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Ø Challenges in studying hypersonic turbulence
q Limited experimental data

• Flight measurements: expensive and limited scope
• Wind-tunnel experiments: mismatch in flow conditions relative to flight
• In general: lack of resolution in global measurements (especially in the vicinity of the 

wall)

q Ad hoc turbulence models and model parameters 

Ø DNS of supersonic and hypersonic turbulent flows
q Go where experiments cannot 
q Understand flow physics
q Improve predictive capabilities
q Assess/develop flow-control techniques

Ø Lack of benchmark DNS datasets in the high-Mach-number, cold-wall 
regime
q Existing DNS largely focused on moderately supersonic flows (M < 5) with 

adiabatic walls 2

Background



Ø Specific objectives of the present project:
q Development of DNS database of hypersonic turbulent boundary layers  subject 

to pressure gradient and wall cooling
§ Canonical geometries 

§ 2-D planar convex and concave walls
§ 2-D circular ogive
§ 3-D elliptic ogive

§ Adiabatic wall (Tw/Tr = 1) and cold wall (Tw/Tr <<1)
§ One-to-one comparison against experiments at Texas A&M U. (Prof. R. Bowersox’s 

group)

q Physical characterization of boundary-layer turbulence
§ Budgets of TKE and Reynolds-stress transport 
§ Compressibility transformations 

q Assessment of turbulence models
§ Reynolds-stress transport (RST) models
§ Turbulent heat flux model by Bowersox 

Ø Benefits to DoD: Support DoD’s efforts of developing advanced turbulence 
models for improving computational simulations of hypersonic vehicles 3

Background



Ø DNS datasets of supersonic and hypersonic TBLs (Zhang et al. Vol. 56, No. 
11, pp. 4297-4311, AIAAJ, 2018) – developed in the context of acoustic radiation from TBLs

q Spatially developing, zero-pressure gradient, flat plate
q Covers a wide range of freestream Mach numbers (M∞ = 2.5 - 14) and wall-to-

recovery temperature ratios (Tw/Tr = 0.18-1.0)

q Friction Reynolds number (Reτ) is kept within the narrow range of 450– 650
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Previous Work

In the present paper, we describe a new DNS database of spatially
developing, flat-plate turbulent boundary layers that was developed
using a large computational domain with low-dissipative spatial
discretization, and that covers a wide range of freestream Mach
number (M∞ ! 2.5–14) and wall-to-recovery temperature ratio
(Tw∕Tr ! 0.18–1.0). Unlike the temporal DNS of Martín [23] and
Duan et al. [25,26] that used a small streamwise domain (≈ 8δ) with a
periodic boundary condition in the streamwise direction, these DNS
simulate spatially developing turbulent boundary layers with a long
streamwise domain length (> 50δi) to minimize any artificial effects
of inflow turbulence generation and to guarantee the convergence of
high-order turbulence statistics. Moreover, the new DNS database
mimics realistic flow conditions such as those in hypersonic wind
tunnel facilities with a cooled wall rather than simulating hypersonic
turbulent boundary layers over a hypothetically adiabatic wall
[24,25,28]. The combination of high freestream Mach number
(with nominal freestream Mach number as high as M∞ ! 14) and
cold wall temperature (with wall-to-recovery temperature as low as
Tw∕Tr ! 0.18) covered in the database extends the available
database tomore extreme, yet practical, cases that serve as a reference
for modeling wall-bounded turbulence in the high-Mach-number,
cold-wall regime as well as for developing novel compressibility
transformations that collapse compressible boundary-layer profiles
to incompressible results. For that purpose, both statistical quantities
and subsets of raw flow samples are made publicly available on a
website, which will allow other investigators to access any property
of interest. In the following sections, we briefly describe the DNS
methodology and present a limited number of numerical results,
including a comparison with recent experimental data and an
application of the numerical data to gauge the performance of some
recently proposed compressibility transformations [7,8] and to probe
intrinsic compressibility effects.

II. Numerical Database and Underlying Methodology
The database used for the current analysis includes the DNS of

spatially developing, flat-plate turbulent boundary layers over a wide
range of nominal freestream Mach numbers (M∞ ! 2.5–14) and
wall-to-recovery temperature ratios (Tw∕Tr ! 0.18–1.0). Table 1
outlines the freestream conditions for the simulations, and Table 2
summarizes the boundary-layer parameters at a selected location
where the turbulence statistics are gathered. CasesM2p5,M6Tw076,
and M6Tw025 correspond to the DNS reported in previous papers
[32–35], in which pressure statistics including the freestream
acoustic radiation were presented and discussed in detail. The flow
conditions of case M2p5 match those of the temporal simulation
of Guarini et al. [36]; case M6Tw076 simulates representative
conditions of the Purdue Mach 6 Quiet Tunnel; case M6Tw025 has
nearly identical flow conditions as the wind-tunnel relevant case
M6Tw076 while varying the surface temperature ratio Tw∕Tr from

0.76 to 0.25 to allow an assessment of the effect of surface
temperature. Two additional cases at higher freestream Mach
numbers (cases M8Tw048 and M14Tw018) are presented herein for
the first time, with flow conditions representative of the nozzle exit of
the Sandia Hypersonic Wind Tunnel at Mach 8 and the AEDC
Hypervelocity Tunnel No. 9 at Mach 14, respectively. The new cases
extend the available database to more extreme, yet practical, cases
that would allow one to probe the effects of Mach number on
turbulence scaling and structure under these conditions. Choosing
flow conditions that are representative of several hypersonic wind
tunnels has led to successful one-to-one comparisons of the DNS
with experimentalmeasurements in thesewind tunnels [37].Asmuch
as possible, theReτ parameter is keptwithin the narrow range of 450–
500, the only exception being the Mach 14 case, where the Reτ
increased because a longer spatial domain was necessary to ensure
that the effects of inflow treatment had decayed and the boundary
layer had achieved a quasi-equilibrium state. The decision to match
Reτ is based on the existing literature [28,38] as well as on the need to
limit the computational costs even though simulations at a single
Reynolds number may not be sufficient to characterize the flow
[39,40]. All the DNS cases fall within the perfect gas regime. The
working fluid is air with viscosity calculated by using Sutherland’s
law, except for case M8Tw048, where the working fluid is nitrogen
and its viscosity is calculated by using Keyes law [41]. Compared
with the large differences in boundary-layer properties caused by
varying the freestream Mach number and the wall temperature, the
differences caused by using a different working fluid in DNS are
small, if not negligible. A constant molecular Prandtl number of 0.71
is used for all of the DNS cases.
Table 3 summarizes the domain sizes and grid resolutions for all

DNS cases. The simulations either involve a single domain with a
long streamwise box or are carried out in two stages involving
overlapping streamwise domains as illustrated in Fig. 1. The
boundary layer is allowed to develop spatially over an extended
region along the streamwise direction (>50δi) so as to minimize any
artificial effects of the inflow turbulence generation and to contain the
largest relevant flow structures within the computational domain.
The two overlapping streamwise domains used in case M14Tw018
further minimize any artificial effects of the rescaling procedure.
This conservative approach was deemed necessary because of the
combination of higher freestream Mach number and colder wall
temperature than the other cases considered herein, as well as in other
computational studies reported in the literature. Another noteworthy
feature of the present database corresponds to the large spanwise
domain (nearly an order of magnitude larger than the boundary-layer
thickness), which guarantees spanwise statistical decorrelation in
turbulence fluctuations throughout the boundary layer.
The boundary layer is simulated in a rectangular box over a flat

plate with spanwise periodic boundary conditions and a modified
rescaling/recycling method for inflow turbulence generation [32].

Table 1 Freestream and wall-temperature conditions for various DNS cases

Case M∞ U∞, m∕s ρ∞; kg∕m3 T∞, K Tw, K Tw∕Tr δi, mm

M2p5 2.50 823.6 0.100 270.0 568.0 1.0 4.0
M6Tw025 5.84 869.1 0.044 55.2 97.5 0.25 1.3
M6Tw076 5.86 870.4 0.043 55.0 300.0 0.76 13.8
M8Tw048 7.87 1155.1 0.026 51.8 298.0 0.48 20.0
M14Tw018 13.64 1882.2 0.017 47.4 300.0 0.18 18.8

Table 2 Boundary-layer properties at the station selected for the analysis for various DNS cases

Case xa∕δi Reθ Reτ Reδ2 Re"τ θ, mm H δ, mm z, μm uτ, m∕s −Bq Mτ

M2p5 53.0 2835 510 1657 1187 0.58 4.1 7.7 15.0 40.6 0 0.08
M6Tw025 88.6 2121 450 1135 932 0.20 8.4 3.6 8.0 33.8 0.14 0.17
M6Tw076 54.1 9455 453 1746 4130 0.95 13.6 23.8 52.6 45.1 0.02 0.13
M8Tw048 56.9 9714 480 1990 4092 1.19 17.4 35.2 73.5 54.3 0.06 0.15
M14Tw018 199.3 14408 646 2354 4925 1.35 37.6 66.1 102.4 67.6 0.19 0.19
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In the present paper, we describe a new DNS database of spatially
developing, flat-plate turbulent boundary layers that was developed
using a large computational domain with low-dissipative spatial
discretization, and that covers a wide range of freestream Mach
number (M∞ ! 2.5–14) and wall-to-recovery temperature ratio
(Tw∕Tr ! 0.18–1.0). Unlike the temporal DNS of Martín [23] and
Duan et al. [25,26] that used a small streamwise domain (≈ 8δ) with a
periodic boundary condition in the streamwise direction, these DNS
simulate spatially developing turbulent boundary layers with a long
streamwise domain length (> 50δi) to minimize any artificial effects
of inflow turbulence generation and to guarantee the convergence of
high-order turbulence statistics. Moreover, the new DNS database
mimics realistic flow conditions such as those in hypersonic wind
tunnel facilities with a cooled wall rather than simulating hypersonic
turbulent boundary layers over a hypothetically adiabatic wall
[24,25,28]. The combination of high freestream Mach number
(with nominal freestream Mach number as high as M∞ ! 14) and
cold wall temperature (with wall-to-recovery temperature as low as
Tw∕Tr ! 0.18) covered in the database extends the available
database tomore extreme, yet practical, cases that serve as a reference
for modeling wall-bounded turbulence in the high-Mach-number,
cold-wall regime as well as for developing novel compressibility
transformations that collapse compressible boundary-layer profiles
to incompressible results. For that purpose, both statistical quantities
and subsets of raw flow samples are made publicly available on a
website, which will allow other investigators to access any property
of interest. In the following sections, we briefly describe the DNS
methodology and present a limited number of numerical results,
including a comparison with recent experimental data and an
application of the numerical data to gauge the performance of some
recently proposed compressibility transformations [7,8] and to probe
intrinsic compressibility effects.

II. Numerical Database and Underlying Methodology
The database used for the current analysis includes the DNS of

spatially developing, flat-plate turbulent boundary layers over a wide
range of nominal freestream Mach numbers (M∞ ! 2.5–14) and
wall-to-recovery temperature ratios (Tw∕Tr ! 0.18–1.0). Table 1
outlines the freestream conditions for the simulations, and Table 2
summarizes the boundary-layer parameters at a selected location
where the turbulence statistics are gathered. CasesM2p5,M6Tw076,
and M6Tw025 correspond to the DNS reported in previous papers
[32–35], in which pressure statistics including the freestream
acoustic radiation were presented and discussed in detail. The flow
conditions of case M2p5 match those of the temporal simulation
of Guarini et al. [36]; case M6Tw076 simulates representative
conditions of the Purdue Mach 6 Quiet Tunnel; case M6Tw025 has
nearly identical flow conditions as the wind-tunnel relevant case
M6Tw076 while varying the surface temperature ratio Tw∕Tr from

0.76 to 0.25 to allow an assessment of the effect of surface
temperature. Two additional cases at higher freestream Mach
numbers (cases M8Tw048 and M14Tw018) are presented herein for
the first time, with flow conditions representative of the nozzle exit of
the Sandia Hypersonic Wind Tunnel at Mach 8 and the AEDC
Hypervelocity Tunnel No. 9 at Mach 14, respectively. The new cases
extend the available database to more extreme, yet practical, cases
that would allow one to probe the effects of Mach number on
turbulence scaling and structure under these conditions. Choosing
flow conditions that are representative of several hypersonic wind
tunnels has led to successful one-to-one comparisons of the DNS
with experimentalmeasurements in thesewind tunnels [37].Asmuch
as possible, theReτ parameter is keptwithin the narrow range of 450–
500, the only exception being the Mach 14 case, where the Reτ
increased because a longer spatial domain was necessary to ensure
that the effects of inflow treatment had decayed and the boundary
layer had achieved a quasi-equilibrium state. The decision to match
Reτ is based on the existing literature [28,38] as well as on the need to
limit the computational costs even though simulations at a single
Reynolds number may not be sufficient to characterize the flow
[39,40]. All the DNS cases fall within the perfect gas regime. The
working fluid is air with viscosity calculated by using Sutherland’s
law, except for case M8Tw048, where the working fluid is nitrogen
and its viscosity is calculated by using Keyes law [41]. Compared
with the large differences in boundary-layer properties caused by
varying the freestream Mach number and the wall temperature, the
differences caused by using a different working fluid in DNS are
small, if not negligible. A constant molecular Prandtl number of 0.71
is used for all of the DNS cases.
Table 3 summarizes the domain sizes and grid resolutions for all

DNS cases. The simulations either involve a single domain with a
long streamwise box or are carried out in two stages involving
overlapping streamwise domains as illustrated in Fig. 1. The
boundary layer is allowed to develop spatially over an extended
region along the streamwise direction (>50δi) so as to minimize any
artificial effects of the inflow turbulence generation and to contain the
largest relevant flow structures within the computational domain.
The two overlapping streamwise domains used in case M14Tw018
further minimize any artificial effects of the rescaling procedure.
This conservative approach was deemed necessary because of the
combination of higher freestream Mach number and colder wall
temperature than the other cases considered herein, as well as in other
computational studies reported in the literature. Another noteworthy
feature of the present database corresponds to the large spanwise
domain (nearly an order of magnitude larger than the boundary-layer
thickness), which guarantees spanwise statistical decorrelation in
turbulence fluctuations throughout the boundary layer.
The boundary layer is simulated in a rectangular box over a flat

plate with spanwise periodic boundary conditions and a modified
rescaling/recycling method for inflow turbulence generation [32].

Table 1 Freestream and wall-temperature conditions for various DNS cases

Case M∞ U∞, m∕s ρ∞; kg∕m3 T∞, K Tw, K Tw∕Tr δi, mm

M2p5 2.50 823.6 0.100 270.0 568.0 1.0 4.0
M6Tw025 5.84 869.1 0.044 55.2 97.5 0.25 1.3
M6Tw076 5.86 870.4 0.043 55.0 300.0 0.76 13.8
M8Tw048 7.87 1155.1 0.026 51.8 298.0 0.48 20.0
M14Tw018 13.64 1882.2 0.017 47.4 300.0 0.18 18.8

Table 2 Boundary-layer properties at the station selected for the analysis for various DNS cases
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Ø Conducted DNS of a zero-pressure-gradient 
(ZPG) TBL at M∞ = 11.1 on a highly-cooled 
flat plate (representative of CUBRC Run 7)
q Extended the existing DNS database to a 

moderately higher Reynolds number 
(Re𝝉≅1200) 

q Studied hypersonic turbulence with strong wall 
cooling (Tw/Tr ≅ 0.2)

q Assessed Bowersox’s algebraic energy flux 
(AEF) model using DNS data

Ø Simulated a TBL at M∞ = 8 on a 7-deg half-
angle circular cone (representative of 
Sandia’s experiment)
q Established a procedure of conducting DNS for 

hypersonic TBLs over an axisymmetric 
hypersonic body 

q Laid a foundation for follow-on study of 
hypervelocity ogive cylinder of interest to ONR 

5

Summary of New Results

DNS of a Mach 8 TBL over a 
circular cone

Fig. 2 Flat plate geometry for CUBRC run 7.

a) Laminar b) Algebraic: Baldwin-Lomax

c) Algebraic: Cebeci-Smith d) 1-Eq: Spalart-Allmaras (Catrix-Aupoix)

e) 2-Eq: Menter SST f) 2-Eq: k – ω  (1998)
Fig. 3 Pressure, shear, and heating distributions over a flat plate at Mach 11.1 computed with the k-! (2006) model compared with experimental data
and simulations with other models.

GNOFFO, BERRY, AND VAN NORMAN 71

D
ow

nl
oa

de
d 

by
 U

N
IV

ER
SI

TY
 O

F 
C

A
LI

FO
R

N
IA

 IR
V

IN
E 

on
 N

ov
em

be
r 3

, 2
01

4 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I: 

10
.2

51
4/

1.
A

32
25

0 

CUBRC Run 7

Gnoffo, JSR 2013

DNS of ZPG TBL over a highly-
cooled flat plate



Ø Freestream and wall-temperature conditions match those of CUBRC 
experiment
§ M∞ = 11.1, Tw = 300 K, Tw/Tr = 0.2
§ Flat plate geometry: 0 m ≦ x ≦ 1.3 m (52 inches)

Ø “Embedded” DNS method 
§ DNS inflow extracted from a full-domain RANS

• RANS domain (-0.15 m ≦ x ≦ 1.5 m)
§ DNS domain enclosed in RANS domain 

• DNS domain (0.2 m ≦ x ≦ 1.4 m) 
• DNS domain covers the portion of the flat plate with a fully turbulent 

boundary layer in the experiment 

6

Fig. 2 Flat plate geometry for CUBRC run 7.

a) Laminar b) Algebraic: Baldwin-Lomax

c) Algebraic: Cebeci-Smith d) 1-Eq: Spalart-Allmaras (Catrix-Aupoix)

e) 2-Eq: Menter SST f) 2-Eq: k – ω  (1998)
Fig. 3 Pressure, shear, and heating distributions over a flat plate at Mach 11.1 computed with the k-! (2006) model compared with experimental data
and simulations with other models.
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Fig. 2 Flat plate geometry for CUBRC run 7.

a) Laminar b) Algebraic: Baldwin-Lomax

c) Algebraic: Cebeci-Smith d) 1-Eq: Spalart-Allmaras (Catrix-Aupoix)

e) 2-Eq: Menter SST f) 2-Eq: k – ω  (1998)
Fig. 3 Pressure, shear, and heating distributions over a flat plate at Mach 11.1 computed with the k-! (2006) model compared with experimental data
and simulations with other models.
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CUBRC experiments, Run 7

Fig. 2 Flat plate geometry for CUBRC run 7.

a) Laminar b) Algebraic: Baldwin-Lomax

c) Algebraic: Cebeci-Smith d) 1-Eq: Spalart-Allmaras (Catrix-Aupoix)

e) 2-Eq: Menter SST f) 2-Eq: k – ω  (1998)
Fig. 3 Pressure, shear, and heating distributions over a flat plate at Mach 11.1 computed with the k-! (2006) model compared with experimental data
and simulations with other models.
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DNS of ZPG Cold-Wall Hypersonic TBLs

Geometry & Flow Conditions



7

Box1

Box2

Box3
Ø DNS solves 3D compressible Navier-

Stokes equations in conservative form
§ 7th order WENO (Jiang & Shu 1996)
§ rescaling/recycling method for inflow 

turbulence generation (Xu & Martin 
2004)

§ carried out in 3 stages involving 
overlapping streamwise domains 

• large streamwise domain size of 
Lx ⁄𝛿i = 324.3 to minimize any artificial 
effects due to inflow turbulence 
generation

• sufficiently long sampling duration 
ensures the convergence of selected 
high-order turbulence statistics 

DNS of ZPG Cold-Wall Hypersonic TBLs
DNS Methodology
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Ø Both mean and RMS fluctuations of wall shear stress (qw ) predicted 
by rescaling (RS) and digital-filtering (DF) inflow methods agree within 
5% for x-xi > 80𝛿i.

DNS of ZPG Cold-Wall Hypersonic TBLs
Assessment of Inflow BC
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Ø Both mean and RMS fluctuations of wall heat flux (qw ) predicted by rescaling 
(RS) and digital-filtering (DF) inflow methods agree within 5% for x-xi > 80𝛿i.

DNS of ZPG Cold-Wall Hypersonic TBLs
Assessment of Inflow BC
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Ø Good comparisons related to mean velocity and RMS velocity fluctuation profiles 
at x = 0.55 m (x/ẟi = 95) between two DNS with different inflow techniques

x = 0.55 m
x/ẟi = 95

DNS of ZPG Cold-Wall Hypersonic TBLs
Assessment of Inflow BC

x = 0.55 m
x/ẟi = 95
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Ø Wall shear stress (𝜏w) compares well with experiment and RANS data
Ø Wall heat flux (qw) compares well with the experiment in the post-transition 

region up to x ≈ 0.8 m 
Ø DNS overpredicts measured qw for x > 0.8 m but is comparable to the 

Baldwin-Lomax model

DNS of ZPG Cold-Wall Hypersonic TBLs
Comparison with Experiment



Ø Effect of Reynolds number is investigated by comparing boundary-layer 
profiles at three downstream locations (xa = 0.55 m, 1.0 m, 1.35 m) for Case 
M11Tw020
§ Three profiles referred to as M11BL1, M11BL2, and M11BL3, respectively
§ Friction Reynolds number Re𝜏 ranges from 631 to 1138

Ø Effect of Mach number is investigated by comparing Case M11Tw020 with a 
Mach 14 simulation (Case M14Tw018)
§ Tw/Tr ≅ 0.2 for both Mach numbers
§ Re𝜏 ≅ 630 for M11BL1 and M14Tw018

12

high-Mach-number, cold-wall regime. Large fluctuation amplitudes relative to the mean value are shown in terms of the
fluctuating wall quantities. The relative amplitudes increase slightly as the Mach number increases while it shows a
small decrease with increasing Reynolds number.

Figure 6a plots the Van Driest transformed mean velocity u
+
VD , which is defined as

u
+
VD =

1
u⌧

π u

0
(⇢/⇢w)1/2du. (1)

Compared to a Mach 2.5 turbulent boundary layer with Tw/Tr = 1.0 [12], the Van Driest transformed mean velocity of
Cases M11Tw020 and M14Tw018 shows a decrease in the mean slope in the linear viscous sublayer. Such a decrease is
caused by rapid changes in µ and ⇢ near the wall due to high wall cooling rates, which prevents the relation µ@u/@z = ⌧w
from being integrated to get u

+
VD = z

+. The log-layer intercept CVD of Cases M11Tw020 and M14Tw018 is slightly
higher than that of the adiabatic Mach 2.5 case and the incompressible log-law value of C = 5.2. A weak Reynolds
number dependence of the log-layer intercept CVD is also shown by comparing the three boundary-layer profiles at
Mach 11. Figure 6b shows that a better collapse of data in the viscous sublayer involving wall-cooling is achieved after
the mean velocity and the wall-normal coordinate are transformed by the Trettel and Larsson (TL) [15] transformation

z
⇤ =
⇢(⌧w/⇢)1/2z

µ
(2a)

u
+
TL =

π u+

0

✓
⇢

⇢w

◆1/2 
1 +

1
2

1
⇢

d⇢

dz
z � 1
µ

dµ

dz
z

�
du
+. (2b)

However, the log-law intercept CTL of the transformed velocity u
+
TL shows a similar scatter as that of the Van Driest

transformed velocity. Such a finding is consistent with the previous study by Zhang et al. [12].

Table 3 Boundary layer properties at stations (xa) selected for DNS analysis.

Case xa (m) (xa � xi)/�i Re✓ Re⌧ Re�2 Re
⇤
⌧ ✓, mm H �, mm z⌧ , µm u⌧ , m/s �Bq M⌧

M11BL1 0.55 95 9080 631 2204 5536 0.22 25.5 8.0 12.7 63.6 0.164 0.183
M11BL2 1.00 216 14143 926 3419 8167 0.35 26.1 12.6 13.6 60.3 0.154 0.174
M11BL3 1.35 311 18164 1138 4390 10035 0.45 26.1 16.0 14.1 58.1 0.148 0.167
M14Tw018 3.7 199.3 14258 633 2330 9796 1.33 38.4 65.0 102.8 67.3 0.19 0.19

Figure 7 plots the wall-normal profiles of the turbulence intensities and the Reynolds shear stress. Consistent with
previous experimental and computational observations at hypersonic Mach numbers [12], an apparently good collapse
of the data across a wide range of Mach numbers is achieved via Morkovin’s scaling [31], and the semilocal scaling
z
⇤ of Huang et al. [13] better collapses the profiles of turbulence intensities and the Reynolds shear stress than the

conventional inner scaling based on z
+.

Figure 8 shows the wall-normal profiles of the turbulent heat flux components. The semilocal scaling z
⇤ of Huang et

al. [13] successfully collapses the location of the near-wall peak of streamwise and wall-normal turbulent heat fluxes.
However, there is an apparent reduction in the peak value of each quantity as the Reynolds number increases. For all
Mach number and Reynolds number conditions, the streamwise component of the turbulent heat flux ⇢u00T 00 has peak
values that are much larger than the wall-normal component ⇢w00T 00.

Table 4 Mean and fluctuating wall parameters for Cases M11Tw020 and M14Tw018.

Case Re⌧ Cf (⇥10�3) Cf ,VD (⇥10�3) Ch (⇥10�3) 2Ch/Cf p
0
w,rms/pw ⌧0w,rms/⌧w q

0
w,rms/qw p

0
w,rms/⌧w

M11BL1 631 0.61 0.61 0.36 1.17 0.21 0.50 0.64 4.47
M11BL2 926 0.55 0.55 0.32 1.16 0.19 0.50 0.61 4.38
M11BL3 1138 0.51 0.52 0.29 1.15 0.17 0.49 0.59 4.33
M14Tw018 633 0.40 0.43 0.24 1.17 0.24 0.53 0.67 4.51

11

DNS of ZPG Cold-Wall Hypersonic TBLs
Boundary Layer Parameters
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Ø u+
VD shows reduced viscous sublayer slope compared to adiabatic wall case

Ø u+
TL shows a better collapse in the viscous sublayer for wall-cooling cases

Ø Both u+
VD and u+

TL show similar scatter in the log-law region

The numerical code solves the compressible Navier–Stokes
equations in conservative form, using an optimized seventh-order
weighted essentially nonoscillatory (WENO) scheme [42,43] for
capturing eddy shocklets and ensuring numerical stability. A third-
order low-storage Runge–Kutta scheme is used for time integration
[44]. A detailed description of the problem formulation, the
numerical scheme, and the initial and boundary conditions can be
found in Ref. [32–35]. The validity of numerical methods and
procedures have been established in multiple previous publications
[33,34,45], with the computational domain size and grid resolution
summarized in Table 3. The computational grid resolution inside the
boundary layer is comparable to those reported in the literature in the
context of previous simulations of turbulent wall-bounded flows
using comparable numerical algorithms [25,26,32–35]. The effect of
spanwise domain size on flow statistics is monitored by sufficient
decay of two-point correlations and/or by comparing to cases with an
auxiliary simulation of the same grid resolution but with a narrower
span, and negligible difference is observed in the flow statistics of
interest. Furthermore, the physical realism and accuracy of the
computed flow fields have been validated by comparing to
experimental results at similar flow conditions [33,37]. Additional
comparisons of DNS results with both experiments and other high-
quality simulations are presented in the following sections.
In the following sections, averages are first calculated over a

streamwise window (!xa − 0.9 δi; xa " 0.9 δi#) and the spanwise
direction for each instantaneous flow field; then, an ensemble average
over Nf flow-field snapshots spanning a time interval of Tfuτ∕δ is
calculated. Statistical convergence is verified by calculating averages

over varying streamwise window sizes or over a different number of
snapshots and bymaking sure that the differences in flow statistics are
negligible (<1%) among the different data-averaging techniques.
Throughout the paper, statistics are reported based on fluctuations
either around the standard (Reynolds) averages or around density-
weighted (Favre) averages. For Mach numbers as high as 13.64,
only small differences (<3%) have been found between the standard
and density-weighted (Favre) averages for the statistics reported in
this paper.

III. Computational Results
A. Compressibility Transformations

In this section, the DNS database is used to gauge the performance
of several velocity and temperature scalings. Complementary to the
previous studies of Duan et al. [25,26], the present study pays special
attention to the recently proposed scaling relations [7,8,10] that have
not yet been scrutinized in the high-Mach-number, cold-wall regime,
in addition to the classical scalings according to Morkovin.
Figure 2 plots the Van Driest transformed mean velocity u"VD,

which is defined as

u"VD $ 1

uτ

Z
!u

0
%!ρ∕ρw&1∕2 d!u (1)

The mean velocity shows an approximately logarithmic region
whereu"VD $ %1∕k & log%z" & " CVD uponVanDriest transformation.
The Van Driest transformed mean velocity shows a decrease in the
mean slope SVD in the linear viscous sublayer with higher wall

Fig. 1 Computational domain and simulation setup for DNS of Mach 8 andMach 14 turbulent boundary layers, with flow conditions representative of
the nozzle exit of the Sandia Hypersonic Wind Tunnel at Mach 8 and the AEDCHypervelocity Tunnel No. 9 at Mach 14, respectively. An instantaneous
flowfield is shown, visualized by an isosurface of the density gradientmagnitude, corresponding to j∇ρjδi∕ρ∞ ! 0.9825, coloredby the streamwise velocity
component (with levels from 0 to U∞, blue to red).

Table 3 Grid resolution and domain size for the direct numerical simulations

Case Nx× Ny× Nz Lx∕δi Ly∕δi Lz∕δi Δx" Δy" Δz"min Δz"max Nf Tfuτ∕δ
M2p5 1760 × 800 × 400 57.2 15.6 41.0 9.2 5.5 0.60 9.5 282 14.9
M6Tw025 2400 × 400 × 560 91.7 8.8 57.5 6.4 3.7 0.46 4.8 312 7.3
M6Tw076 1600 × 800 × 500 58.7 15.7 39.7 9.6 5.1 0.51 5.3 153 7.3
M8Tw048 3200 × 500 × 600 65.0 10.2 41.2 5.4 5.4 0.55 5.6 248 5.7
M14Tw018, Box 1 2500 × 460 × 540 133.3 12.2 55.6 9.4 4.7 0.47 5.2 — —
M14Tw018, Box 2 2000 × 460 × 786 102.1 12.2 55.6 9.4 4.7 0.47 5.7 137 1.4

Lx, Ly, and Lz are the domain size in the streamwise, spanwise, and wall-normal directions, respectively. Δx" and Δy" are the uniform grid spacing in the streamwise and spanwise
directions, respectively;Δz"minandΔz"maxdenote the minimum andmaximumwall-normal grid spacing. The grid resolutions are normalized by the viscous length zτ at the location where
the turbulence statistics are gathered.Nf is the number of fields used to accumulate statistics, andTf is the time spanned by those fields. The values of δi, zτ,uτ, and δ for each case are listed
in Tables 1 and 2. δi corresponds to that of Box 1 in case M14Tw018.
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Subscripts

i = inflow station for the domain of direct numerical
simulations

rms = root mean square
TL = variable associatedwith the transformation of Trettel and

Larsson
VD = variable associated with Van Driest transformation
w = wall variables
∞ = freestream variables
0 = stagnation quantities

Superscripts

! = variable in inner wall units, "⋅#! ≡ "⋅#∕zτ
$ = variable in semilocal units, "⋅#$ ≡ "⋅#∕z$τ
"⋅# = standard (Reynolds) averaged variable
f"⋅# = density-weighted (Favre) averaged variable,

f"⋅# ≡ ρ"⋅#∕!ρ
"⋅# 0 = fluctuations around standard averages
"⋅# 0 0 = fluctuations around Favre averages

I. Introduction

T HE knowledge of turbulent boundary layers at high Mach
numbers is important to the design of high-speed vehicles, as

turbulent boundary layers determine the aerodynamic drag and heat
transfer. One of the most important foundations for our understanding
of high-speed turbulence is Morkovin’s hypothesis, which postulates
that high-speed turbulence structure in zero pressure-gradient turbulent
boundary layers remains largely the same as its incompressible
counterpart [1]. An important consequence of Morkovin’s hypothesis
is the so-called “compressibility transformations” that transform the
meanvelocity andReynolds stress profiles in a compressible boundary
layer to equivalent incompressible profiles by accounting for mean
property variations across the thickness of the boundary layer. A
classic example of such transformations is the density-weighted
velocity scaling ofVanDriest [2].Another consequence ofMorkovin’s
hypothesis is the analogy between the temperature and velocity fields
that leads to velocity-temperature relations such as the classical Walz
formula [3] and the strong Reynolds numbers analogy (SRA) [4–6]. In
addition to the classical VanDriest transformation and the SRA,which
have been verified largely for supersonic turbulent boundary layers
(M∞ < 5) with an adiabatic wall, new mean velocity and velocity-
temperature scaling relations have recently been proposed to explicitly
account for a finite wall heat flux [7–9]. For example, Patel et al. [10]
proposed a semilocal Reynolds number Re$τ for comparing wall
turbulence statistics among cases with substantially different mean
density and viscosity profiles. Trettel and Larsson [7] recently
provided an extension to the Van Driest transformation for
compressible wall turbulence with heat transfer by deriving a novel
velocity transformation based on arguments about log-layer scaling
and near-wall momentum conservation. Zhang et al. [8] generalized
the temperature-velocity relation of Walz and Huang’s SRA to
explicitly account for a finite wall heat flux. These new scaling
relations have been shown to yield much improved collapse of the
supersonic data to the incompressible case when there is a strong heat
transfer at the surface [11]. The success of the compressibility
transformations and the SRA may suggest that there exist few, if any,
dynamic differences due toMach number, as postulated byMorkovin,
at least for wall turbulence at moderate Mach numbers (M∞ < 5).
At hypersonic speeds (M∞ > 5), the validity of Morkovin’s

hypothesis may come into question because of the increasing density
and pressure fluctuations at high Mach numbers. Turbulent
fluctuations can even become locally supersonic relative to the
surrounding flow, creating the so-called eddy shocklets that could
significantly modify the dynamics of the flow. However, the Mach
number at which Morkovin’s hypothesis would lose significant
accuracy remains largely undetermined. There are still limited
measurements at hypersonic speeds that are detailed and accurate
enough for testing the validity of Morkovin’s hypothesis.

Experimental investigations of hypersonic turbulent boundary layers
have been conducted historically with hot-wire anemometry (see, for
example, the reviewbyRoy andBlottner [12]). A recent investigation
by Williams et al. [13] showed that much of the historical hot-wire
measurements of turbulence statistics suffered from poor frequency
response and/or spatial resolution. Hot-wire anemometry may also
suffer from uncertainties associated with the mixed-mode sensitivity
of the hotwires, given that the hotwiremeasures a combination of the
fluctuating mass flux and the fluctuating total temperature [14]. In
addition to hot-wire anemometry, direct measurements of spatially
varying velocity fields of high-speed turbulent boundary layers have
been attempted using particle image velocimetry (PIV) [13,15–17].
Among the existing PIV measurements, the measurement by
Williams et al. [13] in a Mach 7.5 flat-plate turbulent boundary layer
is the only PIV measurement conducted at a Mach number above 5.
Although the existing PIV results provided direct experimental
evidence for the validity of Morkovin scaling for the streamwise
velocity at Mach numbers as high as 7.5, accurate measurements
were not yet acquired for the wall-normal component of the velocity
or theReynolds stress. The existing PIVdata exhibited reduced levels
of the wall-normal component of the velocity in comparison with the
predictions based on theMorkovin scaling, and the deviation became
larger with increasing Mach number. As noticed by Williams et al.
[13], the loss in accuracy is largely due to particle response
limitations that result in significantly reduced levels of wall-normal
velocity fluctuations.
Complementary to experiments, direct numerical simulations

(DNS) of high-speed turbulent boundary layers have been conducted
to overcome the experimental difficulties and provide access to three-
dimensional turbulence statistics. Although several DNS have been
conducted for studying Morkovin’s scaling in turbulent boundary
layers with moderate freestream Mach number (M < 5) [7,8,11,
18–22], there is little DNS data for turbulent boundary layers in the
high-Mach-number regime [12]. Martín [23,24] made a pioneering
effort toward characterizing boundary-layer turbulence in the
hypersonic regime by developing a temporal DNS database of
canonical zero-pressure-gradient, flat-plate turbulent boundary
layers up to Mach 8 with varying wall temperatures. Duan et al.
[25–27] extended the datasets of Martín [23] to even higher Mach
numbers (up to Mach 12) with cold wall and high enthalpy and
conducted a systematic study of wall turbulence and its dependence
on freestream Mach number, wall cooling, and high enthalpy.
Additional DNS studies of hypersonic turbulent boundary layers in
the literature include that by Lagha et al. [28] up to Mach 20 with an
adiabatic wall (Tw∕Tr % 1.0) and that by Priebe andMartín at Mach
7.2 [29] with Tw∕Tr % 0.53. Except for thework byDuan et al. [26],
who systematically studied the effect of wall cooling on boundary-
layer turbulence at Mach 5, most of the previous DNS at high Mach
number simulated a turbulent boundary layer over a hypothetically
adiabatic wall. The new scaling relations of Refs. [7–9] that explicitly
account for finite wall heat flux have not yet been systematically
assessed under high Mach number, cold-wall conditions.
As far as the modeling of high-speed turbulence is concerned, the

most common classes of compressibility correction for Reynolds-
averaged Navier–Stokes (RANS) turbulence models were developed
for improving predictions of free-shear layers or jets. As such, these
corrections are often unacceptable for attached boundary-layer flows.
However, practical experiences indicate that the need for correction
in hypersonic boundary layers becomes increasingly evident asMach
number increases, particularly for cold walls [30,31]. In particular,
Rumsey [31] recently investigated the performance of many of the
compressibility corrections described in the literature for k − ω
turbulence models in hypersonic boundary-layer applications. He
found that the dilatation-dissipation correction designed by Zeman
[30] works reasonably well for predicting turbulent skin friction at
high-Mach-number, cold wall conditions. As concluded by Rumsey,
the effects of dilatation-dissipation and pressure-dilation on
turbulence models are still not clear for high-Mach-number, cold
wall cases, and there is a need for improved understanding and better
physical modeling for turbulence models applied to hypersonic
boundary layers.
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van-Driest (VD) velocity scaling

Subscripts

i = inflow station for the domain of direct numerical
simulations

rms = root mean square
TL = variable associatedwith the transformation of Trettel and

Larsson
VD = variable associated with Van Driest transformation
w = wall variables
∞ = freestream variables
0 = stagnation quantities

Superscripts

! = variable in inner wall units, "⋅#! ≡ "⋅#∕zτ
$ = variable in semilocal units, "⋅#$ ≡ "⋅#∕z$τ
"⋅# = standard (Reynolds) averaged variable
f"⋅# = density-weighted (Favre) averaged variable,

f"⋅# ≡ ρ"⋅#∕!ρ
"⋅# 0 = fluctuations around standard averages
"⋅# 0 0 = fluctuations around Favre averages

I. Introduction

T HE knowledge of turbulent boundary layers at high Mach
numbers is important to the design of high-speed vehicles, as

turbulent boundary layers determine the aerodynamic drag and heat
transfer. One of the most important foundations for our understanding
of high-speed turbulence is Morkovin’s hypothesis, which postulates
that high-speed turbulence structure in zero pressure-gradient turbulent
boundary layers remains largely the same as its incompressible
counterpart [1]. An important consequence of Morkovin’s hypothesis
is the so-called “compressibility transformations” that transform the
meanvelocity andReynolds stress profiles in a compressible boundary
layer to equivalent incompressible profiles by accounting for mean
property variations across the thickness of the boundary layer. A
classic example of such transformations is the density-weighted
velocity scaling ofVanDriest [2].Another consequence ofMorkovin’s
hypothesis is the analogy between the temperature and velocity fields
that leads to velocity-temperature relations such as the classical Walz
formula [3] and the strong Reynolds numbers analogy (SRA) [4–6]. In
addition to the classical VanDriest transformation and the SRA,which
have been verified largely for supersonic turbulent boundary layers
(M∞ < 5) with an adiabatic wall, new mean velocity and velocity-
temperature scaling relations have recently been proposed to explicitly
account for a finite wall heat flux [7–9]. For example, Patel et al. [10]
proposed a semilocal Reynolds number Re$τ for comparing wall
turbulence statistics among cases with substantially different mean
density and viscosity profiles. Trettel and Larsson [7] recently
provided an extension to the Van Driest transformation for
compressible wall turbulence with heat transfer by deriving a novel
velocity transformation based on arguments about log-layer scaling
and near-wall momentum conservation. Zhang et al. [8] generalized
the temperature-velocity relation of Walz and Huang’s SRA to
explicitly account for a finite wall heat flux. These new scaling
relations have been shown to yield much improved collapse of the
supersonic data to the incompressible case when there is a strong heat
transfer at the surface [11]. The success of the compressibility
transformations and the SRA may suggest that there exist few, if any,
dynamic differences due toMach number, as postulated byMorkovin,
at least for wall turbulence at moderate Mach numbers (M∞ < 5).
At hypersonic speeds (M∞ > 5), the validity of Morkovin’s

hypothesis may come into question because of the increasing density
and pressure fluctuations at high Mach numbers. Turbulent
fluctuations can even become locally supersonic relative to the
surrounding flow, creating the so-called eddy shocklets that could
significantly modify the dynamics of the flow. However, the Mach
number at which Morkovin’s hypothesis would lose significant
accuracy remains largely undetermined. There are still limited
measurements at hypersonic speeds that are detailed and accurate
enough for testing the validity of Morkovin’s hypothesis.

Experimental investigations of hypersonic turbulent boundary layers
have been conducted historically with hot-wire anemometry (see, for
example, the reviewbyRoy andBlottner [12]). A recent investigation
by Williams et al. [13] showed that much of the historical hot-wire
measurements of turbulence statistics suffered from poor frequency
response and/or spatial resolution. Hot-wire anemometry may also
suffer from uncertainties associated with the mixed-mode sensitivity
of the hotwires, given that the hotwiremeasures a combination of the
fluctuating mass flux and the fluctuating total temperature [14]. In
addition to hot-wire anemometry, direct measurements of spatially
varying velocity fields of high-speed turbulent boundary layers have
been attempted using particle image velocimetry (PIV) [13,15–17].
Among the existing PIV measurements, the measurement by
Williams et al. [13] in a Mach 7.5 flat-plate turbulent boundary layer
is the only PIV measurement conducted at a Mach number above 5.
Although the existing PIV results provided direct experimental
evidence for the validity of Morkovin scaling for the streamwise
velocity at Mach numbers as high as 7.5, accurate measurements
were not yet acquired for the wall-normal component of the velocity
or theReynolds stress. The existing PIVdata exhibited reduced levels
of the wall-normal component of the velocity in comparison with the
predictions based on theMorkovin scaling, and the deviation became
larger with increasing Mach number. As noticed by Williams et al.
[13], the loss in accuracy is largely due to particle response
limitations that result in significantly reduced levels of wall-normal
velocity fluctuations.
Complementary to experiments, direct numerical simulations

(DNS) of high-speed turbulent boundary layers have been conducted
to overcome the experimental difficulties and provide access to three-
dimensional turbulence statistics. Although several DNS have been
conducted for studying Morkovin’s scaling in turbulent boundary
layers with moderate freestream Mach number (M < 5) [7,8,11,
18–22], there is little DNS data for turbulent boundary layers in the
high-Mach-number regime [12]. Martín [23,24] made a pioneering
effort toward characterizing boundary-layer turbulence in the
hypersonic regime by developing a temporal DNS database of
canonical zero-pressure-gradient, flat-plate turbulent boundary
layers up to Mach 8 with varying wall temperatures. Duan et al.
[25–27] extended the datasets of Martín [23] to even higher Mach
numbers (up to Mach 12) with cold wall and high enthalpy and
conducted a systematic study of wall turbulence and its dependence
on freestream Mach number, wall cooling, and high enthalpy.
Additional DNS studies of hypersonic turbulent boundary layers in
the literature include that by Lagha et al. [28] up to Mach 20 with an
adiabatic wall (Tw∕Tr % 1.0) and that by Priebe andMartín at Mach
7.2 [29] with Tw∕Tr % 0.53. Except for thework byDuan et al. [26],
who systematically studied the effect of wall cooling on boundary-
layer turbulence at Mach 5, most of the previous DNS at high Mach
number simulated a turbulent boundary layer over a hypothetically
adiabatic wall. The new scaling relations of Refs. [7–9] that explicitly
account for finite wall heat flux have not yet been systematically
assessed under high Mach number, cold-wall conditions.
As far as the modeling of high-speed turbulence is concerned, the

most common classes of compressibility correction for Reynolds-
averaged Navier–Stokes (RANS) turbulence models were developed
for improving predictions of free-shear layers or jets. As such, these
corrections are often unacceptable for attached boundary-layer flows.
However, practical experiences indicate that the need for correction
in hypersonic boundary layers becomes increasingly evident asMach
number increases, particularly for cold walls [30,31]. In particular,
Rumsey [31] recently investigated the performance of many of the
compressibility corrections described in the literature for k − ω
turbulence models in hypersonic boundary-layer applications. He
found that the dilatation-dissipation correction designed by Zeman
[30] works reasonably well for predicting turbulent skin friction at
high-Mach-number, cold wall conditions. As concluded by Rumsey,
the effects of dilatation-dissipation and pressure-dilation on
turbulence models are still not clear for high-Mach-number, cold
wall cases, and there is a need for improved understanding and better
physical modeling for turbulence models applied to hypersonic
boundary layers.
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cooling rate −Bq. A similar trend was reported in previous studies of
Refs. [11,26,34,38,46]. The log-layer intercept CVD slightly
increases with wall-cooling rate and Reynolds number, although
the change seems to be less rapid in comparison with the results for
compressible channel flows with cooled walls [7,47,48] and a
turbulent boundary layer atMach 4.5 [18].Here, we use the semilocal
Reynolds number Re!τ as a characteristic Reynolds number for
comparing CVD among the different DNS cases, since Re!τ is known
from Patel et al. [10] to be the governing parameter for wall
turbulence statistics with different mean density and viscosity
profiles, at least for wall turbulence at lower Mach numbers.
An alternative transformation of mean velocity was proposed by

Trettel and Larsson [7] for compressible wall turbulence with cold
walls, based on arguments about log-layer scaling and near-wall
momentum conservation. The velocity scaling is defined as

u"TL #
Z

u"

0

!
!ρ
ρw

"
1 ∕2#

1 " 1

2

1

!ρ
d!ρ
dz

z −
1

!μ
d!μ
dz

z

$
du" (2)

Figure 3 shows a much improved collapse within the viscous
sublayer region of the computational datasets when the modified
velocity u"TL is used for comparison. Furthermore, the sublayer
slope STL of the transformed velocity is nearly constant at different
wall-cooling rates. The collapse of u"TL in the viscous sublayer is not
unexpected, because the velocity transformation of Trettel and
Larsson [7] is designed to satisfy the stress-balance condition within
the entire inner layer, including the viscous sublayer. In the log
region, however, the log-law intercept CTL of the transformed
velocity u"TL shows a similar scatter as that of the Van Driest
transformed velocity at different wall-cooling rates and Reynolds
numbers, and the value of CTL for boundary layers is consistently
larger than that for channel flows. The difference in the log-law
intercept between boundary layers and channels may suggest an
influence of the “wake” component on the log region for boundary

layers. The lack of collapse in CTL for boundary layers may also be
due to the discrepancy in the characteristic Reynolds number Re!τ
among the boundary-layer DNS cases or a lack of an extended
log-law region for the existing boundary-layer datasets, making it
difficult to accurately probe the log-law region. Although not shown
here, a different meanvelocity transformation proposed by Patel et al.
[9] based on Re!τ gives very similar results as that of Trettel and
Larsson [7].
Figure 4 plots thewall-normal profiles of the turbulence intensities

and theReynolds shear stress. In general, an apparently good collapse
of the data across a wide range of Mach numbers is achieved via
Morkovin’s scaling [4], consistent with the experimental and
computational observations of Refs. [13,17,25,26] at lower Mach
numbers and/or without strong wall cooling. The wall-normal
component of turbulence intensity and the Reynolds stress measured
by PIV [13] exhibit reduced magnitude than those predicted by the
various DNS at highMach number. Such a reduction in magnitude is
typical of particle-based velocimetry studies of supersonic flows
[13]. Figures 5 and 6 further show that the peak locations of
turbulence intensities and the Reynolds shear stress in the classical
inner scaling (z" ) shift away from the wall with increasing wall-
cooling rate. The semilocal scaling (z!) of Huang et al. [6] better
collapses the location of the near-wall peak of turbulence intensities
and the Reynolds shear stress. There is an apparent increase in the
peak value of the Morkovin transformed streamwise turbulence
intensity u 0

rms∕u! as the freestreamMach number increases, which is
consistent with the DNS of turbulent channel flows at bulk Mach
numbers of 1.5 and 3 by Modesti and Pirozzoli [11]. A similar
increase in the near-wall peak value with increasing Mach number is
not observed for the spanwise and wall-normal turbulence intensities
or for theReynolds shear stress. Away from thewall in the outer layer,
the semilocal scaling appears to exaggerate the discrepancy among
the different cases, while the outer scaling (z∕δ) would better collapse
the data as suggested in Fig. 4.

Fig. 2 Effect of applying the Van Driest transformation to the mean velocity profile. a) Velocity profile u!VD; b) viscous sublayer slope SVD; c) log-law
intercept CVD as functions of the wall-cooling rate −Bq; d) Reynolds number effects in the log-law intercept CVD.
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Trettel-Larsson (TL) velocity scaling

DNS of ZPG Cold-Wall Hypersonic TBLs
Mean Velocity Scaling
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Ø The semilocal scaling (𝑧∗ = 𝑧/𝑧"∗) better collapses the turbulence intensities than 
the classic viscous length (z# = z/z" = 𝑧/(𝜈$/𝑢"))

DNS of ZPG Cold-Wall Hypersonic TBLs
Turbulent Intensity and Reynolds Stress



15
Ø The semilocal scaling successfully collapses TKE budget terms among the 

various cases with different Mach number and Reynolds number conditions

Subscripts

i = inflow station for the domain of direct numerical
simulations

rms = root mean square
TL = variable associatedwith the transformation of Trettel and

Larsson
VD = variable associated with Van Driest transformation
w = wall variables
∞ = freestream variables
0 = stagnation quantities

Superscripts

! = variable in inner wall units, "⋅#! ≡ "⋅#∕zτ
$ = variable in semilocal units, "⋅#$ ≡ "⋅#∕z$τ
"⋅# = standard (Reynolds) averaged variable
f"⋅# = density-weighted (Favre) averaged variable,

f"⋅# ≡ ρ"⋅#∕!ρ
"⋅# 0 = fluctuations around standard averages
"⋅# 0 0 = fluctuations around Favre averages

I. Introduction

T HE knowledge of turbulent boundary layers at high Mach
numbers is important to the design of high-speed vehicles, as

turbulent boundary layers determine the aerodynamic drag and heat
transfer. One of the most important foundations for our understanding
of high-speed turbulence is Morkovin’s hypothesis, which postulates
that high-speed turbulence structure in zero pressure-gradient turbulent
boundary layers remains largely the same as its incompressible
counterpart [1]. An important consequence of Morkovin’s hypothesis
is the so-called “compressibility transformations” that transform the
meanvelocity andReynolds stress profiles in a compressible boundary
layer to equivalent incompressible profiles by accounting for mean
property variations across the thickness of the boundary layer. A
classic example of such transformations is the density-weighted
velocity scaling ofVanDriest [2].Another consequence ofMorkovin’s
hypothesis is the analogy between the temperature and velocity fields
that leads to velocity-temperature relations such as the classical Walz
formula [3] and the strong Reynolds numbers analogy (SRA) [4–6]. In
addition to the classical VanDriest transformation and the SRA,which
have been verified largely for supersonic turbulent boundary layers
(M∞ < 5) with an adiabatic wall, new mean velocity and velocity-
temperature scaling relations have recently been proposed to explicitly
account for a finite wall heat flux [7–9]. For example, Patel et al. [10]
proposed a semilocal Reynolds number Re$τ for comparing wall
turbulence statistics among cases with substantially different mean
density and viscosity profiles. Trettel and Larsson [7] recently
provided an extension to the Van Driest transformation for
compressible wall turbulence with heat transfer by deriving a novel
velocity transformation based on arguments about log-layer scaling
and near-wall momentum conservation. Zhang et al. [8] generalized
the temperature-velocity relation of Walz and Huang’s SRA to
explicitly account for a finite wall heat flux. These new scaling
relations have been shown to yield much improved collapse of the
supersonic data to the incompressible case when there is a strong heat
transfer at the surface [11]. The success of the compressibility
transformations and the SRA may suggest that there exist few, if any,
dynamic differences due toMach number, as postulated byMorkovin,
at least for wall turbulence at moderate Mach numbers (M∞ < 5).
At hypersonic speeds (M∞ > 5), the validity of Morkovin’s

hypothesis may come into question because of the increasing density
and pressure fluctuations at high Mach numbers. Turbulent
fluctuations can even become locally supersonic relative to the
surrounding flow, creating the so-called eddy shocklets that could
significantly modify the dynamics of the flow. However, the Mach
number at which Morkovin’s hypothesis would lose significant
accuracy remains largely undetermined. There are still limited
measurements at hypersonic speeds that are detailed and accurate
enough for testing the validity of Morkovin’s hypothesis.

Experimental investigations of hypersonic turbulent boundary layers
have been conducted historically with hot-wire anemometry (see, for
example, the reviewbyRoy andBlottner [12]). A recent investigation
by Williams et al. [13] showed that much of the historical hot-wire
measurements of turbulence statistics suffered from poor frequency
response and/or spatial resolution. Hot-wire anemometry may also
suffer from uncertainties associated with the mixed-mode sensitivity
of the hotwires, given that the hotwiremeasures a combination of the
fluctuating mass flux and the fluctuating total temperature [14]. In
addition to hot-wire anemometry, direct measurements of spatially
varying velocity fields of high-speed turbulent boundary layers have
been attempted using particle image velocimetry (PIV) [13,15–17].
Among the existing PIV measurements, the measurement by
Williams et al. [13] in a Mach 7.5 flat-plate turbulent boundary layer
is the only PIV measurement conducted at a Mach number above 5.
Although the existing PIV results provided direct experimental
evidence for the validity of Morkovin scaling for the streamwise
velocity at Mach numbers as high as 7.5, accurate measurements
were not yet acquired for the wall-normal component of the velocity
or theReynolds stress. The existing PIVdata exhibited reduced levels
of the wall-normal component of the velocity in comparison with the
predictions based on theMorkovin scaling, and the deviation became
larger with increasing Mach number. As noticed by Williams et al.
[13], the loss in accuracy is largely due to particle response
limitations that result in significantly reduced levels of wall-normal
velocity fluctuations.
Complementary to experiments, direct numerical simulations

(DNS) of high-speed turbulent boundary layers have been conducted
to overcome the experimental difficulties and provide access to three-
dimensional turbulence statistics. Although several DNS have been
conducted for studying Morkovin’s scaling in turbulent boundary
layers with moderate freestream Mach number (M < 5) [7,8,11,
18–22], there is little DNS data for turbulent boundary layers in the
high-Mach-number regime [12]. Martín [23,24] made a pioneering
effort toward characterizing boundary-layer turbulence in the
hypersonic regime by developing a temporal DNS database of
canonical zero-pressure-gradient, flat-plate turbulent boundary
layers up to Mach 8 with varying wall temperatures. Duan et al.
[25–27] extended the datasets of Martín [23] to even higher Mach
numbers (up to Mach 12) with cold wall and high enthalpy and
conducted a systematic study of wall turbulence and its dependence
on freestream Mach number, wall cooling, and high enthalpy.
Additional DNS studies of hypersonic turbulent boundary layers in
the literature include that by Lagha et al. [28] up to Mach 20 with an
adiabatic wall (Tw∕Tr % 1.0) and that by Priebe andMartín at Mach
7.2 [29] with Tw∕Tr % 0.53. Except for thework byDuan et al. [26],
who systematically studied the effect of wall cooling on boundary-
layer turbulence at Mach 5, most of the previous DNS at high Mach
number simulated a turbulent boundary layer over a hypothetically
adiabatic wall. The new scaling relations of Refs. [7–9] that explicitly
account for finite wall heat flux have not yet been systematically
assessed under high Mach number, cold-wall conditions.
As far as the modeling of high-speed turbulence is concerned, the

most common classes of compressibility correction for Reynolds-
averaged Navier–Stokes (RANS) turbulence models were developed
for improving predictions of free-shear layers or jets. As such, these
corrections are often unacceptable for attached boundary-layer flows.
However, practical experiences indicate that the need for correction
in hypersonic boundary layers becomes increasingly evident asMach
number increases, particularly for cold walls [30,31]. In particular,
Rumsey [31] recently investigated the performance of many of the
compressibility corrections described in the literature for k − ω
turbulence models in hypersonic boundary-layer applications. He
found that the dilatation-dissipation correction designed by Zeman
[30] works reasonably well for predicting turbulent skin friction at
high-Mach-number, cold wall conditions. As concluded by Rumsey,
the effects of dilatation-dissipation and pressure-dilation on
turbulence models are still not clear for high-Mach-number, cold
wall cases, and there is a need for improved understanding and better
physical modeling for turbulence models applied to hypersonic
boundary layers.

4298 ZHANG, DUAN, AND CHOUDHARI

D
ow

nl
oa

de
d 

by
 1

07
.7

7.
20

9.
21

1 
on

 N
ov

em
be

r 9
, 2

01
8 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I: 
10

.2
51

4/
1.

J0
57

29
6 

Figures 10a and 10b plot the simulation results of the wall-normal
variation of the fluctuatingMach numberM 0

rms, with thewall-normal
distance nondimensionalized by wall units and semilocal units,
respectively. The fluctuating Mach number increases dramatically
with the freestream Mach number, and such an increase cannot be
accounted for with the semilocal scaling. AtMach 7.87 and 13.64, the
fluctuating Mach number develops a strong peak with a peak value
greater than one toward the edge of the boundary layer. As a result,
the turbulent fluctuations become locally supersonic relative to the
surrounding flow, likely creating local shocklets that may be the
source of significant dilatational dissipation and entropy production.
Figures 11a and 11b further show that the peak of M 0

rms at the
boundary-layer edge is associated with the strong local fluctuations of
density and temperature. The sharp gradients of the density and
temperature at the boundary-layer edge may be connected with the
turbulent-nonturbulent interface or the edge of the turbulent bulges
as illustrated in Fig. 12. Unlike the r.m.s. profiles of density and
temperature from Figs. 11a and 11b, the profile of r.m.s. pressure
fluctuations (Fig. 11c) does not exhibit a strong peak near the edge of
the boundary layer. The different behavior of the density and
temperature fluctuations in comparison with the pressure fluctuations
as well as the similarity in the density and temperature magnitudes
near the edge of the boundary layer may be indicative of the local
importance of the entropic mode. Indeed, as shown by Fig. 11d, the
entropy fluctuation profile exhibits a local peak near the boundary-
layer edge, similar to that of density and temperature fluctuations. The
peak in entropy may be the result of enhanced heat conduction due to
rapid variation in unsteady temperature profile that acts as a strong
local source of entropy spots. The entropy fluctuations decay rapidly
outside the boundary layer. For z∕δ ≥ 1.6 , the acoustic mode becomes
dominant due to “eddy-Mach-wave” radiation from the boundary layer
[53]. The acoustic radiation increases significantly with increasing
freestream Mach number as reported in Refs. [32–34].

C. Reynolds Stress Anisotropy

Figure 13 plots the Reynolds stress anisotropy for the various
Mach number cases. The anisotropy tensor is defined as

bij !
ρu 0 0

i u
0 0
j

2ρk
−
1

3
δij (4)

The semilocal scaling is successful in collapsing the near-wall
peak locations of the normal and shear stress anisotropies among the
DNS cases. Of the three normal components of anisotropy, the
streamwise component b11 increases with increasing Mach number
and wall cooling for z" ≥ 10 , whereas the opposite is seen for the
spanwise component b22. As discussed by Patel et al. [9,10] and
Duan et al. [26], the increase in b11 with increasingMach number and
wall-cooling rate may indicate a decrease in the redistribution of
turbulent energy from the streamwise direction to the other two
directions when the Mach number and wall-cooling rate increase.
The decreased redistribution of turbulent energy is also consistent
with the increased peak value of u 0

rms∕u" (Fig. 5b) when the Mach
number and wall cooling rate are increased.
Compared with b11 and b22, the wall-normal component of the

normal stress anisotropy, b33, and the Reynolds shear stress
anisotropy, b13, are less sensitive to Mach number and wall-cooling
conditions, with the influence of Mach number and wall cooling
limited to z" ≲ 10 .

D. Turbulent Kinetic Energy Budget

The turbulent kinetic energy (TKE) for a compressible boundary
layer is given by

D#!ρ ~k$
Dt

! P % TT % Π − ϕ % D % ST (5)

Fig. 10 Wall-normal distribution of fluctuating Mach number for various Mach number cases, with the wall-normal distance nondimensionalized by
a) wall units and b) semilocal units.

Fig. 9 a) Turbulent Prandtl number and b) Huang’s modified SRA as a function of wall-normal distance.
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with

P ! −ρu 0 0
i u

0 0
k

∂eui
∂xk

TT ! −
∂
∂xk

!
1

2
ρu 0 0

i u
0 0
i u

0 0
k

"

Π ! Πt " Πd ! −
∂
∂xi

#p 0u 0 0
i $ " p 0 ∂u

0 0
i

∂xi

ϕ ! τ0ik
∂u 0 0

i

∂xk

D ! ∂
∂xk

#τ0 0iku 0 0
i $

ST ! u 0 0
i

!
∂!τik
∂xk

−
∂ !p
∂xi

"
− !ρ ~k

∂ ~uk
∂xk

(6)

where P is the production term, TT is the turbulent transport term,Π
is the pressure term (pressure diffusion and pressure dilatation),−ϕ is

viscous dissipation per unit volume, D is viscous diffusion, and ST
represents additional terms that arise when density is not constant.
Figure 14 plots the terms in the TKE budget, normalized by the

conventional inner scaling (Fig. 14a) and the “semilocal” scaling
(Fig. 14b). The additional terms arising due to density variation (ST)
have a negligible variation comparedwith the other terms and are thus
excluded from the figure. Overall, the semilocal scaling yields a
significantly better collapse of the budget terms among the different
Mach number cases in comparison with the inner scaling. Such a
finding is consistent with the previous study by Duan et al. [25,26]
based on temporal DNS of turbulent boundary layers up to Mach 12.
Figure 15 further shows that the semilocal scaling largely collapses
the terms associated with turbulence production, turbulence
transport, pressure terms, and viscous diffusion and dissipation.
Notable differences among the different cases are confined to the
inner region with z%⪅5 . The production term shows a near-wall peak
in the buffer layer at z% ≈ 12 with a slight increase in the peak value as
theMach number increases. The collapse of the near-wall peak in the
buffer layer and the increase in the peak value withMach number are
consistent with those of the Morkovin-transformed streamwise
turbulence intensity u 0

rms∕u%.

Fig. 12 Visualization of a typical instantaneous flow field for caseM14Tw018 in a streamwisewall-normal (x–z) plane and a spanwisewall-normal (y–z)
plane. The contours are those of numerical schlieren, with density gradient contour levels selected to emphasize large-scalemotions of the boundary layer.
The location of the y–z plane is indicated by the vertical dashed line.

Fig. 11 Wall-normal distribution of the r.m.s. fluctuations of a) density, b) temperature, c) pressure, and d) entropy for various Mach number cases.
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where P is the production term, TT is the turbulent transport term,Π
is the pressure term (pressure diffusion and pressure dilatation),−ϕ is

viscous dissipation per unit volume, D is viscous diffusion, and ST
represents additional terms that arise when density is not constant.
Figure 14 plots the terms in the TKE budget, normalized by the

conventional inner scaling (Fig. 14a) and the “semilocal” scaling
(Fig. 14b). The additional terms arising due to density variation (ST)
have a negligible variation comparedwith the other terms and are thus
excluded from the figure. Overall, the semilocal scaling yields a
significantly better collapse of the budget terms among the different
Mach number cases in comparison with the inner scaling. Such a
finding is consistent with the previous study by Duan et al. [25,26]
based on temporal DNS of turbulent boundary layers up to Mach 12.
Figure 15 further shows that the semilocal scaling largely collapses
the terms associated with turbulence production, turbulence
transport, pressure terms, and viscous diffusion and dissipation.
Notable differences among the different cases are confined to the
inner region with z%⪅5 . The production term shows a near-wall peak
in the buffer layer at z% ≈ 12 with a slight increase in the peak value as
theMach number increases. The collapse of the near-wall peak in the
buffer layer and the increase in the peak value withMach number are
consistent with those of the Morkovin-transformed streamwise
turbulence intensity u 0

rms∕u%.

Fig. 12 Visualization of a typical instantaneous flow field for caseM14Tw018 in a streamwisewall-normal (x–z) plane and a spanwisewall-normal (y–z)
plane. The contours are those of numerical schlieren, with density gradient contour levels selected to emphasize large-scalemotions of the boundary layer.
The location of the y–z plane is indicated by the vertical dashed line.

Fig. 11 Wall-normal distribution of the r.m.s. fluctuations of a) density, b) temperature, c) pressure, and d) entropy for various Mach number cases.
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DNS of ZPG Cold-Wall Hypersonic TBLs
Turbulent Kinetic Energy (TKE) Budgets
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Ø Turbulent Prandtl number is approximately 0.9 in most of the boundary layer
Ø Constant Prt fails in the near-wall region

§ Large overshoot and sign change happen in the near wall region

Turbulent Prandtl number:

DNS of ZPG Cold-Wall Hypersonic TBLs
Turbulent Prandtl Number
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Ø DNS data is used to assess turbulent heat flux formulations for RANS 

§ Algebraic energy flux 
(AEF) formulation 
(Bowersox, JFM 2009)

§ Constant-Prt formulation 
(Wilcox 2006)
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Fig. 9 Turbulent Prandtl number as a function of wall-normal distance, with the wall-normal distance non-

dimensionalized by a) outer scaling and b) semilocal scaling. The dash horizontal line represents a constant

value of 0.9.

where P is the production term, TT is the turbulent transport term, ⇧ is the pressure term (pressure di�usion and
pressure dilatation), �� is the viscous dissipation per unit volume, D is the viscous di�usion, and ST are the additional
terms that arise with variable density. Figure 10 plots the profiles of the various terms from the TKE budget, to allow a
comparison among the di�erent DNS cases. In each case, the profiles are normalized via the ‘semilocal’ scaling. The
additional terms denoted by ST , which arise due to density variation, have negligible values in comparison with the other
terms and are thus excluded from the Figure. Consistent with the previous studies at high Mach numbers [8, 9, 12], the
semilocal scaling successfully collapses the terms associated with turbulence production, turbulence transport, pressure
terms, and viscous di�usion and dissipation among the di�erent Mach number and Reynolds number conditions. In
particular, the collapse of the near-wall peak of the production term in the bu�er layer is consistent with the earlier
finding for the Morkovin-transformed turbulence intensities (Figure 7c).

IV. RANS Simulation of Hypersonic Turbulent Boundary Layers

In this section, the performance of turbulent energy flux models is assessed at Mach 11 and 14 using the generated
DNS database. Specifically, both a priori and a posteriori studies are conducted to compare the performance of the
algebraic model by Bowersox [4] against that of the commonly used constant Prt model for predicting the turbulent
energy flux under high-Mach-number, cold-wall conditions.

A. Formulation of Turbulent Heat Flux Models

In this study, two di�erent formulations for modeling the turbulent heat flux term q
T
i = ⇢h

00u00
i in the compressible

Favre-averaged RANS equations are investigated, namely, the commonly used formulation corresponding to a constant
turbulent Prandtl number and an algebraic energy flux (AEF) model developed by Bowersox [4]. In the constant Prandtl
number model, the turbulent heat flux term is modeled as:

q
T
i = ⇢h

00u00
i ⇡ �

Cp eµt
Prt

@eT
@xi

(6)

where the turbulent Prandtl number Prt is assumed to be a constant throughout the flow, and is set equal to 0.9.
The algebraic model of Bowersox [4, 5] is based on a simplified form of the transport equation for the energy flux
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Fig. 10 TKE budget for Cases M11Tw020 and M14Tw018, nondimensionalized by semilocal units ⇢u
⇤3
⌧ /z

⇤
⌧ .

#Ti = ⇢e00u00
i , which is derived by taking moments between the energy and momentum conservation law equations. The

model, as described in Bowersox, is rewritten here, as follows

aik#
T
k = bi (7)

where
aik = �ik/⌧# + ⇣ik (8)

⇣ik = ũi,k + R/Cv

⇥
ũm,m�ik � 2⌧e ̃,k ⇢,i/⇢

⇤
(9)

bi = ⌧
T
ik  ̃,k . (10)

In the above expressions,  ̃,k = h̃,k � p,k/⇢. The required term in the conservation law set is heat flux, which is related
to the energy flux by the definition of the enthalpy as q

T
i = #

T
i + p0u00

i + pu
00
i . Within the current modeling approach, the

relaxation time ⌧# is taken as the average of the relaxation time-scales of the kinematic and thermal variance fluctuating
motions, which is further assumed to scale linearly with the velocity fluctuation time-scal ⌧u; that is,

⌧# ⇡ �⌧1⌧u . (11)

For zero-equation (e.g., Baldwin-Lomax) and one-equation models (e.g., Spalart-Allmaras), ⌧u is determined from the
mean velocity field, where for the present study, the Reynolds stresses are modeled using the algebraic model described
in Bowersox [4], with ⌧u = a1/(Cµdũ/dz).

The energy flux system was solved via Cramer’s Rule

#T1 det aik = b1a22a33 � ⇣32⇣23 � b2a33⇣12 � ⇣32⇣13 � b3a22⇣13 � ⇣12⇣23

#T2 det aik = b1⇣31⇣23 � a33⇣21 + b2a11a33 � ⇣13⇣31 � b3a11⇣23 � ⇣31⇣21 (12)
#T3 det aik = b1⇣21⇣32 � a22⇣31 � b2a11⇣32 � ⇣31⇣12 + b3a11a22 � ⇣21⇣12

where the determinant of aik was given by

det aik = a11a22a33 � ⇣23⇣32 � ⇣12a33⇣21 � ⇣31⇣23 � ⇣13a22⇣31 � ⇣21⇣32. (13)

A corollary model for the energy variance was derived as part of the above closure, and is given by

⇢e002 = (⇢e002)0 � 2⌧e#Tk  ̃,k . (14)
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The energy flux system was solved via Cramer’s Rule

#T1 det aik = b1a22a33 � ⇣32⇣23 � b2a33⇣12 � ⇣32⇣13 � b3a22⇣13 � ⇣12⇣23

#T2 det aik = b1⇣31⇣23 � a33⇣21 + b2a11a33 � ⇣13⇣31 � b3a11⇣23 � ⇣31⇣21 (12)
#T3 det aik = b1⇣21⇣32 � a22⇣31 � b2a11⇣32 � ⇣31⇣12 + b3a11a22 � ⇣21⇣12

where the determinant of aik was given by

det aik = a11a22a33 � ⇣23⇣32 � ⇣12a33⇣21 � ⇣31⇣23 � ⇣13a22⇣31 � ⇣21⇣32. (13)

A corollary model for the energy variance was derived as part of the above closure, and is given by

⇢e002 = (⇢e002)0 � 2⌧e#Tk  ̃,k . (14)

16

z*
0 20 40 60 80 100

-0.4

-0.2

0

0.2

0.4
M11Tw020 (Re

τ
=631)

M11Tw020 (Re
τ
=926)

M11Tw020 (Re
τ
=1138)

P

D

TT
Π

-Φ

(a)

z*
0 20 40 60 80 100

-0.4

-0.2

0

0.2

0.4
M11Tw020 (Re

τ
=631)

M14Tw018 (Re
τ
=633)

P

D

TT

Π

-Φ

(b)

Fig. 10 TKE budget for Cases M11Tw020 and M14Tw018, nondimensionalized by semilocal units ⇢u
⇤3
⌧ /z

⇤
⌧ .

#Ti = ⇢e00u00
i , which is derived by taking moments between the energy and momentum conservation law equations. The

model, as described in Bowersox, is rewritten here, as follows

aik#
T
k = bi (7)

where
aik = �ik/⌧# + ⇣ik (8)

⇣ik = ũi,k + R/Cv

⇥
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to the energy flux by the definition of the enthalpy as q

T
i = #

T
i + p0u00

i + pu
00
i . Within the current modeling approach, the

relaxation time ⌧# is taken as the average of the relaxation time-scales of the kinematic and thermal variance fluctuating
motions, which is further assumed to scale linearly with the velocity fluctuation time-scal ⌧u; that is,

⌧# ⇡ �⌧1⌧u . (11)

For zero-equation (e.g., Baldwin-Lomax) and one-equation models (e.g., Spalart-Allmaras), ⌧u is determined from the
mean velocity field, where for the present study, the Reynolds stresses are modeled using the algebraic model described
in Bowersox [4], with ⌧u = a1/(Cµdũ/dz).

The energy flux system was solved via Cramer’s Rule

#T1 det aik = b1a22a33 � ⇣32⇣23 � b2a33⇣12 � ⇣32⇣13 � b3a22⇣13 � ⇣12⇣23

#T2 det aik = b1⇣31⇣23 � a33⇣21 + b2a11a33 � ⇣13⇣31 � b3a11⇣23 � ⇣31⇣21 (12)
#T3 det aik = b1⇣21⇣32 � a22⇣31 � b2a11⇣32 � ⇣31⇣12 + b3a11a22 � ⇣21⇣12

where the determinant of aik was given by

det aik = a11a22a33 � ⇣23⇣32 � ⇣12a33⇣21 � ⇣31⇣23 � ⇣13a22⇣31 � ⇣21⇣32. (13)

A corollary model for the energy variance was derived as part of the above closure, and is given by

⇢e002 = (⇢e002)0 � 2⌧e#Tk  ̃,k . (14)
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Fig. 10 TKE budget for Cases M11Tw020 and M14Tw018, nondimensionalized by semilocal units ⇢u
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#Ti = ⇢e00u00
i , which is derived by taking moments between the energy and momentum conservation law equations. The

model, as described in Bowersox, is rewritten here, as follows

aik#
T
k = bi (7)

where
aik = �ik/⌧# + ⇣ik (8)

⇣ik = ũi,k + R/Cv

⇥
ũm,m�ik � 2⌧e ̃,k ⇢,i/⇢

⇤
(9)

bi = ⌧
T
ik  ̃,k . (10)

In the above expressions,  ̃,k = h̃,k � p,k/⇢. The required term in the conservation law set is heat flux, which is related
to the energy flux by the definition of the enthalpy as q

T
i = #

T
i + p0u00

i + pu
00
i . Within the current modeling approach, the

relaxation time ⌧# is taken as the average of the relaxation time-scales of the kinematic and thermal variance fluctuating
motions, which is further assumed to scale linearly with the velocity fluctuation time-scal ⌧u; that is,

⌧# ⇡ �⌧1⌧u . (11)

For zero-equation (e.g., Baldwin-Lomax) and one-equation models (e.g., Spalart-Allmaras), ⌧u is determined from the
mean velocity field, where for the present study, the Reynolds stresses are modeled using the algebraic model described
in Bowersox [4], with ⌧u = a1/(Cµdũ/dz).

The energy flux system was solved via Cramer’s Rule

#T1 det aik = b1a22a33 � ⇣32⇣23 � b2a33⇣12 � ⇣32⇣13 � b3a22⇣13 � ⇣12⇣23

#T2 det aik = b1⇣31⇣23 � a33⇣21 + b2a11a33 � ⇣13⇣31 � b3a11⇣23 � ⇣31⇣21 (12)
#T3 det aik = b1⇣21⇣32 � a22⇣31 � b2a11⇣32 � ⇣31⇣12 + b3a11a22 � ⇣21⇣12

where the determinant of aik was given by

det aik = a11a22a33 � ⇣23⇣32 � ⇣12a33⇣21 � ⇣31⇣23 � ⇣13a22⇣31 � ⇣21⇣32. (13)

A corollary model for the energy variance was derived as part of the above closure, and is given by

⇢e002 = (⇢e002)0 � 2⌧e#Tk  ̃,k . (14)
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Ø A priori assessment of turbulent heat flux formulations by using mean flow quantities 
and Reynolds stresses from the DNS showed that
§ The AEF formulation of Bowersox gives better predictions of the streamwise 

turbulent heat flux than the constant-Prt model
§ both models give similarly good predictions of the wall-normal turbulent heat flux
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Fig. 11 A priori assessment of turbulent heat flux formulations using inputs of mean flow quantities and

Reynolds stresses from the DNS.
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Streamwise turbulent heat flux
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Fig. 11 A priori assessment of turbulent heat flux formulations using inputs of mean flow quantities and

Reynolds stresses from the DNS.
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Ø A posteriori assessment by comparing DNS with RANS predictions based on two 
different turbulent heat flux formulations showed that
§ AEF formulation of Bowersox yields somewhat improved prediction of the 

temperature profiles while keeping a good prediction of the velocity field
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Fig. 12 A posteriori assessment of turbulent heat flux models: comparisons in (a, c) mean streamwise velocity

(b, d) Reynolds shear stress between DNS and RANS with di�erent turbulent heat flux models for Cases

M11Tw020 and M14Tw018.
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Fig. 13 A posteriori assessment of turbulent heat flux models: comparisons in mean temperature and temper-

ature fluctuations between DNS and RANS with di�erent turbulent heat flux models for Cases M11Tw020 and

M14Tw018.

number, cold wall conditions when it is extended to the RANS framework based on the standard one- or two-equation
models (e.g., Spalart-Allmaras and Menter’s SST).

Acknowledgments

Financial support for the work is being provided by the O�ce of Naval Research (under grant N00014-19-1-2501),
managed by Dr. Eric Marineau. Author M. Choudhari was supported by the NASA Hypersonic Technology Project.
Computational resources were provided by the DoD High Performance Computing Modernization Program and the
NSF PRAC program (NSF ACI-1640865). The views and conclusions contained herein are those of the authors and
should not be interpreted as necessarily representing the o�cial policies or endorsements, either expressed or implied,
of the funding agencies or the U.S. Government.

Appendix

In this section, the Van Driest II theory [30] for the skin friction coe�cient is introduced for comparing with that of
the DNS as shown in Table 4. The Van Driest II transformation [30] of the incompressible skin friction coe�cient Cf i

to the compressible form Cf ,VD is expressed as follows:

Cf ,VD =
1
Fc

Cf i (Re✓i) , Re✓i =
µ1
µw

Re✓ (17)

where Fc is defined as
Fc =

Tr/T1 � 1�
sin�1

A + sin�1
B
�2 (18)

and Tr is the recovery temperature with a recovery factor of r = 0.9. The coe�cients A and B are given according to
Rumsey [1]:

A =
2a

2 � b�
b2 + 4a2�1/2 , B =

b�
b2 + 4a2�1/2 (19)
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q DNS of flat-plate, zero-pressure-gradient (ZPG) turbulent boundary layers were 
presented for high Mach numbers (M∞ = 11, 14) and a highly cooled wall (Tw/Tr ~ 0.2) 

q Assessment of the DNS data was conducted by comparing runs with different inflow 
methods and by comparing DNS against experiments 
§ good comparisons between turbulent statistics with rescaling (RS) and digital-

filtering (DF) inflow methods after approximately 80𝛿i from the inflow
§ DNS showed good comparisons with those measured at CUBRC and those 

modeled with a Baldwin-Lomax model 

q DNS results confirmed the validity of Morkovin’s hypothesis for Mach numbers up to 
14 and frictional Reynolds numbers (Re𝜏) up to 1200

q A priori and a posteriori assessments of turbulent heat flux models using DNS data 
showed that
§ the algebraic energy flux (AEF) formulation gives better predictions of the 

streamwise turbulent heat flux than the constant-Prt model while both models 
give similarly good predictions of the wall-normal turbulent heat flux 

§ the AEF model improves the prediction of the temperature profiles while 
keeping a good prediction of the velocity field
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§ Cone geometry and flow conditions match those of 
Sandia HWT-8

• 7-deg half-angle cone, L = 0.517 m, D = 0.127 m, rn = 0.05 mm
• p0 = 4692 kPa, T0 = 617 K, Re  = 13.4 ×106/m

§ DNS domain consists of a section of the cone 
• DNS inflow extracted from a RANS with the full-cone geometry 
• Digital filtering method for generating inflow turbulence

 
American Institute of Aeronautics and Astronautics 

 
 

4 

  
 (a) (b) 
 
Figure 2. Wind tunnel model for pressure fluctuation measurements (a) Cone installed in Sandia Hypersonic 
Wind Tunnel; (b) Close up view of axial insert showing closely spaced pressure instrumentation. 
 
 
A separate cone was used to measure the response of a thin panel to flow excitation. A model was designed that can 
accept a thin panel at the aft end of the cone. The panel starts 0.428 m from the nosetip, is approximately 63.5 mm 
long, and encompasses 80 degrees of the cone circumference. The panel thickness is 1 mm, but there is a thicker 
frame around the outside edge of the panel to allow mounting into the cone and to provide a better ‘fixed’ boundary 
condition. Two panels were built: one of stainless steel and the other of carbon composite. The centers of the panels 
have mounting points to accept different weights made of either aluminum, steel, or tungsten. Each of these 
modifications will vary the structural natural frequencies of the panel. 
 
Two types of accelerometers were used to measure the panel response. A PCB356A03 miniature triaxial 
accelerometer was attached to the weight on the inside of the panel. When a weight was not installed, the 
accelerometer was instead glued to the weight mount point. Another triaxial accelerometer was mounted inside the 
cone base, as a reference for model vibrations. The PCB456A03 has a flat frequency response (±5%) to about 5 kHz 
along the x-axis and to 8 kHz along the y and z axes. On the panel itself, three uniaxial PCB352A73 sensors were 
used to measure the wall-normal panel acceleration. These sensors have a flat frequency response to 10 kHz (±5%) 
or to 25 kHz (±10%). Figure 3 shows the cone setup as well as accelerometers mounted on the inside of the panel. 
 
 

  
 
Figure 3. Wind tunnel model with integrated panel installed in Sandia Hypersonic Wind Tunnel. 
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7 A. Study of Inflow Position
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Fig. 29 Schematic of DNS and RANS domains in two dimensions
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A. Study of Inflow Position

(a)

(b)

Fig. 29 Schematic of DNS and RANS domains in two dimensions
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Δx+, (R∆ϴ)+w, Δrw

+, Δr∞
+ are evaluated using viscous length at x ≅ 0.396 m  

Case xrange (m) ϴ (deg) Nx X Nϴ X Nz ∆x+ (R∆ϴ)+w ∆r+w ∆r+e

Cone_x0p15 0.15 – 0.58 16.9 3840 x 160 x 200 5.2 4.6 0.45 4.4

Cone_x0p20 0.205 – 0.52 16.9 3072 x 160 x 200 5.2 4.7 0.44 4.5

DNS SPARC 0.0002 – 0.542 30.0 8600 x 460 x 700 3.93 2.69 0.35 0.59

DNS of Hypersonic Wind Tunnel Cone
Assessment of Inflow BC and Flow Solvers

q DNS with Sandia’s SPARC code
§ 2nd-order finite-volume code
§ Laminar-turbulent transition included 

• Turbulent BL generated by the laminar breakdown of second-mode waves
§ conducted with significantly larger domain & finer meshes than WENO DNS

q DNS with WENO code
§ 7th-order WENO method
§ Laminar-turbulent transition bypassed

• Inflow turbulence generated with digital-
filtering method

§ Two DNS runs performed to demonstrate 
insensitivity of the computed p’w to the inflow 
locations

(a)

(b) Cone_x0p15 (c) Cone_x0p20

Fig. 1 Computational domain and simulation setup for DNS of hypersonic flows over a cone, with the ax-

isymmetric cone geometry and the flow conditions of the DNS match those measured in Sandia HWT-8. The

instantaneous flow is shown by the isosurface of the magnitude of the density gradient. � is the boundary-layer

thickness at the reference sensor location x = 0.396 m.

5

Cone_x0p15

(a)

(b) Cone_x0p15 (c) Cone_x0p20

Fig. 1 Computational domain and simulation setup for DNS of hypersonic flows over a cone, with the ax-

isymmetric cone geometry and the flow conditions of the DNS match those measured in Sandia HWT-8. The

instantaneous flow is shown by the isosurface of the magnitude of the density gradient. � is the boundary-layer

thickness at the reference sensor location x = 0.396 m.
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Cone_x0p20
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Ø Cf from the two WENO runs 
§ converges within 5% of each other after Ladjust ≅ 0.15 m

Ø Cf prediction with the SPARC code 
§ matches that of the laminar flow solution in the pre-transitional region
§ converges to the turbulent values in the downstream portion of the computational box

Ø WENO and SPARC runs converge (within 5%) to van Driest II Theory and the 
pre-cursor RANS simulation after initial transient

(a) (b)

Fig. 2 Comparison of the skin-friction coe�cient and the r.m.s. fluctuations of wall pressure among DNS with

di�erent computational domains and inflow boundary conditions. 10% error bars are added in the plot of the

r.m.s. fluctuations of wall pressure to gauge the discrepancy in predictions of the DNS.

(a) x = 0.396 m (b) x = 0.452 m

Fig. 3 Comparison of the PSD of wall-pressure fluctuations at x = 0.396 m and x = 0.452 m among DNS with

di�erent computational domains and inflow boundary conditions.

7

DNS of Hypersonic Wind Tunnel Cone
Assessment of Inflow BC and Flow Solvers



24

Ø p’rms/pw of WENO runs 
recovers from initial transient 
due to DF inflow after Ladjust ≅
0.15 m

Ø p’rms/pw prediction with the 
SPARC code shows a large 
initial peak due to the 
breakdown of second-mode 
waves

Ø p’rms/pw predicted by WENO 
and SPARC runs converge 
(within 10%) in the 
downstream portion of the 
computational box

(a) (b)

Fig. 2 Comparison of the skin-friction coe�cient and the r.m.s. fluctuations of wall pressure among DNS with

di�erent computational domains and inflow boundary conditions. 10% error bars are added in the plot of the

r.m.s. fluctuations of wall pressure to gauge the discrepancy in predictions of the DNS.

(a) x = 0.396 m (b) x = 0.452 m

Fig. 3 Comparison of the PSD of wall-pressure fluctuations at x = 0.396 m and x = 0.452 m among DNS with

di�erent computational domains and inflow boundary conditions.

7

DNS of Hypersonic Wind Tunnel Cone
Assessment of Inflow BC and Flow Solvers
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Ø PSD computed from wall-pressure DNS field with and without spatial averaging
§ “raw” DNS data without spatial averaging (d = 0)
§ spatially-averaged DNS data over a circular area of diameter (d = 0.98 mm)

Ø PSD of p’w predicted by WENO (with “Digital-Filtering” inflow) and SPRAC (with 
“BL transition” inflow) 
§ compared well in the downstream portion of the computational box
§ confirmed the achievement of a fully developed equilibrium state of a turbulent 

boundary layer in selected DNS domain from x ≅ 0.4 m

(a) (b)

Fig. 2 Comparison of the skin-friction coe�cient and the r.m.s. fluctuations of wall pressure among DNS with

di�erent computational domains and inflow boundary conditions. 10% error bars are added in the plot of the

r.m.s. fluctuations of wall pressure to gauge the discrepancy in predictions of the DNS.

(a) x = 0.396 m (b) x = 0.452 m

Fig. 3 Comparison of the PSD of wall-pressure fluctuations at x = 0.396 m and x = 0.452 m among DNS with

di�erent computational domains and inflow boundary conditions.

7

x = 0.396 m

(a) (b)

Fig. 2 Comparison of the skin-friction coe�cient and the r.m.s. fluctuations of wall pressure among DNS with

di�erent computational domains and inflow boundary conditions. 10% error bars are added in the plot of the

r.m.s. fluctuations of wall pressure to gauge the discrepancy in predictions of the DNS.

(a) x = 0.396 m (b) x = 0.452 m

Fig. 3 Comparison of the PSD of wall-pressure fluctuations at x = 0.396 m and x = 0.452 m among DNS with

di�erent computational domains and inflow boundary conditions.

7

x = 0.452 m

DNS of Hypersonic Wind Tunnel Cone
Assessment of DNS Data
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Ø Size of the PCB-132 transducer caused significant attenuation at high 
frequencies in the experimentally measured PSD 
§ Diameter d = 0.98 mm (or d = 0.0386 inches) is the sensing area of the PCB132 

transducer provided by PCB PIEZOTRONICS, Inc. (corresponding to d+ = 50)
§ Faster spectral roll-off of experimentally measured PSD at high frequencies than 

those of the DNS without spatial averaging (d = 0) 
§ Good comparison achieved between the experimentally measured PSD and the 

PSD computed from the spatially-averaged DNS data with d = 0.98 mm 

(a) x = 0.355 m (b) x = 0.376 m

(c) x = 0.396 m (d) x = 0.452 m

Fig. 5 Comparison in wall-pressure power spectral density (PSD) at multiple axial locations of the cone

between the experiment and the DNS with and without spatial averaging. The DNS data for d = 0 and d = 0.98
mm correspond to that without spatial averaging and that spatially averaged within a diameter of 0.98 mm,

respectively.

10

x = 0.396 m

(a) x = 0.355 m (b) x = 0.376 m

(c) x = 0.396 m (d) x = 0.452 m

Fig. 5 Comparison in wall-pressure power spectral density (PSD) at multiple axial locations of the cone

between the experiment and the DNS with and without spatial averaging. The DNS data for d = 0 and d = 0.98
mm correspond to that without spatial averaging and that spatially averaged within a diameter of 0.98 mm,

respectively.
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DNS of Hypersonic Wind Tunnel Cone
Comparison with Experiment



(a) x = 0.396 m (b) x = 0.452 m

Fig. 6 The dependence of r.m.s. wall pressure on spatial-averaging diameter d.

Table 3 Freestream and boundary-layer edge conditions for various flow configurations.

Case M1 Re ⇥ 106 (1/m) P0 (kPa) T0 (K) Me Ue (m/s) qe (kPa) Tw (K) Tw/Tr
Cone (x = 0.396 m) 7.91 13.4 4692.0 617 5.47 1046 30.7 298 0.54
Nozzle (x = 2.336 m) 8.07 12.2 4671.2 617 7.85 1087 19.5 298 0.54
FlatPlate 7.87 8.2 3511.5 693 6.39 1131 12.2 298 0.48

Table 4 Boundary layer properties at the reference station selected for statistical analysis for various flow

configurations.

Case Re✓ Re⌧ H ⌧w (Pa) u⌧ (m/s) z⌧ (µm) � (mm) �⇤ (mm) ✓ (mm)
Cone (x = 0.396 m) 1301 155 9.6 54.5 59.3 19.4 3.0 1.3 0.14
Nozzle (x = 2.336 m) 16102 627 12.5 12.8 49.9 69.5 43.6 18.2 1.45
FlatPlate 4825 418 12.2 13.1 54.2 73.6 30.8 14.5 1.18

Figures 11 and 12 show the e�ect of the separation distance on the streamwise and spanwise coherence of wall
pressure in terms of the non-dimensional frequency !�x/Uc and !�y/Uc , respectively. In the same figures, the Corcos
analytical approximation [25] is reported as well. According to Corcos, the coherence function is modeled as

�ab(�x,�y,!) = e�↵1! |�x |/Uc e�↵2! |�y |/Uc ei!�x/Uc (2)

where the parameters ↵1 and ↵2 quantify the loss of coherence along the streamwise and spanwise directions, respectively;
these parameters are selected by fitting the DNS data. Uc is the propagation speed calculated from the space-time
correlation of wall-pressure fluctuations. For all three configurations, the Corcos model delivers good prediction of wall
pressure coherence over intermediate and high frequencies but fails in the low-frequency range. A similar trend has
been reported in the literature for flat-plate supersonic turbulent boundary layers [26]. Table 5 compares streamwise and
spanwise decay constants of the cone, nozzle, and flat-plate configurations with those reported in the literature. The
values of the streamwise decay constant (↵1) at Mach 8 are similar to those reported by Di Marco et al. at Mach 2 to

11

(a) x = 0.396 m (b) x = 0.452 m

Fig. 6 The dependence of r.m.s. wall pressure on spatial-averaging diameter d.

Table 3 Freestream and boundary-layer edge conditions for various flow configurations.

Case M1 Re ⇥ 106 (1/m) P0 (kPa) T0 (K) Me Ue (m/s) qe (kPa) Tw (K) Tw/Tr
Cone (x = 0.396 m) 7.91 13.4 4692.0 617 5.47 1046 30.7 298 0.54
Nozzle (x = 2.336 m) 8.07 12.2 4671.2 617 7.85 1087 19.5 298 0.54
FlatPlate 7.87 8.2 3511.5 693 6.39 1131 12.2 298 0.48

Table 4 Boundary layer properties at the reference station selected for statistical analysis for various flow

configurations.

Case Re✓ Re⌧ H ⌧w (Pa) u⌧ (m/s) z⌧ (µm) � (mm) �⇤ (mm) ✓ (mm)
Cone (x = 0.396 m) 1301 155 9.6 54.5 59.3 19.4 3.0 1.3 0.14
Nozzle (x = 2.336 m) 16102 627 12.5 12.8 49.9 69.5 43.6 18.2 1.45
FlatPlate 4825 418 12.2 13.1 54.2 73.6 30.8 14.5 1.18

Figures 11 and 12 show the e�ect of the separation distance on the streamwise and spanwise coherence of wall
pressure in terms of the non-dimensional frequency !�x/Uc and !�y/Uc , respectively. In the same figures, the Corcos
analytical approximation [25] is reported as well. According to Corcos, the coherence function is modeled as

�ab(�x,�y,!) = e�↵1! |�x |/Uc e�↵2! |�y |/Uc ei!�x/Uc (2)

where the parameters ↵1 and ↵2 quantify the loss of coherence along the streamwise and spanwise directions, respectively;
these parameters are selected by fitting the DNS data. Uc is the propagation speed calculated from the space-time
correlation of wall-pressure fluctuations. For all three configurations, the Corcos model delivers good prediction of wall
pressure coherence over intermediate and high frequencies but fails in the low-frequency range. A similar trend has
been reported in the literature for flat-plate supersonic turbulent boundary layers [26]. Table 5 compares streamwise and
spanwise decay constants of the cone, nozzle, and flat-plate configurations with those reported in the literature. The
values of the streamwise decay constant (↵1) at Mach 8 are similar to those reported by Di Marco et al. at Mach 2 to
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Ø Attenuation of p’rms resulting from the finite transducer size 
§ Good comparison in p’rms is achieved between DNS and 

experiments for an averaging diameter of d = 0.98 mm (d+ = 50) 
§ Spatial averaging with d = 0.98 mm caused an attenuation of 

approximately 27%

x = 0.396 m x = 0.452 m

DNS of Hypersonic Wind Tunnel Cone
Comparison with Experiment
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Ø The DNS-predicted coherence compares well with that in experiments for 
transducers with either streamwise (Δx) or spanwise (Δy) separations

Ø Finite sensor size seems to have only a small influence on wall-pressure 
coherence

(a) (b)

(c) (d)

Fig. 7 Comparison in coherence of surface pressure fluctuations between DNS and wind-tunnel measurements.

4 [26] and those identified from the wind tunnel experiments by Beresh et al. at Mach 2 [27], while these supersonic
values are significantly larger than those of the subsonic and low-speed cases [22, 28, 29]. The values of the spanwise
coherence decay constant (↵2) for the three configurations at Mach 8 are similar to the low-speed and supersonic values
reported in the literature.

V. Summary

This paper presented DNS of a hypersonic turbulent boundary layer developing spatially over a sharp 7� half-angle
cone measured in the Sandia HWT-8. The DNS domain consisted of a section of the cone and was embedded within the
domain of a pre-cursor RANS that simulated the full-cone geometry and provided boundary conditions for the DNS.
Multiple DNS runs were conducted with di�erent extents of the axial domain and inflow boundary conditions to verify
the insensitivity of boundary-layer statistics to domain boundaries. Additionally, the DNS-predicted wall pressure
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Additional validation of the current DNS is established by comparing the DNS-predicted pressure statistics with the
Sandia experiments and the historical data collected by Beresh et al. [21] to be shown in Section IV.

D. A Note on DNS Averaging

In the following sections, we present the boundary-layer profiles of the WENO DNS (Case DNS_x0p15) that was
computed by averaging the DNS volumetric flow-fields first in the azimuthal direction, and then in the temporal direction
over 599 flow-field snapshots spanning a time interval of 1.196 ms (corresponding to approximately 419�/Ue, where �
and Ue are the boundary-layer thickness and edge velocity, respectively, at a reference sensor location of x = 0.396) was
calculated. To monitor the statistical convergence, flow statistics were computed by averaging over the whole or half the
number of the flow-field snapshots, and a negligible di�erence (< 1%) was observed between the two. Additionally,
the wall-pressure PSD and coherence of the WENO DNS were calculated using surface planar time-series that were
sampled at 25 MHz (corresponding to approximately 71.7Ue/�); the Welch method with 16 segments were used to
calculate the PSD, and the length of an individual segment is 0.14 ms (approximately 49�/Ue).

The surface data from the SPARC DNS used to calculate wall-pressure statistics were sampled at 2 MHz over 0.4325
milliseconds, generating 835 data points; the Welch method with 4 segments were used to calculate PSD.

IV. Results

In this section, DNS-predicted turbulent pressure statistics over the cone geometry are first presented and compared
with the Sandia experiment. In the experiment, the cone was instrumented with axial and spanwise arrays of PCB132
sensors to measure the pressure fluctuations in the boundary layer, with the sensor locations shown in Figure 4. In
particular, the e�ect of transducer size on the wall-pressure intensity and spectrum are investigated by numerically
applying spatial filtering to the DNS data, which mimics the attenuation e�ects resulting from the finite size of the
wall-pressure transducer in the experiments. Next, the scaling relations of wall-pressure statistics and their dependence
on flow configurations are investigated by comparing the characteristics of turbulent pressure fluctuations at the cone
surface with those at the nozzle wall of the Sandia HWT-8 and over a flat plate at a similar freestream Mach number.

(a) (b)

Fig. 4 Schematic of locations of PCB132 sensors instrumented over the cone surface in the Sandia HWT-8. (a)

Cone installed in Sandia HWT-8 (adapted from Smith et al. [3]); (b) plan view of sensor locations, wherein x
and y represent the streamwise and the spanwise coordinates, respectively.
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In the following sections, we present the boundary-layer profiles of the WENO DNS (Case DNS_x0p15) that was
computed by averaging the DNS volumetric flow-fields first in the azimuthal direction, and then in the temporal direction
over 599 flow-field snapshots spanning a time interval of 1.196 ms (corresponding to approximately 419�/Ue, where �
and Ue are the boundary-layer thickness and edge velocity, respectively, at a reference sensor location of x = 0.396) was
calculated. To monitor the statistical convergence, flow statistics were computed by averaging over the whole or half the
number of the flow-field snapshots, and a negligible di�erence (< 1%) was observed between the two. Additionally,
the wall-pressure PSD and coherence of the WENO DNS were calculated using surface planar time-series that were
sampled at 25 MHz (corresponding to approximately 71.7Ue/�); the Welch method with 16 segments were used to
calculate the PSD, and the length of an individual segment is 0.14 ms (approximately 49�/Ue).

The surface data from the SPARC DNS used to calculate wall-pressure statistics were sampled at 2 MHz over 0.4325
milliseconds, generating 835 data points; the Welch method with 4 segments were used to calculate PSD.

IV. Results

In this section, DNS-predicted turbulent pressure statistics over the cone geometry are first presented and compared
with the Sandia experiment. In the experiment, the cone was instrumented with axial and spanwise arrays of PCB132
sensors to measure the pressure fluctuations in the boundary layer, with the sensor locations shown in Figure 4. In
particular, the e�ect of transducer size on the wall-pressure intensity and spectrum are investigated by numerically
applying spatial filtering to the DNS data, which mimics the attenuation e�ects resulting from the finite size of the
wall-pressure transducer in the experiments. Next, the scaling relations of wall-pressure statistics and their dependence
on flow configurations are investigated by comparing the characteristics of turbulent pressure fluctuations at the cone
surface with those at the nozzle wall of the Sandia HWT-8 and over a flat plate at a similar freestream Mach number.

(a) (b)

Fig. 4 Schematic of locations of PCB132 sensors instrumented over the cone surface in the Sandia HWT-8. (a)

Cone installed in Sandia HWT-8 (adapted from Smith et al. [3]); (b) plan view of sensor locations, wherein x
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The space-time correlation contours of pressure fluctuations Cpp(�x, z,�t) are plotted at four selected
wall-normal locations as shown in Figure 9. At the representative wall-normal planes, the constant contour
lines are skewed with the maximum correlation aligned along the first or third quadrant in the (�x,�t)-
plane, indicating that the pressure structures are propagating downstream. The concentration of contours
into a narrow band indicates strong downstream propagation of pressure fluctuations. In addition, there
is a change in the overall slope of d(�x)/d(�t) at di↵erent wall-normal locations, indicating a variation of
bulk propagation speed of pressure fluctuations as a function of wall-normal distance. The overall larger
inclination of the space-time correlation contours in the free stream for Case M14Tw018 indicates that the
freestream acoustic structures propagate with a larger speed relative to the other cases. Figure 10 shows no
visible di↵erences in the inclination angle of the space-time correlation contours between Cases M6Tw076 and
M6Tw025, indicating that the wall temperature has minor influences on the propagation speed of pressure
structures.

Figure 11 plots the maximum space-time correlation of pressure fluctuations, (Cpp)max, as a function of
streamwise separation �x at multiple wall-normal locations for Case M6Tw076. The scales of spatial decays
in (Cpp)max are measures of Lagrangian correlation lengths of coherent pressure structures or wavepackets.
Within the boundary layer, the Lagrangian correlation length of the pressure structures increases with wall-
normal distance and is at least five times larger than the boundary layer thickness. On the other hand, the
freestream Lagrangian correlation length is similar to that near the wall. Given that the freestream acoustic
radiation is generated by turbulent fluctuations within the boundary layer, the apparent match in the spatial
scales between the freestream pressure structures and the structures near the wall indicates that the acoustic
sources are located near the wall and is consistent with the concept of ‘eddy Mach waves’.1

B. Coherence of Pressure Fluctuations

The definition of the coherence18 is

�
2(�x,�y,!) =

|�PaPb(�x,�y,!)|2

|�PaPa(!)||�PbPb(!)|
(5)

where �PaPb(�x,�y,!) = ep⇤(x, y,!), ep(x+�x, y +�y,!) is the cross-power spectral density between two
arbitrary points a and b separated by the distance�x, �y in streamwise and spanwise directions, respectively,
with ep the time-Fourier transform of the pressure fluctuations. �PaPa(!) and �PbPb(!) are the pressure auto-
spectra at a and b, respectively.

Figures 12 and 13 plot contours of streamwise coherence � 2(�x, 0,!) and spanwise coherence � 2(0,�y,!),
respectively, at four selected wall-normal locations for Case M6Tw076. At all heights, the coherence of pres-
sure fluctuations attains much higher values at low frequencies and decays at high frequencies, and the
spanwise coherence shows a substantially faster decay rate compared to the streamwise coherence. The
coherence length associated with the pressure field increases with wall-normal coordinate within most of the
boundary layer (at least up to z/� = 0.734) in both streamwise and spanwise directions. In the free stream
(z/� = 2.63), however, the pressure coherence shows drastically di↵erent behaviors in the streamwise and
spanwise directions. The streamwise coherence of freestream pressure shows a significant reduction in length
scales compared with those at z/� = 0.734, while the spanwise coherence of freestream pressure shows similar
a length scale as that near the boundary-layer edge.

To illustrate streamwise and spanwise decays of pressure coherence for energetic pressure structures in-
duced by the boundary layer, Figure 14 plots the streamwise and spanwise coherence of pressure fluctuations
at a frequency corresponding to the peak of the pre-multiplied pressure spectrum (Figure 15) at selected
heights. Within the boundary layer, the streamwise coherence length of energetic pressure structures in-
creases with wall-normal distance. On the other hand, the freestream streamwise coherence are similar to
those near the wall. Such a variation with wall-normal coordinate is consistent with wall-normal variation
of the Lagrangian correlation length (Figure 11). Figure 14b shows that the freestream acoustic fluctuations
exhibit a similar spanwise coherence length as the pressure fluctuations near the boundary-layer edge, and
the spanwise coherence length in the free stream is significantly larger than that near the wall.
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wall-normal locations as shown in Figure 9. At the representative wall-normal planes, the constant contour
lines are skewed with the maximum correlation aligned along the first or third quadrant in the (�x,�t)-
plane, indicating that the pressure structures are propagating downstream. The concentration of contours
into a narrow band indicates strong downstream propagation of pressure fluctuations. In addition, there
is a change in the overall slope of d(�x)/d(�t) at di↵erent wall-normal locations, indicating a variation of
bulk propagation speed of pressure fluctuations as a function of wall-normal distance. The overall larger
inclination of the space-time correlation contours in the free stream for Case M14Tw018 indicates that the
freestream acoustic structures propagate with a larger speed relative to the other cases. Figure 10 shows no
visible di↵erences in the inclination angle of the space-time correlation contours between Cases M6Tw076 and
M6Tw025, indicating that the wall temperature has minor influences on the propagation speed of pressure
structures.

Figure 11 plots the maximum space-time correlation of pressure fluctuations, (Cpp)max, as a function of
streamwise separation �x at multiple wall-normal locations for Case M6Tw076. The scales of spatial decays
in (Cpp)max are measures of Lagrangian correlation lengths of coherent pressure structures or wavepackets.
Within the boundary layer, the Lagrangian correlation length of the pressure structures increases with wall-
normal distance and is at least five times larger than the boundary layer thickness. On the other hand, the
freestream Lagrangian correlation length is similar to that near the wall. Given that the freestream acoustic
radiation is generated by turbulent fluctuations within the boundary layer, the apparent match in the spatial
scales between the freestream pressure structures and the structures near the wall indicates that the acoustic
sources are located near the wall and is consistent with the concept of ‘eddy Mach waves’.1

B. Coherence of Pressure Fluctuations

The definition of the coherence18 is

�
2(�x,�y,!) =

|�PaPb(�x,�y,!)|2

|�PaPa(!)||�PbPb(!)|
(5)

where �PaPb(�x,�y,!) = ep⇤(x, y,!), ep(x+�x, y +�y,!) is the cross-power spectral density between two
arbitrary points a and b separated by the distance�x, �y in streamwise and spanwise directions, respectively,
with ep the time-Fourier transform of the pressure fluctuations. �PaPa(!) and �PbPb(!) are the pressure auto-
spectra at a and b, respectively.

Figures 12 and 13 plot contours of streamwise coherence � 2(�x, 0,!) and spanwise coherence � 2(0,�y,!),
respectively, at four selected wall-normal locations for Case M6Tw076. At all heights, the coherence of pres-
sure fluctuations attains much higher values at low frequencies and decays at high frequencies, and the
spanwise coherence shows a substantially faster decay rate compared to the streamwise coherence. The
coherence length associated with the pressure field increases with wall-normal coordinate within most of the
boundary layer (at least up to z/� = 0.734) in both streamwise and spanwise directions. In the free stream
(z/� = 2.63), however, the pressure coherence shows drastically di↵erent behaviors in the streamwise and
spanwise directions. The streamwise coherence of freestream pressure shows a significant reduction in length
scales compared with those at z/� = 0.734, while the spanwise coherence of freestream pressure shows similar
a length scale as that near the boundary-layer edge.

To illustrate streamwise and spanwise decays of pressure coherence for energetic pressure structures in-
duced by the boundary layer, Figure 14 plots the streamwise and spanwise coherence of pressure fluctuations
at a frequency corresponding to the peak of the pre-multiplied pressure spectrum (Figure 15) at selected
heights. Within the boundary layer, the streamwise coherence length of energetic pressure structures in-
creases with wall-normal distance. On the other hand, the freestream streamwise coherence are similar to
those near the wall. Such a variation with wall-normal coordinate is consistent with wall-normal variation
of the Lagrangian correlation length (Figure 11). Figure 14b shows that the freestream acoustic fluctuations
exhibit a similar spanwise coherence length as the pressure fluctuations near the boundary-layer edge, and
the spanwise coherence length in the free stream is significantly larger than that near the wall.
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with Φ!!!"(Δ𝑥, Δ𝑦, 𝜔) is the cross 
spectral density calculated as

DNS of Hypersonic Wind Tunnel Cone
Comparison with Experiment



Ø DNS were conducted to characterize TBL over a sharp 7◦ half-angle cone at 
Mach 8 and Re/m = 13.4M
§ Cone geometry and flow conditions representative of Sandia HWT-8 
§ Insensitivity of turbulence statistics to domain boundaries verified by 

performing multiple DNS runs with different extents of the axial domain and 
inflow boundary conditions

§ Good comparison achieved in wall-pressure spectrum and coherence 
between DNS and Sandia’s experiments

Ø The cone DNS study laid foundation for follow-on DNS study of 
hypersonic TBLs over an axisymmetric ogive

29

DNS of Hypersonic Wind Tunnel Cone
Summary



Next Steps

Ø Extend the DNS database to 
include TBLs subject to 
pressure gradients
§ Canonical geometries

• 2-D planar convex and 
concave walls

• 2-D circular ogive
§ Validation of DNS against 

experiments at Texas A&M 
University (TAMU)

30

Ø Characterize hypersonic turbulence physics
§ Mean and turbulence statistics
§ Budgets of TKE and Reynolds-stress transport
§ Compressibility transformations

Ø Assess turbulence models
§ Reynolds-stress transport (RST) models
§ Algebraic energy flux (AEF) model by Bowersox 
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Technical challenges remaining

33

Ø DNS of flow over a 2-D axisymmetric ogive 
§ Selection of DNS inlet location relative 

to the tripping location in the 
experiment

§ Isolation of residual effects of 
boundary-layer trip on experimentally 
measured turbulence statistics  

§ Determination of boundary-layer 
adjustment length caused by 
boundary-layer trip

Technical Proposal for N00014-19-S-B001 Drs. Lian Duan and Meelan Choudhari

experiments. Specifically, the DNS for 2-D streamwise curved walls will use the same convex and
concave geometries as those used during the measurements in the TAMU Supersonic
High-Reynold Number (SHR) tunnel [5, 23]. However, if necessary, we will also perform
additional simulations to isolate the e↵ects of streamwise pressure gradient from those of the
surface curvature by artificially imposing a pressure gradient on a TBL along a flat surface. The
simulations for 2-D and 3-D ogive cylinders will use the same conditions and geometries as those
planned in the Actively-Controlled Expansion (ACE) tunnel at TAMU (see Figure 2). For the
cold-wall cases, the values of the wall-to-adiabatic temperature ratio Tw/Taw will be chosen to be
similar to the shock-tunnel experiments to be conducted at TAMU. The selection of the
aforementioned DNS cases is based on discussions with the ONR and the experimental group at
the Texas A&M University (TAMU) [48].

(a) (b)

Figure 2. Schematics of planned ogive articles at Texas A&M University. (a) 2-D and 3-
D ogive cylinders to be tested in Actively-Controlled Expansion (ACE) tunnel. (b) Ogive
cylinders blockages tests in ACE. Courtesy of Prof. Rodney Bowersox at TAMU.

DNS Approach: An existing, parallel, high-order computer code, referred to as HyperWENO, is
available to carry out the DNS on supercomputers. HyperWENO is a high-order finite-di↵erence
solver that solves the compressible Navier-Stokes equations that describe the evolution of the
density, momentum, and total energy of the flow. The governing equations can be described and
solved in either general curvilinear coordinates or cylindrical coordinates, depending on the flow
configuration. An optimized, high-order (up to 7th order) finite-di↵erence WENO (weighted
essentially non-oscillatory) scheme [49–51] is used to compute the convective flux. Compared
with the original finite-di↵erence WENO introduced by Jiang & Shu [49], the present scheme is
optimized by means of limiters [51, 52] to reduce numerical dissipation. Both an absolute limiter
on WENO smoothness measurement and a relative limiter on the total variation are employed
simultaneously during the simulation. The specific forms of the limiters along with the associated
threshold values are given in Wu & Martín [52]. The resolution properties of this scheme are
documented in many references, e.g. Martín et al. [50] and Taylor et al. [51]. A 4th-order central
di↵erence scheme is used for the viscous flux terms, and a 3rd-order low storage Runge-Kutta
scheme [53] is employed for time integration, which significantly relieves the memory
requirement and is well suited for time-accurate simulations like DNS. More details on the DNS
methodology can be found in our previous publications [54–57]. The DNS solver has been
previously shown to be suitable for computing transitional and fully turbulent flows. This
includes acoustic radiation from fully-turbulent high-speed boundary layers in planar and
axisymmetric configurations [54–56, 58, 59], and high-speed boundary-layer transition over a
swept wing or over a cone [60–64].

6

Ogive model tested by TAMU 
(courtesy: Prof. R. Bowersox)
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6/28/2019 DNS: Supersonic/Hypersonic Zero-Pressure-Gradient Plate Flows

https://turbmodels.larc.nasa.gov/Other_DNS_Data/supersonic_hypersonic_flatplate.html 1/3

Langley Research Center

Turbulence Modeling Resource

 This page under construction
 

DNS: Supersonic/Hypersonic Zero-Pressure-Gradient Plate Flows
Return to: Data from DNS - Intro Page

Return to: Turbulence Modeling Resource Home Page

 

The data on this page were provided by L. Duan.

This DNS case is for 2-D supersonic/hypersonic turbulent boundary layers in zero pressure gradient. The DNS was run using an optimized
seventh-order weighted essentially nonoscillatory (WENO) scheme that allows eddy shocklets to be captured and ensures numerical stability. No
high enthalpy effects were included in the simulations. Several different Mach numbers (ranging from 2.5 to 14) and wall-to-recovery temperatures
(ranging from 0.18 to 1.0) are included. Turbulent kinetic energy budget information is also available. These DNS results have been documented in
the following publication:

Zhang, C., Duan, L., and Choudhari, M., "Direct Numerical Simulation Database for Supersonic and Hypersonic Turbulent Boundary Layers,"
AIAA Journal, Vol. 56, No. 11, 2018, pp. 4297-4311. DOI: 10.2514/1.J057296, https://arc.aiaa.org/doi/pdf/10.2514/1.J057296. 
 

6/28/2019 DNS: Supersonic/Hypersonic Zero-Pressure-Gradient Plate Flows

https://turbmodels.larc.nasa.gov/Other_DNS_Data/supersonic_hypersonic_flatplate.html 2/3

DNS data are provided below. The fully-developed results are given as a function of z. Extensive README details are included at the top of each
of the data files. (Note all files were updated on 10/19/2018.)

M=2.50, Tw/Tr=1.0:
Statistics: M2p5_Stat.dat
TKE Budget: M2p5_TKEBudget.dat

M=5.84, Tw/Tr=0.25:
Statistics: M6Tw025_Stat.dat
TKE Budget: M6Tw025_TKEBudget.dat

M=5.86, Tw/Tr=0.76:
Statistics: M6Tw076_Stat.dat
TKE Budget: M6Tw076_TKEBudget.dat

M=7.87, Tw/Tr=0.48:
Statistics: M8Tw048_Stat.dat
TKE Budget: M8Tw048_TKEBudget.dat

M=13.64, Tw/Tr=0.18:
Statistics: M14Tw018_Stat.dat
TKE Budget: M14Tw018_TKEBudget.dat

 

Return to: Data from DNS - Intro Page

Return to: Turbulence Modeling Resource Home Page

  

Webpage of DNS Database
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Ø DNS statistics (Mean BL profiles, Reynolds stresses, TKE budgets, etc.) posted on 
Turbulence Modeling Resource Website created by AIAA’s Turbulence Model 
Benchmarking Working Group  
https://turbmodels.larc.nasa.gov/Other_DNS_Data/supersonic_hypersonic_flatplate.html

https://turbmodels.larc.nasa.gov/Other_DNS_Data/supersonic_hypersonic_flatplate.html


Next Steps
Ø Develop DNS database of hypersonic TBLs subject to pressure gradient 

and wall cooling
q Canonical geometries

§ 2-D planar convex and concave walls
§ 2-D circular ogive
§ 3-D elliptic ogive

q Adiabatic wall (Tw/Tr = 1) and cold wall (Tw/Tr <<1)
q Validation of DNS against experiments at Texas A&M U. 

Ø Characterize boundary-layer turbulence
q Mean and turbulence statistics
q Budgets of TKE and Reynolds-stress transport 
q Compressibility transformations

Ø Collaborate with R. Bowersox’s group to assess turbulence models
q Reynolds-stress transport (RST) models
q Turbulent heat flux model by Bowersox 
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Ø Conducted DNS for a zero-pressure-gradient 
TBL at M∞ = 11.1 on a highly-cooled flat plate 
(representative of CUBRC Run 7)
q Extended the existing DNS database to a 

moderately higher Reynolds number 
(Re𝝉≅1200) 

q Studied hypersonic turbulence with strong wall 
cooling (Tw/Tr = 0.2)

q Assessed Bowersox’s algebraic energy flux 
(AEF) model using DNS data

Ø Simulated a TBL at M∞ = 8 on a 7-deg half-
angle circular cone 
q Established a procedure of conducting DNS for 

hypersonic TBLs over an axisymmetric 
hypersonic body 

q Laid a foundation for follow-on study of 
hypervelocity ogive cylinder of interest to ONR 
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Summer of New Results

Fig. 2 Flat plate geometry for CUBRC run 7.

a) Laminar b) Algebraic: Baldwin-Lomax

c) Algebraic: Cebeci-Smith d) 1-Eq: Spalart-Allmaras (Catrix-Aupoix)

e) 2-Eq: Menter SST f) 2-Eq: k – ω  (1998)
Fig. 3 Pressure, shear, and heating distributions over a flat plate at Mach 11.1 computed with the k-! (2006) model compared with experimental data
and simulations with other models.
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Ø DNS datasets of supersonic and hypersonic TBLs (Zhang et al. Vol. 56, No. 
11, pp. 4297-4311, AIAAJ, 2018) 

q Flow conditions representative of several hypersonic wind tunnels
§ Purdue Quiet Tunnel at Mach 6, Sandia Hypersonic Wind Tunnel at Mach 8, AEDC 

Tunnel 9 at Mach 14

§ Allow for one-to-one comparisons with wind-tunnel experiments 

q Based on a high-order scheme with a large domain size and sufficiently long 
sampling size (Lx ⁄𝛿i > 50, Ly ⁄𝛿i > 8, Tfu𝜏 ⁄ 𝛿i > 5)  to
§ minimize any artificial effects due to inflow turbulence generation
§ ensure the convergence of selected high-order turbulence statistics 
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Previous Work


