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Abstract A binary Wald sequential probability ratio test that uses the resid-
uals of two norm-inequality-constrained Kalman filters for its likelihood ratio
is employed for a class of compound hypothesis tests on non-stationary sys-
tems. The hypotheses concern an inequality constraint on the norm of some
elements of the system state. Each of the two constrained Kalman filters min-
imizes the summed-squares of its estimation errors subject to one or the other
direction of the inequality constraint. This test is applied to the problem of
spacecraft conjunction assessment, wherein the constraint concerns the close
approach distance between a spacecraft and another space object. The out-
come of the test can inform decisions concerning risk mitigation maneuvers by
an active spacecraft.

Keywords constrained Kalman filtering - decision theory - spacecraft
conjunction analysis
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1 Introduction

Wald’s sequential probability ratio test [20] (WSPRT) forms the basis for much
of modern decision theory. In contrast to prior work, Wald showed that con-
straints on both false alarm and missed detection rates can be asymptotically
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met by sequentially updating a likelihood ratio formed from successive sample
evaluations of probability densities conditioned on each of a pair of mutually
exclusive, fixed hypotheses. In its most common form, the Wald test is ap-
plied to tests of simple hypothesis concerning stationary systems. A classic
example is testing a hypothesis on the mean of a set of samples purported to
be drawn from a normal distribution. Many real-world problems instead are
best modeled by non-stationary systems, and many real-world decisions con-
cern continua of hypotheses, known as a compound hypotheses [11]. Note that
Wald’s SPRT depends on the assumption that the hypotheses being compared
are fixed. If one wishes to consider that random or unmodeled perturbations
could change characteristics of the hypotheses during the course of testing,
then a different test, such as a Shiryaev test [19], is appropriate.

The contribution of the present work is to show how the residuals of a
bank [12] of norm-inequality-constrained Kalman filters can form the like-
lihood ratio for a WSPRT that concerns compound hypotheses on a non-
stationary system, motivated by the spacecraft collision avoidance decision
problem [1]. The competing compound hypotheses that the WSPRT adjudi-
cates take the form of a complementary pair of inequality constraints on the
norm of some elements of the system state at a specified future time. The
inequality-constrained filters are novel extensions to work done on equality-
constrained filtering [10,21]. The specified time, ¢, is strictly posterior to the
collection of the measurement data processed by the filters. Because the con-
straint applies only at the future time ¢, the filters may either take the form of
epoch-state estimators [14,13], where the epoch as chosen to be t., or take the
usual “current-state” form of the Kalman filter, if the future-time constraint
is mapped from t, to each filter measurement update time. To enforce com-
mon measurement editing histories, and optionally to provide a linearization
reference, if desired or needed, a third unconstrained Kalman filter is loosely
coupled to the processing architecture. Fig. 1 provides an overview of the filter
bank. The authors have also developed a different approach to a version of this
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Fig. 1 Filter Bank for WSPRT. The set of measurements Yi., is processed by two
inequality-constrained Kalman filters, and one unconstrained Kalman filter. The conditional
densities of the innovations of the constrained filters, €kl are used in a likelihood ratio,
Ag, for the WSPRT.
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problem, which does not involve filter banks [6]. In that work, the conditional
densities required for the WSPRT likelihood ratio are reduced to integrals of
the densities derived from a single, unconstrained estimator, over the domains
of the two competing hypotheses. Accurate and tractable calculation of such
integrals may not always be feasible however, so the approach of the present
work remains of interest.

The remainder of this work proceeds as follows. The next section concisely
states the general problem, and the subsequent section provides two forms
of a solution: the first uses epoch-state Kalman filters, while the second uses
more common current-state filters. Next, a discussion compares and contrasts
the two solution approaches. A penultimate section illustrates the application
of both solution approaches to the topic of spacecraft conjunctions. The final
section offers conclusions.

2 Problem Statement

Let the time-evolution of the state of a system of interest occur according to
the stochastic differential equation

dx(t) = f(ax(t),t)dt + G(t) dw(t), (1)

where x € R,,, w € R, p < n, with initial condition x(¢,) = «,. The process
noise input d w(t) is a zero-mean Gaussian, time-wise uncorrelated stochastic
process with power spectral density Q. An estimate of the state at the initial
time is @,. The error of this estimate, e, = x, — &,, follows a Gaussian
distribution with zero mean and covariance P,. Measurements of the system
occur as a discrete-time sequence of finite length according to

y(tr) = h(x(tr), tr) + v(tr), (2)

where y € R,,,, m < n, k € {1,2,...,ks}, and the measurement noise v €
R,, is a zero-mean, Gaussian, time-wise uncorrelated stochastic sequence with
covariance R(t). The initial state error is uncorrelated for all time with the
measurement noise and process noise, and the measurement noise and process
noise are also uncorrelated with each other.

At any time inclusively prior to ¢, the problem is to choose between two
complementary compound hypotheses concerning a two-normed' subset of the
state, s € Ry, ¢ < n, at the specified time t, > ty,:

Ho:|ls(t )l <S 3)
Hy:ls(t)l > S (4)

subject to constraints on the false alarm error rate, Pyq, and missed detec-
tion error rate, P,,q, that would entail if the problem were solved over many

L All vector norms in this work are Euclidean two-norms.
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repetitions:

Pfagpfa (5)
Pmdgpmd (6)

In the present context, a false alarm occurs if H is not rejected when ||s(t.)|| >
S, while a missed detection occurs when H is rejected when ||s(¢.)]| < S.
The constraints Pfa and P,,q are target values for the error rates, chosen
according to context. At each measurement time, the solution should minimize
the summed-squares of its estimation errors, such that the objective function
to minimize is

i = tr Py, (7)
where Py is the state error covariance at time {y, given measurements up to
and including tj.

3 Problem Solution

Let Y1.x = {y1,¥2,..-,Yr}, where here and in the sequel the time argument
of a discrete sample is abbreviated to a subscript index. The joint density of
the measurements, unconstrained by either hypothesis, can be written in a
sequential form as

P(Yik) =P (Y| Yi—1) P (Y1k-1) (8)

As standard texts, such as Brown and Hwang [3], show, if the inputs to the
estimator are zero-mean and Gaussian, then

P (Ye|Yie-1) = N (yx — h(Zg5—1), HuPy—1 Hy + Ry,) 9)

where N (§ — p, X') denotes the multivariate normal distribution with mean
p and covariance X, yr — h(Zyj—1) = €pp—1 is the kth filter innovation,
HkPk‘k_ng + Ry = Wy_1 is the innovations covariance, Pyp_1 is the

filter’s error covariance corresponding to @y(—1, and Hy = 8hk/8:nk\ik‘kil.

3.1 Wald’s Sequential Probability Ratio Test

Wald’s SPRT uses a ratio of the conditional probability densities of the set of
measurements Yq., under the alternative hypothesis, H; and the null hypoth-
esis, Ho:

o (V) _ p (Yol [s(t)] > S) (10)

P (Yir[Ho)  p(Yrul st <S)

In the case that p (Y1.x|H1) = p(Y1.x|Ho) = 0, Wald takes Ax = 1. In the
WSPRT, one compares Aj to decision limits A and B such that whenever
B < A < A one should, if possible, seek another observation. If A, < B, then
one should accept the null hypothesis. If Ay > A, then one should accept the

k
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alternative hypothesis. Wald’s explanations for the thresholds A and B are
that we will accept the alternative hypothesis if it is A times more likely than
the null, and accept the null hypothesis if it is 1/B times more likely than the
alternative. Wald shows that such a procedure will terminate with probability
one, and that

1— Py Pa
A< —"Cand B> —2— 11
- Pfa - 1- Pfa ( )
Although there do not appear to be analytic methods available to find A and
B, this paper follows standard practice in adopting Wald’s suggestion to define
the decision limits A and B in terms of the targeted false alarm and missed
detection probabilities, as

1— Py Py,
—_'Je and B= /

A=—_ S 12
Pona 1— P (12)

Note however that these relations do not guarantee that the actual error rates
obey Pf, < Pfa and Py,q < P4, as required by Egs. 5 and 6. They provide
instead only the weaker inequalities [20] Py, + Ppa < Pfa + P4, Py <
Pfa /(1 = Ppa), and Pyg < Ppa/(1 — Pfa). These inequalities guarantee that
at most one of the error rates Py, or Pp,4 can be greater than its target value,
and it cannot be much greater in the usual case that both target values are
much less than unity.

Suppose there exist a pair of norm-inequality constrained filters, one of
which estimates the state at ¢, under the constraint of #; and the other
under the complementary constraint of Hg. Then the likelihood ratio in terms
of these estimates becomes:

N (yr — h(:ﬁk|k—1,’}—l1)a HPyjj._13, H], + Ry)
Ui — P(pjr—1,240)s HiPyji—1,2, Hy + Ri)

N (
N (ekik—1,21 Wiik—1,3)
N (ekjk—1,205 Wilk—1,40)

Ay =

k—1

A1

The next two subsections develop two alternatives for such filters.

3.2 Epoch-State Filter Bank

Reference [21] derives the norm-equality-constrained Kalman filter by append-
ing a norm constraint on the state vector to Eq. (7). For present purposes,
convert the norm equality constraint to an inequality constraint through the
use of a slack variable, a, as described for example by Hull [9]. To this end,
let the cost function to minimize be

Lh:td%m+AkPammkf€iaﬂ (14)
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which can be written as
Jp = tr [Pyt — KpHyPyp—1 — Py HL K] + K W1 K] |

SRV IR 8 CENNRES SN < E AN T

(15)
where K, is the Kalman gain matrix, £ = &"& is the boundary of the norm
constraint, and the sign in front of o is either positive to satisfy H or negative
to satisfy Hi.

The constraint equation along with the partial derivatives of the augmented
cost function with respect to the Kalman gain and slack variable lead to a set
of three equations and three unknowns. As Reference [9] shows, optimal-
ity conditions on the constraint boundary correspond to the solution a = 0,
and optimality conditions off the boundary correspond to A\ = 0. Optimality
conditions off the boundary (A\y = 0) are given by the usual unconstrained
Kalman filter solution, which we denote by @y and Py;,. The solution on the
constraint boundary (a = 0) is given by Reference [21]:

VI

T ) (16)
Tk

Tpolk, (ke |=vD) =

1 Ve ’
klk, (2 k I=V) ki 511;\k71W1;|1i—15k|k—1 ( wklk”) T "

Reference [21] also shows that if the constraint applies to only a subset
of the state elements, then the optimal solution for the remaining elements is
just the unconstrained Kalman filter solution for those elements.

For the problem at hand, the constraint applies only at the time t,, so one
may use an epoch-state filter that sequentially processes the set of currently
available measurements. In an epoch-state filter, the (unconstrained) update
at ti, for the state at a future time t,, given a measurement innovation at ty
that is conditioned on measurements up through ¢;_1, has the form

Tk = Tuj—1 T KrEppr—1 (18)

Reference [13] shows that the optimal gain for this filter is

— — — —1
K = (Pap1 = Qi) HL, [Hy (Papoy — Qo) HIL. + Ry

- (19)
= (P*|Ic71 - Q*,k) Hk,*W [k—1

*

and the error covariance at epoch is given by

P =Py — KpHp o (Pojm1 — Quk) (20)
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where ﬁk,* = H P (ti,ts), Q1 is the process covariance resulting from inte-
grating the noise density, Q(t), forward from t; to the epoch time t,, i.e.,

t
Q. = / B(t..7)Q(r)& (t..7)dr (21)
123
and @(t,t;) is the solution of H(t,t;) = A(t)D(t;,t) with S(t;,1;) = I.

Application of the constraint to the initial a priori state and covariance
yields:

R A if |8 <8 ”
Sxl0,Ho = ﬁé*w otherwise (22)
Sx[0
A if [|8.10]| > S ,
Sx|0,H1 = ’ AS H ,§*|0 otherwise ( 3)
Sx]0
Pss*‘g if Hé*IOH < S
P = 2 24
55410, 10 PSS*‘D + (1 — | AS H) é*\0§1|0 otherwise 24)
Sx]0
Pss*‘g if Hé*IOH >S
P _ (25)

2
5540, ~ ~ .
10,4, PSS*‘D + (1 — |50H> 3*‘()31'0 otherwise
The remaining elements of the state and covariance are unaffected by the
constraint application.
The kth measurement update, under each hypothesis, H;, is as follows:

Tuk iy = Tujh—1,1; T K|, Erih—1,24, (26)
P, = Por—13;, — Kijpe, Hio o (Paji—1,30, — Quke) (27)

U . -1
Ky, = (Pop-1,1: — Quk) HZ* [Hk:,* (Pujr—1,4: — Qi) HZ* + Rk}

T 1w —1
= (P*\k—lﬂh - Q*,k) Hk,* klk—1,H;
(28)

Application of the constraint to the a posteriori state and covariance yields:

R '§*|k,'Ho if Hé"‘“@’HO H S S

Sulk,Ho S4|k,H, Otherwise (29)
’ Sulk, Mo H

) Sulk M if [| 834, || > S

Sxlk,Hy (30)

H 84k, Otherwise

Sxlk, My
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PSS*\k,’HO if | s*|k=H0 H S S
P, — 2
x|k, Ho 1 _ S a ol fa
Py, 5, + T 1 | - HUH S lle, Ho S ke, Ho otherwise
(31)
Prs. i, if |[Sujkan || > S
P, — 2
*|k,Hy 1 _ S a aT :
PSSM’Hl + EAT— 1 | oo, || Sk, Ha Sk, 1y otherwise
(32)
where
=~ _ T w1
€klk—1,H; = Ekll—1,1; Wilk—1,7, Eklk—1.H; (33)

The remaining elements of the state and covariance are unaffected by the
constraint application.
Finally, the likelihood ratio updates sequentially as follows:

N (Ek\kq,HNkaq,Hl)
N <5k\k71,H07Wk|k71,’H0)

Ay, = Ao (34)

3.3 Current-State Filter Bank

To adapt the solution described above to a current-state filtering paradigm,
adopt the approach of Julier and LaViola [10], which applies a projection to
the unconstrained mean and covariance using a sigma-point transformation.
First, perturb each current-state constrained filter’s state estimate, &y %,
using the columns of the Cholesky factorization of its error covariance to gen-
erate a set of 2n + 1 sigma points, Xy,

Xr, = | Tk, :ﬁk\k,?{i+h{/ﬁ(:,l)a ik|k,ﬂi+h\7§(:,2), o ik|k,m+h\7}3(:,n)

Egipae —hV Py T — WV Pays oo Ejpa, — VP | (35)

where P, ;) denotes column i of Py 3, P = \C/Z?\C/?T denotes a Cholesky
factorization, and h is the step size of the perturbations chosen for the sigma-
point transformation, typically set to the square root of the kurtosis of the
distribution [16,15]. In the present case, the (inequality) constraint function
is given by

c(Zrjkn,) = 105 (Erpn ) S S (36)

where the direction of the inequality is chosen according to which of the H;
is being enforced, and @3 (&y|x,%,) is the prediction of the constrained compo-
nents of ®yx 3, t0 ti.
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Reference [10] concerns equality-constrained estimation, whereas the present
problem concerns inequality-constraints. As above, if c(X,élj;_Lo) > S for any
sigma point arising from the null hypothesis filter, then the sigma point is
projected onto the constraint boundary, and vice versa for the alternative
hypothesis filter. Julier and LaViola’s method for constraining the estimate
allows for any projection function, p(x), that satisfies the constraint, i.e.

c(p(z)) =S (37)
(g

Therefore evaluate each sigma point, X

Wz“, compare it to the constraint, and
apply the projector:

W=\ ) (38)

s otherwise

B {p(x,gf;{i) if (X)) € Hi
Applying the projector, p(x), is not the innovation of Julier and LaViola’s
method, but rather only the first step of a two-step procedure?. They argue
the need for a second step by pointing out that projection does not necessarily
force the mean of the resulting constrained density to satisfy the constraint.
Since the mean is the property of the distribution estimated by a filter, Ref-
erence [10] suggests that the entire distribution should be translated so that
the mean will satisfy the constraint. This translation, which also affects the
covariance, constitutes the second step of Julier and LaViola’s approach. In
the context of an inequality constraint, one would only perform this step if
the mean fails to satisfy the inequality. It is not obvious that the second step
of Julier and LaViola’s method is necessary or even desirable in the present
context. By construction, the projected sigma points, P}ij\;-w
isfy the inequality constraint and hence are the best available representation
of the distribution. Translating them in order for the mean to satisfy the con-
straint could therefore degrade the overall quality of the representation of the
distribution.

To see that this approach is optimal, note that the minimum mean-square
error (MMSE) of the state estimate that has been inequality-constrained by
the projector is

will already sat-

MMSE = argminE [||z’ — z||*] = argminE [[|2’ — & + & — z||°]
z'e€H; x'€H;

= in{E | — || +E[|& — =|?] - 2E|(&' — 2)" (& —
ai%it“{ I’ - 7] + B[l - =)?] - 2E [(@ - )" (@ - o) }

(39)
and since & = E [z|Y1.x], then

MMSE = argminE [||z’ — &[|?] (40)
x’'€H;

2 The nonlinear projection method was suggested in Reference [18], but Julier and LaVi-
ola appear to be the first to suggest applying the projector using a sigma-point transforma-
tion.
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Hence, the MMSE is achieved by letting @’ be as close as possible to & in
the sense of the chosen two-norm, subject to the constraint that ' € H,;. If
& € H;, then set @’ = &. Since the constraint is a boundary for H;, then if
& ¢ H,;, choose the point on the constraint closest to & in the sense of the
chosen norm.

To conduct the WSPRT, after each measurement update, the constrained
filters apply the constraint as described above to the posterior state estimate.
Then merge the constrained sigma points to form the “step-1” constrained

mean:
2n+1

2
1 hf=n_q 1 )
Trlk: = 2 Prike, + 2h2 Z Pl (41)
Jj=2

To form the associated covariance, use the divided-difference matrices of Ngrgaard,

et al. [16,15], each column j of which is given by

~1 ) 1 i1 j+1+n
»n2) E

~ +1 +1+4+n 1
Do) = on2 [Pzgfzjy) +P15J\k+7-t+ = 27)15;\11,%} (43)

The application of the nonlinear constraint to the posterior covariance is then
approximated (for step 1) by

~ ~ ~ ~ T
Pk(‘lk)y = (DY) p(rnm,), Dgip(f@kw,m)} [D(Alg)gp(ff?k\k,m)a D(Azip(fﬁk\k,m)}
(44)
Finally, if performing Julier and LaViola’s step 2, apply the projector to the
step-1 mean and adjust its covariance, if necessary:

22 Zp@h )
(@) ) ey d R Kk, M
1 K|k, Hq it @ _po (i(z) _ 50 ) (£(2) _ M
klkH; — 7 klkHq klk,H; |k, H; klk,H; k|k,Hi
(45)
~(2) -~ (1)
T =
otherwise: { _ Flk.Hi kgk’H" (46)
@ " _ pm
k|k‘,Hi - k‘k7%i

Finally, as before, iteratively compute the likelihood ratio for the WSPRT
from the innovations of the constrained filters using Eq. (34) and compare Ay,
to Wald’s limits A and B, computed using desired missed detection and false
alarm rates.

4 Discussion

As noted above, the WSPRT compares fixed hypotheses. If the state errors
can randomly fluctuate, such hypotheses are no longer fixed, and other meth-
ods, such as the Shiryaev SPRT [17] may be needed. Hence, although the

X
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solutions described above explicitly accommodate any process noise present
in the system, this process noise should not enter into the states that define
the hypotheses; for example, the present solutions would permit process noise
that affects measurement biases, but if the constraint concerns the norm of
position, then process noise that drives the true position or velocity directly
would in principle invalidate the assumption of fixed hypotheses. In many real-
world problems, this is not a concern, since inclusion of the process noise is a
fictitious mechanism introduced to account for model uncertainties, and does
not actually enter the true states.

In most successful applications of Kalman filtering to real-world nonlinear
problems, some form of measurement editing is required [4]. It is primarily
for this reason that inclusion of a third, unconstrained filter into the bank
is suggested, as Fig. 1 indicates. The unconstrained filter can also provide
a linearization reference for the two constrained filters, permitting them to
operate as linearized, rather than extended Kalman filters, which could further
improve consistency.

Although the epoch-state solution is conceptually simpler than the current-
state solution, it has some drawbacks in terms of implementation. The most
obvious is that for many applications, a current-state filter already exists, and
it will be easier to retain it and “tack on” the sigma-point constraint mapping.
A more fundamental potential shortcoming of the epoch-state formulation is
that it uses a linear approximation, Hy . = H®(ti,t.), to map the mea-
surement innovations from ¢ to t,. A possible improvement, not considered
in the present work, is to replace this mapping with a sigma-point transform.
Also, unless there is an exact solution for the process noise integral, Eq. (21),
an approximation that is suitable over longer time spans than are typical for
current-state Kalman fllters may be needed. Here again, sigma-point methods
might be profitably employed.

Finally, one should bear in mind that even in the benign case where all mod-
els are linear, and all distributions are Gaussian, application of a constraint
will introduce difficulties, which might be significant. As Reference [21] puts
it,

When two random variables are related through a nonlinear transfor-

mation, it is generally impossible to exclusively relate their second mo-

ments[,] but all the moments of the original variable will contribute in
the second moment of the transformed variable. Therefore, the correc-
tion on the covariance can be accurate or not, depending on the dis-
tribution of the estimation error. The [constrained covariance matrix
expression] is an approximation and, like any approximation, might not
be satisfactory under certain circumstances.

5 Example Application: Spacecraft Conjunctions

Let {R;,V;},i = 1,2 represent the inertial position and velocity of two space
objects. Then, the relative position and velocity between the objects in a frame
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fixed to the orbital velocity and orbit normal vectors of object 1 are
r=Ry,— R, and v=Vo—-V, —w; x7r (47)

where w; is the instantaneous orbital angular velocity of object 1. During
a time interval of interest, the relative position may have one or more local
minima, called “close approaches,” that occur when

r'o=0 and r'a+v'v>0 (48)

where a is the difference between the total inertial accelerations of the objects.
Such minima are predicted as part of a conjunction screening process, and any
minima for which some additional screening criteria are met, such as ||r|| less
than some specification, constitute events of interest for further assessment,
and if at least one of the objects can maneuver, consideration of risk mitigation
maneuvers. It is common to denote as t., the time at which Egs. 48, along
with any additional screening criteria, are satisfied. For purposes of applying a
WSRPT to this problem, take as the null hypothesis that the miss distance is
inside a spherical region bounding the maximum dimension of the two objects,
known as the combined hard body sphere, at the predicted time of closest
approach, and take the alternative hypothesis as the complement of the null.

Typically, one of the space objects is an active spacecraft, with a rela-
tively well-known predictive ephemeris, while the other is a debris object,
whose ephemeris is less well-known. In present practice, human operators in
terrestrial mission operations centers perform nearly all conjunction assess-
ment and consideration of risk mitigation activities. Opportunities to track
and communicate with the active spacecraft will typically occur a few times
per day, while debris objects may be tracked much less often, unless they pose
a relatively imminent threat to an active spacecraft. Furthermore, interfaces
between organizations involved in such operations typically do not provide for
the sharing of tracking data. For such cases, the WSPRT of Reference [6] is
more suitable than the methods of the present work. For “intramural” con-
junctions within a formation or constellation of spacecraft, particularly those
with inter-spacecraft communication links, and a tolerance or necessity for
greater autonomy exists, the present work’s methods could be more suitable.
In this latter context, this section presents a simplified example of two hypo-
thetical spacecraft that are part of a formation that exchange “point solution”
position measurements generated by Global Navigation Satellite Systems re-
ceivers. Each spacecraft redundantly processes these measurements in an un-
constrained extended Kalman filter. Nominally the spacecraft maintain safe
separations, but in the course of frequent formation-keeping maneuvers, exe-
cution errors may build up, and the potential for a future unsafe conjunction
may develop.

5.1 Epoch-State Filter Bank Demonstration

The epoch-state filter bank demonstration of the WSPRT considers the forma-
tion in a highly elliptical orbit with period of 66.8 hours, with a close approach
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of 0.5 km occurring about 30 minutes after perigee. To create the simulation
truth for the demonstration, the formation was back-propagated from the close
approach for two orbital revolutions using the Gim-Alfriend state transition
matrix [8], which accounts for both high eccentricity and Earth oblateness. To
simulate the navigation process, these measurements were corrupted by white
noise with standard deviation of 10 m, and by a first-order Gauss-Markov bias
process with steady-state standard deviation of 3 m. The measurements oc-
curred at 60 sec rate. Reference [7] provides additional details regarding the
simulation.

The unconstrained filter processed these measurements for just over one or-
bital period to achieve a converged navigation state. This filter estimated both
the relative position/velocity state, and the three components of the Gauss-
Markov measurement bias. Then, just after the perigee preceding the close
approach, the epoch-state filter bank was initiated. The epoch-state filters op-
erated as linearized Kalman filters, linearized about an ephemeris propagated
from the unconstrained filter state that initialized them. All the filters used
the simulation truth values of the noise statistics. The only process noise en-
tering the epoch-state filters was that from the Gauss-Markov measurement
bias process.

Figures 2 and 3 show the results for two cases. In each figure, the upper
left subplot shows a close up of the relative motion over approximately an
hour preceding the closest approach. This motion is projected into a coordi-
nate system centered on one of the spacecraft, whose “radial” basis vector
is aligned with the radius vector of that spacecraft, “crosstrack” basis vector
is aligned with the orbital angular momentum vector of that spacecraft, and
whose “intrack” basis vector completes a right-handed system.

In the first case, labeled “near hit,” the constraint boundary is set at
0.75 km, which is somewhat greater than the true miss distance, so an alarm
should be triggered. In the second case, labeled “near miss,” the constraint
boundary is set at 0.33 km, which is somewhat less than the true miss dis-
tance, so a dismissal should be triggered.

Each figure marks the epoch-state position solutions from the null hy-
pothesis filter using red, and from the alternative hypothesis filter in green.
Depending on the case, either the green or red solution resides on the con-
straint boundary (shown as a grey sphere), while the other solutions cluster
near the true relative position, which is either inside or outside the boundary.
The upper-right and lower-left subplots show the estimation errors and their
one-sigma formal errors for each of the two constrained filters, with the former
showing the filter that assumes the null hypothesis, and the latter showing the
filter that assumes the alternative hypothesis. The lower right subplot depicts
the log-likelihood ratio, and the decision bounds. In both cases, the epoch-
state filters quickly reach a steady-state, dominated by the extrapolation of
the measurement bias process noise, occasionally perturbed when a constraint
application produces a large correction.

In Figure 2, a bias is evident in the alternative hypothesis filter, as a
consequence of its solution being forced onto the constraint boundary. The null
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hypothesis filter performance is less biased, and the superior performance of
the null hypothesis filter leads to a rapid and definite alarm threshold crossing.
In complementary fashion, Figure 3 shows a bias in the null hypothesis filter,
as a consequence of its solution being forced onto the constraint boundary.
The alternative hypothesis filter performance is less biased, and the superior
performance of the alternative hypothesis filter leads to a rapid and definite
dismissal threshold crossing.
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Fig. 2 Near hit test case using constraint boundary radius of 0.75 km when actual miss
distance is 0.5 km.
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Null Hypothesis Est. Errors
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Fig. 3 Near miss test case using constraint boundary radius radius of 0.33 km when actual
miss distance is 0.5 km.

5.2 Current-State Filter Bank Demonstration

Application of the current-state filter bank requires the specification of a pro-
jector. For the present case, we choose a projector by solving Lambert’s prob-
lem for the velocity of one spacecraft at time t; that will adjust the length of
the relative position at t, = ., so that it lies on the constraint boundary, as
necessary to satisfy the inequality constraint. For two-body orbital motion, the
solution may be expressed using classical f and g functions formulated using
universal variables [2]. For specificity, this application perturbs the velocity
of spacecraft 1, although either spacecraft’s velocity could be perturbed. The



16 J. Russell Carpenter, F. Landis Markley

velocity perturbation is

Ri(t.) — fR:(th)
g

Vi(te) = (49)

where Rj(t,) is the targeted position of one spacecraft such that the relative
position vector at t, is lengthened or shortened to match the constraint, S,
which is the combined hard body radius:

Ty

Ri(t.) = Ro(t,) — S
1( ) 2( ) ||7'*||

(50)

Now specifing the contents of the state vector as & = [R], V", R}, VT|T, the
projector is given by
R (ty)
Ri(t.)—fRi(tr)

Pl = | g ()

Va(tr)

for those xj that do not satisfy the appropriate inequality constraint for the
current hypothesis. Otherwise, the projector leaves states that already satisfy
the constraint alone.

The current-state filter bank demonstration again considers the formation
in a highly elliptical orbit, this time with period of about 24 hours, with a close
approach about 30 minutes before perigee. The combined hard-body radius
constraint is fixed at 120 m. The current-state filters are standard extended
Kalman filters, modeling the full nonlinear two-body dynamics, including a
small, fictitious acceleration process noise, with a constant isotropic intensity
of 1 x107° m/s5/ 2 per axis. Each spaecraft’s point solution measurements
are bias-free, corrupted only by isotropic white noise of 1 m per component.
Reference [5] provides additional details regarding the simulation.

Similar to the previous subsection, Figures 4 and 5 present near-hit and
near-miss cases, with similar plotting conventions, except as noted. In these
plots, dashed lines show the filters’ 30 formal error envelope. For reference,
gray solid and dashed lines show the unconstrained filter’s estimate and for-
mal error envelope. Once the WSPRT produces a recommendation, the filters
stop taking measurements and simply propagate to t.,. The plots show that
the fictitious process noise these filters utilize drives the performance of their
predictions to t.,.

In Figure 4, the near hit case, the null hypothesis filter closely tracks the
unconstrained filter, leading to a rapid and definitive conclusion to raise the
alarm and recommend a conjunction avoidance maneuver. In Figure 5, the
near miss case, neither of the constrained filters predicts as accurately as the
unconstrained filter, but the alternative hypothesis filter is slightly more con-
sistent with its own formal errors than the null hypothesis filter, leading to a
dismissal.
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6 Conclusions

This work has presented two optimizing solutions to a decision problem. The
decision concerns choosing between fixed, compound hypotheses that divide a
state space according to a two-norm constraint. Both proposed solutions in-
volve novel versions of Wald’s sequential probability ratio test that use Kalman
filter banks, whose members are inequality constrained by a two-norm. The
first solution uses epoch-state filters, while the second solution uses current-
state filters. The first solution applies the constraint to the epoch state filters
using a slack variable, while the second solution applies the constraint to the
current-state filters using a sigma-point projector.

While the epoch-state approach is conceptually simpler, the current-state
approach might be easier in practice to implement, depending the applica-
tion. The current-state approach also contains fewer linearizations, potentially
widening its applicability.

This problem was motivated by the topic of space object conjunction as-
sessment, where the norm constraint applies to the distance between two space-
craft and/or orbital debris objects at their point of closest approach. Demon-
strations using simplified spacecraft conjunction examples showed successful
performance by both solution approaches.
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Fig. 5 Near miss case (||r(tca)|| = 132 m)



