
1 
 

Pumping wavelength related population inversion in 
Nd:doped laser 
YINGXIN BAI 
 
Affiliations 
NASA Goddard Space Flight Center, Code 554, Greenbelt, MD 20771.  

Email: yingxin.bai-1@nasa.gov 
 

ABSTRACT 

Pumping wavelength related population inversion in Nd:doped laser has been investigated, where the laser is regarded 
as two thermodynamic equilibrium systems, upper state one and lower state one. The population inversion limits at 
various pumping wavelengths and temperatures are compared. The effective metastable life time has been derived, 
where both pump and laser fields within Nd:doped laser medium reduce the lifetime. The saturation of lifetime is 
discussed. As a result, in-band pumping of Nd: doped laser is good for improving the efficiency and achieving narrow-
linewidth of laser wavelength due to less population inversion; off-band pumping is benefit for extracting high pulse 
energy thanks of large population inversion.  

 

Diode-pumped solid-state lasers (DPSSLs) with the advantages in 
compactness and efficiency have been widely investigated. Nd:YVO4 
and Nd:GdVO4 laser crystals have several spectroscopic properties, 
such as large, stimulated emission cross section and strong broadband 
absorption around 808 nm that are particularly relevant to AlGaAs laser 
diode pumping. However, they suffer from poor thermomechanical 
properties resulting in beam degradation and crystal fracture. In-band 
pumping with 880/888/914 nm laser diodes is helpful to reduce 
quantum defect, enhance the laser efficiency, and mitigate thermal 
effects of Nd:YVO4/GdVO4 lasers.  

In 1963, a diode-pumped solid-state laser was first investigated where 
a Nd:CaWO4 laser was directly in-band pumped into the 4F3/2 upper 
level by 880 nm radiation of GaAs diodes.1 Later, the in-band pumping 
research was focused on Yb:doped laser, Er:doped laser, and Ho:doped 
laser because of their energy level structures.2-5 High power and high 
efficiency diode-pumped thin-disk Yb:YAG laser and Yb:doped fiber 
laser have been developed.6,7 In recent years, great attention has been 
paid to in-band pumped Nd:doped laser again because high power 
AlGaAs laser diodes can also operate in the wavelength of 880/888nm.8 
For example, in-band pumped Nd:YAG nonplanar ring oscillator 
(NPRO) has been demonstrated in high efficiency and power.9 The 
developed high power InGaAs laser diodes in the research of diode 
pumped Yb:doped lasers at the wavelength of 914 nm can also be used 
as the pump sources of Nd:YVO4/GdVO4 lasers . The commercially 
available 914 nm InGaAs laser diodes have even higher efficiency than 
880 nm AlGaAs laser diodes. Experimentally, the 80.7% slope efficiency 
and 78.7% optical-to-optical efficiency have been achieved in a 914 nm 
diode pumped continuous wave (CW) Nd:YVO4 laser with an M2=1.1 
beam quality.10 The slope efficiency is near the quantum limited 
efficiency (914/1064 ≈85.9%). In contrast, the slope efficiency of 808 
nm diode pumped CW Nd:YVO4 laser is about 58%, far-off the quantum 
limited efficiency (808/1064≈75.9%). In-band directly pumped 

Nd:doped laser evades non-radiation relaxation between pump and 
laser upper manifolds like the reduction of internal resistance in an 
electrical circuit. It speeds up the energy transfer between pump and 
laser (the non-radiation relax time of off-band pumping is 
approximately in an order of nanosecond order), and eliminates the 
ions upper state leaking (the pump and laser in off-band pumping have 
their respective upper states, and undergoes a large upper state ions 
leaking). It also increases the lifetime of laser upper state (small heat 
loading results in low crystal temperature) and reduces the saturation 
effect (the saturation intensity of in-band direct pumping is larger than 
that of off-band indirect pumping). 

Now, people no longer believe that the 4-level operation, which is well 
suited for flash-lamp pumped Nd:doped laser, is the best choice for 
diode pumped Nd:doped laser. Many applications, like active remote 
sensing, need Q-switched lasers to generate high energy laser pulses. 
The improvement in in-band pumped Q-switched Nd:doped laser is still 
going on. A suitable theoretical model is needed for analysis, simulation, 
and approach election. For example, all-solid-state laser transmitters for 
sodium lidar and guide star may be developed based on Q-switched 
Nd:doped lasers One approach is the sum frequency generation of 1064 
nm and 1319 nm Nd:YAG laser pulses; the other is the second harmonic 
generation of 1066 nm Nd:YVO4 pumped mixed GdxY1-x VO4 Raman 
laser pulses at the wavelength of 1178 nm. Raman approach seems to 
be compact and efficient.11 Experimentally, the improvement of in-band 
pumped Nd:YVO4 laser, especially in low repletion rate and high pulse 
energy mode, was not successful.12 An empirical analysis was attributed 
to “…that fluorescence quenching and up-conversion processes limit 
the possible uses for the 914 nm pumping scheme to regimes with low 
population inversions.”  
 
In this letter, the physics analysis of lowering the limitation of 
population inversion is presented based on the Boltzmann probability 
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distribution of energy levels. Fig.1 shows the energy level diagram of 
Nd:YVO4 crystal. For 808 nm pumping wavelength, the Nd:YVO4 laser 
is a 4-level system; for 880/888/914 nm diode pumping wavelength, 
the Nd:YVO4 laser is regarded as a quasi-3-level system, referred to as a 
Λ-shaped 3-level system because the pump and laser share the same 
upper state 

Fig. 1. Energy level diagram of Nd+3 ions doped YVO4 crystal. The data of 
energy sublevels are from Ref. 13. 

In a 4-level system, the pump and laser upper states are assumed in a 
thermal equilibrium system because the non-radiative relaxation time 
between the manifolds 4F5/2 and 4F3/2 could be ignored compared to the 
lifetime of the metastable energy manifold 4F3/2. 𝑁𝑁1 denotes the 
population density of Nd3+ ions in this thermal equilibrium system. By 
analogue, the pump and laser lower states are assumed in other thermal 
equilibrium system where the population density of Nd3+ ions is noted 
as 𝑁𝑁0. The total population density of Nd3+ ions is 𝑁𝑁𝑇𝑇 = 𝑁𝑁1 + 𝑁𝑁0. 
Regardless of whether it is a 4- or 3-level system, it will be simplified into 
two thermal equilibrium systems: the upper state one and the lower 
state one. In each thermal equilibrium system, the population density 
can be described by Boltzmann probability distribution:  

 𝑓𝑓𝑖𝑖 = 𝑔𝑔𝑖𝑖𝑒𝑒−𝜀𝜀𝑖𝑖 𝑘𝑘𝑘𝑘⁄

∑ 𝑔𝑔𝑗𝑗𝑒𝑒
−𝜀𝜀𝑗𝑗 𝑘𝑘𝑘𝑘⁄𝑀𝑀

𝑗𝑗=1
   (1) 

where 𝑓𝑓𝑖𝑖 , 𝑔𝑔𝑖𝑖 , and 𝜀𝜀𝑖𝑖  are the probability population density, the 
degeneracy factors, and the energy of level  𝑖𝑖, respectively,  k is the 
Boltzmann constant, T is the thermodynamic temperature of the 
system, and M is the total number of all levels in the interested thermal 
equilibrium system, either 𝑁𝑁1 or 𝑁𝑁0. In the interested thermal 
equilibrium systems, all degeneracy factors are 1. The pump and laser 
are varying the magnitudes of 𝑁𝑁1 and 𝑁𝑁0, but they don’t influence the 
total population density 𝑁𝑁𝑇𝑇 (constant).  

In a Λ-shaped 3-level system, the transition between R1 (the lowest 
sublevel in manifold of 4F3/2) and Z5 (the highest sublevel in manifold of 
4I9/2) corresponds to the laser wavelength of 914 nm. Without 
population inversion, 914 nm laser is absorbed so that the population in 
the manifold of 4I9/2 is increasing. With population inversion, 914 nm 
laser is amplified, so that the population in manifold of 4I9/2 is 
decreasing.14. It is impossible for 914 nm pump laser to make the 

population inversion between R1 and Z5 sublevels. On the other word, 
the maximum contribution of 914 nm pump laser is to make the 
population in R1 sublevel equal to the population in Z5, that is  

 𝑁𝑁𝑍𝑍5 = 𝑁𝑁𝑅𝑅1 ,    (2)  

where the population in Z5 sublevel of 4I9/2 manifold (lower state) and 
the population in R1 sublevel of 4F3/2 manifold (upper state) are written 
as, respectively,   

 𝑁𝑁𝑍𝑍5 = 𝑓𝑓𝑍𝑍5𝑁𝑁0,    (3) 

 𝑁𝑁𝑅𝑅1 = 𝑓𝑓𝑅𝑅1𝑁𝑁1.   (4) 

Assuming the temperature 𝑇𝑇 = 300 𝐾𝐾 (just above the room 
temperature), 𝑓𝑓𝑍𝑍5 = 5.02% and 𝑓𝑓𝑅𝑅1 = 51.56%.  In respect to the total 
population density, 𝑁𝑁𝑇𝑇 = 𝑁𝑁1 + 𝑁𝑁0, the probability distribution of 
population in R1 sublevel can be defined as     

 𝑓𝑓𝑅𝑅1
(𝑇𝑇) = 𝑁𝑁𝑅𝑅1

𝑁𝑁𝑇𝑇
.    (5) 

For an extreme pumping intensity (𝑁𝑁𝑍𝑍5 = 𝑁𝑁𝑅𝑅1),  

  1
𝑓𝑓𝑅𝑅1

(𝑇𝑇) = 1
𝑓𝑓𝑍𝑍5

+ 1
𝑓𝑓𝑅𝑅1

.    (6) 

Therefore, the limitation of population in R1 sublevel is 𝑓𝑓𝑅𝑅1
(𝑇𝑇) = 4.58% 

when a Nd:YVO4 crystal is pumped by 914 nm diode and at the 
temperature of 𝑇𝑇 = 300 𝐾𝐾. Similarly, the probability distribution of 
population in R2 sublevel can be defined as    

 𝑓𝑓𝑅𝑅2
(𝑇𝑇) = 𝑁𝑁𝑅𝑅2

𝑁𝑁𝑇𝑇
.     (7) 

The ratio between populations in R2 and R1 sublevels within the 
manifold of 4F3/2 can be calculated by Boltzmann factor, 

 𝑓𝑓𝑅𝑅2
𝑓𝑓𝑅𝑅1

= 𝑒𝑒−
𝜀𝜀𝑅𝑅2−𝜀𝜀𝑅𝑅1

𝑘𝑘𝑘𝑘 ,    (8) 

where  𝑁𝑁𝑅𝑅2 = 𝑓𝑓𝑅𝑅2𝑁𝑁1.   (9) 

At the temperature of 𝑇𝑇 = 300 𝐾𝐾, the ratio 𝑓𝑓𝑅𝑅2 𝑓𝑓𝑅𝑅1⁄ = 0.9173 and 
𝑓𝑓𝑅𝑅2

(𝑇𝑇) = (𝑓𝑓𝑅𝑅2 𝑓𝑓𝑅𝑅1) 𝑓𝑓𝑅𝑅1
(𝑇𝑇)� = 4.20%. Fig. 2 shows that the population in 

the manifold of 4F3/2 (sum of maximum populations in R1 and R2) is 
8.78%. If the manifold of 4I11/2 is empty, 8.78% is the population 
inversion limitation of 1064, 1066, or 1340 nm laser. In the same way, 
the population inversion limitations to other diode pumping 
wavelengths are 31.40% for 888 nm and 43.45% for 880 nm.  
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Fig. 2. The population distribution of Nd3+ doped YVO4 crystal at the 
temperature of 300 K when an extreme pumping intensity at 
wavelength of 914 nm is applied. 
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A 808 nm diode pumped Nd:YVO4 laser is a 4-level system. For 1064 
nm laser wavelength, the thermal equivalence ratio of pump upper state 
(S2 sublevel of 4F5/2 manifold) to laser upper state (Y1 sublevel of 4I11/2 

manifold) can be also described by Boltzmann factor,  

 𝑓𝑓𝑝𝑝𝑝𝑝
𝑓𝑓𝑙𝑙𝑙𝑙

= 𝑒𝑒−
𝜀𝜀𝑝𝑝𝑝𝑝−𝜀𝜀𝑙𝑙𝑙𝑙

𝑘𝑘𝑘𝑘 ,   (10) 

where 𝑓𝑓𝑝𝑝𝑝𝑝 and 𝑓𝑓𝑙𝑙𝑙𝑙 are the probabilities of pump and laser upper states; 
𝜀𝜀𝑝𝑝𝑝𝑝 and 𝜀𝜀𝑙𝑙𝑙𝑙are the energy levels of pump and laser upper states. For a 
808 nm diode pumped 1064 nm Nd:YVO4 laser,  the ratio is 1/142. At 
the maximum of population inversion, the population on the pump 
upper state (S2 sublevel of 4F5/2 manifold) is equal to the population on 
pump lower state (Z1 sublevel of 4I9/2 manifold), that is, 51.11%, as 
shown in Fig. 3. The calculated population inversion limitation for 808 
nm pumping is 97.99%. In brief, the population inversion limitation is 
not an issue for a 4-level laser system, while for a Λ-shaped 3-level 
system, especially a high energy laser with a low repetition rate, it 
should be carefully well-thought-out.  

0

2000

4000

6000

8000

10000

12000

0 5 10 15 20 25 30 35 40 45 50 55

R2

4I9/2

4I11/2

4F3/2

Population (%)

En
er

gy
 (c

m
-1
)

 808 nm Pumping4F5/2 R1

 
Fig. 3. The population distribution of Nd3+ doped YVO4 crystal at the 
temperature of 300 K when an extreme pumping intensity at 
wavelength of 808 nm is applied 

We can calculate a population inversion limitation of 1064 nm for 
different pump wavelengths at various temperatures. Table 1 lists the 
mentioned-above wavelengths associated with population inversion 
limitations for 1064, 1066, or 1340 nm Nd:YVO4 laser at the 
temperature of 300 K and 400 K. For 914 nm pumping, the population 
inversion limitation is increasing with temperature (from 300 K to 400 
K), for 808, 880, or 888 nm pumping, it is decreasing.  

Table 1. Pump wavelength-dependent population inversion limitations 

Pump Wavelength (nm) 808 880 888 914 

Max. Population (%)          
T=300 K 

R1 51.11 22.66 16.38 4.58 

R2 46.87 20.79 15.02 4.20 

Population Inversion 
Limit (%)         T=300K 

4F3/

2 
97.99 43.45 31.40 8.78 

Max. Population (%)          
T=400 K 

R1 48.02 20.88 16.20 6.42 

R2 45.01 19.15 15.18 6.02 

Population Inversion 
Limit (%)          T=400K 

4F3/

2 
93.03 40.03 31.38 12.44 

The population inversion is directly proportional to the small signal gain 
of pulse amplification. The population inversion limitation implies the 
energy extraction under extremal pumping.  At a temperature of 300 K, 
the maximum population inversion of Nd:YVO4 laser pumped by 914 
nm diode is only 9% of that pumped by 808 nm diode; and at 400 K, the 
population inversion limitation of 808 nm diode pumped Nd:YVO4 laser 
is approximately 7.5 time higher than that of 914 nm diode pumped one. 
This model can clearly and unambiguously interpret the experimental 
results, where the gain of 808 nm diode pumped laser is 5 times higher 
than that of the 914 nm pumped laser when 12 W pump power is 
absorbed.  

For the detail analysis, the temperature distribution within the crystal 
should be carefully considered. The higher the power absorbed by 
Nd:YVO4 crystal, the higher the crystal temperature, and the closer it is 
to the population inversion limitation.  

For the sake of general-utility, Fig.4 shows the energy-level diagram of a 
4−level system like a Nd:doped laser pumped by 808 nm laser diode, 
where the levels d and b are the upper states of pump and laser, and the 
levels a and c are the lower states of pump and laser, respectively. If the 
levels d and b merge together, the system will become a Λ-shaped 3-
level system like a Nd:doped laser pumped by 880, 888, or 914 nm laser 
diode  

 

Fig. 4. The diagram of pump and laser transitions in a 4-level system. 

For a 4-level system, the coupled differential equations between pump 
and laser can be written as  
𝑑𝑑𝑁𝑁1
𝑑𝑑𝑑𝑑

= 𝜎𝜎𝑎𝑎𝑎𝑎 �
𝑁𝑁𝑎𝑎
𝑔𝑔𝑎𝑎
− 𝑁𝑁𝑑𝑑

𝑔𝑔𝑑𝑑
�𝜙𝜙𝑃𝑃 − 𝜎𝜎𝑒𝑒𝑒𝑒 �𝑁𝑁𝑏𝑏

𝑔𝑔𝑏𝑏
− 𝑁𝑁𝑐𝑐

𝑔𝑔𝑐𝑐
�𝜙𝜙𝐿𝐿 −

𝑁𝑁1
𝜏𝜏0

, (11) 

 𝑑𝑑𝜙𝜙𝑃𝑃

𝑑𝑑𝑑𝑑
= −𝜎𝜎𝑎𝑎𝑎𝑎 �

𝑁𝑁𝑎𝑎
𝑔𝑔𝑎𝑎
− 𝑁𝑁𝑑𝑑

𝑔𝑔𝑑𝑑
�𝜙𝜙𝑃𝑃 ,    (12) 

𝑑𝑑𝜙𝜙𝐿𝐿

𝑑𝑑𝑑𝑑
= 𝜎𝜎𝑒𝑒𝑒𝑒 �𝑁𝑁𝑏𝑏

𝑔𝑔𝑏𝑏
− 𝑁𝑁𝑐𝑐

𝑔𝑔𝑐𝑐
�𝜙𝜙𝐿𝐿,    (13) 

where 𝑁𝑁𝑎𝑎 = 𝑓𝑓𝑎𝑎𝑁𝑁0, 𝑁𝑁𝑏𝑏 = 𝑓𝑓𝑏𝑏𝑁𝑁1, 𝑁𝑁𝑐𝑐 = 𝑓𝑓𝑐𝑐𝑁𝑁0, 𝑁𝑁𝑑𝑑 = 𝑓𝑓𝑑𝑑𝑁𝑁1, 𝜎𝜎𝑎𝑎𝑎𝑎 and 𝜎𝜎𝑒𝑒𝑒𝑒 
are the individual absorption and emission cross sections, 𝜏𝜏0 is the 
fluorescence lifetime of upper manifold, 𝜙𝜙𝑃𝑃 and 𝜙𝜙𝐿𝐿  are the pump and 
laser photon flux densities in the crystal. 𝑧𝑧 and 𝑡𝑡 are the propagating 
distance and time of pump/laser beams within the laser crystal. For the 
steady-state operation (𝑑𝑑𝑁𝑁1 𝑑𝑑𝑑𝑑⁄ = 0), the solutions of Eq. (11) will be 

𝑁𝑁1 =
𝜎𝜎𝑎𝑎𝑎𝑎

𝑓𝑓𝑎𝑎
𝑔𝑔𝑎𝑎
𝜙𝜙𝑃𝑃+𝜎𝜎𝑒𝑒𝑒𝑒

𝑓𝑓𝑐𝑐
𝑔𝑔𝑐𝑐
𝜙𝜙𝐿𝐿

𝜎𝜎𝑎𝑎𝑎𝑎�
𝑓𝑓𝑎𝑎
𝑔𝑔𝑎𝑎
+𝑓𝑓𝑑𝑑
𝑔𝑔𝑑𝑑
�𝜙𝜙𝑃𝑃+𝜎𝜎𝑒𝑒𝑒𝑒�

𝑓𝑓𝑏𝑏
𝑔𝑔𝑏𝑏
+𝑓𝑓𝑐𝑐𝑔𝑔𝑐𝑐

�𝜙𝜙𝐿𝐿+
1
𝜏𝜏0

𝑁𝑁𝑇𝑇 ,   (14) 

𝑁𝑁0 =
𝜎𝜎𝑎𝑎𝑎𝑎

𝑓𝑓𝑑𝑑
𝑔𝑔𝑑𝑑
𝜙𝜙𝑃𝑃+𝜎𝜎𝑒𝑒𝑒𝑒

𝑓𝑓𝑏𝑏
𝑔𝑔𝑏𝑏
𝜙𝜙𝐿𝐿+

1
𝜏𝜏0

𝜎𝜎𝑎𝑎𝑎𝑎�
𝑓𝑓𝑎𝑎
𝑔𝑔𝑎𝑎
+𝑓𝑓𝑑𝑑𝑔𝑔𝑑𝑑

�𝜙𝜙𝑃𝑃+𝜎𝜎𝑒𝑒𝑒𝑒�
𝑓𝑓𝑏𝑏
𝑔𝑔𝑏𝑏
+𝑓𝑓𝑐𝑐𝑔𝑔𝑐𝑐

�𝜙𝜙𝐿𝐿+
1
𝜏𝜏0

𝑁𝑁𝑇𝑇.   (15) 

Briefly, the upper/lower state populations depend on the photon flux 
densities of pump and laser as well as the lifetime of metastable state. 
The effective metastable state lifetime 𝜏𝜏𝑒𝑒 satisfies following equation 
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 1
𝜏𝜏𝑒𝑒

= 𝜎𝜎𝑎𝑎𝑎𝑎 �
𝑓𝑓𝑎𝑎
𝑔𝑔𝑎𝑎

+ 𝑓𝑓𝑑𝑑
𝑔𝑔𝑑𝑑
�𝜙𝜙𝑃𝑃 + 𝜎𝜎𝑒𝑒𝑒𝑒 �𝑓𝑓𝑏𝑏

𝑔𝑔𝑏𝑏
+ 𝑓𝑓𝑐𝑐

𝑔𝑔𝑐𝑐
�𝜙𝜙𝐿𝐿 + 1

𝜏𝜏0
.  (16) 

Later, the saturation of metastable state lifetime will be discussed.  

Generally, the laser amplification is presented as  

 𝑑𝑑𝐼𝐼𝐿𝐿
𝐼𝐼𝐿𝐿𝑑𝑑𝑑𝑑

= g

1+ 𝐼𝐼𝐿𝐿
𝐼𝐼𝐿𝐿𝐿𝐿

,    (17) 

where 𝐼𝐼𝐿𝐿 = 𝜙𝜙𝐿𝐿ℎ𝜈𝜈𝐿𝐿, g and 𝐼𝐼𝐿𝐿𝐿𝐿 are the small signal gain coefficient and 
the saturation intensity, and ℎ and 𝜈𝜈𝐿𝐿  are Planck constant and laser 
frequency, respectively. Inserting Eqs. (14) and (15) into Eq. (13) and 
then comparing with Eq. (17), the corresponding small-signal gain 
coefficient and the saturation intensity can be obtained,  

g(𝜙𝜙𝑃𝑃) =
𝜎𝜎𝑎𝑎𝑎𝑎𝜙𝜙𝑃𝑃𝜏𝜏0�

𝑓𝑓𝑎𝑎
𝑔𝑔𝑎𝑎

𝑓𝑓𝑏𝑏
𝑔𝑔𝑏𝑏
−𝑓𝑓𝑐𝑐𝑔𝑔𝑐𝑐

𝑓𝑓𝑑𝑑
𝑔𝑔𝑑𝑑
�−𝑓𝑓𝑐𝑐𝑔𝑔𝑐𝑐

𝜎𝜎𝑎𝑎𝑎𝑎𝜙𝜙𝑃𝑃𝜏𝜏0�
𝑓𝑓𝑎𝑎
𝑔𝑔𝑎𝑎
+𝑓𝑓𝑑𝑑𝑔𝑔𝑑𝑑

�+1
𝜎𝜎𝑒𝑒𝑒𝑒𝑁𝑁𝑇𝑇 ,   (18) 

𝐼𝐼𝐿𝐿𝐿𝐿(𝜙𝜙𝑃𝑃) =
𝜎𝜎𝑎𝑎𝑎𝑎𝜙𝜙𝑃𝑃𝜏𝜏0�

𝑓𝑓𝑎𝑎
𝑔𝑔𝑎𝑎
+𝑓𝑓𝑑𝑑𝑔𝑔𝑑𝑑

�+1

𝜎𝜎𝑒𝑒𝑒𝑒𝜏𝜏0�
𝑓𝑓𝑏𝑏
𝑔𝑔𝑏𝑏
+𝑓𝑓𝑐𝑐𝑔𝑔𝑐𝑐

�
ℎ𝜈𝜈𝐿𝐿 .   (19) 

Both are functions of pumping intensity. Without pumping, g(0) =
−𝜎𝜎𝑒𝑒𝑒𝑒 �𝑓𝑓𝑐𝑐

𝑔𝑔𝑐𝑐
�𝑁𝑁𝑇𝑇 , where 𝜎𝜎𝑒𝑒𝑒𝑒 corresponds to the measured absorption 

cross section at the laser wavelength. 

Analogously, the pump absorption and saturation can be discussed:  

 𝑑𝑑𝐼𝐼𝑃𝑃
𝐼𝐼𝑃𝑃𝑑𝑑𝑑𝑑

= − α

1+ 𝐼𝐼𝑃𝑃
𝐼𝐼𝑃𝑃𝑃𝑃

,   (20) 

Where α(𝜙𝜙𝐿𝐿) =
𝜎𝜎𝑒𝑒𝑒𝑒𝜙𝜙𝐿𝐿𝜏𝜏0�

𝑓𝑓𝑎𝑎
𝑔𝑔𝑎𝑎

𝑓𝑓𝑏𝑏
𝑔𝑔𝑏𝑏
−𝑓𝑓𝑐𝑐𝑔𝑔𝑐𝑐

𝑓𝑓𝑑𝑑
𝑔𝑔𝑑𝑑
�+𝑓𝑓𝑎𝑎𝑔𝑔𝑎𝑎

𝜎𝜎𝑒𝑒𝑒𝑒𝜙𝜙𝐿𝐿𝜏𝜏0�
𝑓𝑓𝑏𝑏
𝑔𝑔𝑏𝑏
+𝑓𝑓𝑐𝑐𝑔𝑔𝑐𝑐

�+1
𝜎𝜎𝑎𝑎𝑎𝑎𝑁𝑁𝑇𝑇, (21) 

 𝐼𝐼𝑃𝑃𝑃𝑃(𝜙𝜙𝐿𝐿) =
𝜎𝜎𝑒𝑒𝑒𝑒𝜙𝜙𝐿𝐿𝜏𝜏0�

𝑓𝑓𝑏𝑏
𝑔𝑔𝑏𝑏
+𝑓𝑓𝑐𝑐𝑔𝑔𝑐𝑐

�+1

𝜎𝜎𝑎𝑎𝑎𝑎𝜏𝜏0�
𝑓𝑓𝑎𝑎
𝑔𝑔𝑎𝑎
+𝑓𝑓𝑑𝑑𝑔𝑔𝑑𝑑

�
ℎ𝜈𝜈𝑃𝑃 . (22) 

They are the functions of laser intensity. Without lasing, α(0) =
𝜎𝜎𝑎𝑎𝑎𝑎 �

𝑓𝑓𝑎𝑎
𝑔𝑔𝑎𝑎
�𝑁𝑁𝑇𝑇 , where 𝜎𝜎𝑎𝑎𝑎𝑎 is the absorption cross section at the pump 

wavelength. For the detail description of CW operation, the non-
radiation relaxation within the upper state or lower state 
thermodynamic equilibrium system should be counted even though 
these relax times might be in the order of nanosecond. For a simple 
modification, different upper-manifold fluorescence lifetimes should be 
applied for in-band direct pumping and off-band indirect pumping 
because the relaxation between pump and laser upper manifolds causes 
the time delay.  

For Q-switching operation, the time delay caused by the relaxation 
between pump and laser upper manifolds might be ignored, and the 
laser intensity is zero during pumping. If pump intensity is fixed, the 
solution of Eq. (11) can be rewritten as 

 𝑁𝑁1 = 𝛼𝛼(0)𝜙𝜙𝑃𝑃𝜏𝜏�1 − 𝑒𝑒−𝑡𝑡/𝜏𝜏�,  (23) 

where 𝜏𝜏 = 𝜏𝜏0
1+ 𝐼𝐼𝑃𝑃

𝐼𝐼𝑃𝑃𝑃𝑃(0)

,   (24) 

 𝐼𝐼𝑃𝑃 = 𝜙𝜙𝑃𝑃ℎ𝜈𝜈𝑃𝑃,   (25) 

 𝐼𝐼𝑃𝑃𝑃𝑃(0) = ℎ𝜈𝜈𝑃𝑃 �𝜎𝜎𝑎𝑎𝑎𝑎𝜏𝜏0 �
𝑓𝑓𝑎𝑎
𝑔𝑔𝑎𝑎

+ 𝑓𝑓𝑑𝑑
𝑔𝑔𝑑𝑑
��� . (26) 

Using 𝑓𝑓𝑏𝑏
𝑔𝑔𝑏𝑏

 instead of 𝑓𝑓𝑑𝑑
𝑔𝑔𝑑𝑑

 from Eq. (11) to Eq. (26), the formula of a Λ-
shaped 3-level system can be obtained. Table 2 lists the parameters for 
1064 nm laser.  

Table 2. The π-polarization parameters of Nd:YVO4 at T=300 K 

Wavelength (nm) 808 880 888 914 

𝑓𝑓𝑎𝑎 𝑔𝑔𝑎𝑎⁄  0.4007 0.4007 0.2387 0.0502 

𝑓𝑓𝑑𝑑 𝑔𝑔𝑑𝑑⁄  0.0036 0.5110 0.5110 0.5110 

𝑓𝑓𝑏𝑏 𝑔𝑔𝑏𝑏⁄  0.5110 0.5110 0.5110 0.5110 

𝑓𝑓𝑐𝑐 𝑔𝑔𝑐𝑐⁄ (×10-5) 3.22 3.22 3.22 3.22 

𝜎𝜎𝑎𝑎𝑎𝑎(𝑓𝑓𝑎𝑎 𝑔𝑔𝑎𝑎⁄ )(×10-21cm2) 321 108 9.5 4.12 

𝜏𝜏0 (µs) 91 91 91 91 

𝐼𝐼𝑃𝑃𝑃𝑃(0) (W/cm2) 748 909 7348 4654 

The listed parameters on Table 2 are obtained by measuring a 0.27% 
Nd doped YVO4 crystal, where the number density of Nd3+ ions is 
related to 𝑁𝑁𝑁𝑁𝑁𝑁:𝑌𝑌𝑌𝑌𝑌𝑌4,1% = 1.37 × 1020(cm-3) (Notes: In some 
references, the atomic density of Nd:YVO4 is 1.26 × 1020cm-3). Based 
on the parameters, the population distributions in the manifold of 4F3/2 
are calculated and shown in Fig. 5, when an identical pump power 
density of 5 kW/cm2 at different wavelengths (808, 880, 888, and 914 
nm) is applied on Nd:YVO4 crystal. 
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Fig. 5. Population inversion of 1064nm Nd:YVO4 laser when a 5 
kW/cm2 pump power density is applied on the crystal at T=300 K. 

The σ-polarization performances of Nd:YVO4 lasers, like 1066 nm laser, 
can be simulated in a similar method. For other Nd3+ doped laser 
crystals, such as Nd:YAG, the corresponding results can be obtained by 
choosing appropriate parameters. These results will be meaningful for 
the investigation of in-band pumped CW Nd:YAG NPRO, the heart of 
large-scale laser interferometer (the important tool in the search of 
.gravitational waves and others). Eq. (16) and Eq. (24) show other 
important consequence that the effective upper-state lifetime is a 
function of pump and laser intensities and their saturations. The 
application includes the research of passively mode-locked laser with 
saturable absorber, especially mode-locking with slow absorber.  

The excellent CW performances of in-band pumped Nd:YVO4 laser have 
been demonstrated, where 880, 888, and 914 nm diode were used a 
pump source over the 808 nm one. However, the Q-switched and pulse 
amplified performances of in-band pumped laser were disappointing. 
In my analysis, the laser system is regarded as two thermodynamic 
equilibrium systems, upper state and lower state. The pump 
absorption/saturation are functions of laser intensity within the 
medium, and conversely the laser gain/saturation are functions of 
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pump intensity within the medium, and even the effective upper state 
lifetime is a function of pump and laser intensities and their saturations. 
In-band pumping has lower population inversion limitation than off-
band pumping. No fabricated parameters are needed for the numerical 
simulation. The results are very close to experimental ones. 
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