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Abstract

A new method for modeling the radiative transfer in inhomogeneous three-dimensional media illuminated
by a Gaussian beam is described. This approach, called the Spectral Spherical Harmonics Discrete Ordinate
Method (SSHDOM), uses the Fourier expansion method to transform the three-dimensional radiative trans-
fer into an one-dimensional equation in the spectral domain, and the Spherical Harmonics Discrete Ordinate
Method (SHDOM) for its solution. Specifically, (i) the source function is represented in the spectral do-
main through a spherical harmonic expansion, (ii) the spectral one-dimensional radiative transfer equation
is integrated along discrete ordinates through a spatial grid, and (iii) the solution method is based on the
Picard iteration. Both SSHDOM and SHDOM algorithms are implemented in a common computer code.

Keywords: SHDOM, Gaussian beam, three-dimensional radiative trasnfer models

1. Introduction

The scattering by a discrete random medium illuminated by a Gaussian beam is relevant to studies of
spatially narrow optical beams propagating in scattering media such as fog, clouds, and biological tissue.
In Ref. [1] we derived the radiative transfer equation for such media starting from the Maxwell equations,
and showed that the traditional radiative transfer equation relies on the assumption of a weakly focused
Gaussian beam. Application of the Fourier transform to the radiative transfer equation with respect to the
horizontal variables leads to an one-dimensional radiative transfer equation in the Fourier or the spectral
domain. In Ref. [2] we considered the case of a homogeneous slab, and solved the spectral one-dimensional
equation by means of the discrete ordinate method with matrix exponential. A similar approach based on
the discrete ordinate method in conjunction with an eigenvalue solution method was used by Kobayashi [3].

However, for an inhomogeneous medium illuminated by a Gaussian beam, the application of discrete
ordinate method with matrix exponential is inefficient. The reason is that by assembling the layers equa-
tions (derived by the matrix exponential method) into a global system of equations, we are faced with
the computation of the eigenvectors and eigenvalues of a large-sized matrix. Therefore, apart from the
fact that the computational process is very time consuming, an increase in the size of a matrix leads to
a less accurate result in the calculation for the eigenvalues. More efficient seems to be spectral methods
based on the interaction principle. Along this line, we mention that Diner and Martonchik [4], and in an
independent work, Stephens [5], used the interaction principle to derive adding and doubling relations for
computing the reflection and transmission matrices of an inhomogeneous atmosphere bounded below by
a surface with general reflection properties. In this approach, the atmosphere is divided into layers that
are approximately vertically uniform, the reflection and transmission matrices are calculated via doubling
for each layer, and then by repeated use of the adding formulas, the global radiative response of the en-
tire atmosphere is determined. Latter on, Gabriel et. al [6] developed the Fourier–Riccati method relying
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on a differential formulation for the reflection and transmission matrices. In this approach, the two-point
boundary value problem is transformed into an initial value problem, and the resulting system of nonlinear
matrix differential equations (in which the matrix equation for the reflection matrix is the Riccati matrix
differential equation) is solved by using a fourth-order Runge–Kutta solver.

In this paper we present a spectral method for modeling the radiative transfer in inhomogeneous three-
dimensional media. The approach is essentially based on the discrete ordinate method, but instead of
assembling the layer equations into a large-sized matrix, we use a sort of successive order of scattering solution
method. Actually, we solve the spectral one-dimensional equation by means of the Spherical Harmonics
Discrete Ordinate Method (SHDOM) developed by Evans [7]. The resulting method called Spectral Spherical
Harmonics Discrete Ordinate Method (SSHDOM) is very similar to SHDOM. For this reason, we implement
SSHDOM in the SHDOM computer code [8]. To emphasize the similarities between the two methods, we
summarize the SHDOM algorithm in Section 2, and then describe the SSHDOM algorithm in Section 3.
Some numerical results are illustrated in Section 4.

2. Spherical Harmonics Discrete Ordinate Method

In SHDOM, the radiative transfer equation is solved iteratively by using the spherical harmonic and
the discrete ordinate representations of the radiative transfer fields. In this section, after formulating the
radiative transfer equation for an inhomogeneous three-dimensional medium illuminated by a Gaussian
beam, we summarize some algorithm details of SHDOM.

2.1. Radiative transfer equation
The radiative transfer equation for the diffuse radiance is

∂I

∂s
(r, Ω̂) = −σext(r)I(r, Ω̂) + J(r, Ω̂; I), (1)

where I(r, Ω̂) is the radiance in the direction Ω̂ at r, σext(r) the extinction coefficient, and J(r, Ω̂; I) the
source function. The domain of analysis is chosen as a rectangular prism with the quadratic basis

Dxy = {(x, y) | 0 ≤ x ≤ L, 0 ≤ y ≤ L}, (2)

and height H.
The incident radiation is a Gaussian beam propagating in the downward direction (θ0 > π/2, ϕ0 = 0)

Ω̂0 = sin θ0x̂ + cos θ0ẑ, (3)

while the center of the Guassian beam is located at the point (L/2, L/2, H) of a Cartesian coordinate system
(Fig. 1). The radiance field associated to the Gaussian beam is given by

I0(x, y, z) = exp
{
−
[x− x0(z)

sx

]2
−
(y − y0

sy

)2}
e−τ0(r), (4)

where

x0(z) =
L

2
+ (H − z) tan(π − θ0), y0 =

L

2
, (5)

sx and sy are the standard deviations of the Gaussian beam profile, and τ0(r) is the optical depth along the
incident direction.

The boundary conditions are chosen as follows. At the vertical boundaries, we assume periodic boundary
conditions, at z = H we impose that the downward diffuse intensity vanishes (µ = cos θ),

I(x, y,H,−µ, ϕ) = 0, µ > 0, (6)
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Figure 1: Domain of analysis.

and finally, at z = 0, we assume the Lambertian boundary condition

I(x, y, 0, µ, ϕ) =
A(x, y)

π
µ0I0(x, y, 0)

+
A(x, y)

π

∫ 2π

0

∫ 1

0

I(x, y, 0,−µ′, ϕ′)µ′ dµ′dϕ′, µ > 0, (7)

where A(x, y) is the surface albedo.
Neglecting the thermal contribution, the source function is given by

J(r, Ω̂; I) =
σsct(r)

4π
P (r, Ω̂, Ω̂0)I0(r)

+
σsct(r)

4π

∫
P (r, Ω̂, Ω̂

′
)I(r, Ω̂

′
) d2Ω̂

′
, (8)

where σsct(r) is the scattering coefficient, P (r, Ω̂, Ω̂
′
) the scattering phase function, and Ω̂ and Ω̂

′
the

scattered and incident directions, respectively.

2.2. Algorithm details
As already mentioned, SHDOM uses both spherical harmonics and discrete ordinates to represent the

radiance field during different parts of the solution algorithm. The spherical harmonics are employed for
computing the source function including the scattering integral, while the discrete ordinates are used to
integrate the radiative transfer equation spatially. Specifically, the radiative transfer equation is solved
iteratively, whereby each iteration consists of four steps: (i) the transformation of the source function
from spherical harmonics to discrete ordinates, (ii) the integration of the source function along discrete
ordinate directions to compute the radiance field, (iii) the transformation of the discrete ordinate radiances
to spherical harmonics, and (iv) the calculation of the source function from the radiance in the spherical
harmonic space.

Some algorithm details are give below.

1. The radiance and source function are expanded in terms of the spherical harmonics Y ml (Ω̂). These
real-valuated functions, defined by

Y ml (θ, ϕ) =





√
2l+1
2π

(l−|m|)!
(l+|m|)!P

|m|
l (cos θ) sin(|m|ϕ), m < 0,√

2l+1
4π Pl(cos θ), m = 0,√

2l+1
2π

(l−|m|)!
(l+|m|)!P

|m|
l (cos θ) cos(mϕ), m > 0,

(9)
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and orthonormal, i.e.,
∫ 2π

0

∫ π

0

Y ml (θ, ϕ)Y m
′

l′ (θ, ϕ) sin θdθdϕ = δmm′δll′ , (10)

where P |m|l are the associated Legendre functions and δll′ is the Kronecker delta. The expansions of
the radiative transfer fields in terms of spherical harmonics read as

I(r, Ω̂) =
∑

lm

Ilm(r)Y ml (Ω̂), (11)

Ilm(r) =

∫

Ω

I(r, Ω̂)Y ml (Ω̂) d2Ω̂, (12)

and

J(r, Ω̂; I) =
∑

lm

Jlm(r; I)Y ml (Ω̂), (13)

Jlm(r; I) =

∫

Ω

J(r, Ω̂; I)Y ml (Ω̂) d2Ω̂ (14)

with Ω being the unit sphere.
2. In the spherical harmonic space, the source function is computed as

Jlm(r; I) = ηl(r)Ilm(r) + η0l(r)Y ml (Ω̂0), (15)

where

ηl(r) =
σsct(r)

2l + 1
χl(r), (16)

η0l(r) =
σsct(r)

2l + 1
χl(r)I0(r), (17)

and χl(r) are the expansion coefficients of the phase function in terms of the Legendre polynomials
Pl(cos Θ), that is,

P (r, Ω̂, Ω̂
′
) = P (r, Ω̂ · Ω̂′) = P (r, cos Θ) =

∑

l

χl(r)Pl(cos Θ). (18)

From Eq. (15) it is clear that it is faster to compute the source function using spherical harmonics
than discrete ordinates.

3. The spherical harmonic expansions are truncated at some order. More precisely, the infinite sum is
approximated by the finite sum

∑
lm ≈

∑M
m=−M

∑L
l=|m|, that is, the degree l is assumed to range

between 0 and L, and the Fourier azimuthal model m from −M to M . Note that if M = L, the
spherical harmonic truncation is triangular, which has equal angular resolution in all directions. The
number of spherical harmonic terms is

Nlm = (2M + 1)(L+ 1)−M(M + 1),

so that in the case M = L, we have Nlm = (L + 1)2. For two-dimensional radiative transfer, only
cosine azimuth modes are needed, in which case, Nlm = (L+ 1)(L/2 + 1).

4. During the computational process, the method transforms between the discrete ordinate and spherical
harmonic representations. The set of discrete ordinates consists of a set of Gauss-Legendre quadrature
points and weights {µi, wµi}Nµi=1 in the interval [−1, 1], and a set of equidistant quadrature points and
weights {ϕj , wϕj}Nϕj=1 in the interval [0, 2π]. Actually, the discrete ordinate set is reduced by taking
fewer azimuth angles at larger |µ| (near the poles), so that Nϕ depends on µi. In this case, for each µi,
we take ϕij = 2π(j − 1)/Nϕi and wϕij = 2π/Nϕi for j = 1, ..., Nϕi, where Nϕi = [0.9 + Nϕ

√
1− µ2

i ]
and [x] means the integer part of x.
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5. The radiance and source functions are characterized, respectively,
(a) in the Spherical Harmonic (SH) space by the expansion coefficients Ilm(r) and Jlm(r; I), and
(b) in the Discrete Ordinate (DO) space by the discrete ordinate values I(r, Ω̂ij) and J(r, Ω̂ij ; I),

where Ω̂ij = (arccosµi, ϕj).
6. The solution method is a Picard iteration based on the integral form of the radiative transfer equation,

that is,

I(k)(s) = I(k)(0)e−
∫ s
0
σext(s

′) ds′

+

∫ s

0

J(s′; I(k−1))e−
∫ s
s′ σext(u) du ds′, (19)

where s is a local coordinate along the discrete ordinate direction Ω̂ij . More precisely, the process of
computing the radiance field by integrating the source function along discrete ordinate directions is
organized as follows:
(a) making use on the boundary condition at z = H, the downward radiances are computed recur-

sively from z = H to z = 0 by means of Eq. (19),
(b) the upward radiances are computed at z = 0 by using the Lambertian boundary condition (7),

and
(c) the upward radiances are computed recursively from z = 0 to z = H by means of Eq. (19).

7. To compute the path integral in Eq. (19), the variation of the extinction and source function within
the grid cell are approximated from the values at the entering (σext(0) and J(0; I(k−1))) and exiting
(σext(s) and J(s; I(k−1))) points. Under the assumption that these quantities, vary linearly with
distance across the grid cell from s′ = 0 at the entering location to s′ = s at the exiting location, the
computational formula is

I(k)(s) = e−τI(k)(0) +
(1− e−τ )

σext(0) + σext(s)

×
{
J(0; I(k−1)) + J(s; I(k−1))

+ [σext(0)J(s; I(k−1))− σext(s)J(0; I(k−1))]T (τ)
}
, (20)

T (τ) =
2

σext(0) + σext(s)

(
1− 2

τ
+

2e−τ

1− e−τ
)
, (21)

τ =
σext(0) + σext(s)

2
s. (22)

8. An adaptive grid is implemented to add grid points in regions where the source function is changing
more rapidly. The adaptive grid evolves from the base grid by splitting cells where more resolution
is judged to be needed. The criterion for splitting cells is based on how much the source function
changes across a cell. A cell may be split in half in either of the three Cartesian directions, depending
on whether any of them exceed the splitting criterion.

9. For problems with the delta-M scaling method, the TMS method of Nakajima and Tanaka [9] is used
to compute the source function. This method replaces the scaled, truncated Legendre phase function
expansion for the singly scattered solar radiation by the full, unscaled phase function expansion.

A sketch of SHDOM is illustrated in Algorithm 1.

3. Spectral Spherical Harmonics Discrete Ordinate Method

The purpose of this section is first to formulate the radiative transfer equation in the spectral domain,
and second, to provide an exhaustive description of SSHDOM and of its algorithmic implementation.
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Algorithm 1 SHDOM algorithm.
• compute the extinction field σext(rn) and the coefficients ηl(rn) and η0l(rn);
• initialize the SH radiances I(0)

lm (rn) with an one-dimensional radiative transfer solution, e.g., Eddington
approximation or independent pixel approximation;
• use the SH radiances I(0)

lm (rn) to compute the SH source functions Jlm(rn; I(0)) by means of Eq. (15);
for k = 1, . . . , Niter do {Picard iteration}

• split cells and compute the SH source functions Jlm(·; I(k−1)) at the new grid points;

• transform the SH source functions Jlm(rn; I(k−1)) to DO space, i.e., compute J(rn, Ω̂ij ; I
(k−1)) as (cf.

Eq. (13))

J(rn, Ω̂ij ; I
(k−1)) =

M∑

m=−M

L∑

l=|m|
Jlm(rn; I(k−1))Y ml (Ω̂ij);

• compute the DO radiances I(k)(rn, Ω̂ij) by integrating the DO source functions J(rn, Ω̂ij ; I
(k−1))

along the discrete ordinate direction Ω̂ij according to Eq. (19);

• transform the DO radiances I(k)(rn, Ω̂ij) to SH space, i.e., compute I(k)
lm (rn) as (cf. Eq. (12))

I
(k)
lm (rn) =

Nµ∑

i=1

Nϕi∑

j=1

wijI
(k)(rn, Ω̂ij)Y

m
l (Ω̂ij), where wij = wµiwϕij ;

• use the SH radiances I(k)
lm (rn) to update the SH source functions Jlm(rn; I(k)) by means of Eq. (15);

• if (Jlm(rn; I(k)) converge ) exit

end for
• use Jlm(rn; ·) to compute the radiance I(r, Ω̂) at point r in direction Ω̂ by employing the source function
integration technique;
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3.1. Radiative transfer equation in the spectral domain
A method for solving the radiative transfer equation (1), endowed with the boundary conditions (6)

and (7), is to consider either the Fourier transform of the diffuse intensity I(z,ρ; Ω̂) or its Fourier expan-
sion. From a computational point of view, both methods are equivalent [2]. Here, we consider the Fourier
expansion method because this approach is more suitable for practical applications.

We begin our analysis with some preliminary constructions.

1. We set

r = ρ+ zẑ, ρ = xx̂ + yŷ, (23)

and

Ω̂ = ω + cos θẑ, ω = sin θ(cosϕx̂ + sinϕŷ), (24)

and express the radiative transfer equation as

µ
∂I

∂z
(z,ρ, Ω̂) + ω · ∂I

∂ρ
(z,ρ, Ω̂) = −σext(z,ρ)I(z,ρ, Ω̂) + J(z,ρ, Ω̂; I). (25)

2. We translate the coordinate system at the point (L/2, L/2, 0), so that in the new coordinate system,
also denoted by Oxyz, the quadratic basis of the rectangular prism is

Dxy = {(x, y) | −l ≤ x ≤ l, −l ≤ y ≤ l}, (26)

where L = 2l.

The radiance field I(z,ρ, Ω̂), defined over a rectangular domain with boundaries at ±l, can be extended
through periodicity over the entire two-dimensional space. In this regard, we consider the Fourier expansion

I(z,ρ, Ω̂) =
U∑

u=−U

U∑

v=−U
Îuv(z, Ω̂)ejπ(ux+vy)/l, (27)

where the expansion coefficients are computed as

Îuv(z, Ω̂) =
1

4l2

∫ l

−l
I(z,ρ, Ω̂)e−jπ(ux+vy)/ldxdy. (28)

Furthermore, considering the Fourier expansions of the source function and the extinction field, i.e.,

J(z,ρ, Ω̂; I) =
U∑

u=−U

U∑

v=−U
Ĵuv(z, Ω̂; Î)ejπ(ux+vy)/l, (29)

Ĵuv(z, Ω̂; Î) =
1

4l2

∫ l

−l
J(z,ρ, Ω̂; I)e−jπ(ux+vy)/ldxdy, (30)

and

σext(z,ρ) =
U∑

u=−U

U∑

v=−U
σ̂extuv(z)ejπ(ux+vy)/l, (31)

σ̂extuv(z) =
1

4l2

∫ l

−l
σext(z,ρ)e−jπ(ux+vy)/ldxdy, (32)
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respectively, inserting Eqs. (27), (29) and (31) in Eq. (25), and making use on the convolution theorem, we
obtain the following representation for the radiative transfer equation in the Fourier space:

µ
dÎuv
dz

(z, Ω̂) = −
U∑

u′=−U

U∑

v′=−U
ςuv;u′v′(z, Ω̂)Îu′v′(z, Ω̂) + Ĵuv(z, Ω̂; Î), (33)

where

ςuv;u′v′(z, Ω̂) = σ̂extu−u′,v−v′(z)

+ j
π

l

√
1− µ2(u cosϕ+ v sinϕ)δuu′δvv′ . (34)

Coming to the boundary conditions, we consider the Fourier expansions of the surface albedo

A(x, y) =
U∑

u=−U

U∑

v=−U
Âuvejπ(ux+vy)/l, (35)

Âuv =
1

4l2

∫ l

−l
A(x, y)e−jπ(ux+vy)/ldxdy, (36)

and of the product R(x, y) = A(x, y)I0(x, y, 0),

R(x, y) =
U∑

u=−U

U∑

v=−U
R̂uvejπ(ux+vy)/l, (37)

R̂uv =
1

4l2

∫ l

−l
R(x, y)e−jπ(ux+vy)/ldxdy, (38)

to obtain
Îuv(H,−µ, ϕ) = 0, µ > 0, (39)

at z = H, and

Îuv(0, µ, ϕ) =
µ0

π
R̂uv +

1

π

U∑

u′=−U

U∑

v′=−U
Âu−u′,v−v′

×
∫ 2π

0

∫ 1

0

Îu′v′(0,−µ′, ϕ′)µ′ dµ′dϕ′, µ > 0, (40)

at z = 0.
Eq. (33) is analogous to the one-dimensional radiative transfer equation and together with the Fourier

transformed boundary conditions (39) and (39) constitutes a two-point boundary value problem. In contrast,
the radiative transfer equation (1) is a three-dimensional differential equation. Moreover, in the Fourier
space, the horizontal inhomogeneities are described by the expansion coefficients Îuv(z, Ω̂), while in the
real space and say, at the discrete points xp = p∆l and yq = q∆l, the horizontal inhomogeneities are
described by the radiance field I(xp, yp, z, Ω̂). The advantage of solving an one-dimensional radiative transfer
equation is only apparent; the price for this conceptual simplification lies in a larger set of simultaneous
integro-differential equations that governs the Fourier transformed radiances Îuv(z, Ω̂) for all indices u, v =
−U, . . . , U .

3.2. Algorithm details
Analogously to Eq. (1), the radiative transfer equation (33) is solved by using the spherical harmonics

discrete ordinate method. Thus, the solution method will transform between the discrete ordinate and
spherical harmonic representations. The difference is that now, these representations are considered in the
Fourier space.

To explain the SSHDOM algorithm we note the following results.
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1. The spherical harmonic coefficients of the radiance field Ilm(z,ρ) can be expanded in a Fourier series;
the result is

Ilm(z,ρ) =

U∑

u=−U

U∑

v=−U
Îlm;uv(z)ejπ(ux+vy)/l, (41)

Îlm;uv(z) =
1

4l2

∫ l

−l
Ilm(z,ρ)e−jπ(ux+vy)/ldxdy, (42)

yielding (cf. Eqs. (11), (27), and (41))

Îuv(z; Ω̂) =
∑

lm

Îlm;uv(z)Y
m
l (Ω̂), (43)

Îlm;uv(z) =

∫

Ω

Îuv(z; Ω̂)Y ml (Ω̂) d2Ω̂. (44)

2. Similarly, for the spherical harmonic coefficients of the source function Jlm(z,ρ; I), we have

Jlm(z,ρ; I) =

U∑

u=−U

U∑

v=−U
Ĵlm;uv(z; Î)ejπ(ux+vy)/l, (45)

Ĵlm;uv(z; Î) =
1

4l2

∫ l

−l
Jlm(z,ρ; I)e−jπ(ux+vy)/ldxdy, (46)

yielding (cf. Eqs. (12), (29), and (45))

Ĵuv(z, Ω̂; Î) =
∑

lm

Ĵlm;uv(z; Î)Y ml (Ω̂), (47)

Ĵlm;uv(z; Î) =

∫

Ω

Ĵuv(z, Ω̂; Î)Y ml (Ω̂) d2Ω̂. (48)

3. Inserting Eqs. (41) and (45) in Eq. (15), i.e.,

Jlm(r; I) = ηl(r)Ilm(r) + η0l(r)Y ml (Ω̂0),

and using again the convolution theorem, gives

Ĵlm;uv(z; Î) = η̂0l;uv(z)Y
m
l (Ω̂0)

+

U∑

u′=−U

U∑

v′=−U
η̂l;u−u′,v−v′(z)Îlm;u′v′(z), (49)

where

η̂0l;uv(z) =
1

4l2

∫ l

−l
η0l(z,ρ)e−jπ(ux+vy)/ldxdy, (50)

η̂l;uv(z) =
1

4l2

∫ l

−l
ηl(z,ρ)e−jπ(ux+vy)/ldxdy. (51)

4. The radiance and source functions are characterized, respectively,
(a) in the Spherical Harmonic (SH) space by Ilm(z,ρ) and Jlm(z,ρ; I) (as mentioned in Section 2.2),
(b) in the Fourier space by Îuv(z, Ω̂) and Ĵuv(z, Ω̂; I),
(c) in the Spherical Harmonic Fourier (SHF) space by Îlm;uv(z) and Ĵlm;uv(z; Î), and
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(d) in the Discrete Ordinate Fourier (DOF) space by the discrete ordinate values Îuv(z, Ω̂ij) and
Ĵuv(z, Ω̂ij ; Î).

For radiances, Eqs. (41)–(42) give the transformations between the SH and SHF spaces, while Eqs.
(43)–(44) give the transformations between the Fourier and SHF spaces. For source functions, the
same transformations are provided by Eqs. (45)–(46) and (47)–(48). Note that Eq. (49), giving the
expression of the SHF source function Ĵlm;uv(z; Î) in the Fourier space, is the counterpart of Eq. (15),
giving the expression of the SH source function Jlm(r; I).

5. To solve the radiative transfer equation (33), we rewrite this equation as

µ
dÎuv
dz

(z, Ω̂) = −ςuv;uv(z, Ω̂)Îuv(z, Ω̂)

+ Ĵ0uv(z, Ω̂; Î) + Ĵuv(z, Ω̂; Î), (52)

where

Ĵ0uv(z, Ω̂; Î) = −
U∑

u′=−U ;u′ 6=u

U∑

v′=−U ; v′ 6=v
σ̂extu−u′,v−v′(z)Îu′v′(z, Ω̂), (53)

and apply an iterative scheme to the integral form of Eq. (52) (s = z/µp)

Î(k)
uv (s) = Î(k)

uv (0)e−
∫ s
0
ςuv;uv(s′) ds′

+

∫ s

0

[Ĵ0uv(s
′; Î(k−1)) + Ĵuv(s

′; Î(k−1))]e−
∫ s
s′ ςuv;uv(u) du ds′. (54)

A sketch of SSHDOM is illustrated in Algorithm 2. The steps written with italic fonts highlight the differ-
ences to the SHDOM algorithm.

Some comments are in order.

1. To compute the path integral (54), we use Eqs. (20)–(22) with the replacements (s′ = z′/µp)

J(s′; I(k−1))→ Ĵ0uv(s
′; Î(k−1)) + Ĵuv(s

′; Î(k−1)),

σext(0)→ ςuv;uv(0), and σext(s)→ ςuv;uv(s).
2. Another iterative scheme than that given by Eq. (54) can be derived as follows. We rewrite Eq. (54)

as

Î(k)
uv (s) = Î(k)

uv (0)e−
∫ s
0
ςuv;uv(s′) ds′

+

∫ s

0

Ĵ0uv(s
′; Î(k))e−

∫ s
s′ ςuv;uv(u) du ds′

+

∫ s

0

Ĵuv(s
′; Î(k−1))e−

∫ s
s′ ςuv;uv(u) du ds′, (55)

that is, we replace Ĵ0uv(s
′; Î(k−1)) by Ĵ0uv(s

′; Î(k)). Then, using the boundary values

Ĵ0uv(0; Î(k)) = −
∑

u′ 6=u

∑

v′ 6=v
σ̂extu−u′,v−v′(0)Î

(k)
u′v′(0), (56)

Ĵ0uv(s; Î
(k)) = −

∑

u′ 6=u

∑

v′ 6=v
σ̂extu−u′,v−v′(s)Î

(k)
u′v′(s), (57)
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Algorithm 2 SSHDOM algorithm.
• compute the extinction field σext(rn) and the coefficients ηl(rn) and η0l(rn);
• compute the Fourier transform σ̂extuv(zn), η̂l;uv(zn), and η̂0l;uv(zn) by means of Eqs. (32), (50), and (51), respec-
tively;
• initialize the SH radiances I(0)lm (rn) with an one-dimensional radiative transfer solution, e.g., Eddington approxi-
mation or independent pixel approximation;
• compute the SHF radiances Î(0)lm;uv(zn) by applying the Fourier transform (42) to the SH radiances I(0)lm (rn);
• use the SHF radiances Î(0)lm;uv(zn) to compute the SHF source functions Ĵlm;uv(zn; Î

(0)) by means of Eq. (49);
for k = 1, . . . , Niter do {Picard iteration}

• split layers and compute the SHF radiances Î(k−1)
lm;uv (·) and the SHF source functions Ĵlm;uv(·; Î(k−1)) at the new

level points;

• transform the SHF radiances Î(k−1)
lm;uv (zn) and the SHF source functions Ĵlm;uv(zn; Î

(k−1)) to DOF space, i.e.,
compute Î(k−1)

uv (zn, Ω̂ij) and Ĵuv(zn, Ω̂ij ; Î
(k−1)) as (cf. Eqs. (43) and (47))

Î(k−1)
uv (zn, Ω̂ij) =

M∑

m=−M

L∑

l=|m|
Î
(k−1)
lm;uv (zn)Y

m
l (Ω̂ij),

Ĵuv(zn, Ω̂ij ; Î
(k−1)) =

M∑

m=−M

L∑

l=|m|
Ĵlm;uv(zn; Î

(k−1))Y m
l (Ω̂ij);

• use the DOF radiances Î(k−1)
uv (zn, Ω̂ij) to compute the DOF source functions Ĵ0uv(zn, Ω̂ij ; Î

(k−1)) by using Eq.
(53);

• compute the DOF radiances Î(k)uv (zn, Ω̂ij) by integrating the DOF source functions Ĵuv(zn, Ω̂ij ; Î
(k−1)) and

Ĵ0uv(zn, Ω̂ij ; Î
(k−1)) along the discrete ordinate direction Ω̂ij according to Eq. (54);

• transform the DOF radiances Î(k)uv (zn, Ω̂ij) to SHF space, i.e., compute Î(k)lm;uv(zn) as (cf. Eq. (44))

Î
(k)
lm;uv(zn) =

Nµ∑

i=1

Nϕi∑

j=1

wij Î
(k)
uv (zn, Ω̂ij)Y

m
l (Ω̂ij);

• use the SHF radiances Î(k)lm;uv(zn) to update the SHF source functions Ĵlm;uv(zn; Î
(k)) by means of Eq. (49);

• if ( Ĵlm;uv(zn; Î
(k)) converge ) exit

end for
• use the SHF source functions Ĵlm;uv(zn; ·) to compute the SH source functions Jlm(rn; ·) according to Eq. (45);
• use Jlm(rn; ·) to compute the radiance I(r, Ω̂) at point r in direction Ω̂ by employing the source function integration
technique;
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and inserting these equations in Eq. (20), we obtain

Î(k)
uv (s) = e−τ Î(k)

uv (0)− (1− e−τ )

ςuv;uv(0) + ςuv;uv(s)

×
∑

u′ 6=u

∑

v′ 6=v

{
σ̂extu−u′,v−v′(0)Î

(k)
u′v′(0) + σ̂extu−u′,v−v′(s)Î

(k)
u′v′(s)

+ [ςuv;uv(0)σ̂extu−u′,v−v′(s)Î
(k)
u′v′(s)

− ςuv;uv(s)σ̂extu−u′,v−v′(0)Î
(k)
u′v′(0)]T (τ)

}

+
(1− e−τ )

ςuv;uv(0) + ςuv;uv(s)

{
Ĵuv(0; Î(k−1)) + Ĵuv(s; Î

(k−1))

+ [ςuv;uv(0)Ĵuv(s; Î
(k−1))− ςuv;uv(s)Ĵuv(0; Î(k−1))]T (τ)

}
, (58)

where
τ =

ςuv;uv(0) + ςuv;uv(s)

2
s. (59)

The above equation can be written in matrix form as

ÂI(k)(s) = A0̂I
(k)(0) + b, (60)

where the elements of the column vectors Î(k)(s) ∈ R(2U+1)2 and Î(k)(0) ∈ R(2U+1)2 are Î(k)
uv (s) and

Î
(k)
uv (0), for all values of u = −U, . . . , U and v = −U, . . . , U , respectively. This iterative scheme is more
accurate than that given by Eq. (54) but is less efficient (the method requires the solution of the
matrix equation (60)).

3. The integrals in Eqs. (32), (50), and (51) are computed by using an N -term two-dimensional discrete
Fourier transform [2]. To summarize the computational algorithm, we consider the integral

f̂uv =
1

4l2

∫ l

−l
f(x, y)e−jπ(ux+vy)/ldxdy,

for u, v = −U, . . . , U − 1, and the set of equidistant discrete points in spatial domain

Dxy = {(xp, yq) | xp = p∆l, yq = q∆l

for p, q = −U, . . . , U − 1}, (61)

where N = 2U = 2s and L = 2l = N∆l. The steps for computing f̂uv are as follows:

Step 1. compute sp1q1 = fp1−U,q1−Ue
jπ(p1+q1)

for p1, q1 = 0, . . . , N − 1, where
fpq = f(xp, yq) for p, q = −U, . . . , U − 1,

Step 2. compute ŝu1v1 =
N−1∑

p1,q1=0

sp1q1e
−j 2πN (u1p1+v1q1)

for u1, v1 = 0, . . . , N − 1,

Step 3. compute f̂uv =
1

N2
ŝu+U,v+Uejπ(u+v)

for u, v = −U, . . . , U − 1.

Note that in Step 2, the N -term two-dimensional fast Fourier transform is applied.
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4. SSHDOM uses a fixed horizontal grid and an adaptive grid in the vertical direction. As in SHDOM,
the criterion for splitting a layer, bounded below by zn and above by zn+1, is based on how much the
SH source function changes across the layer, that is,

C = |∆Ĵ |(1− e−τ ),

where τ is given by Eq. (59), and |∆Ĵ | is an average difference of the SH source functions over all
angles,

|∆Ĵ |2 =
1

4π

∫ 2π

0

∫ 1

−1

|Ĵuv(zn, Ω̂; Î(k−1))− Ĵuv(zn+1, Ω̂; Î(k−1))|2 dµdϕ

=
1

4π

∑

lm

|Ĵlm;uv(zn; Î(k−1))− Ĵlm;uv(zn+1; Î(k−1))|2.

When a layer is split, Î(k−1)
lm;u′v′ and Ĵlm;uv must be specified at the new level point z′ = (zn + zn+1)/2.

For doing this, we compute
(a) σ̂extuv(z

′) and η̂l;uv(z′) by linear interpolation between the corresponding grid values at zn and
zn+1,

(b) I0(r′) by using Eq. (4), where r′ is a point having as horizontal coordinates the coordinates of a
point on the base grid and z′ as vertical coordinate,

(c) the expansion coefficients η0l(r
′) and η̂0l;uv(z

′) by means of Eqs. (17) and (50), respectively,
(d) Î(k−1)

lm;u′v′(z
′) by linear interpolation between the grid values at zn and zn+1, and finally,

(e) Ĵlm;uv(z
′; Î(k−1)) according to Eq. (49).

5. The pre- and post-processing stages of SSHDOM are the same as those of SHDOM. These include
the computation of the optical properties of the medium, the delta-M scaling method, the TMS
correction, and the computation of the radiance at a specified point and direction by means of the
source integration method.

6. Comparing Algorithms 1 and 2, we see that SSHDOM involves some additional steps (written with
italic fonts). These are (i) the computation of the DOF source functions Ĵ0uv(zn, Ω̂ij ; Î

(k−1)) inside
the Picard loop, and (ii) the computation of the initial SHF radiances Î(0)

lm;uv(zn), as well as of the
SH source functions Jlm(rn; ·) outside this loop. Therefore, we expect that SSHDOM is more time
consuming than SHDOM.

4. Numerical analysis

The goal of our numerical simulations is the analyze the accuracy of SSHDOM using SHDOM as a
reference. For simplicity, we consider a two-dimensional geometry, i.e., I = I(x, z; Ω̂), because this setting
is sufficient to verify the correctness of the method.

The domain of analysis is a rectangle with length L and height H. The Gaussian beam, propagating in
the xz-plane (ϕ0 = 0°), is given by (cf. Eqs. (4) and (5))

I0(x, z) = exp
{
−
[x− x0(z)

sx

]2}
e−τ0(x,z),

x0(z) =
L

2
+ (H − z) tan(π − θ0),

where the incident zenith angle is chosen as θ0 = 150◦.
The number of points for computing the discrete Fourier transform along the x-axis is N = 2U = 128

and the grid spacing in the spatial domain is ∆l = 0.1 km. We introduce the basic length

s0 =
κ∆l

π
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where κ is a parameter, e.g., κ = 30, in terms of which, the standard deviations of the Gaussian beam profile
sx and the extinction fields (sextx, sextz) will be defined. Note that in Ref. [2], s0 expressed as

s0 =
κ∆l

π
=

2κ

N∆k
=

κ

U∆k
=

κ

K
,

where ∆k = 2π/(N∆l) is the grid spacing in the wavenumber domain and K = U∆k the half-length of the
wavenumber interval, was identified with the beam waist radius of the Gaussian beam.

Some geometrical and optical parameters are chosen as follows.
1. Along the x-axis, the number of grid points is Nx = 129 (thus, Nx = N + 1), the grid spacing is

∆x = ∆l = 0.1 km, and the length of the domain of analysis is L = (Nx − 1)∆x = 12.8 km. Along the
z-axis, the number of grid points is Nz = 21, the grid spacing is ∆z = 0.1 km, and the height of the
domain of analysis is H = (Nz − 1)∆z = 2 km.

2. The number of discrete ordinates is (Nµ = 48) × (Nϕ = 2Nµ = 96), and the spherical harmonics
truncation indices are L = Nµ − 1 and M = Nϕ/2− 1.

3. The boundary surface is a Lambertian reflecting surface with a constant surface albedo A = 0.2.

The following test problems are considered in our analysis.
1. A Gaussian extinction field

σext(x, z) = 0.01 + 4 exp
[
−
(
x− L/2

)2

2s2
extx

−
(
z −H/2

)2

2s2
extz

]

with sextx = 4s0 and sextz = 8s0. The single scattering albedo is ω = 0.9, and a Henyey–Greenstein
phase function with the asymmetry parameter g = 0.6 is considered.

2. A cloud described by a bounded cascade model of order 7 with a variance of 0.3 and a variance
reduction factor of 0.8. The cloud is homogeneous in the vertical direction, while the cloud extinction
field along the horizontal direction is

σcloud
ext (x) = 4fBC(x) exp

[
−
(
x− L/2

)2

2s2
extx

]
,

where fBC(x) is the indicator function of the bounded cascade model, and sextx = 10s0. The cloud
bottom and top heights are Hcloud

bot = 1.4 km and Hcloud
top = 1.8 km, respectively. The cloud is a cumulus

polluted cloud with a modified Gamma size distribution

p(a) ∝ aγ exp
[
−α
γ

( a

amod

)γ]

and a droplet size range between 0.02 and 50.0µm. The cloud droplet scattering is computed with
Mie theory at a wavelength of 330 nm. The parameters of the size distribution are amod = 3.53µm,
α = 8, and γ = 2.15, in which case, the total numbers of expansion coefficients of the phase functions
are 341. In addition to the cloud, molecular Rayleigh scattering is considered as background.

3. A broken cloud with a cloud fraction of about 0.7. The cloud extinction field, as well as, the geometrical
and the microphysical parameters of the cloud are chosen as in the second test example.

In the simulations, the delta-M scaling method is not used, but the adaptive grid with a splitting accuracy
of 10−3 is employed.

In Figs. 2–4, we illustrate the radiance at the top of the atmosphere in the viewing directions (θ =
0◦, ϕ = 0◦) and (θ = 60◦, ϕ = 0◦). The results correspond to the following values of the standard deviation
of the Gaussian beam profile: sx = s0, sx = 2s0, sx = 4s0, and sx = 8s0. From the plots it is apparent that

1. SSHDOM and SHDOM yield almost identical results, and
2. when the standard deviation of the Gaussian beam profile increases, i.,e, the incident field get closer

to a plane electromagnetic field, more details of the extinction field are reproduced by the top-of-
atmosphere radiance.

Comparing the computational times, we found as expected, that SSHDOM is by a factor between 1.8 and
2.0 slower than SHDOM. Thus, although accurate, SSHDOM is less efficient than SHDOM.
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Figure 2: Radiance at the top of the atmosphere in the viewing directions (θ = 0◦, ϕ = 0◦) and (θ = 60◦, ϕ = 0◦) computed
by SSHDOM and SHDOM. The results correspond to a Gaussian extinction field and to the following values of the standard
deviation of the Gaussian beam profile: (1) sx = s0, (2) sx = 2s0, (3) sx = 4s0, and (4) sx = 8s0.
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Figure 3: The same as in Fig. 2 but for a cloud described by a bounded cascade model.
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Figure 4: The same as in Fig. 2 but for a broken cloud.

5. Conclusions

The radiative transfer equation for an inhomogeneous three-dimensional medium illuminated by a Gaus-
sian beam has been solved by using the spectral spherical harmonics discrete ordinate method. This approach

1. uses the Fourier expansion method to transform the three-dimensional radiative transfer into an one-
dimensional equation in the spectral domain,

2. employs a spherical harmonic representation for the source function in the spectral domain to reduce
memory use, and

3. integrates the spectral one-dimensional radiative transfer equation along discrete ordinates through a
spatial grid.

The solution method is based on the Picard iteration.
The method is very similar to the spherical harmonics discrete ordinate method. What these methods

have in common are
1. the transformation of the source function to discrete ordinates,
2. the integration of the radiative transfer equation along the discrete ordinates,
3. the transformation of the radiances to spherical harmonics,
4. the computation of the source function in the spherical harmonics space.

The difference is that in SHDOM, these steps are performed in the real space, while in SSHDOM, they are
performed in the spectral or Fourier space. Because of this special feature, SSHDOM has to transform the
radiance and source function between the real and Fourier spaces.

Due to the similarities of these methods, SSHDOM and SHDOM have been implemented in a common
computer code. In this way, the two algorithms share the same pre- and post-processing steps which include
the computation of the optical properties of the medium, the delta-M scaling method, the TMS correction
method, and the computation of the output radiance by means of the source integration method. Although
accurate, SSHDOM is less efficient than SHDOM. Therefore, in the new implementation, SSHDOM should
not be regarded as an substitute for SHDOM, but rather as a comparison method.

Although our discussion was focused on a Gaussian beam illumination, SSHDOM is also appropriate to
model optical and surface properties that are horizontally discontinuous or with abrupt changes.
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