true wind tunnel value will lie between that
range given the known aleatory and epistemic uncertainties. Because wind tunnel measurements are not
obtained at the exact angle of attack of interest, the intermediate loads at a particular angle of attack was
determined by linearly interpolating the wind tunnel load readings around the angle of attack of interest.
Using linear interpolation should be very accurate, because the data was acquired at 20 samples/sec while
continually pitching the model at 1 deg/sec.

(a) Drag Coefficient (b) Lift Coefficient

(c) Moment Coefficient

Figure 4: Probability boxes for WT loads at α = 12◦ and Re= 2.5× 1061/ft

Additionally, a Sobol method was implemented to gauge the sensitivity of the input parameters on
the loads. The Sobol sensitivity index is a variance-based method to perform a global sensitivity analysis
which uses the variance as the basis to define a measure of input parameter influence on the overall output
variation.10 Eq. (6) gives the first order sensitivity index or main effect Sobol index, Si, which measures the
effect of varying parameter Xi without any other parameters varying.

Si =
Vi[E∼i[Y|Xi]]

V[Y]
(6)

Where, Vi[E∼i[Y|Xi]] is the variance of the conditional expectation of the output Y given parameter Xi

is fixed, while V[Y] represents the total variance of the output. Figure 5 show the Sobol main effect index
for the load coefficients at angle of attack 12◦ with a Reynolds number 2.5×106/ft. At these conditions
the greatest contribution to the drag coefficient uncertainty is due to the measured balance axial force. For
the lift coefficient, the greatest contribution was the nose pressure uncertainty. For moment coefficient, the
pitching moment calibration error uncertainty has the most significant contribution.
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Table 4: 95% probability range for the actual wind tunnel load.

α Uncertainty Variable WT Reading 95% Uncertainty Range

−4◦
CD 0.1069 [0.1061,0.1082]

CL -0.1110 [-0.1132,-0.1117]

CM -0.0237 [-0.0249,-0.0236]

0◦
CD 0.0958 [0.0947,0.0968]

CL 0.0101 [0.0099,0.0109]

CM -0.0083 [-0.0089,-0.0077]

4◦
CD 0.1171 [0.1162,0.1183]

CL 0.1379 [0.1376,0.1388]

CM -0.0020 [-0.0029,-0.0016]

12◦
CD 0.2558 [0.2550,0.2575]

CL 0.4547 [0.4541,0.4569]

CM 0.0303 [0.0297,0.0313]

(a) Drag coefficient Sobol main effect index. (b) Lift coefficient Sobol main effect index.

(c) Moment coefficient Sobol main effect index.

Figure 5: Sobol main effect indicies for α = 12◦ and Re= 2.5× 106 1/ft

2. Random Error

Random error in the wind tunnel due to unknown and unpredictable changes in the wind tunnel experiment
from one run to the next. The work here obtains the random error uncertainty by using the replicate runs
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for configuration 33 which were performed at a an Reynolds number of 2.5 × 106/ft. Classically, random
uncertainty is estimated by taking the mean and standard deviation of the replicate runs. However, due
to the small sample size of the number of replicate runs, Eq. (7) can be used to convert the range into an
unbiased estimator of the standard deviation.11,12

sX =
Xmax −Xmin

2.059
(7)

Here Xmax and Xmin represent the maximum and minimum values of all the runs for the quantity of interest,
respectively, and the value 2.059 is based on the number of replicate runs. Table 5 shows the wind tunnel
readings of the four replicate runs at α = 12◦ and a Reynolds number of 2.5 × 106/ft and the associated
uncertainty.

Table 5: Wind tunnel data for RE = 2.5× 106/ft and α = 12◦.

Run CD CL CM Uncertainty (Eq. (7))

14 0.2558 0.4547 0.0303
UCD

= 0.0008, UCL
= 0.0010,

29 0.2554 0.4537 0.0296
UCM

= 0.0003
52 0.2561 0.4536 0.0297

76 0.2570 0.4557 0.0298

To combine both the systematic and random error uncertainty, Eq. (8) is used.

U±CombBoundsk
= U±Boundsk

± Uk (8)

Where k ∈ {CD, CL, CM}, U±Boundsk
represent the lower and upper bounds of the 95% probability intervals

shown in Table 4 with U+ being the upper bounds, U− being the lower bound, and Uk comes from Table
5. This gives the full range of uncertainty associated with the wind tunnel for the relevant angles of attack.
Table 6 shows the overall combined uncertainty of both the systematic and random error for the relevant
angles of attack.

Table 6: 95% probability wind tunnel load combined uncertainties.

α Uncertainty Variable WT Reading 95% Combined Uncertainty Range

−4◦
CD 0.1069 [0.1053,0.1090]

CL -0.1110 [-0.1142,-0.1127]

CM -0.0237 [-0.0252,-0.0233]

0◦
CD 0.0958 [0.0939,0.0976]

CL 0.0101 [0.0106,0.022]

CM -0.0083 [-0.0089,-0.0077]

4◦
CD 0.1171 [0.1154,0.1191]

CL 0.1379 [0.1383,0.1401]

CM -0.0020 [-0.0029,-0.0016]

12◦
CD 0.2558 [0.2470,0.2655]

CL 0.4547 [0.4548,0.4582]

CM 0.0303 [0.0297,0.0313]

III. Flow Solvers

For this work, two viscous CFD solvers developed at NASA Langley Research Center were used: Fully Un-
structured Navier-Stokes (FUN3D)13 and Viscous Upwind Algorithm for Complex Flow Analysis (VULCAN-
CFD).14 The work here also leverages the inviscid solver Cart3D15 which was developed at NASA Ames

8 of 22

American Institute of Aeronautics and Astronautics



Research Center. Within the viscous solvers, two turbulence models are investigated: the one-equation
Spalart-Allmaras (SA) model16 and the two-equation Menter Shear-Stress Transport (SST) model.17 In the
remainder of this section, geometry modeling assumptions and grid convergence studies with both RANS
CFD codes are discussed, followed by a listing of uncertainty sources considered in the modeling.

A. Geometry Modeling Assumptions

The computational models include an attached sting to the base of the cone-slice-flap geometry to account
for sting effects within the wind tunnel data. A VULCAN-CFD analysis was run with the nominal flow field
conditions for configuration 33 to gauge where the sting could be truncated to ensure it had minimal effect
on the loads of interest on the forebody. This analysis showed a sting length of approximately 6 inches aft
from the base could be used in CFD calculations, whereas the wind tunnel model sting length will be 17
inches from the base of the model to the wind tunnel attachment point. This work does not model the wind
tunnel walls or model support system, because given the cone angle, length of the model and sting, Mach
number, and test section height, a simple calculation using the oblique shock relations indicated that no
predicted shocks would reflect from the wall to model or sting. The results presented herein are only on the
forebody except for the calculated drag which includes the base drag for the viscous solvers. The base drag
is included because it has been shown that base drag can contribute significantly for slender cone bodies.18

All of the CFD results presented have the same reference areas of 6.8202 in.2 and reference length of 2.9468
in. used in the calculations of the forces for the wind tunnel data.

B. Grid Convergence Study

A grid convergence study was performed on configuration 33. The specifications of the geometrical param-
eters for the model are shown in Table 2 and the geometry can be seen in Figure 3. For FUN3D, the grid
convergence model was run until a baseline grid was converged. The FUN3D adjoint solver was used to
perform mesh adaptation with the objective targeting forces on the forebody. Note that by using an adjoint-
based approach, a formal grid convergence study is not necessary. For VULCAN-CFD, the SST turbulence
model was used to perform a grid convergence study to ensure subsequent analyses were independent of the
spatial grid resolution.

The configuration was run at nominal wind tunnel conditions with a total temperature of 410◦ F and
a total pressure of 143 psia. The Reynolds number was 2.5 × 106/ft, the angle of attack was 12◦, and the
Mach number was 6. The angle of attack value was chosen since it represents the maximum angle of attack
the model was tested. Each viscous solver used a cold wall boundary condition of 80◦ F and assumed a 3D
calorically perfect gas model with γ = 1.4 for the ratio of specific heats. The assumption of the cold wall
boundary condition is due to the fact that between each experimental run the wind tunnel will be cooled to
a temperature approximately 80◦ F.

1. VULCAN-CFD

A grid convergence study was conducted using VULCAN-CFD’s Menter SST turbulence model. VULCAN-
CFD is a turbulent, non-equilibrium, finite-rate chemical kinetics, Navier-Stokes flow solver for structured,
cell-centered, multi-block grids. Different grids are considered in the study which consist of a coarse grid, a
medium grid, and a fine grid. The number of cells, number of processors, time to convergence, and results are
shown in Table 7. The medium grid is built by removing every other point from the fine grid and similarly,
the coarse grid is built the same way from the medium grid. This results in a factor of two refinement in
each direction, between grid levels. The three computational grids can be seen in Figure 6.

Table 7: Convergence of the three VULCAN-CFD grids.

Grid Processors Convergence Time Number of Cells

Coarse (Grid 1) 280 16 minutes 786,959

Medium (Grid 2) 560 64 minutes 6,295,672

Fine (Grid 3) 560 512 minutes 50,365,376
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(a) Coarse grid (grid 1). (b) Medium grid (grid 2).

(c) Fine grid (grid 3.)

Figure 6: Three VULCAN-CFD grids used for grid convergence study.
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The RANS equations were solved with a second order differencing scheme for the viscous term. The
inviscid flux scheme used here is the Edwards low-diffusion flux-splitting scheme19 with a third order upwind
based MUSCL reconstruction scheme and the van Leer limiter. Grid wall spacing was selected such that the
nominal y+ was 0.5. Near separation regions and sharp edges, the maximum y+ was 3.8. The CFL number
started at 0.1 and was increased up to 50 where it was held until no noticeable changes occurred over 5,000
iterations in the L2 norm, mass flow rate error, and loads. Time integration was done via an incomplete LU
factorization scheme.

For this study, Richardson extrapolation was used to obtain error estimates for the medium grid.20

Richardson extrapolation is used to calculate higher-order estimates of the flow fields from a series of low-
order discrete values.21 Using this technique, the value estimated from the Richardson extrapolation is the
value that would result if the cell size tended to zero. The extrapolated value is made from two grid sizes,
but for a grid refinement study at least three grids are used.

Roache generalized Richardson extrapolation method to pth order methods, which uses Eq. (9).20

fexact ≈ f1 +
f1 − f2
rp − 1

(9)

Here, f1 and f2 are the quantity of interest for grids 1 and 2, respectively. In this study the grid refinement
ratio is a constant r = 2. From Eq. (9), the extrapolated value is varied by the order p, and Stern et
al. determined that order-of-accuracy can be estimated by Eq. (10).22

p =
ln(ε32/ε21)

ln(r)
(10)

where the relative grid error from grid i+ 1 to i, εi+1,i, is defined as

εi+1,i = fi+1 − fi (11)

for i = 1, 2, 3. For the present work, grids 1, 2, and 3 are defined as the coarse, medium, and fine grids,
respectively.

The grid convergence index (GCI) provides a uniform measure of convergence for grid refinement stud-
ies.20 The GCI is a percentage measurement of the difference between the computed value and the asymptotic
numerical value. It indicates how much the solution would change with further refinement of the grid. A
small value for the GCI indicates that the computation is within the asymptotic range. The GCI for the
fine and medium grid can be computed by Eq. (12).

GCIfine = Fs
|f3 − f2|
f2(rp − 1)

GCImed = rpGCIfine (12)

Here, Fs is a factor of safety.
It was found that the observed order of accuracy was much less than the theoretical order of accuracy of

2. This indicates that the current level of grid refinement is not in the asymptotic range, and a Richardson
extrapolated value is not a valid estimation of the grid error. To get a measure of the discretization error,
the order of convergence is taken equal to the theoretical order of convergence and a factor of safety of 3 is
applied to all error bounds.23 The difference between the two finest grids is used to compute epsilon instead
of the difference between the finest grid and the Richardson extrapolated value. The GCI computed in this
manner is the GCI of the fine grid. The medium grid was chosen for subsequent computation due to a small
change in aerodynamic coefficients of interest from the medium to the fine grid. The grid convergence index
was computed for each load considered in this work and shown in Table 8. The GCI was used to calculate
the grid error uncertainty for each of the VULCAN-CFD cases.

2. FUN3D

FUN3D is a fully unstructured RANS code capable of solving steady and unsteady turbulent flows, from
subsonic to hypersonic speeds using a node-based, three-dimensional, finite volume approach. This study
used the Roe second order flux differencing scheme with a stencil-based van Leer limiter augmented with a
heuristic pressure limiter. The maximum y+ value of all grids was approximately 0.1, which is an order of
magnitude smaller than required, but not so small as to introduce numerical errors.
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Table 8: Grid convergence index results.

GCICD
GCICL

GCICM

GCImed 0.74% 2.24% 17.70 %

GCIfine 0.19% 0.56 % 4.42 %

To spatially resolve the solution domain, an iterative adjoint-based grid refinement approach was em-
ployed.24,25 With this approach, the computational domain was successively refined using a functional that
was a weighted linear combination of lift and drag. Iterative refinement was repeated until spatial errors in
lift, drag, and pitching moment were sufficiently small. Note that the grid error measure is the remaining
error in the adjoint solution, as described by Park,25 which is applied as a two sided error. The final adapted
grid can be viewed in Figure 7.

Figure 7: FUN3D adapted grid.

For the grid convergence model conditions (α = 12 deg., Mach = 6, and Re = 2.5× 106 1/ft), the final
grid contained 13.4M nodes after six adaption cycles. In terms of time, sufficient convergence of the forces
conservatively took about 72 hrs on 200 processors. Note that the grid adaption process was repeated for
different angles of attack, so the number of iterations and final grid density was different for each condition.

3. Cart3D

Cart3D is a scalable multi-level, linearly-exact upwind solver that uses domain decomposition to achieve
scalability for both steady and time-dependent flows.15 The solver uses a cell-centered finite-volume upwind
differencing scheme for Cartesian meshes. For this work, Cart3D adjoint-based mesh refinement was used to
minimize the discretization errors. The analysis was done on a half-body with Riemann boundary conditions
and nine adaption cycles were performed. The mesh built for configuration 33 can be seen in Figure 8. The
model was run on 16 processors and took 120 minutes to complete.

The grid error uncertainty for adaptive Cart3D is found by using the estimated discretization error
term that is provided by the adaptive Cart3D analysis and is shown in Eq. (37) of Namec et al.26 The
discretizationn error term is derived to be the difference between an adjoint correction term and the adjoint
solution on the working mesh. The Cart3D configuration 33 results an grid error uncertainty (Ug) are
summarized in Table 9.

4. Comparison of Flow Solvers

Table 9 shows the load coefficients on the forebody with base drag coefficient included for each viscous solvers
and the grid error uncertainty (Ug). Notice that the percent difference for the lift coefficient between each
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Figure 8: Cart3D adapted grid.

solver is less than 4.89%, with the largest percent difference between the invsicid solver, Cart3D, and the
viscous solvers. The viscous solvers have a maximum percent difference of 2.4% for lift coefficient between
FUN3D and VULCAN-CFD coarse grid. The largest percent difference for the drag coefficient is about
22.5%, which again is between Cart3D and the viscous solvers. It is no surprise that there is a larger
difference associated with the drag coefficient because an inviscid solver does not account for viscous or base
drag effects. When comparing the moment coefficient, the solvers’ largest percent difference comes from
Cart3D and the Vulcan coarse grids which has a percent difference of 35.6%. The other solvers’ percent
difference for the moment coefficient is no larger than 9.6% which is between the VULCAN-CFD fine grid
and coarse grid. This initial formulation can be used to understand the difference between Cart3D and the
viscous solvers to help account for the model-form uncertainty when running the lower fidelity code. The
discrepancies between the flow solvers will be discussed in full detail in the final manuscript.

Table 9: Overall comparisons of the grid convergences with estimated uncertainties.

Flow Solver CD Ug
CD

CL Ug
CL

CM Ug
CM

VULCAN-CFD Coarse Grid 0.2699 NA 0.4590 NA 0.0238 NA

VULCAN-CFD Medium Grid 0.2697 ± 0.0002 0.4627 ± 0.0104 0.0226 ± 0.004

VULCAN-CFD Fine Grid 0.2692 ± 0.0005 0.4653 ± 0.0026 0.0216 ± 0.0010

FUN3D 0.2672 ± 0.0045 0.4702 ± 0.0002 0.0218 ± 0.0005

Cart3D 0.2152 ± 0.0002 0.4820 ± 0.0005 0.0166 ± 0.0013

C. Uncertainty Sources

This work considers two types of uncertainties: epistemic and aleatory uncertainty. Epistemic uncertainty
is due to lack of knowledge or incomplete information while aleatory uncertainty refers to uncertainty due
to inherent variability. The rest of this section will describe all the uncertainty sources considered and their
justification.

Uncertainty sources in the closure coefficients for the two turbulence models were considered in this study.
The uncertainty in the closure coefficient of both the SA and SST models have been studied throughout
literature to assess simulation uncertainty.27–30 Uncertainty in the closure coefficients is inherently epistemic
due to the lack of knowledge of the best coefficient to use for this study. The current approach will deduce
the uncertainty sources from the results given by Erb et al. which assessed the sensitivities of the various
closure coefficients in SA and SST models.27 The analysis conducted by Erb et al. is used due to its similarity
in geometry and Mach number of this study.
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For the SA model, the closure coefficients σ, κ, and cw2 are the parameters that are varied; for more
details on the model, refer to Spalart and Allmaras.16 For the SST model, the closure coefficients σw1, σw2,
and κ are the varied uncertainty parameters; for more detail on the model, refer to Menter.17 Descriptions
of each closure coefficient can be seen in Table 10. The three uncertainty parameters were chosen such that
they contribute at least 90% of the overall variance in the loads from the study done by Erb et al.27 Given
the similarity in this work and the Erb et al. study, it is assumed these closure coefficients will have a similar
contribution to the overall uncertainty for this work. Previous work by Schafer et al.29 gives lower and upper
bounds for each of these uncertain variables in each model which can be seen in Table 10.

Table 10: Uncertainty sources for the CFD models.

Uncertainty Variable Description Classification Lower Bound Upper Bound

κ Von Kármán’s constant epistemic 0.38 0.42

SA Model

σ Turbulent Prandtl number epistemic 0.6 1.0

cw2 Part of g function epistemic 0.055 0.3525

SST Model

σw1 coefficient in ω-equation epistemic 0.3 0.7

σw2 coefficient in ω-equation epistemic 0.7 1.0

IV. Uncertainty Quantification and Validation Approach

This section outlines the uncertainty quantification and validation approach used in this study. For the
current study, both epistemic and aleatory uncertainty are considered. In order to accommodate mixed
uncertainties, this work uses a second-order probability analysis approach which was developed by Eldred
and Swiler.31 To handle the computational burden of this type of approach, non-intrusive polynomial chaos
will be used as an efficient and accurate means of propagating the uncertainty through the computational
model. The first section will describe the surrogate-based approach and the subsequent section will describe
the validation methodology that will be used to assess the model discrepancy between the experimental and
computational results.

A. Non-intrusive Polynomial Chaos

Polynomial chaos expansion (PCE) is a way of representing a quantity of interest as a function of random
variables using a polynomial expansion.32 The polynomial expansion gives a spectral representation of the
uncertainty which can represent the response value as a linear combination of orthogonal stochastic or basis
functions, Ψi, and suitable coefficients, ai, as seen in Eq. (13).

Y (D, ξ) =

∞∑
i=0

ai(D)Ψi(ξ) (13)

Here, D represents the deterministic variables and ξ are n independent, standard normal variables. The
basis functions, Ψi, of each random variable is represented by an orthogonal polynomial of order q which
is determined using the Askey key32 and is dependent on the distribution of each variable. For practical
applications Eq. (13) must be truncated to a limited number of basis functions, Nt, which leads to Eq. (14).

Y (D, ξ) ≈
Nt−1∑
i=0

ai(D)Ψi(ξ) (14)

To form a complete basis, the number of terms, Nt, can be determined by Eq (15).

Nt =
(n+ q)!

n!q!
(15)
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Further details on polynomial chaos theory can be seen throughout literature.33–36

In order to obtain a PCE model of the form Eq. (14), the coefficients ai must be computed. Here, a
point-collocation non-intrusive polynomial chaos (NIPC) is used due to the ease of implementation with
black-box functions. This method has also been used extensively in aerospace applications for improved
computational efficiency over other spectral based approaches.37–42 The point-collocation NIPC method
starts by computing coefficients using a least squares problem. Given Nt samples of the random variable ξk
for k = 1, . . . , Nt, the corresponding basis functions Ψi(ξk), and the stochastic process Y (D, ξk), then from
Eq. (14) a suitable linear system can be written as in Eq. (16).

Y (D, ξ0)
...

Y (D, ξNt)

 =


Ψ0(ξ0) · · · ΨNt

(ξ0)
...

. . .
...

Ψ0(ξNt) · · · ΨNt(ξNt)



a0
...

aNt

 (16)

For this system, Nt is the minimum number of required samples. If there are more samples, the system
in Eq. (16) is over-determined and can be solved as a least squares problem.43 The number of samples
required over the minimum is known as the over sampling ratio (OSR). The number of collocation points
are determined by multiplying Eq. (15) by the OSR. For the work here, an OSR of 2 was used to compute
a robust solution and to prevent overfitting as shown in Hosder et al.41

B. Validation Approach

There are many forms of how to assess a model for validation as stated by Oberkampf et al.44–48 One
approach to quantify the difference between the model prediction and experimental prediction is the area
metric proposed by Ferson et al.49 The area metric, d, is defined by Eq. (17) which is the integral of the
absolute value of the difference between the prediction cumulative distribution function (CDF) at x, F (x),
and the experimental empirical distribution function (EDF) at x, E(x).

d(F,E) =

∫ ∞
−∞
|F (x)− E(x)|dx (17)

This metric defines a value that can be used to represent the discrepancy between theory and empirical
evidence. The proposed metric can also be used to represent the model-form uncertainty that exists within
the model. The formulation in Eq. (17) can only be used to handle aleatory uncertainty and cannot account
for when both epistemic and aleatory uncertainty exist.

Oberkampf and Ferson50 later extended Eq. (17) to include both epistemic and aleatory uncertainty. The
mathematical formulation is given in Eq. (18).

d(F,E) =

∫ ∞
−∞

∆([FR(x), FL(x)], [ER(x), EL(x)])dx (18)

where

∆(A,B) = min
a∈A
b∈B

|a− b|

Here, L and R subscripts denotes left and right probability box boundaries. This metric results in the
non-overlap between the probability boxes and can be visualized in Figure 9. While this metric allows for
both epistemic and aleatory uncertainty to exist in both the prediction and experiment, it falls short in
resolving the true differences between the possible probability distributions contained within the prediction
and experiment data. With this approach, the metric d could potentially be independent of the amount
of epistemic uncertainty in the measurements, meaning that there are some instances where an increase or
decrease in the epistemic uncertainty in the left or right bounds would have no impact on d. For example, in
Figure 9, if the measurement had a larger epistemic uncertainty due to decrease in the left bound, the metric
d would not change. Therefore with this metric, two separate problems can result in the same model-form
uncertainty even though one exhibits a larger amount of epistemic uncertainty. To adjust for this, Voyles
and Roy introduced a modification that separately tracks where the experimental values are larger than the
simulation and those where the experimental values are smaller than the simulation values.51 However, this
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Figure 9: Area metric given by Eq. (18)

method includes a factor of safety when it describes the model-form uncertainty which can lead to more
conservatism than necessary.

To resolve the issues with existing area metrics, the current work uses a new area metric that was proposed
by Brune et al.42 Keeping in line with previous approaches, the area metrics in Eqs. (17) and (18) can be
extended to measure the disagreement between both the upper and lower bounding CDFs of the prediction
and measurement without using a factor of safety. This results in two metrics, dL and dR, for left and right
bounding CDFs, respectively, shown in Eq. (19).

dL, dR =

∫ ∞
−∞

gL(x)dx,

∫ ∞
−∞

gR(x)dx (19)

where,

gL(x) =

0 for x such that FL(x) ≥ EL(x)

EL(x)− FL(x) for x such that FL(x) < EL(x)

and

gR(x) =

0 for x such that FR(x) ≤ ER(x)

FR(x)− ER(x) for x such that FR(x) > ER(x)

The resulting metrics dL, dR quantify the evidence for disagreement between both the left and right bounding
probability distributions, while preserving the range of possible distributions from both the prediction and
measurements. With this metric, the amount of epistemic uncertainty in the measurements is now accounted
for in the metric values. There is still a possibility that one or both values could be zero. A zero value does
not imply the two are in agreement, but rather suggests that there is no evidence for disagreement. Stated
another way, the validation metric cannot represent a reduction in epistemic uncertainty of the simulation.
The model-form uncertainty is independent of the input epistemic uncertainty and, therefore, is not reducible
without calibrating the simulation inputs to the same known measurement inputs.

Figure 10 shows example comparisons of the metric computed using Eqs. (18) and (19). The metric d
computed using Eq. (18) results in the shaded region in Figure 10(a). This area is where the two probability
boxes do not overlap. Notice that if the epistemic uncertainty on the left side of the probability box in
the measurements was either more or less, this metric would remain constant. Using Eq. (19), dL results
in the shaded region shown in Figure 10(b). Note that dR is zero in this case as the right CDF from the
prediction is greater than that of the measurements. The metric dL captures the possible distributions from
the measurements.

Figure 11 shows two cases where the metric from Eq. (19) can be used to compute separate metrics
for the left and right sides of the prediction distribution. In Figure 11(a), the measurements bound all of
the predictions. Figure 11(b) is a case where the probability boxes from the prediction and measurements
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Figure 10: Comparison of validation metrics computed given in Eq. (18) vs. Eq. (19) for a
non-overlapping probability box case.

intersect. In both cases, dL and dR can be quantified with Eq. (19). Note that Eq. (18) would result in d = 0
for both of these cases as there is no evidence for disagreement based on that metric. The metric in Eq. (19)
results in metrics that quantify the model-form uncertainty in the prediction given the knowledge-based
uncertainty in the model.
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(a) Predictions contained within measurements.

0 1 2 3 4 5

0

0.2

0.4

0.6

0.8

1

Quantity of Interest

C
D

F

SL

SR

FL

FR

dR
dL

(b) Predictions with partial overlap with measurements.

Figure 11: Example cases with intersecting prediction and measurement probability boxes.

V. Results and Discussion

This section shows comparisons between wind tunnel data and CFD data for the configuration consid-
ered in this study. The final manuscript will include the validation procedure described above and more
comparisons with the wind tunnel results.
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A. Configuration 33 Study

A study was conducted at several angle of attacks across the wind tunnel angle of attack range to address
the different flow behaviors the wind tunnel model experiences in one run. The boundary conditions are
based off the nominal wind tunnel test conditions. Given the nominal Reynolds number test condition, total
pressure was used as a boundary condition for the flow solvers. Each viscous solver uses a cold wall boundary
condition of 80◦ F and assumes a calorically perfect gas model with a ratio of specific heats, γ =1.4.

For this study, VULCAN-CFD used the same numerical schemes that were described in the grid con-
vergence model in Section III.B.1 of the grid convergence study. The grid used here was the medium grid
given in Section III.B.1 of the grid convergence study. This grid was chosen due to grid convergence study
showing that it was sufficiently accurate for this study. FUN3D used the same adjoint-based grid adaptation
procedure as described study in Section III.C.2 at each angle of attack. Cart3D used an adjoint solver for
each angle of attack as previously mentioned in Section III.B.3. The pressure contours for angle of attack 4
can be seen in Figure 12 and loads for each angle of attack and solver can be viewed in Table 11.

Table 11: Configuration 33 results.

α Model Flow Solver CD CL CM

−4◦

Wind Tunnel 0.1069 -0.1110 -0.0237

SA Model
FUN3D 0.1124 -0.1210 -0.0199

VULCAN-CFD 0.1183 -0.1195 -0.0258

SST Model
FUN3D 0.1170 -0.1197 -0.0244

VULCAN-CFD 0.1193 -0.1170 -0.0304

Inviscid Model Cart3D 0.0666 -0.1153 -0.0308

0◦

Wind Tunnel 0.0958 0.0101 -0.0083

SA Model
FUN3D 0.0963 0.0091 -0.0107

VULCAN-CFD 0.1088 0.0145 -0.0207

SST Model
FUN3D 0.1087 0.0148 -0.0201

VULCAN-CFD 0.1104 0.0143 -0.0110

Inviscid Model Cart3D 0.0606 0.0211 -0.0253

4◦

Wind Tunnel 0.1172 0.1379 -0.0020

SA Model
FUN3D 0.1311 0.1564 -0.0242

VULCAN-CFD 0.1344 0.1540 -0.0223

SST Model
FUN3D 0.1340 0.1553 -0.0221

VULCAN-CFD 0.1342 0.1523 -0.0193

Inviscid Model Cart3D 0.0831 0.1590 -0.0212

12◦

Wind Tunnel 0.2558 0.4547 0.0303

SA Model
FUN3D 0.2742 0.4697 0.0195

VULCAN-CFD 0.2726 0.4673 0.0180

SST Model
FUN3D 0.2672 0.4702 0.0218

VULCAN-CFD 0.2670 0.4627 0.0226

Inviscid Model Cart3D 0.2152 0.4820 0.0166

For the current here, the grid uncertainty presented in Section II.B is used to judge the discrepancies
between the models, solvers and wind tunnel runs with uncertainty considered. Figure 13, shows the exper-
imental data with uncertainty and each model and solver considered with uncertainty. There is agreement
between the solvers and experiment for lift coefficient in all angles of attacks. For the drag coefficient, there
is only agreement between the Fun3D data and experimental data at angle of attack −4◦ and 0◦. Due to the
lack of being able to capture viscous drag, the Cart3D data being far outside of the wind tunnel uncertainty
range is expected. For the moment coefficient, there is agreement between viscous solvers at angle of attack
-4◦ and the Fun3D solver at angle of attack 0◦. However, it is important to note if the uncertainty range was
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not considered for the model and experiment then there would not be agreement between some of the two
sets of data. For the final manuscript, there will be a deeper dive into why these discrepancies in agreement
exist.

VI. Additions To Final Manuscript

The final manuscript will include an in-depth dive into the discrepancies between the the various flow
solvers and models. It will also include the full uncertainty analysis between the CFD turbulence models and
wind tunnel data with uncertainties included in both sets of data. Finally, it will describe the model-form
uncertainty for the CFD compared to wind tunnel data for each solver. Conclusions will be drawn about
appropriate CFD models and solvers that should be used for this cone-slice-flap design.
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(a) Vulcan SA model. (b) Vulcan SST model.

(c) Fun3D SA model. (d) Fun3D SST model.

(e) Cart3D model.

Figure 12: Pressure contours for each solver at α = 4◦.
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(a) Overall drag coefficient comparison. (b) Overall lift coefficient comparison.

(c) Overall moment coefficient comparison.

Figure 13: Overall load comparisons with wind tunnel data and uncertainties for configuration
33.
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