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Abstract

Accurate numerical modeling of clouds and precipitation is essential for weather forecasting and
climate change research. While size-resolved (bin) cloud microphysics models predict particle size
distributions without imposing shapes, results are subject to artificial size distribution broadening
owing to numerical diffusion associated with various processes. Whereas Part 1 addressed
collision-coalescence, here we investigate numerical diffusion that occurs in solving condensation
and evaporation. In a parcel model framework, all of the numerical schemes examined converge
to one solution of condensation and evaporation as the mass grid is refined, and the advection-
based schemes are recommended over the reassigning schemes. Including Eulerian vertical
advection in a column limits the convergence to some extent, but that limitation occurs at a
sufficiently fine mass grid, and the number of iterations in solving vertical advection should be
minimized to reduce numerical diffusion. Insubstantial numerical diffusion in solving
condensation can be amplified if collision-coalescence is also active, which in turn can be
substantially diminished if turbulence effects on collision are incorporated. Large-eddy
simulations of a drizzling stratocumulus field reveal that changes in moments of Doppler spectra
obtained using different mass grids are consistent with those obtained from the simplified
framework, and that spectral moments obtained using a mass grid designed to effectively reduce
numerical diffusion are generally closer to observations. Notable differences between the
simulations and observations still exist, and our results suggest a need to consider whether factors
other than numerical diffusion in the fundamental process schemes employed can cause such

differences.
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1. Introduction

Simulating, understanding, and predicting cloud development and precipitation formation
using numerical models has been of great interest in recent decades because clouds and
precipitation significantly affect not only daily weather but also water resource circulation and
climate change at the global scale. Despite great interest and effort, however, clouds and
precipitation remain widely accepted as leading sources of ample uncertainties in projecting future
climate change, indicating that further efforts are essential.

Many operational purposes are fulfilled if a numerical cloud model provides basic
macrophysical properties such as cloud fraction, cloud optical depth, and precipitation rate. Bulk
microphysical models, which predict hydrometeor mixing ratios and perhaps number
concentrations based usually on prescribed particle size distribution shapes, can efficiently provide
such macrophysical properties, and hence have been widely utilized for research and operational
purposes. However, more detail is sometimes necessary to study complex physical processes that
occur in clouds, and also to predict cloud properties more accurately. For example, the detailed
spatiotemporal evolution of hydrometeor size distributions, which cannot be generally simulated
using a bulk microphysics model, are vital for understanding stratocumulus because they
substantially impact precipitation development and radiative forcing. An Eulerian size-resolved
(“bin”) cloud microphysics model can represent such evolution of particle size distributions by
dividing the complete size range of cloud and precipitation drops into dozens or hundreds of mass
bins and predicting cloud particle number concentration in each size bin, whereas a typical bulk
model adopts prescribed size distribution functions. A bin microphysics model can therefore be
especially useful for predicting detailed and generally more accurate information on the evolving

shapes of hydrometeor size distributions (e.g., Khain et al. 2015, and references therein), and is a
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tool used to develop bulk microphysics parameterizations (e.g., Khairoutdinov and Kogan 2000;
Seifert and Beheng 2001; Lee and Baik 2017).

Despite this valuable capability, however, bin microphysics models are prone to artificial
broadening of particle size distributions associated with the numerical schemes used to represent
various processes (e.g., Cooper et al. 1997; Khain et al. 2000; Morrison et al. 2018). Since most
bin microphysics models use a fixed discrete mass grid whereas the masses of cloud particles vary
continuously from microphysical processes, a bin model must remap those cloud particles with
arbitrary masses onto its fixed mass grid. The artificial broadening occurs during this remapping
process; some degree of numerical diffusion is therefore unavoidable in principle.

Many bin microphysics modeling studies have sought to assess and minimize the numerical
diffusion. Some have proposed new numerical schemes to treat microphysical processes with
greater accuracy (e.g., Kovertz and Olund 1969; Egan and Mahoney 1972; Berry and Reinhardt
1974; Liu et al. 1997; Bott 2000; Wang et al. 2007; Khain et al. 2008), and others have made
extended assessments of existing scheme numerics (e.g., SeeRelberg et al. 1996; Wang et al. 2007;
Grabowski et al. 2011; Lee et al. 2019). In the Part | of this study (Lee et al. 2019), motivated by
poor agreement of forward-simulated W-band radar Doppler spectra from large-eddy simulation
(LES) results using a bin microphysics scheme, we evaluated three numerical schemes designed
to solve the stochastic collection equation, which is the governing equation of collisional growth
of hydrometeors. We presented a scheme and a bin grid that could be used satisfactorily for
simulating weakly drizzling stratocumulus, including negligible artificial broadening associated
with collision-coalescence numerics for the purposes of calculating cloud radar Doppler spectra.

In this study, we extend our previous study to deal with condensation and evaporation in a

bin microphysics model. Whereas artificial broadening during treatment of collision-coalescence
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was especially apparent in comparison of simulated and observed Doppler spectra, Morrison et al.
(2018, hereafter M18) pointed out that numerical diffusion from solving condensation is also
substantial when condensation is combined with vertical advection. They reported that only
reducing vertical grid spacing enough to resolve sharp vertical gradients, not better vertical
advection schemes or finer bin grid refinements, is successful in obtaining a reasonable solution
compared to that obtained using a Lagrangian cloud model. There are some distinct differences
between this study and M18. Here we focus first on convergence of several schemes designed to
solve condensation using a single-moment bin microphysics approach in a parcel model
framework, which contrasts with M18 that mainly uses a double-moment bin model. Single-
moment bin models are usually regarded as flexible for fundamentally altering the bin grid
structure, which can influence numerical properties, as shown below. In addition, we examine
convergence when including additional processes in the parcel model: condensation and collision-
coalescence operating simultaneously, as well as evaporation. Finally, we conduct a series of 3-D
simulations for lightly drizzling stratocumulus using a revised version of our LES model coupled
with bin microphysics (from Part 1), and examine characteristics of drop size distributions (DSDs).
That examination is again done by comparing cloud radar Doppler spectra observed from a W-
band Doppler radar with those obtained using a forward simulator as demonstrated in Part I.
Descriptions of condensation and evaporation in a bin microphysics model, as well as the
numerical schemes examined in this study, are provided in section 2. Results obtained using a
parcel and a column model are presented in section 3, and those obtained using an LES model in

section 4. A summary and conclusions are given in section 5.

2. Condensation and evaporation in a bin microphysics model
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Solving condensation and evaporation in a bin model usually consists of two steps. First,
the rates of mass change of all cloud particles in regularly spaced bins are calculated. If steady-
state molecular diffusion is assumed, the rate of mass change of drops from condensation and

evaporation can be approximated as (e.g., Rogers and Yau 1989; Pruppacher and Klett 1997)

3
dm  4zrv, [S—E+ bry J 1)

dt F +F ror-r

where m and r are the mass and radius of cloud drops, vr is the ventilation factor usually expressed
as a function of the sedimentation Reynolds number, Fp and F are coefficients related to the vapor
and heat diffusion, respectively, S is the environmental (i.e., grid-scale) supersaturation, r is the
radius of dry aerosol, and a and b are coefficients related to the curvature and solute effects,
respectively. Integrating this equation forward in time, cloud particles realize continuously
evolving masses that deviate from those of the discrete model bins. As a second step, the cloud
particles are then reassigned to the discrete bins. The first step is generally associated with physics
rather than with numerics; although some studies have suggested computational improvements
(e.g., Khain and Sednev 1996; Khain et al. 2008) and while those are worth examining, they are
beyond the scope of this study. The second step, referred to hereafter as “renormalization”, is the
main source of numerical diffusion and is the focus in this study.

Several schemes have been proposed to solve the renormalization step in condensation and
evaporation. They can be largely classified into two groups, one reassigning intermediate-mass
particles to discrete bins while conserving specified moments, and the other treating
renormalization as the advection of cloud particles along the mass axis. For schemes in the first
group, it is straightforward to show that cloud particles that have the same mass must be reassigned
into n bins if n moments are to be conserved. Although such schemes can strictly conserve more

than one moment during the renormalization step, they encounter two fundamental problems that
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can be readily demonstrated mathematically. First, all moments higher than the highest conserved
moment must be overestimated, and overestimation is larger as the order of the moment is higher.
This holds even if a scheme minimizes errors across several lower moments rather than strictly
conserving them (e.g., Liu et al. 1997), revealing that numerical diffusion is substantial if such
schemes are employed. In addition, if a scheme reassigns cloud particles into more than two bins
to conserve more than two moments, it must yield a negative rate of change of number
concentration at some bins, and to avoid a negative concentration, some ad hoc numerical
treatments are necessary, which reduce numerical accuracy.

The schemes in the second group are essentially the same as typical Eulerian advection
schemes along a spatial axis. Cloud particles at a specific time and location must move in one
direction along the size axis during condensation or evaporation. Therefore, the only requirements
on such schemes are numerical stability and positive definiteness. However, one clear
disadvantage of the advection schemes is that they can conserve only one moment if they are
applied in single-moment bin microphysics models. Typical schemes choose number
concentration as the conserved moment because it does not vary during condensation or
evaporation except for complete evaporation of small droplets. This means that all the other
moments, such as cross section, mass concentration, and radar reflectivity, would develop errors
while solving the renormalization step using these schemes. In particular, to conserve total water
mixing ratio, the water vapor mixing ratio is recalculated after the renormalization step.

In this study, we examine two reassignment schemes and two advection schemes to solve
the renormalization step. The first reassignment scheme distributes cloud particles that should be
reassigned to the discrete bins into two adjacent bins to exactly conserve their number and mass

(“2MOM?” hereafter, Kovertz and Olund 1969). In this scheme, if N cloud particles whose mass is



160

161

162

163

164

165

166

167

168

169

170

171

172

173

174

175

176

177

178

179

180

181

182

M are reassigned to the ith and i+1th bins, the resultant number concentrations in the two bins n;
and nj+1 are

m,, —M
n=N—2—— and n, =N
m,,, —m

1+.

M —-m,
m,, —m

()

where m;j and mi+1 are the masses of the two adjacent bins which satisfy mi < M < mi.1. The other
reassigning scheme conserves three moments, which are number, mass, and Rayleigh-regime radar
reflectivity, by distributing cloud particles into three consecutive bins (“3MOM?” hereafter, Khain
et al. 2008). The basic calculation principle of the 3MOM scheme is similar to that of the 2MOM
scheme. As mentioned above, however, the 3aMOM scheme always induces a decrease in number
concentration at one of the three bins, which can cause negative concentrations. A simple method
that utilizes number concentrations of adjacent bins is adopted in this study to prevent negative
concentrations.

One advection scheme examined in this study is the piecewise parabolic method (“PPM”
hereafter, Colella and Woodward 1984) and the other is the Bott scheme (Bott 1989). Both
schemes are forward-in-time and positive definite, and calculate upwind fluxes. To achieve
numerical stability in the advection schemes, a time step is divided into substeps so that the
Courant-Friedrichs-Lewy (CFL) number along the size axis does not exceed unity. The Bott
scheme is slightly modified for grids with irregular spacing. Note that some numerical limiters can
be applied to advection schemes to keep the schemes monotonic (e.g., Colella and Woodward
1984), but those limiters are not considered in this study because of a possible increase in
numerical diffusion.

It should be noted that all of the schemes examined are suitable for a single-moment bin
microphysics model, which was selected for this study as described in the introduction. M18 used

a modified version of the top-hat method (Egan and Mahoney 1972), suitable for a double-moment
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model and found it much less diffusive than a method for a single moment bin model (MPDATA,
Smolarkiewicz 2006). We only consider single-moment bin models here because they can be
readily used to examine convergence with respect to size bin grid refinement. The results will be

compared with those of M18, which uses a double-moment bin model.

3. Parcel and column models

a. Condensation

A parcel model is first used to examine performance of the renormalization schemes
solving condensation (i.e., convergence with respect to bin grid refinement). Condensation is the
only microphysical process considered. We use a model setup identical to that of M18. The initial
temperature, pressure, and relative humidity are 15°C, 900 hPa, and 100.6%, respectively. Parcel
vertical velocity is fixed at 1 m s throughout the integration. The temperature and pressure are
updated based on adiabatic expansion assuming hydrostatic equilibrium. Condensation affects air
temperature and humidity. The drop number concentration per unit air density® is 50 mg, which
is the same value as the smaller aerosol number concentration case of M18 that reflects clean (i.e.,
not polluted) clouds. The initial DSD has a constant dN/dr value within a radius range of r = 1-3
um, corresponding to a standard deviation of 0.5 um. The dynamic model time step is 5 s. In
solving condensation, the rate of change of drop mass is calculated with a time step of 0.1 s, and
the renormalization step is calculated once per dynamic model time step. The model is integrated

for 10 min. Attributable to the initial supersaturation and the prescribed vertical velocity, only

1 We note that the number of particles per unit air mass can be referred to as the particle number
mixing ratio or the number concentration of particles per unit air density. In this study, it will be

simply referred to as the number concentration hereafter.
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condensation occurs throughout the integration, so the drop number concentration does not change
and the drop mass mixing ratio increases monotonically.

First the model simulation is run with a typical geometric bin grid, in which the radii of
two consecutive bin grids are expressed as

r,/r=2"C) ©)

i+1
where s controls the bin grid refinement in a geometric bin grid. The masses of bins are then
doubled every s bins. The parameter s is set to 2, as in the large eddy simulations of Lee et al.
(2019).

In addition to the typical bin grids that have fixed masses throughout the integration, we
also utilize an alternative bin grid in which bin masses vary dynamically. In this bin grid, the mass
of each bin at the initial time is identical to that in the geometric bin grid described above, but
evolves every time step according to change of mass owing to condensation. Thus, no
renormalization is needed and results are equivalent to those of a Lagrangian scheme, essentially
free of numerical diffusion. This grid will be called the dynamic grid hereafter, and the solution
obtained using the dynamic grid will be regarded as the reference solution hereafter. Note that not
only the mass but also all other bin-related quantities such as terminal velocity also evolve together
in the dynamic grid.

Figure 1 shows the DSD at the end of each parcel model simulation obtained using different
renormalization schemes. The reference solution DSD becomes so narrow that the final difference
in radii between the largest (99th percentile) and smallest (1st percentile) drops is only 0.2 um.
This narrowing is a well-known characteristic of the condensation process, wherein the growth
rate of drop radius slows as its radius grows. However, all of the renormalization schemes yield

substantial numerical diffusion compared to the reference solution. The 2MOM scheme yields the

10
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widest DSD, or in other words, the greatest numerical diffusion. The other three schemes exhibit
performance somewhat better than the 2MOM scheme. The 3MOM scheme yields a DSD that has
a relatively long tail at the large drop side compared to the other two advection schemes, and such
skewness is most noticeable in the Rayleigh-regime reflectivity factor as a function of drop fall
speed, which is an idealization of a Doppler spectrum measured by cloud radar.

Figure 2 shows time series of DSD characteristics obtained from the same simulations.
Note that the temporal evolution of DSD characteristics from the reference simulation is almost
the same as that of the benchmark run of M18 (see their Fig. 8). The median drop radius does not
vary much across renormalization schemes (Fig. 2a), so the differences in DSD width (Fig. 2c) are
mainly attributable to differences in the largest drop sizes (Fig. 2b). The DSD standard deviation,
which is another metric of DSD width, is generally smoother but shows a temporal trend very
similar to the difference between the largest radius and the median radius. The reference simulation
yields a continuously narrowing DSD, as mentioned above. However, all of the renormalization
schemes fail to simulate such a narrowing DSD except at the very first stage of the simulations.
Instead, DSD widths continuously increase in all the schemes. As shown in Fig. 1, the 2MOM
scheme develops the largest DSD width, almost twice those obtained using the other schemes.

To examine whether this continuous increase in DSD width is at least partially associated
with progressively increasing bin width, a characteristic of geometric grids, we introduce another
grid in which bin radii increase linearly, which is expressed as

fi—f=1/d um, (4)
where d controls the grid refinement. Figure 3 shows time series of DSD characteristics obtained
using the linear mass grid with d = 1 (i.e., the difference in radii between two adjacent bins is

constant at 1 um). The increasing DSD width with time shown in Fig. 2 almost vanishes in Fig. 3,
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and the DSD widths shown in the standard deviation remain almost constant at approximately ~1
um except for the 2MOM scheme. Note that the standard deviations of DSD from the 3MOM,
PPM, and Bott schemes are similar to the bin width, which implies that the DSD width might be
restricted by the bin width in this experimental setting, as also pointed out in M18.

Convergence of DSD width with respect to bin grid refinement is next examined on both
linear and geometric bin grids. Figure 4 shows the largest drop radius and standard deviation of
DSD at the end of the model integration obtained from various bin grids and different
renormalization schemes. Here the maximum allowed drop radius is set to ~40 um in all bin grids.
A linear bin grid and a “corresponding” geometric bin grid, which uses the same number of bins
to cover the given radius range, are compared in the figure. For instance, a total of 80 bins are used
both in the linear bin grid with d = 2 and in the geometric bin grid with s = 5. Note that if both
grids cover the same radius range of ~40 um as here, a linear bin grid has smaller bin width than
a corresponding geometric grid beyond a bin at which the radius is ~11 um. While all of the
renormalization schemes yield solutions that converge to the reference solution as the bin grid is
refined, a linear bin grid always yields smaller DSD width than does the corresponding geometric
bin grid. This difference suggests that a linear bin grid is more efficient than a geometric bin grid
in accurately solving condensation, attributable to the smaller bin width at common drop radii
(beyond ~11 pm in this setup). Note that although the reverse is true at the small droplet region,
condensation there is so fast that small droplets would grow very quickly beyond the threshold
radius in which a linear grid is more efficient. The number of bins that the initial DSD occupies is
greater in a geometric bin grid than in a linear bin grid, but the later bin widths are more important

in reducing numerical diffusion during condensation.
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Note that although all of the renormalization schemes converge, how narrow bin width
must be in order to obtain a sufficiently accurate solution depends on the convergence criterion.
Furthermore, numerical diffusion from solving condensation might be more problematic when
combined with Eulerian vertical advection and/or collision-coalescence, as explored in the

following sections.

b. Condensation with vertical advection

We next consider a column model to treat Eulerian vertical advection and condensation
simultaneously. The model setup is again almost identical to that of M18. The thermodynamic
state and DSD in the lowest layer are the same as in the parcel setup described above and do not
vary during model integration. The thermodynamic state in the overlying layers also varies
following the parcel model result. The vertical grid spacing is 10 m unless otherwise specified,
different from the default value used in M18 (20 m), and the model top height is 600 m. The
vertical velocity is 1 m s in all layers throughout the model integration. To evaluate the vertical
advection of potential temperature and humidity, an advection scheme that uses a fifth-order
spatial differentiation to evaluate a flux at each cell boundary and a third-order Runge Kutta (RK3)
scheme in time is used (Wicker and Skamarock 2002), as in M18. However, a flux limiter that
forces the advection scheme to be positive definite or monotonic is not applied. To evaluate the
vertical advection of drops, the PPM scheme with a first-order forward-in-time approach is used.
Drop sedimentation and collisions are neglected. The dynamic model time step and the time step
for evaluating the rate of change of drop mass from condensation are 5 and 0.1 s, respectively, as

in the parcel experiments. The model approaches a steady state after ~10 min, which is the time
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required for drops from the lowest layer to reach the model top, so the model is integrated for 15
min and the resulting equilibrium examined.

Figure 5a—d shows the results obtained using various renormalization schemes with a
linear mass grid of d = 1 in the column model. Compared to Fig. 3, it is shown that except in the
lowest few layers, the column model results are almost the same as for the parcel model, which
indicates that the column model is a faithful version of the parcel model in this model configuration.
The relatively greater DSD width in the lowest few layers of the column model compared to that
of the parcel model is apparently attributable to a non-physical reason explained by M18: in the
parcel model all of the drops ascend together while they grow, whereas in the column model
generally only a portion of the drops in any specific layer ascend owing to the characteristics of
Eulerian advection schemes. The remaining drops in that layer then grow by condensation and
smaller drops also reach that layer from below, which causes artificial broadening of DSD. By
comparing Fig. 5a—d to Fig. 3, vertical advection is seen to have little impact on the numerical
diffusion from solving condensation in this model configuration.

Figure 5e—h shows the results obtained using the PPM scheme for the renormalization step
with progressively increasing bin grid refinement. The DSD spectral widths decrease with finer
bin grids, converging to effectively match the reference solution when d = 4, with an ever
diminishing degree of improvement as d increases further. This behavior presents a contrast to the
parcel results, for which convergence is not effectively reached until d = 16. In other words, the
column model never gets close to the parcel model that continuously reduces the DSD spectral
width with finer bin refinement. This is similar to M18’s results, where the DSD width also
converges to a value that is much greater than that obtained from their benchmark simulation. In

this study, the DSD width measured as the difference between the largest and the median drop

14



316

317

318

319

320

321

322

323

324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

radius converges slightly below 1 um, which is almost the same as M18 obtained using the vertical
grid spacing same as that of this study (10 m). Note that the DSD width converged when d is ~ 0.5
in M18 but ~ 4 in this study, presumably owing to the relatively smaller numerical diffusion in
double-moment microphysics models than that in single-moment models.

Figure 6 shows convergence of the solutions with respect to bin grid refinement obtained
using the PPM scheme. Each DSD standard deviation converges to a certain value as vertical
height increases for a specific model configuration (c.f., Fig. 5), and the converged value is shown
in the figure. Whereas M18 clearly contrasted the results from the parcel and the column model
and presented convergence of DSD broadening with respect to vertical grid spacing in the column
model, this study depicts how the column model yields the results different from the parcel results
with respect to bin grid refinements. The column model always stops converging at a specific bin
grid refinement, whereas the parcel model shows continuously decreasing numerical diffusion
with finer grids. This difference suggests that the column model’s Eulerian vertical advection is
limiting convergence. Sensitivity tests with different vertical grid spacing and model time steps
indicate that the dependency on vertical grid spacing is much greater than that on model time step
length, as also pointed out in M18. However, it is shown that such limitations occur at a coarser
bin grid and are further from converged with increasing vertical grid spacing, surprisingly, with
decreasing model time step length.

While M18 suggested that the role of time step length in modulating DSD width is not
clear, Fig. 6 reveals that a shorter model time step worsens convergence across these simulations.
This is because as the CFL number in vertical advection decreases, the number of iterations for
advection calculation increases, which generally enhances numerical diffusion. Note that if a first-

order forward-in-time scheme with a CFL number of exactly unity is used, the column model result
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is effectively identical to the parcel model result (not shown, see also M18). However, it should
be noted that a CFL number of exactly unity is practically almost impossible to achieve in a typical
cloud simulation in which vertical velocity varies, and furthermore, a shorter model time step
length is usually preferred to improve overall model accuracy.

When the time integration method of vertical advection scheme is changed from a first-
order forward-in-time to an RK3, although an RK3 is known to be more stable (i.e., stable at a
larger CFL number) and generally more accurate than a first-order forward-in-time method, the
DSD width converges at a greater value. This is mainly owing to the increased number of iterations

from one to three per model time step.

c. Condensation and collision-coalescence

M18 diagnosed the effects on collision-coalescence of numerical diffusion from solving
condensation. In this study, rather than diagnose, we directly include drop collision-coalescence
in the parcel model. Following Lee et al. (2019), the exponential Bott collection scheme (Bott
2000) is applied to solve the stochastic collection equation. The collision efficiencies assembled
by Hall (1980) are used, and the coalescence efficiency is assumed to be unity. The terminal
velocities of drops provided by Beard (1976) are used to construct the hydrodynamic collection
kernel, but transport by drop sedimentation is neglected in the parcel model framework. A constant
vertical velocity of 1 m st is applied for the first 10 min, and it drops to zero after that. The model
is integrated for 1 h. All the other model configurations are identical to those in the condensation
experiments.

In order to take advantage of a linear bin grid for solving condensation but also span a wide

range of drop radii with fewer bins, we implement a new bin grid, in which linear and geometric
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bin grids are mixed, analogous to a vertical spatial grid that is stretched with distance from the
surface. In this bin grid, the difference in radii between two consecutive bins is constant until the
drop radius reaches a certain threshold value, at which point that difference then increases

geometrically, which is expressed as

1/d pm ifr<r
r,—r= )
i+1 i 21/(35) x(r. _ r_il)’ If ". > rc

()

A sample set of the grid spacing as a function of radius is shown in Fig. 7. It can be readily
shown that mi+1 / m; asymptotically approaches 2 in the geometric grid. This bin grid avoids
discontinuity in bin width, which would occur if the linear bin grid and a typical geometric bin
grid were more simply combined. The threshold radius rc is set to 25 pm.

Figure 8 shows the time evolution of size distributions of number, mass, and reflectivity of
drops obtained using the mixed grid with the PPM renormalization scheme, as well as the
dynamically moving grid in solving condensation without any renormalization scheme. Note that
the collection scheme used in this study works at any (irregular) bin grid without altering the grid.
In the mixture grids, only d in (5) is varied, with values of 1, 4, and 16, and s is fixed at 2, based
on the convergence test of collection schemes documented by Lee et al. (2019). Distinct
differences are seen in a relatively earlier model integration period when t < 30 min, and the results
from different bin grid refinements are similar to each other when t > 35 min. When t < 30 min,
initial drizzle drops with radius of ~40—-100 pm are clearly more abundant as the bin grid is coarser.
Furthermore, such earlier formation of drizzle drops compared to the dynamically moving bin grid
is clearly seen even with a very fine bin grid (d = 16), in which the number of bins is greater than
400. Given that the difference in condensation-driven DSD width broadening between the linear
grid with d = 16 and the dynamic grid is minimal (Fig. 4), this time evolution of DSD reveals that

even such a small difference can cause a relatively clear difference when collision-coalescence is
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also considered, and that the initial drizzle formation in a numerical model is substantially sensitive
to DSD shape.

Integral quantities of DSDs observed by a Doppler cloud radar are calculated from the bin
microphysics model output. We use McGill Radar Doppler Spectra Simulator (MRDSS, Kollias
et al. 2014; Rémillard et al. 2017) to compute DSD quantities with the parameter set for a 95 GHz
W-band cloud radar. The MRDSS forward simulator calculates the backscatter cross section of
drops using Mie theory. Figure 9 shows the time evolution of DSD quantities with different bin
grid refinements. Here the sign of Doppler velocity is defined to be positive if a drop ascends.
Because all the simulations are run with a prescribed vertical velocity that is zero after t = 10 min,
the Doppler velocity is always negative owing to the defined drop fall velocity although explicit
sedimentation is not considered. We would therefore say that the Doppler velocity increases when
it has a more negative value.

All the simulations exhibit the common trend of DSD quantities: at a relatively early stage
(between 15 and 20 min), DSDs start to skew negatively (i.e., elongated to the large drop tail) and
become wider. When the DSD skewness reach a minimum value, the mean Doppler velocity starts
to increase. Climbing from its minimum, the DSD skewness then increases towards a positive
value, while the DSD width reaches a local maximum by the time skewness crosses zero. From its
maximum value, the skewness then decreases slowly but remains positive, while the DSD width
seems to converge to a specific value and the rates of monotonically increasing reflectivity and
mean Doppler velocity are generally decelerated.

The simulation with a coarser bin grid yields an earlier increase in the total reflectivity
factor and the mean Doppler velocity, as expected owing to earlier formation of drizzle caused by

numerical diffusion in condensation. The maximum time difference compared to the reference
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solution is ~5 min when d = 1 and ~1 min when d = 16. Such a time difference is also seen in the
time series of DSD width and skewness. While the reflectivity factor and Doppler velocity seem
to show time difference only, the DSD width and skewness show clear differences other than
timing depending on bin grid refinement. As the bin grid is coarser, the minimum DSD skewness
is less negative, the DSD skewness at a later stage is less positive, and the local maximum of DSD
width is smaller or nonexistent.

To see whether the numerical diffusion from solving condensation leaves unique traces on
DSD evolution other than a simple timing difference, DSD quantities are depicted again but as a
function of reflectivity (Fig. 10), which is readily derived from Doppler cloud radar output (e.g.,
Rémillard et al. 2017; Lee et al. 2019). Although the DSD quantities are arranged as a function of
reflectivity rather than of time, the experiments with finer bin grids yield more negative DSD
skewness under a relatively low reflectivity and wider and more positively skewed DSD under a
relatively high reflectivity. Furthermore, such differences to the reference solution are clearly seen
even with a very fine bin grid (d = 16). Therefore, it appears that numerical diffusion from solving
condensation affects not only the timing of drizzle onset but also DSD characteristics during DSD
evolution, and these effects can be pronounced even with minimal numerical diffusion.

Recently, some studies have suggested that turbulence in clouds can affect cloud
development in many ways. Among them, some have shown that turbulence can accelerate large
drop formation by accelerating the rate of collisions between drops, particularly between drops
with similar sizes (Ayala et al. 2008; Franklin 2008; Pinsky et al. 2008a; Wang and Grabowski
2009; Seifert et al. 2010; Wyszogrodzki et al. 2013; Lee et al. 2015; Witte et al. 2019). Therefore,
the effects of numerical diffusion from solving condensation might be reduced when including

turbulence-induced collision enhancement (TICE). To examine this possibility, we conduct
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another series of experiments with the same parcel model but now including TICE. Here the
turbulent collision kernel of Ayala et al. (2008) and Wang and Grabowski (2009) is incorporated
in the parcel model, similar to Seifert et al. (2010) and Witte et al. (2019). The turbulent kinetic
energy dissipation rate is fixed to 50 cm? s throughout the model integration.

Figure 11, which is the same as Fig. 10 but for the simulations including TICE, shows that
there still remain distinct differences in DSD width and skewness between the bin microphysics
model and the dynamic parcel model. However, those differences considerably diminish when
including TICE. In addition to TICE, turbulence is hypothesized to broaden DSDs at an early (i.e.,
condensation-dominant) stage of cloud development by causing spatiotemporal supersaturation
fluctuations (e.g., Abade et al. 2018; Pardo et al. 2020). Thus, including turbulence may reduce

the effects of numerical diffusion from solving condensation on simulated cloud development.

d. Evaporation

Finally, performance of the renormalization schemes in solving evaporation is also briefly
examined. The same parcel model is used. The initial relative humidity is 99.5%, and the vertical
velocity is set to —0.5 m s71. The initial DSD follows the Marshall-Palmer distribution, which is
expressed as a simple exponential function, with a rain rate of 1 mm h. The initial temperature
and pressure are the same as those in the condensation experiment. The model is integrated for 20
min. If the mass of a certain bin reduces by evaporation and becomes smaller than the smallest
mass of a given bin grid, the number concentration at the corresponding bin is set to zero before
solving the renormalization step.

Figure 12 shows the DSDs at the end of model integration obtained using the different

renormalization schemes with a geometric bin grid of s = 2. The reference simulation, which adopts
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the dynamic bin grid, reveals that the smallest drop size is ~100 um depending on model time step,
whereas all the renormalization schemes yield DSDs extended to the smallest drop size. However,
the differences in small droplets are almost negligible in size distributions of mass and radar
reflectivity (Figs. 12b—d). The 2MOM scheme obviously overestimates mass and radar reflectivity
of drops, but the other three schemes show results quite similar to those of the reference solution
even in this relatively coarse bin grid. The 3MOM scheme shows a zigzagging DSD at the small
drop tail, which might be caused by the ad hoc method used to prevent negative number
concentrations. The PPM scheme also yields some zigzagging of DSD in the radius range of ~500
um (visible primarily in the higher moments) attributable to excluding a monotonic limiter, but it
diminishes as the bin grid is further refined (not shown).

Convergence of the renormalization schemes in solving evaporation is examined. Figure
13 shows the drop number concentration and drop mixing ratio at the end of the model integration
with various bin grids and different renormalization schemes. Only geometric bin grids are used
and linear bin grids are excluded because a linear bin grid requires too many bins to cover a wide
radius range that the initial DSD occupies. All the schemes converge as bin grids are refined.
Although the converged number concentrations obtained from the two advection schemes seem to
be slightly different from those obtained with the reassigning schemes or the reference experiment,
the difference is less than 1%. Interestingly, the 2MOM scheme underestimates the drop number
concentration but overestimates the drop mixing ratio at a relatively coarse bin grid, and the reverse
is true for the 3AMOM scheme. Note that a kink in drop number concentrations obtained using the
dynamic grid is related to evaporation of cloud droplets. Cloud droplets that have completely

evaporated in some bin refinements may remain as very small cloud droplets in other bin
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refinements. This depends largely on non-physical factors such as model integration period, time
step length, etc., which are not regarded as very important.

Overall, the 3MOM, PPM, and the Bott schemes all yield reasonable solutions for
evaporation with a geometric bin grid in which s is greater than or equal to two. When considering
the shape of DSD, the two advection schemes are regarded as better for solving evaporation than

the two reassigning schemes.

4. 3-D LES model

To examine the effects of numerical diffusion from solving condensation and evaporation
in a more realistic framework, we conduct a series of numerical simulations for weakly drizzling
stratocumulus. The Distributed Hydrodynamic Aerosol and Radiative Modeling Application
(DHARMA) model (Ackerman et al. 2004, and references therein) is used as the LES model,
coupled with the Community Aerosol-Radiative-Microphysics Application (CARMA, Ackerman
et al. 1995; Jensen et al. 1998) bin microphysics model.

To evaluate spatial advection of scalars in the LES model, a third-order flux is calculated
using a second-order forward-in-time method (Stevens and Bretherton 1996). The fluxes through
cell faces are evaluated based on an upwind method but the highest-order term includes a centered
difference. The PPM scheme is used to calculate the renormalization step in condensation and
evaporation. Unlike the parcel or column model used above, the LES model conducts the
renormalization computation every fast microphysical time step, which is applied to calculate the
rate of change of drop mass from condensation and evaporation and can be as small as 0.1 s. To
investigate the effects of numerical diffusion from solving condensation, we examine two types of

bin grids. One is a geometric bin grid, which is widely used in bin microphysics models, with an
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s value of 2 [referred as “S2” hereafter, see (3)], and the other is the mixed grid introduced above
with d and s values set to 4 and 2, respectively [referred as “M4”, see (5)]. The number of bins in
the range r <25 pum is 29 and 96 in the S2 and the M4 grids, respectively, and the total number of
bins to cover the maximum radius of 1 cm is 80 and 169 in the S2 and the M4 grids, respectively.
We include two improvements to the LES model compared with that used in Lee et al. (2019):
TICE are now included following Ayala et al. (2008) and Wang and Grabowski (2009), and the
sedimentation of drops is now always evaluated with the PPM scheme using substepping in time
where necessary to render it unconditionally stable (i.e., CFL number must be always less than or
equal to unity).

The initial thermodynamic and wind profiles are the same as in Rémillard et al. (2017) and
Lee et al. (2019), which represent a case of drizzling stratocumulus observed on 22 November
2009 during the Clouds, Aerosols, and Precipitation in the Marine Boundary Layer (CAP-MBL)
campaign (Wood et al. 2015). Rémillard et al. (2017) provides the detailed profiles of initial
conditions and hygroscopic aerosol specification. Aerosol consumption is neglected. The domain
size is 4.8 km x 4.8 km x 2.5 km. The horizontal grid spacing is constant at 75 m, and the vertical
grid spacing is varied between 10 and 20 m with finest at the surface and the boundary layer top.
Model integration is performed for 28 h. The dynamic model time step is adaptive in the range of
4-5s.

Figure 14 shows the time series of some cloud quantities. While the two simulations share
the basic aspects of cloud development (e.g., closed cell structure, relatively low surface
precipitation rate, and increasing liquid water path (LWP) until t < 20 h), the largest drop radius is
always smaller by a few microns in the M4 simulation than in the S2 simulation. Surface

precipitation is visible a few hours later and is generally smaller in the M4 simulation. In the
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precipitating stage (t > 22 h), the decrease in cloud drop number concentration is more evident in
the S2 simulation. All these differences are consistent with the previous parcel and column model
simulations. The bin grid refinement suppresses numerical diffusion from solving condensation,
and this causes the decrease in the largest drop radius, delayed onset of surface precipitation, and
the decreased surface precipitation in the LES results. However, the differences between the two
simulations are not so large, consistent with the limitation of convergence in solving condensation
during Eulerian vertical advection and collision-coalescence in the LES model, shown in the
simplified model frameworks (Figs. 6 and 8). In addition, while the parcel model does not consider
sedimentation and the large drops continuously grow by colliding with small drops, the simulations
using the 3-D LES model consider sedimentation as well as the continuous nucleation, so the
largest drop radius in the 3-D simulations does not exceed ~26 pm.

Figure 15 shows the Doppler radar spectra moments obtained from the two simulations and
observations. Observations of backscattering radar cross sections are obtained from the W-band
Atmospheric Radiation Measurement (ARM) cloud radar (WACR; Mead and Widener 2005) and
used for comparison. The MRDSS forward simulator is employed to derive Doppler radar spectra
and their moments from bin microphysics model output. Simulation results between t = 16 and 22
h are used to compare the simulations and observations. Similar to Lee et al. (2019), LWPs in a
range between 140 and 240 g m~2, which correspond to the one standard deviation below and above
the mean LWP in the simulations, are used to filter the simulations and observations. The median
values of spectral moments are picked at a given height and a radar reflectivity factor binned by
2-dBZ intervals. Radar spectra are averaged using a weighting function to match the vertical

spacing of the LES model to that of the radar.
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Compared to the S2 simulation, in the M4 simulations, the mean Doppler velocity is
slightly decreased near the surface, which reflects decreased drizzle size (Fig. 14e), and becomes
closer to observations. The width of Doppler spectra increases in clouds, and the increase is more
distinct in high reflectivity regions. This increased Doppler spectral width with the finer bin
spacing is also closer to observations. Doppler spectra are skewed more negatively (i.e., a longer
large drop tail) in the relatively low reflectivity regions of clouds but more positively (i.e., a longer
small drop tail) in the relatively high reflectivity regions. All these features are consistent with the
results shown in the simplified model frameworks (Fig. 11), in which the spectral width increases
and the spectral skewness shows a greater change as the bin grid is refined. However, it should be
noted that the width and skewness of spectra in the sub-cloud layers still show clear deviations
from observations. The simulations tend to yield wider and almost unskewed spectra, whereas
observations show narrower and positively skewed spectra below the cloud base. There are several
plausible reasons: for example, turbulence substantially affects width of radar spectra in the sub-
cloud layers. More accurate descriptions for cloud microphysical processes, as well as more
accurate numerics, are also crucial to demystify cloud development and drizzle formation using a

bin microphysics model.

5. Summary and conclusions

In this study, we investigated convergence of condensation and evaporation solutions in a
one-moment size-resolved (“bin””) microphysics framework. As the renormalization step is
responsible for numerical diffusion along the size axis in a bin microphysics model while solving
condensation and evaporation, several numerical schemes are evaluated in solving the

renormalization step on various bin grid refinements. Two of them are based on reassigning and
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the others on Eulerian advection. In a parcel model framework, all of the examined schemes
converge to a reference solution obtained with a dynamically moving size bin grid that minimizes
numerical diffusion. The advection schemes are generally superior in yielding less numerical
diffusion than the reassigning schemes in solving condensation with a given bin grid. The width
of drop size distributions obtained using the bin microphysics model is largely restricted to a bin
grid width. Thus, a linear bin grid, in which bin widths are generally smaller than those in the
corresponding geometric grid, is more appropriate to solve condensation. The schemes were also
examined in solving evaporation with the same model framework. As in condensation, all the
schemes converge to a reference solution, even on a relatively coarse bin grid. The two advection
schemes are still better than the two reassigning schemes.

Morrison et al. (2018) recently pointed out that numerical diffusion from solving
condensation can be substantial if condensation is combined with Eulerian vertical advection and
continuous nucleation. This study revisited the numerical diffusion that was investigated in
Morrison et al. (2018). We found that convergence in solving condensation with respect to bin grid
refinement is limited to a certain extent by Eulerian vertical advection, as concluded by Morrison
et al. (2018). While the results of this study and Morrison et al. (2018) are generally consistent, we
also found that such a limitation appears at coarser bin grids as the number of iterations in vertical
advection increases. Thus, changing vertical grid spacing or dynamic model time step in a manner
that falls further below unity in Courant condition, as well as adopting a higher-order time
integration method, worsened numerical diffusion.

Drop size distribution broadening in condensation is particularly important when collision-
coalescence follows condensation. We explicitly examined the effects of numerical diffusion on

collision-coalescence using the parcel model framework. We introduced a mixed bin grid to take
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advantage of a linear bin grid in solving condensation while still efficiently covering a wide range
of drop radius. However, even a tiny difference in drop size distribution width (less than 0.5 pum)
from condensation is shown to cause a distinct difference when condensation and collision-
coalescence are combined. In addition to acceleration of drop size distribution evolution, moments
of Doppler spectra as a function of radar reflectivity factor also exhibit distinct differences.
However, if turbulence-induced collision enhancement, which accelerates collision of drops
particularly with similar sizes, is implemented in the model, those differences substantially
diminish. This implies that the effects of numerical broadening from solving condensation might
not be so influential if turbulence effects, such as collision enhancement, spatial supersaturation
fluctuation, or eddy hopping (e.g., Abade et al. 2018; Pardo et al. 2020), are well considered in a
cloud model.

To examine the effects of numerical broadening from solving condensation in a more
realistic framework, we conducted a few simulations using an LES model coupled with a bin
microphysics model. Two types of bin grids, one a typical geometric grid and the other a mixture
of linear and geometric grids, were employed in the model. While overall aspects of cloud
development are unchanged, the simulation with the finer bin grid yields smaller large drop radius
and later onset of surface precipitation, which is consistent with those obtained using the simplified
model frameworks. Moments of the drop size distribution in radar reflectivity space are also
changed in the directions expected. Those obtained using the finer bin grid are generally closer to
observations, but the simulations remain more similar to one another than the observations overall.
Of particular concern, the broadening introduced by solving condensation is likely presenting a
limitation on convergence in both simulations. The broadening appears more clearly when it

combines with collision-coalescence that amplifies even tiny drop size distribution broadening and
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with vertical advection that is calculated with overly large vertical grid spacing or has Courant
numbers deviating from unity throughout the LES domain.

Explaining phenomena occurring in clouds using a numerical model is likely to contain
errors. Using bin microphysics schemes to study drizzle formation, special attention should be paid
to reducing numerical diffusion. In this study, along with the Part | of our study, the numerical
diffusion along the size axis in a bin microphysics model can be controlled to some degree over
well-defined conditions (e.g., a sufficiently small vertical grid spacing, a vertical advection scheme
that minimizes numerical diffusion, and range of Courant number when treating condensation and
advection). However, unless paying special attention to design a treatment both in dynamics and
in microphysics to minimize numerical diffusion, bin microphysics schemes are vulnerable to its
impacts on the representation of drizzle formation. The tradeoff between numerical accuracy and
computational expense is also one of the considerations; using more than several hundreds of bins
might not be practical at this time if the model is used in a 3-D cloud simulation. A Lagrangian
cloud model, which is free from numerical diffusion from condensation, would be a good
benchmark for improving bin microphysics models, although it requires extensive computational
resources at this time (e.g., Pinsky et al. 2008b; Shima et al. 2009). Observed cloud radar Doppler
spectra and a forward simulator, which can in principle produce Doppler spectra from any type of
model results under the assumption that it takes accurate account of physical phenomena such as
turbulent broadening of drop size distributions, are valuable tools for establishing that simulations
can reproduce observations and likely for the correct reasons. Continuing to simultaneously exploit
increasingly well-designed models and detailed observations can be expected to soundly increase

understanding of cloud and precipitation development.
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Fig. 1. Size distributions of (a) number concentration, (b) mass concentration, and (c) Rayleigh-
regime radar reflectivity factor of drops at t = 10 min obtained in the condensation
experiments using different renormalization schemes, and the dynamic bin grid without
any renormalization scheme. (d) As in (c), but as a function of drop fall speed.

Fig. 2. Time series of (a) the median radius, (b) the largest (99th percentile) radius, (c) difference
in radius between the largest and the median, and (d) standard deviation of drop size
distributions obtained using different renormalization schemes and a geometric grid, and
the dynamic bin grid without any renormalization scheme. In the geometric grid, the bin
width parameter s is set to 2.

Fig. 3. As in Fig. 2, but with a linear bin grid with the bin width parameter d of 1.

Fig. 4. (a) The largest radii and (b) standard deviations of drop size distributions as a function of
bin width parameter. Solid lines represent results obtained using linear bin grids with varied
parameter d, and dashed lines those with corresponding geometric bin grids with varied
parameter s.

Fig. 5. (a)—(d) As in Fig. 3 but obtained using a column model and as a function of height. (e)-(h)
As in (a)—(d) but obtained using the PPM renormalization scheme with varied bin width
parameters.

Fig. 6. Standard deviations of drop size distributions as a function of bin width parameter d. The
black solid line represents the result obtained using a third-order Runge-Kutta in time
scheme, and the others using a first-order forward-in-time scheme. The red solid line

represents the result obtained using the parcel model, and the others using the column
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model. Two different vertical grid spacings (20 and 10 m) and two different time steps (5
and 1 s) are examined in the column model.

Fig.7. Radius bin grid spacing as a function of particle radius in a mixture grid withd =4 and s =
2 (solid). It is readily seen that the grid spacing in the mixture grid is asymptotically
approaches that of a geometric grid with s = 2 (dashed) and is smaller in the radius range
of 5 — 40 pum than that of a geometric grid that covers the same radius range with the same
number of bins as the mixture grid (dotted).

Fig. 8. Time evolutions of size distributions of (top) number, (middle) mass, and (bottom) radar
reflectivity factor of drops. The PPM scheme is used to solve the renormalization step. The
first three columns are obtained using the mixture bin grid in which the bin width parameter
s is fixed at 2 and d is varied with (first column) 1, (second column) 4, and (third column)
16. The rightmost column is obtained using the dynamic bin grid.

Fig. 9. Time series of (a) radar reflectivity factor, (b) mean Doppler velocity, (c) width of Doppler
spectra, and (d) skewness of Doppler spectra obtained using the mixture bin grids with bin
width parameter d varied with 1, 4, and 16, and the dynamic bin grid.

Fig. 10. (@) Mean Doppler velocity, (b) width of Doppler spectra, and (c) skewness of Doppler
spectra as a function of radar reflectivity factor obtained using the mixture bin grids with
bin width parameter d varied with 1, 4, and 16, and the dynamic bin grid.

Fig. 11. As in Fig. 10, but for the parcel model that considers the turbulence-induced collision
enhancement.

Fig. 12. Size distributions of (a) number concentration, (b) mass concentration, and (c) Rayleigh-

regime radar reflectivity factor of drops at t = 20 min obtained in the evaporation
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experiments using different renormalization schemes, and the dynamic bin grid without
any renormalization scheme. (d) As in (c), but as a function of drop fall speed.

Fig. 13. (a) Number concentration and (b) mass concentration of drops as a function of bin width
parameter s. Note that the lines obtained using the PPM and Bott schemes are almost
coincident.

Fig. 14. Time series of simulated domain-averaged (a) liquid water path, (b) cloud fraction, (c)
cloud drop number concentration, (d) surface precipitation rate, and (e) the largest drop
radius in the S2 and M4 simulations.

Fig. 15. Median of (top) mean Doppler velocity, (middle) width of Doppler spectra, and (bottom)
skewness of Doppler spectra for a given radar reflectivity factor range and height obtained
from (left) the S2 simulation, (center) the M4 simulation, and (right) observations. The sign
convention for Doppler velocities is negative for downward motion. Black horizontal lines

in the panels indicate the mean cloud-base heights.
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regime radar reflectivity factor of drops at t = 20 min obtained in the evaporation experiments
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scheme. (d) As in (c), but as a function of drop fall speed.
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913  Fig. 14. Time series of simulated domain-averaged (a) liquid water path, (b) cloud fraction, (c)
914  cloud drop number concentration, (d) surface precipitation rate, and (e) the largest drop radius in
915 the S2 and M4 simulations.
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Fig. 15. Median of (top) mean Doppler velocity, (middle) width of Doppler spectra, and (bottom)

skewness of Doppler spectra for a given radar reflectivity factor range and height obtained from

(left) the S2 simulation, (center) the M4 simulation, and (right) observations. The sign convention

for Doppler velocities is negative for downward motion. Black horizontal lines in the panels

indicate the mean cloud-base heights.
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