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Abstract: With the use of 213,456 one-minute measured data of droplet size distribution (DSD) of 11 
rain collected during several NASA-sponsored field campaigns, the relationships between rainfall 12 
rate R, mass-weighted diameter Dm and normalized intercept parameter Nw of the gamma DSD are 13 
studied. It is found, based on the simulations of the gamma DSD model, that R, Dm and Nw are 14 
closely inter-related, and that the ratio of R to Nw is solely a function of Dm, independent of the shape 15 
factor µ of the gamma distribution. Furthermore, the model-produced ratio agrees well with those 16 
from the DSD data. When a power-law equation is applied to fit the model data, we have: 𝑅 =17 
𝑎𝑁!𝐷"# , where 𝑎 = 1.588 × 10$%, 𝑏 = 4.706. Analysis of two-parameter relationships such as R-Dm, 18 
Nw-R and Nw-Dm reveals that R and Dm are moderately correlated while Nw and Dm are negatively 19 
correlated. Nw and R, however, are uncorrelated. Gamma DSD model also reveals that variation of 20 
R-Dm relation is caused primarily by Nw. For the application of the Ku- and Ka-band dual-frequency 21 
radar for the retrieval of the DSD bulk parameters as well as the specific radar attenuations, the 22 
study is carried out in relating the dual-frequency radar reflectivity factors to the DSD and 23 
attenuation parameters.  24 
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 26 

1. Introduction 27 
Observations of rain-drop size distributions (DSD) have been carried out for more than seven 28 

decades evolving from early use of rather primitive tools to the deployment nowadays of 29 
sophisticated advanced disdrometers. The Autonomous PARSIVEL Unit (APU) and Two-30 
Dimensional Video Disdrometer (2DVD) are perhaps the most popular instruments that provide 31 
measurements of particle size spectra and velocities of falling hydrometeors. Knowledge of the DSD 32 
and its bulk or integral parameters is important not only in the understanding of precipitation 33 
microphysics and improvements in the microphysical parameterization in modeling studies [1] but 34 
also in development of active and passive satellite-based microwave sensor rainfall estimation [2-12]. 35 

Many studies indicate that the DSD varies not only with rain intensity but also with rain type, 36 
climate regime, and diurnal and seasonal changes [13-15]. To effectively account for the changes in 37 
the DSD, a three-parameter gamma model has widely been used to represent actual raindrop size 38 
spectra for radar retrieval of rain microphysical and bulk properties [16-20]. For instance, both the 39 
Tropical Rainfall Measuring Mission (TRMM) Precipitation Radar (PR) and the Global Precipitation 40 
Measurement (GPM) [21,22] Dual-frequency Precipitation Radar (DPR) algorithms have adopted the 41 
gamma DSD model with a fixed shape factor (µ).  This assumption enables the unknown parameter 42 
of the DSD to be expressed in terms of a normalized intercept parameter Nw and a mass-weighted 43 
diameter Dm. Although Nw and Dm are the characteristic parameters of the gamma DSD, they are the 44 
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physical parameters that can be derived by integrating measured size spectra without use of the DSD 45 
parameterization model. Analysis of statistical characteristics of rainfall rate R, Dm and Nw obtained 46 
from the DSD measurement data are helpful to establish their inter-relationships, which, in turn, 47 
serve as constraints in radar applications for rain and DSD estimation.   48 

One of our objectives in this study is to use a large amount of the DSD measurements collected 49 
during the National Aeronautics and Space Administration (NASA)-sponsored field campaigns to 50 
explore how well R, Dm and Nw are statistically related. To check validity of the DSD parameterization 51 
and also to characterize the relationships between these bulk parameters, the gamma DSD model is 52 
incorporated into the measured DSD data. For the application of the Ku- and Ka-band dual-frequency 53 
radar for the retrieval of the DSD bulk parameters as well as the specific radar attenuations, the study 54 
will be extended to techniques for the estimation of these parameters by linking them to the dual-55 
frequency radar reflectivity factors, specifically in the terms of the Ku-band radar reflectivity and 56 
differential frequency ratio, which is defined as the difference of radar reflectivities between two 57 
frequencies. While our emphasis is on the utility of the dual-frequency technique, the uncertainties 58 
associated with the double solutions of the retrieval for the light-to-moderate rain will also be 59 
analyzed.   60 

This paper is organized as follows. A description of the DSD data as well as some basic equations 61 
to compute the DSD bulk parameters from the measured size spectra is provided in Section 2. In 62 
Section 3, formulation of the three-parameter gamma distribution in terms of Nw, Dm and µ is 63 
described, and the relationships between the bulk parameters of R, Dm and Nw are investigated while 64 
the R-Dm, Nw-R and Nw-Dm relationships are explored in Section 4 by using both the DSD data and 65 
the model simulations. Estimations of the bulk parameters from the Ku- and Ka-band dual-frequency 66 
radar are prescribed in Section 5 followed by the summary in Section 6. 67 

 68 
Figure 1. Example of the time-series DSD measurements from the time stamp 5000-5250, a total of 250 69 
minutes. The size spectra are given in the top panel while R, Dm and Nw, which are derived directly 70 
from DSD, are provided in the 2nd, 3rd and 4th panels from the top, respectively. 71 
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 72 
Figure 2. Probability density functions (PDF) of rainfall rate (R), liquid water content (LWC), Dm and 73 
Nw from 213,465 one-minute DSD data. The means and standard deviations (std) are also provided in 74 
the plot. 75 

2. DSD Measurement Data  76 
The DSD spectra used in this study were measured by the PARtice SIze VELocity (PARSIVEL2) 77 

disdrometers, and the data were collected during the Mid-latitude Continental Convective Clouds 78 
Experiment (MC3E) from April 22 - June 6, 2011 near Lamont of Oklahoma, the Iowa Flood Studies 79 
(IFloodS) field experiment in eastern Iowa from May 1 to June 15, 2013, and the measurements from 80 
May of 2013 to February of 2014 at the NASA Wallops Flight Facility, located in Wallops Island of 81 
Virginia. The PARSIVEL disdrometers measure particle size spectra and fall-velocities of particle 82 
diameters from 0.3 to 20 mm with 32 size bins with higher resolutions for the sizes up to 10 mm and 83 
coarser spacing for sizes over 10 mm. Out of these measurements, 94,686, 80,104 and 38,675 1-min 84 
OTT PARSIVEL2 data are selected from MC3E, IFloodS and Wallops, respectively, based on that the 85 
rain rates inferred from disdrometer data agree within 15% with those from co-located rain tipping 86 
bucket gauges. Quality control is also made to exclude non-rain precipitating hydrometeors. The 87 
particles are eliminated from rainy hydrometeors if their measured fall velocities exceed ±50% of the 88 
theoretical values. OTT PARSIVEL2 is an upgrade version of PARSIVEL with its improvement 89 
documented by Tokay et al. [23]. The DSD measurements collected at 10-second intervals are 90 
averaged over one minute, and all rain events from a given disdrometer are merged into one file. By 91 
definition, Dm is computed from measured DSD, denoted by Nm(D) in mm-1m-3, where D is the 92 
raindrop diameter in mm, by 93 

 94 

𝐷" =
∫ '!("(')+'
#"$%
#"&'

∫ '(("(')+'
#"$%
#"&'

 ,                                           (1) 95 

 96 
where Dmin and Dmax are the minimum and maximum diameters, respectively. Similarly, rainfall rate 97 
(R) in mm/h is obtained by following equation: 98 

 99 
𝑅 = 6𝜋 × 10$% ∫ 𝑁"(𝐷)

'"$%
'"&'

𝐷,𝑉"(𝐷)𝑑𝐷,		                              (2) 100 



Atmosphere 2020, 11, x FOR PEER REVIEW 4 of 15 

 

 101 
where Vm(D) in m/s is measured fall velocity of raindrop at a diameter of D. 102 

As an example, Fig.1 shows a segment of DSD data versus time taken from one of the PARSIVEL 103 
disdrometeors over 250 minutes.  The image of Nm(D) is given in the top panel with respect to D 104 
along the ordinate and time (minute) along the abscissa. R and Dm computed from Nm(D) are given 105 
in the 2nd and 3rd panels, respectively, for the same time period. In addition, the normalized intercept 106 
parameter, Nw in mm-1m-3, of the DSD, when the DSD is parameterized as a gamma distribution, is 107 
also provided in the bottom panel. The definition of Nw will be detailed in Section 3. To illustrate 108 
frequency of occurrence in the data, Fig.2 provides the probability density functions (PDF) of R (top-109 
left), liquid water content (LWC in g/cm3) (top-right), Dm (bottom-left) and Nw (bottom-right) from 110 
the entire datasets collected from the disdrometers that have 213,465 one-minute DSD spectra in total. 111 
As clearly shown in Fig.2, the PDFs of logarithms of Dm and Nw closely follow the Gaussian 112 
distributions with their means of 1.13 mm and 7.57x103 mm-1m-3, respectively, while the PDFs of 113 
logarithms of R and LWC appear asymmetrical to their respective means of 2.12 mm/h and 0.11 g/m3. 114 
Additionally, the standard deviations of R, LWC, Dm and Nw are 7.73 mm/h, 0.30 g/m3, 0.58 mm and 115 
1.52x104 mm-1m-3, respectively. 116 

3. The Gamma DSD Model 117 
The gamma distribution has been widely used to represent rain-drop size distribution N(D) 118 

(mm-1m-3) as a function of raindrop diameter D (mm).  Its general form is given by 119 
 120 

𝑁(𝐷) = 𝑁-𝐷. exp(−𝛬𝐷) ,                                          (3) 121 
 122 

where N0 is the intercept parameter, µ is the shape factor, and L is the slope parameter expressed as 123 
 124 

𝛬 = (4 + 𝜇)
𝐷"? .                                                   (4) 125 

 126 
Dm is the mass-weighted mean diameter given by 127 

 128 
𝐷" = 𝑀%

𝑀,
?  ,                                                     (5) 129 

 130 
where M3 and M4 are the 3rd and 4th moments of N(D), respectively. The ith moment of DSD is defined 131 
by 132 

 133 
𝑀/ = ∫ 𝐷/𝑁(𝐷)𝑑𝐷0

- .                                               (6) 134 
 135 

Substituting N(D) of (6) with (3) and using the gamma function, we obtain  136 
 137 

𝑀/ = 𝑁-
1(23435)
6&)*)+

 .                                                  (7) 138 
 139 

The liquid water content (LWC) in g/m3 is 140 
 141 
                         𝐿𝑊𝐶 = 7

8
× 10$, ∫ 𝑁-𝐷.exp(−Λ𝐷)

0
- ∙ 𝐷,𝑑𝐷 142 

                               = 7
8
× 10$,𝑀,  143 

= 7
8
× 10$,𝑁-

1(%34)
6!)*

 .                                         (8) 144 
 145 

Note that water mass density with its value of 1 g/cm3 is suppressed in (8). From (8), N0 is  146 
 147 

𝑁- =
8
7
× 10,𝐿𝑊𝐶 6!)*

1(%34)
 .                                          (9) 148 

 149 
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Inserting N0 of (9) into (3) and then re-organizing it using (4), we arrive at 150 
 151 

𝑁(𝐷) = F%
!

7
× 10, 9:;

'"!
G F8(%34)

!)*

%!1(%34)
G F '

'"
G
.
exp(−𝛬𝐷).                       (10) 152 

 153 
Let 154 

𝑁! =
%!

7
× 10, 9:;

'"!
 ,                                            (11) 155 

 156 
𝑓(𝜇) = 8(%3.)*)!

%!1(.3%)
 ,                                              (12) 157 

 158 
Equation (10) becomes 159 

 160 
𝑁(𝐷) = 𝑁!𝑓(𝜇) F

'
'"
G
.
exp(−Λ𝐷).                                   (13) 161 

 162 
Nw is in units of mm-1m-3, and often called as the DSD normalized intercept parameter while f(µ) 163 

is unitless. The form of the gamma distribution expressed in (13) is widely used in rain and snow 164 
precipitation retrieval [7,9,16,17,18,19,24]. From (13), the rainfall rate is given by 165 

 166 
𝑅 = 6𝜋 × 10$% ∫ 𝑁!𝑓(𝜇) F

'
'"
G
.
exp(−Λ𝐷)0

- 𝐷,𝑉(𝐷)𝑑𝐷,                     (14) 167 
 168 

where V(D) is raindrop fall velocity (m/s) and is expressed as a function of the raindrop diameter 169 
proposed by Lhermitte [25]: 170 
 171 

𝑉(𝐷) = 9.25[1 − exp(−0.068𝐷< − 0.488𝐷)].                          (15) 172 
 173 

 174 
Figure 3. The ratios of R to Nw in terms of Dm, derived from the gamma DSD models with µ values 175 
varying from 0 to 10 (blue curves) and from the DSD measurement data (red dots). 176 

It is important to note that R, LWC, Dm and Nw are the bulk parameters that can derived directly 177 
from DSD data without assuming a DSD model. Equation (11) yields an analytical relationship 178 
among the quantities LWC, Dm and Nw, from which it follows that from any two DSD bulk 179 
parameters LWC, Dm and Nw, the third is determined uniquely. To explore the possibility of a similar 180 
relationship among R, Dm and Nw, two approaches are investigated.  One is based on the DSD-based 181 
regression from which a power-law fit is performed between the R/Nw and Dm data that are derived 182 
directly from the measured DSD. The second approach is to compute the same quantities from the 183 
DSD gamma model. Shown in Fig.3 are the DSD-based and model-based results, i.e., the ratios of R 184 
to Nw as a function of Dm. The model results are given by various line-style blue curves computed at 185 
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µ values of 0, 3, 6 and 10 while the red filled-circles are those derived from the measured DSD (213,465 186 
1-minute DSD spectra). It is not difficult to find that the model results are nearly independent of µ as 187 
demonstrated by the fact that the curves are indistinguishable for different µ values. These results, 188 
however, almost perfectly coincide with those from the DSD measurements that show little variation 189 
in log-log space. The power-law regression is applied to the gamma DSD model data for µ values 190 
assumed from 0 to 10.  This gives 191 

 192 
𝑅 = 𝑎𝑁!𝐷"#                                               (16) 193 

where 194 
                                𝑎 = 1.588 × 10$%,				𝑏 = 4.706   195 

 196 
From above equation, we have 197 

𝐷" = F𝑅 𝑎𝑁!? G
+
,                                          (17) 198 

 199 
𝑁! =

5
=
𝑅𝐷"$#                                             (18) 200 

 201 
To check the validity and accuracy of (16)-(18), used to reproduce R, Dm and Nw, we employ the 202 

aforementioned DSD data and compare the estimates of R, Dm and Nw to the same quantities derived 203 
directly from the DSD data. For example, R, as estimated from (16) with inputs of the DSD-derived 204 
Dm and Nw, is compared against the value obtained directly from the corresponding measured DSD 205 
spectrum. For simplicity, the quantities obtained from the DSD data are referred to as truth or true 206 
values while those that are derived from the equations (16)-(18) are referred to as the estimates. 207 
Provided in Fig.4 are the scatter plots of the estimates of R (left), Dm (middle) and Nw (right) versus 208 
their respective true values. Not surprisingly, the comparisons made in Fig.4 reveal excellent 209 
agreement between the estimates and truth, evidenced by the fact that there are nearly perfect 210 
correlations (that round to 1.00) and small rms errors (0.99 mm/h in R and 0.03 mm in Dm) despite the 211 
rms error in Nw (926 mm-1m-3), which, however, is still fractionally small in view of its large dynamic 212 
range and mean value of 7.6´103 mm-1m-3. It is worth reiterating that the equations (16)-(18) are based 213 
on the gamma DSD model with µ ranging from 0 to 10 rather than the measured DSD data, and are 214 
therefore independent of the measured DSD data that vary seasonally as well as geographically. 215 
Agreement between the estimates and their true values indicate that Dm and Nw can be used to 216 
characterize R with sufficient accuracy. 217 

 218 

 219 
Figure 4. Scatter plots of the estimates in R (left), Dm (middle) and Nw (right) and their respective true 220 
values.  Correlations between the estimates and truth and rms errors of the estimates, denoted by 221 
‘corr’ and ‘rmse’, respectively, are also given. 222 

4. R-Dm, Nw-R and Nw-Dm Relations 223 
Figure 3 suggests that three variables of R, Dm and Nw are closely related, and their relations are 224 

given by (16)-(18). However, in many situations of rain retrieval, the radar equations are often under 225 
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constrained, which means that there are more unknown variables than the number of equations as a 226 
result of limited independent radar measurements. As such, the constraints among the DSD 227 
parameters as in (16)-(18) need to be relaxed to some extent to  make  the  retrieval  solutions robust  228 

 229 

 230 
 231 

Figure 5. Two-dimensional PDFs of Nw-R (a), Nw vs. Dm (b) and R vs. Dm (c), and images of Dm in Nw-232 
R plane (d), R in Nw-Dm plane (e) and Nw in R-Dm plane (f) with their respective color scales shown at 233 
the bottom of the plots, obtained from 213,465 1-minute DSD data. Theoretical computational results 234 
based on the gamma DSD model with µ=3 (black lines) are superimposed on the bottom plots. The 235 
correlations between two parameters are provided in the top panel. 236 

and achievable. One important example of this situation is the GPM DPR operational algorithm that 237 
takes on a nominal R-Dm relation along the radar profile and then applies an adjustable parameter e 238 
to modify the R-Dm relation to minimize the cost function [9,26].  This cost function depends on 239 
several factors, one of which is minimizing the difference of independently measured path 240 
attenuations between Ku- and Ka-band.  Other factors are the mean and standard deviation of the 241 
Gaussian distribution of e as well as the rms difference between the simulated and measured Ka-242 
band reflectivities. To exploit the R-Dm, Nw-R and Nw-Dm relationships and also explore their 243 
correlations, the DSD data are employed. Fig.5 illustrates the two-dimensional PDFs of Nw-R (Fig.5a), 244 
Nw-Dm (Fig.5b) and R-Dm (Fig.5c) as well as their corresponding scatter plots of Nw-R (Fig.5d), Nw-Dm 245 
(Fig.5e) and R-Dm (Fig.5f). The pixel colors of the bottom panel show the mean values of Dm (Fig.5d), 246 
logarithms of R (Fig.5e) and Nw (Fig.5f) in the planes of Nw-R, Nw-Dm and R-Dm, respectively. The 247 
theoretical model computations from the gamma DSD with a fixed µ of 3 are also superimposed on 248 
the plots. As shown in Fig.5, the correlation between Nw and R is -0.03, indicating that they are nearly 249 
uncorrelated. The correlations of Nw-Dm and R-Dm are -0.32 and 0.44, respectively. These results 250 
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indicate that a large amount of uncertainty would occur in estimating R from Nw alone, but this 251 
uncertainty will be reduced if Dm is used instead. Also, there exists a certain degree of error in 252 
inferring Nw from Dm without knowing R.  The colored scatter plots of Fig.5 in fact reveal how the 253 
two-parameter relations are a function of the third one. In the logarithmic scale of Nw and R the data 254 
points with constant Dm lie along ~450 straight lines and move toward the bottom-right direction as 255 
Dm increases. Likewise, the contours of R in Nw-Dm and Nw in R-Dm are straight lines and parallel to 256 
one another which are plotted in logarithmic scales. The image pattern that changes slowly with Dm 257 
and spans vast area along the direction perpendicular to constant Dm lines, as shown in the Nw-R 258 
plane (Fig.5d), reveals large variation in the Nw-R relation, indicating a strong dependence of the Nm-259 
R relation on Dm. On the other hand, the relatively small variations shown in the images of Nw-Dm 260 
(Fig.5e) and R-Dm (Fig.5f) imply relatively weak dependencies of Nw-Dm on R and R-Dm on Nw.  261 

Figure 6 displays the power-law fittings of Nw-Dm (left) and R-Dm (right) to the data along with 262 
the DSD model results. The solid lines are the results that are statistically fitted to the data by using 263 
the method of least-squares, and the dotted lines are those with the exponents fixed at the values 264 
found in (16) and (18), i.e., -4.706 for the Nw-Dm relation and 4.706 for the R-Dm relation, with which 265 
the scale factors are fitted to the data. The fitting curves using the DSD model-derived exponents are 266 
denoted by ‘model’ in the plots. For comparison, the DPR-default R-Dm relations are also provided, 267 
in which the notations of ‘DPR-s’ and ‘DPR-c’ represent the cases of stratiform and convective rain, 268 
respectively. The resultant fitting coefficients are summarized in Table 1. Because of large variations 269 
in the data between Nw and Dm as well as R and Dm, as reflected by their moderate correlations shown 270 
in Fig.5, the regressions to these data depend on the methods selected and physical models applied. 271 
The model-based regressions, though they differ from the data fittings, represent fairly well the Nw-272 
Dm and R-Dm relations judging by their consistency with the PDFs. It is worth reiterating that R and 273 
Nw are constant along the model-based Nw-Dm and R-Dm fitting curves, respectively. The R-Dm 274 
relation based on the DSD model agrees better with the nominal R-Dm relations adopted by the DPR 275 
standard algorithm than the relation that is obtained by fitting directly to the data.  276 
 277 

 278 
 279 

Figure 6.  Power-law regressions of Nw-Dm (left) and R-Dm (right) relations obtained from the DSD data. Similar 280 
to top panel of Fig.5, the color graphs represent PDFs of the data.  281 

 282 
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Table 1:  Coefficients of the power-law Nw-Dm and R-Dm relations derived from the DSD data and 283 
the DSD models as well as the R-Dm relations adopted by the DPR operational algorithm. 284 

 285 

 
𝑁! = 𝑎"𝐷#

$! 𝑅 = 𝑎%𝐷#
$" 

aN bN aR bR 
Data Fitting 2807.59 -1.793 0.466 2.970 

Model 2845.90 -4.706 0.464 4.706 
DPR-s   0.401 6.131 

DPR-c   1.370 5.420 

 286 

5. DSD Bulk Parameters Linked to Ku- and Ka-band Radar Parameters 287 
As discussed above, the DSD bulk parameters R, Dm and Nw are closely interrelated. These 288 

parameters are of importance for precipitation modelling and weather prediction studies. The 289 
relation between radar parameters and these DSD bulk parameters comprises a basis for radar rain 290 
retrieval. Although the purpose of our study is to explore applications to the Ku- and Ka-band dual-291 
frequency radar, development of the full radar algorithm for the retrieval of rain profiles is beyond 292 
the goal of this paper. To establish the statistical characteristics of relationships between the DSD and 293 
dual-frequency radar parameters, such as Ku- and Ka-band radar reflectivity factors, the radar 294 
reflectivities are simulated by prescribing raindrops as oblate spheroids whose axis ratios yield the 295 
shape-size relations described by Thurai et al. [27]. The T-matrix method [28] is applied to obtain the 296 
scattering properties of single particles assuming a nadir-viewing radar and taking the major axes of 297 
raindrops to be in the horizontal plane. It should be noted that the raindrop diameter throughout the 298 
paper actually refers to an oblate drop with a volume-equivalent diameter D. Because of the fact that 299 
the Ku- and Ka-band radar signals are attenuated by raindrops while propagating through rain, 300 
attenuation corrections to the measured reflectivities are needed before the DSD retrieval. Specific 301 
attenuations (dB/km), denoted by kKu and kKa at Ku- and Ka-band, respectively, are the parameters 302 
that are used to account for the attenuation along the propagation path to the range gate at which the 303 
retrieval occurs. In addition to R, Dm and Nw, the estimates of kKu and kKa are crucial for development 304 
of radar profiling algorithms. Conventionally, the specific attenuation is fitted to measured DSD in 305 
terms of reflectivity factor, such as kKu-ZKu and kKa-ZKa relations. These relations have been widely 306 
used for single-frequency radar retrieval [5,29,30]. However, kKu and kKa could be better estimated if 307 
both the Ku- and Ka-band reflectivities were used. In dual-frequency radar applications, one of the 308 
most important parameters is the dual-frequency ratio (DFR), which is defined as  309 

 310 
𝐷𝐹𝑅 = 10log5- F

𝑍>?
𝑍>=? G ,                                       (18) 311 

 312 
where ZKu and ZKa are the radar reflectivity factors at Ku- and Ka-band, expressed by 313 
 314 

𝑍@ =
@!

7-|>.|/
∫ 𝑁(𝐷)𝜎#
0
- (𝐷, 𝜆)𝑑𝐷,                                     (19) 315 

 316 
where l is wavelength, referring to either Ku- or Ka-band, and sb(D,l) is the backscattering cross 317 
section of a particle with diameter of D. By convention, |Kw|2 is taken to be 0.93 for liquid water. DFR 318 
has many applications ranging from snow and rain retrievals to hydrometeor phase identification 319 
[2,24,31,32].  320 

For the gamma DSD model given in (13), DFR is independent of the Nw, and therefore Dm is 321 
directly related to DFR for a given µ. Other parameters like R, Nw, kKu and kKa, however, are a function  322 
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 323 
 324 

Figure 7. PDFs of the data obtained from the measured DSD in the planes of the R/ZKu-DFR (a), Dm-325 
DFR (b), and Nw/ZKu-DFR (c). Also shown are the images of the averaged R in the planes of the R/ZKu-326 
DFR (d) and Dm-DFR (e) and the image of the -averaged Nw in the plane of the Nw/ZKu-DFR (f). The 327 
computational results from the gamma DSD model with µ=3 (black dashed lines) are provided. 328 

of not only DFR but also ZKu or ZKa. To link these parameters to the DFR and ZKu, the R, Nw, kKu and 329 
kKa are first normalized by ZKu, and then these normalized parameters are related to DFR. The top 330 
panel of Fig.7 provides the PDFs of the data obtained from the measured DSD in the planes of R/ZKu-331 
DFR (Fig.7a), Dm-DFR (Fig.7b) and Nw/ZKu-DFR (Fig.7c). Similar plots are made in the bottom panel 332 
of Fig.7. Instead of the PDFs, the bin-averaged R on logarithmic scale in the R/ZKu-DFR (Fig.7d) and 333 
Dm-DFR (Fig.7e) planes as well as logarithmic Nw in the Nw/ZKu-DFR (Fig.7f) plane are plotted. The 334 
PDFs reveal two-dimensional distributions of occurrence frequencies of the data in the planes 335 
comprising DSD and radar parameters while the images of the lower panel reflect changes in R and 336 
Nw. For example, in the PDF of R/ZKu vs. DFR (Fig.7a) most of the DSD data are clustered in the region 337 
where DFR values are small, and the rain rates of these data increase with DFR as shown in the 338 
bottom-left image. The plots show that there exist two values of the normalized DSD parameters for 339 
a given DFR in the regions where DFR is less than 0, which typically correspond to light-to-moderate 340 
rain with averaged Dm less than 1 mm and Nw greater than 103 mm-1m-3. Beyond these regions, 341 
however, good correspondences are found between the DSD parameters of R, Dm and Nw and the 342 
radar parameters of ZKu and DFR. This actually offers a means to infer the DSD parameters from the 343 
radar measurements. In particular, R can be estimated by first deriving R/ZKu from DFR and then 344 
multiplying the result by ZKu. The same procedure can be applied to estimate Nw. Dm, on the other 345 
hand, is directly obtained from DFR. For reference, the computational results from the gamma DSD 346 
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model with a fixed µ of 3 (black dashed lines) are also plotted in Fig.7. The gamma model appears to 347 
be a reasonably good approximation (dashed lines) from the perspective of the Ku- and Ka-band 348 
retrieval.  349 

The issue of double solutions when DFR<0 inevitably leads to large ambiguities in the DSD 350 
retrieval. The small, negative values of DFR are a consequence of the fact that the Ku- and Ka-band 351 
reflectivities are nearly identical for the case of light rain which is composed primarily of small 352 
raindrops.  In these cases, Rayleigh scattering, where the backscattering cross section is proportional 353 
to the 6th power of particle diameter and independent of radar frequency, dominates at both 354 
frequencies. If the Ku- and Ka-band radar falls into the Rayleigh scattering regime, the 2nd frequency 355 
measurement basically doesn’t provide additional information. It is worth noting that out of 213,465 356 
1-min DSD spectra employed in this study, nearly half of them are either in the double-solution 357 
region or under the Rayleigh scattering. An attempt to mitigate the double-solution impact has 358 
recently been studied by Liao and Meneghini [12].  359 

 360 

 361 
 362 

Figure 8. PDFs of the data obtained from the measured DSD. (a) Relationship between kKu/ZKu and 363 
DFR. (b) Same as (a) but for kKa/ZKu-DFR. Also shown are the images of the averaged kKu and kKa in 364 
the planes of the kKu/ZKu-DFR (c) and kKa/ZKu-DFR (d), respectively.  The computational results from 365 
the gamma DSD model with µ=3 (black dashed lines) are provided. 366 

Comparison of the gamma DSD results with those computed directly from the DSD data 367 
suggests that there is less uncertainty in the estimates of R than in the estimates of Dm and Nw for the 368 
region where DFR>0 because of the fact that relatively small variability is found in R given a pair of 369 
DFR and ZKu values as compared with Dm and Nw. As mentioned earlier, the DSD model results 370 
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shown in Fig.7 are from the gamma DSD with µ=3, which is the case for the GPM DPR operational 371 
algorithm [33]. The results from the gamma DSD with different µ are also computed (not shown), 372 
and reveal that there are only small changes in the estimates of R. This, however, is not the case for 373 
either Dm or Nw. 374 

Similar to Fig.7, Fig.8 displays the PDFs (Figs.8a-8b) of the ZKu-normalized specific attenuations 375 
versus DFR and the bin-averaged specific attenuations (Figs.8c-8d) at Ku- (Figs.8a & 8d) and Ka-band 376 
(Figs.8b & 8d). The results shown in Fig.8 resemble many of the features found in Fig.6, i.e., there are 377 
the double-solution regions that are identical to those found in R, Dm and Nw. In the region when 378 
DFR>0, kKu and kKa increase with an increase of DFR, and show relatively small spreads as seen in the 379 
PDF plots. And again, the fixed µ=3 gamma DSD results denoted by black dashed curves, show good 380 
approximations to those obtained from the DSD data. While the combination of ZKu and DFR leads 381 
to fairly good estimates of kKu and kKa, as in the estimates of R, Dm and Nw, application to the double-382 
value region still remains a challenge. 383 

6. Summary and Conclusion 384 
With use of 213,465 one-minute-integration-time DSD measurements collected during the field 385 

campaigns at three geographically different sites and also with use of the gamma DSD model, the 386 
statistical inter-relationships among the DSD bulk parameters of R, Dm and Nw are studied. According 387 
to the definition of Nw, there exists an analytical relationship between LWC, Dm and Nw. To explore 388 
similar relationships among the variables R, Dm and Nw, a power-law fit is applied to the data of R/Nw 389 
and Dm computed from the gamma DSD model with various µ values. It is found that the model-390 
simulated R/Nw vs. Dm results are nearly independent of µ. Furthermore, they conform well with 391 
those derived from the DSD data. Like the model results, the measured DSD show very little spread, 392 
implying a very strong relationship between R, Dm and Nw. This leads to the conclusion that R can be 393 
determined with high accuracy if Dm and Nw are known. A similar conclusion holds for Dm and Nw, 394 
i.e., Dm can be derived from R and Nw, and Nw can be obtained from R and Dm with a high degree of 395 
accuracy Comparisons among the estimates of R, Dm and Nw from the fitting equations to their 396 
respective true values demonstrate that nearly perfect correlations exist between the estimates and 397 
the true values with negligibly small rms errors.    398 

Although R, Dm and Nw are closely inter-related and one parameter is accurately expressed as a 399 
function of the other two parameters as in (16)-(18), i.e., three-parameter relations, the constraints 400 
among these variables sometimes need to be loosened to be consistent with the limited number of 401 
radar measurements. In many situations where the radar equations are under constrained, the three-402 
parameter relations of R, Dm and Nw need to be replaced by two-parameter relations. It is then useful 403 
to investigate statistical relationships between R and Dm, Nw and R, and Nw and Dm as in previous 404 
studies [18,26,34]. It is found from this study that R and Dm are moderately correlated while Nw and 405 
Dm are moderately negatively correlated. Nw and R, however, are uncorrelated. Because of the 406 
generally weak correlations in these two-parameter relationships (R-Dm, Nw-R and Nw-Dm), the data 407 
spread is relatively large, resulting in large errors in the estimates. Large variability in the two-408 
parameter relationships is caused by not taking into account variations in the third parameter. For 409 
example, variability of the R-Dm relation is the result of variation in Nw. To improve retrieval accuracy 410 
by lessening the uncertainties of the two-parameter relations, additional constraints are sometimes 411 
adopted, such as the GPM DPR that is based on adjustable R-Dm relation with which an adjustable 412 
parameter e is fixed throughout the range gates of one profile but varies from profile to profile. It is 413 
worthwhile mentioning that adjusting e in the R-Dm relation would be equivalent to an adjustment 414 
of Nw if the exponent of the R-Dm relation is set to the value of 4.706 as derived from the fixed-µ 415 
gamma DSD. However, the exponents of the R-Dm relation implemented in the GPM DPR algorithm 416 
are 6.131 and 5.420 for stratiform and convective rain, respectively, leading to change of Nw with Dm 417 
in a way by which Nw is proportional to DB$5.%<D and DB$-.E5% for stratiform and convective storms, 418 
respectively. Use of adjustable R-Dm relation for the DSD profiling retrieval originates from the 419 
concept of the ‘two-scale’ DSD model proposed by Kozu and Nakamura [35] that allows one DSD 420 
parameter being constant over a certain space or time domains while another DSD parameter changes 421 



Atmosphere 2020, 11, x FOR PEER REVIEW 13 of 15 

 

dynamically. Employing two-year DSD data in testing rain retrieval, they found that constant drop 422 
number concentration NT (the 0th moment of DSD) or constant N0 of (9) seems to be reasonable. Based 423 
on our analysis of the gamma DSD-based regression among R, Dm and Nw, constant Nw of the ‘two-424 
scale’ model is perhaps another practical choice. Further study is required to examine sensitivity of 425 
the DSD estimates to the choice of constant DSD parameters or different exponents of R-Dm relation 426 
toward understanding and improvement of the GPM DPR performance in estimates of DSD 427 
parameters. 428 

Our study has also been extended to look into the statistical characterization of relationships 429 
between the DSD parameters on one hand and the Ku- and Ka-band dual-frequency radar parameters 430 
on the other. To account for rain attenuation, specific attenuations are included. Dm is directly related 431 
to DFR.  In contrast, R and Nw, as well as kKu and kKa, depend not only on DFR but also on ZKu or ZKa.  432 
To relate them to the dual-frequency radar measurements, a ZKu-normalization factor is used so that 433 
the ZKu-normalized R, Nw, kKu and kKa, which are obtained from the measured DSD, can be expressed 434 
as a function of DFR. The theoretical computations from a fixed µ=3 gamma DSD model are compared 435 
with the DSD-simulated results. Comparisons of the results shows fairly good agreement between 436 
the model computations and DSD data.  Not surprisingly, there exist double-solution regions where 437 
DFR<0, in which two values of the estimates are detected for a given DFR. Since no independent 438 
information is available to aid in selection of the solution, the double solutions lead to ambiguities in 439 
the estimates. A few methods attempting to mitigate the double-value issues include use of the 440 
modified dual-frequency standard technique [12] and use of the R-Dm relation [9,26]. In the region 441 
with DFR>0, a robust one-to-one relation between DFR and normalized DSD and specific attenuation 442 
parameters ensures the soundness of the retrieval. Analysis of the results also indicates that there are 443 
smaller uncertainties in the estimates of R than in the estimates of Dm and Nw as a result of the 444 
relatively small variability in R as compared with that in Dm and Nw. In addition, the combination of 445 
ZKu and DFR leads to fairly good estimates of kKu and kKa if the DFR is positive. 446 
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