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Flutter is a critical factor in designing and certifying aircraft. The linearized frequency-
domain method offers a lower cost alternative to time-marching computational fluid dynamics
for high-fidelity flutter analysis. In this work, adjoint-based sensitivities are added to a flutter
analysis based on the linearized frequency-domain method to efficiently compute derivatives
of flutter cost functions with respect to design variables or uncertain parameters. The deriva-
tion of the adjoint equations, which involve complications such as derivatives of a nonlinear
generalized eigenvalue problem with complex-valued inputs and derivatives of the linearized
Navier-Stokes equations, is provided. The implemented adjoint terms and derivatives are veri-
fied before demonstrating the approach for derivatives of flutter dynamic pressure with respect
to Mach number for the AGARD 445.6 wing.

I. Introduction

Establishing the flutter boundaries of a vehicle is a difficult and time consuming task. Aeroelastic behaviors critical
to aircraft design and analysis are often sensitive to changes in the vehicle properties or flight conditions. As observed
in Ref. [1]], even minute changes in leading edge geometry can affect transonic flutter predictions in models based on
Computational Fluid Dynamics (CFD). Aircraft manufacturing processes introduce uncertainty that can be significantly
larger than the geometry perturbations in Ref. [[1]]. Many aircraft have critical flutter behavior in the transonic regime
where traditional tools based on linear aerodynamics are not reliable. Alternatives like time-domain CFD-based flutter
models, wind tunnel experiments, and flight tests are much more expensive; therefore, many aircraft are still primarily
designed and analyzed with flutter models based on linear aerodynamics. Insufficient understanding of the transonic
behavior and parametric uncertainty leads aircraft manufacturers to incorporate large flutter safety factors to ensure safe
vehicles. In the aerospace industry, there is strong interest in certification by analysis as a path toward reducing the
cost of aircraft certification and modification. For aeroelastic certification based on computational models, the analysis
needs to be accurate enough for the flight conditions, including transonic flows, and efficient enough to allow parametric
uncertainty quantification.

As discussed in detail in Ref. [2], development of an efficient transonic flutter constraint remains an open problem
in the area of multidisciplinary optimization. Time-domain CFD analyses and adjoint-based derivatives for flutter
constraints have been demonstrated for some cases [3} 4] but remain cost-prohibitive for optimization of more complex
problems. Several groups are exploring flutter constraints with nonlinear frequency-domain techniques [5-7], but
these efforts have been limited to relatively simple problems as well. To perform Reynolds-averaged Navier-Stokes
(RANS)-based flutter analysis at a lower computational cost, the linearized frequency-domain (LFD) method [8 9] has
been implemented in the Stabilized Finite-Element (SFE) solver of FUN3D [10]. The LFD method replaces nonlinear
time-marching simulations that require thousands of time steps to predict flutter with tens or hundreds of complex-valued
linear problems resulting in a more efficient flutter analysis [[L1]].

To further reduce the computational cost of optimization and uncertainty quantification for flutter, this work
implements adjoint-based sensitivities of flutter cost functions with respect to input parameters to the LFD process. The
adjoint method efficiently computes derivatives of a cost function with respect to many input parameters [12} [13]] and
reduces the number of evaluation points to sufficiently populate a parameter space for uncertainty quantification. Adjoint
solutions can also be used as a basis for estimating discretization errors [[14|15] and output-based adaptation [16, [17]].
The adjoint method is frequently employed in gradient-based optimization for aeroelastic models [18, [19]. The LFD
flutter analysis has some features that complicate the sensitivity analysis. The p-k flutter problem requires derivatives of a
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generalized eigenvalue problem that does not satisfy the Cauchy-Riemann equations for complex differentiability, and the
LFD residual contains linearizations of the flow governing equations, so the adjoint method requires second derivatives
of the RANS equations. In this paper, the adjoint equations are derived, and the corresponding implementation in
FUN3D/SFE is verified. The flutter sensitivity analysis is then demonstrated for the AGARD 445.6 wing [20].

I1. Methodology

This section summarizes the LFD method that is described in more detail in Ref. [10].

A. Stabilized Finite Elements in FUN3D

FUN3D is a NASA Langley Research Center CFD code that has been applied to a wide range of aerospace analysis
and design problems [13} 21H23]]. Recently [24} 23], a streamline-upwind Petrov-Galerkin finite-element solver called
FUN3D/SFE has been added. As discussed in more detail in Ref. [24]], the reasons for adding the alternate discretization
to FUN3D are 1) the finite elements offer a viable path to higher-order CFD, 2) it is easier to maintain linearizations for
adjoint-based design and strong solvers due to the smaller stencil, and 3) it provides improved accuracy on tetrahedral
meshes. For the frequency-domain analysis presented in this paper, the underlying governing equations are the RANS
equations with the negative Spalart-Allmaras turbulence model [26]]. To account for mesh movement, these equations
are solved using an arbitrary Lagrangian-Eulerian formulation [25]:

(N+P)[q+V-(F-q%g)+qV-%c —S]dQ =0, (1
Q(t)
where N is the Galerkin weighting function, P is the Petrov-Galerkin weighting function described in Ref. [24]], q
is the flow state vector, X is the vector of volume mesh coordinates, F is the flux vector, S is the source term, and
Newton notation for time derivatives is used. For aeroelastic analysis, dynamic grids in FUN3D/SFE are driven by the
same mesh motion infrastructure as the finite-volume flow solver in FUN3D; therefore, the finite-element solver can be
coupled to FUN3D’s internal modal structural solver.
For the LFD method, the governing equations of the flow, Eq.[I] are rewritten as:

A(q’ q’ XG, XG) = MA(q’ XG, XG) q + R(qa XG, XG) =0, (2)

where M 4 is the mass matrix, which is a function of the state due to use of the Petrov-Galerkin weighting function, and
R is the spatial residual. The steady flow residual is a simplification with the time derivatives set to zero:

Ao (90, XG0) := R(qo, XGo) = 0. 3

B. Mesh Deformation
For aeroelastic bodies, FUN3D uses a mesh deformation approach based on a linear elasticity model to propagate
surface motion into the volume mesh [13}22]]. The discretized linear elasticity equation is:

Go (XG0, Xa0) := Kg (XG0 — XG) — (Xa0 — Xa) = 0, 4

where K¢ is the mesh deformation stiffness matrix, x,¢ is the deformed aerodynamic surface coordinates, and the
X; and X, are reference volume and surface coordinates, respectively. The stiffness matrix for the pseudo-elasticity
problem can be formed based on the wall distance or the cell volume in FUN3D.

C. Linearized Frequency-domain Method
For the LFD method, the time-dependent mesh and solution vectors in Eq. [2] are assumed to be the superposition of
an equilibrium state and small, harmonic perturbations due to motion of structural modes, n, at frequency wy:

XG(t) = Xgo + Z Z arkG ne' !, ®)
k n

a0)=qo+ ) > axdire’ ™, (©)
kK n



where X, is a spatially varying displacement field corresponding to unit displacements of the structural mode n, oy is
an amplitude of motion, and §,, x is the Fourier coefficient for the flow response to motion of mode n at frequency wy
with a unit amplitude. The governing equations of the flow are linearized about the equilibrium solution and simplified
to:

XG,n t ia)k a— ﬁG,n =0.
XG XG0,90
(7)

This linear system is solved once for each combination of frequency of interest (wg) and mesh motion input (X, ),
which is computed by propagating the mode shapes of the structure through the CFD volume mesh motion process. The
elasticity-based volume mesh deformation process from Eq. dis reused here:

GLFD,n (ﬁG,n, <I’a,n) = KGﬁG,n - <I’a,n = Os (8)
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where @, , is the n'"-mode shape projected onto the aerodynamic surface. The linear system in Eq. is solved with a
generalized minimum residual method [27]] implemented in the Sparse Linear Algebra Toolkit (SLAT) [28]. From the
resulting Fourier coefficients ¢, « and X¢,,, Fourier coefficients of surface force perturbations are computed as:

of . .

fn k= 5 nk + 7—
(3(1 XG0-90 aXG

XG.n» €))

6XG XG0-90

XG0,90
where f is the function to calculate the aerodynamic force distribution. The dependence on grid velocity is necessary for
the weak boundary condition for viscous surfaces in FUN3D/SFE [24]].

The generalized aerodynamic forces (GAFs) can then be calculated by projecting the surface force perturbations
onto the structural mode shapes using the load transfer scheme. Alternatively, they can be computed using the mode
shapes that have been projected onto the aerodynamic surface, ®,,,:

Omnlion) = ®L , Fur, (10)

where Oy, ,(iwy) is the Fourier coefficient representing the GAF on mode m due to harmonic motion of mode n at
frequency wy. The linearized force integration residual is defined as:

Fon i (Qmn(iwk), XG0, 90, RG,ns i) = ‘I’Z,mfn,k = Omnliwy) = 0. (1)

The matrix of GAFs is typically written as Q(ik) where k = wb/U,, is the reduced frequency, b is the reference
semichord, and U is the freestream velocity. Equations[/H{10]are solved for a specified list of frequencies of interest
to form a full set of GAFs. When GAFs are required at intermediate frequencies in the p-k flutter analysis, they are
interpolated from the frequencies at which the LFD problems were solved.

D. P-k Flutter Analysis Process

GAFs generated by the LFD method can be utilized in various analyses. In this section, their use in a p-k flutter
method is discussed. See Jacobson et al. [10] for more details. First, the static aeroelastic problem is solved with
FUN3D/SFE coupled to the structural solver. However, the problem is assumed symmetric, i.e., no static aeroelastic
deformation, while focusing on the LFD sensitivity terms in this paper; the extension to static aeroelastic problems with
nonzero deflections is discussed in Section[V] Next, the frequency-domain problem is solved and linearized about the
static aeroelastic state, geo, XG0, o Where go, represents the freestream dynamic pressure. Eq.[7]is solved at selected
frequencies, w, that cover the possible range of flutter frequencies, typically 10-15 total frequencies. After solving Eq.[7]
the GAFs are found from Eqgs. [OJand [T0} The GAFs are then passed to a p-k flutter solver. In the p-k method, a flutter
point is computed by solving the eigenvalue problem associated with the aeroelastic system. Writing the system in a
nondimensional state-space form leads to a nonlinear generalized eigenproblem:

(Kp—ﬁ(ik))ﬁzo, (12)

where p is the nondimensional eigenvalue, p := bs/Us = g + ik, s is the Laplacian, and R is the corresponding right
eigenvector. The two matrices in the eigenproblem are defined as:

I 0

A= 0 (%)2M , (13)
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B (ik) := l

where M, C, and K are the modally-reduced structural mass, damping, and stiffness matrices, respectively.
A flutter dynamic pressure is found as a ¢., value that has a zero real part in the resulting eigenvalue: R(p) = g = 0.
These conditions are met when the following residual is driven to 0:

=] B | _
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The corresponding solution vector used to solve Eq. [[3]is:

uy :={ q]:" } (16)

IT1. Adjoint Sensitivities with the Flutter Cost Functions
Flutter cost functions are real-valued outputs like flutter dynamic pressure or flutter frequency, but the GAF inputs to
the p-k solver are complex. The cost functions do not satisfy the Cauchy-Riemann equations for complex differentiation.
Therefore, approaches used to derive real-valued adjoint equations need to be modified to account for the fact that the
cost function sensitivity with respect to the complex-valued state is not defined. To simplify the presentation, a residual
encapsulating the entire process up to the GAF computation is defined:

T ._ | AT T AT T T T T T _
W= [AO’GO’GLFD,I’ GLFD,nm’ALFD,l,l’"'ALFD,nm,nf’Fl,],l’"" Fn,,,,nm,nf] =0, (17)
and a state vector y,
T T T oT T T T r
y = I:qO’XGOs XG,I""’ XG’nm’ ql’]a "'qnm,nf’ Ql,l(lw1)9-"’ Qn,n,nm(lwnf)] . (18)

Following a similar approach to Ref. [29]], the complex-valued state vector can be treated as two real-valued variables, a
and b where y = a + ib. With this form of the state vector, the total derivative of the cost function with respect to a
design variable is:

af _9f ofda 0fdb
dx  0x dadx Obdx
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Differentiating the residual with respect to the design variable:
dW O0W oW dy
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The adjoint vector is defined as:

of _.of B
T
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which results in the adjoint equation:

oW " af of
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and a final expression for the design variable derivatives:

G0 g [V
dx_c')x+%[¢ 6x]' 25

This adjoint equation and design variable derivative resemble the real-valued versions except for the cost function term
in Eq.[24)and the real part operator in Eq.[23]

A. Discipline Level Adjoint Equations
Defining the general adjoint vector as a column of adjoint vectors associated with the various governing residuals:

T ._ T T T T T T T
(// - [d/AO’ wGO’wGLFD‘l,..-, (!/GLFD’nm’ wALFDslsl’“'I’DALFD,nm,Vlf’l’l’F,l,l,l’""wF,nm,nm,nf . (26)

the rows of Eq. 24| can be written as a set of adjoint equations where each equation is associated with a discipline in W:

OF d d 9 T
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The parenthetical (iwg) has been dropped for the GAFs in Eq. [27| for ease of presentation. For the LFD adjoint equation,
Eq.[28] the left hand side is the transpose of the left hand side of the forward linear problem. In Eq.[29] the left hand
side is the transpose of the mesh deformation stiffness matrix K¢, and the term on the right hand side related to the
LFD residual is:

T T T
OALFD nk ] OR v i
— ar ArLrp.nk = S ALFD.nk k .
axG’" 9% XG0,90 9%

¢,ALF1),n,k' (32)

XG0-90

These terms are the transpose of the right hand side of the original LFD linear problem. In FUN3D/SFE, these terms
are computed as matrix-free transposed products and are accumulated over of the number of LFD frequencies to form
the full term in Eq.[29] The LFD term in Eq.[30]is more complicated. Each of the linearizations in the LFD residual are



a function of qg:

dALrp | a9 . N r
[ aq() WALFD,n,k = E] (l(,t)k MA|XG0,q0 qn,k) ‘ﬁALFD,n,k
r T
N 0 | R N "
»aq (r)q XG0 qn,k ALFD,n,k
T (33)
N d | R . "
| 5 XG,n -p.k
,aq aXG XG0-90 ¢ Aeep
T
+ 9 |; IR X 3
oo |'Wk 5o G, A ke
»(9(] 9% XG0,90 " Lot

Using M4 = %, the first term can be rewritten and the order of the partial derivatives can be reversed:
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The expression is the form of a ¢ directional derivative of the product in parentheses in the direction of §,, . After
splitting the transposed Jacobian vector product into a sum of four real-valued matrix-vector products by splitting
the real and imaginary parts of G, x and ¥4, . ,.nk, complex-step directional derivatives are used to achieve machine
precision accuracy of this term and avoid questions about subtractive cancellation error due to the choice of step size:
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Since the steady flow problem is real-valued and Eq. 25| will take the real part, the actual implementation does not
require the first two terms in square brackets. Therefore, only the final two directional derivatives are needed, and the
cost is the same as a standard finite difference directional derivative yet accurate to machine precision while avoiding
analytically computing the second derivative. The other terms in Eq.[33|are handled the same way. For example, the
second term in Eq. [33]is computed as:

T
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The LFD term in the grid adjoint equation, Eq.[3T} and the linearizations of F,, , x require similar second order
linearizations:

OALrp | 9 . & !
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The manipulation to move the transposed linearization to the inside is applied to allow complex-step directional
derivatives for these terms as well.

B. Design Variable Derivatives

Like the adjoint equation, Eq.[25]can be written in terms of the disciplines’ adjoint variables and residual partial
derivatives:

af af r 090Gy r 0Ap O0GLFD.n
ax c')x leO ox Va0 ox ox ZwG”D" ox

(39)
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The steady grid and flow terms are the same terms from the steady aerodynamic adjoint problem. The G p , residual

is not an explicit function of any design variables. Writing the LFD term as the transpose to match the form of the LFD
terms in the steady grid and flow adjoint equations:
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the same complex step technique can be utilized. For example, the mass matrix contribution is computed as:
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As with the steady adjoint equations, the imaginary part does not need to be computed because of the real part operator
in Eq.[40] Since nothing has been introduced by the complex step directional derivative approach that scales with the
number of design variables, this method maintains the adjoint technique’s good scalability with respect to the number of
design variables.

C. Linearization of the p-k Flutter Cost Function
The derivative of the cost function with respect to the real and imaginary parts of the GAFs must be found for the
right hand side of Eq.[27] Having solved Eqs. [I5]and [I6] the cost function in this work is the resulting flutter dynamic
pressure:
f=aluy, (42)

where a’ = [1,0]. The required semitotal derivative for the real part of the GAF can be written as:

i _ of af  odup @)

(R Q) 0 (R (Qmn)) 007 5 (R Qo))

where the partial derivative of the dynamic pressure with respect to the real part of the GAF is zero. The flutter residual
definition can be used for the second term of this expression:

de _ 8Rf + aRf 0llf -0 (44)
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similar to the primary adjoint, an adjoint problem can be formed. Defining the adjoint vector:
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the adjoint equation is then:
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and the GAF derivative expression is:
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Table 1 Verification of derivatives of flutter dynamic pressure with respect to GAFs, for the AGARD 445.6
wing.

Real part of Q1 | Imaginary part of Q2
Adjoint | —4.77637417162 —18.42548436723
Finite Difference (107%) | —4.77492740836 —18.40590905454
Finite Difference (10™#) | —4.77622649100 —18.42352702795
Finite Difference (107) | —4.77633969638 —18.42533264380
Finite Difference (107%) | —4.77622052131 —18.42533973218

An expression is formed for the imaginary part of the GAF as well:
df ORy
=y ‘ (50)
(3 (Qmn) 7

9 (3 (Qmn))’

For the partial derivatives of the flutter residual, Eq. the derivatives of the eigenvalue are computed from the generic
equation:

/(Erﬁ), (51)

where z is the real or imaginary part of a variable in AorB, e.g., the real or imaginary parts of the GAFs or the dynamic
pressure. As noted above, GAFs are computed at a range of frequencies, with linear interpolation to cover frequencies
in between. The flutter metric f will typically be a function of two of these GAF sets: the one computed at a frequency
directly below the flutter reduced frequency k, and the one directly above. A finite difference verification of these
derivatives can be seen in Table (1| for the AGARD 445.6 wing.

D. Implementation and Verification

The full set of adjoint equations, Eqs. [27H31] are solved in the order presented. A Python wrapper orchestrates the
process by calling framework-independent solver interfaces that the SFE and grid deformation solver implement [30].
For each adjoint equation, FUN3D/SFE provides interface functions to compute the left hand side and solve the linear
system given a right hand side vector. SFE and the grid deformation solver use SLAT to solve the linear systems.
FUN3D/SFE also provides interfaces to perform transposed-matrix vector products of the residual and force distribution
linearizations with respect to the flow state, grid coordinates, grid velocities. To form the right hand side terms in
the adjoint equations, the Python wrapper calls these transposed matrix vector product functions with the appropriate
complex step perturbation vectors to perform the directional derivatives. The LFD summations in Eqs. [29] [30] and [31]
are accumulated during the nested loops solving the LFD flow adjoint equation, Eq. @ The linearized flow states, §; «,
are saved to disk during the forward problem to avoid having to recompute or store them in memory.

All terms in the adjoint equations have been verified individually. Even though the LFD process involves complex
variables, most of the linearizations of the residuals only involve real-valued states and equations. Therefore, these
terms can be verified with the complex step method. When possible, terms were verified with complex step derivatives;
otherwise terms like Eq.[32| were verified as best as possible with real-valued finite difference checking (the residual
partial derivatives in Eq. [32] with respect the grid coordinates and velocities had previously been complex-step verified
in Ref. [10]).

The verification of the linearization required for Eq. is shown in Table[2| The dot product test compares va Jvy to
vlT JTv, where v; and v, are randomly generated vectors. In the table, the complex-step version is the forward mode
operation (VZT Jvi) where J is computed as a complex-step derivative of ‘;—1; in the direction of v;. The forward and adjoint
operations agree to machine precision verifying that the implementation for transposed second-order linearizations of
the flow residual is correct.

Once all of the individual terms had been verified using the dot product test, a real-valued finite difference comparison
were performed for the sensitivities of the GAFs with respect to two input parameters, Mach number and angle of attack.
The adjoint sensitivities of the real and imaginary parts of a GAF for an NACA 64A010 airfoil are shown in Table[3]
The adjoint derivatives agree best with the finite difference step sizes of 10~ and 10~ before subtractive cancellation
reduces the accuracy of the finite difference derivative.



Table 2 Dot product test verification of Eq.

Derivative Type ‘ Dot Product
Adjoint | 0.42633332843857663
Complex step | 0.42633332843857674

Table 3 Verification of derivatives of GAFs with respect to design variables.

Real part of GAF Imaginary part of GAF
Derivative Type | Angle of Attack Mach number | Angle of Attack Mach number
Adjoint | —0.00183288 5.28476421 0.00208708 —5.86158014
Finite Difference (107™*) | —0.00183304 5.28435621 0.00208862 —5.86071691
Finite Difference (107) | —0.00183322 5.28472296 0.00208715 —-5.86149420
Finite Difference (107%) | —0.00183523 5.28475593 0.00208768 -5.86157535

Finite Difference (10~7) | —0.00185616 5.28472113 0.00209200 -5.86161732

IV. Flutter Boundary of the AGARD 445.6 Wing

With the LFD adjoint and p-k linearizations verified, these pieces were combined to model the flutter boundary
of the AGARD 445.6 wing [20]. The wing that was tested at the NASA Langley Transonic Dynamics Tunnel (TDT)
has an aspect ratio of 1.65, a 45° sweep angle, and 0.66 taper ratio. The airfoil is symmetric, and the wing has no
twist meaning this case can be studied without accounting for the static aeroelastic effects at an angle of attack of zero.
The wing is simulated in FUN3D/SFE as an inviscid flow with a mixed-element mesh consisting of 292,638 nodes
for a Mach number range from 0.5 to 1.141. The structure is represented by four modes, and ten reduced frequencies
in the range of k = 0.01 — 2.0 are selected for the LFD analysis. The computed flutter boundary is compared to the
experimental boundary and data from FUN3D finite volume (FV) simulations [31]] in Fig. E} For the three lower Mach
numbers there is agreement between the different computations and the experiment. As shocks appear in the flow above
Mo = 0.901, LFD predicts lower flutter dynamic pressures than the time-domain solver. The first mode is unstable
for all dynamic pressures greater than zero at Mo, = 0.96. It is not known how mesh-independent either Euler flutter
boundary is. Differences in the resolution of the shocks and applied shock smoothing techniques may explain the higher
stability of the time-domain results. Another possibility is numerical damping in the time-domain results from the time
step size. The differences between the time-domain FV and frequency-domain SFE results warrant further investigation
but are not the focus of this paper.

In addition to the flutter points, the lines in Fig. [T|represent the derivatives of the flutter dynamic pressure with
respect to Mach number as computed by the adjoint method. The derivatives have a shallow negative slope at the lower
Mach numbers and steep positive slopes at the supersonic speeds, which is consistent with the trends of the computed
flutter points. The computed sensitivities at two Mach numbers in Fig. [T]are compared to real-valued finite differences
in Table 4| The adjoint and finite difference derivatives agree to five digits for 7 = 107> at the subsonic Mach number
and to six digits for 4 = 1077 at the supersonic Mach number.

The computational cost of the LFD analysis and adjoint-based derivative is summarized in Table[5] The derivative
required one adjoint solution per flow condition with the cost function directly being the flutter dynamic pressure.
Despite the need for multiple complex step derivatives of linearization of the residual like Eq. [36] the LFD adjoint
solution is less expensive than the forward linear problems. Because the cost function in the p-k solver is based on linear
interpolation of GAFs between frequencies at the flutter point, the LFD adjoint equation solutions and right hand side
terms for the steady flow adjoint equations are only required for two of the ten frequencies from the forward analysis.
Therefore, not only is the adjoint better because it is essentially independent of the number of design variables, but it is
also lower cost than a real-valued finite difference for studying the sensitivity of flutter with respect to a single variable.
It is also more accurate since the finite difference issue of subtractive cancellation is not present. Overall, the LFD
method and corresponding adjoint allow the calculation of the flutter point and its derivatives for about 5.3 times the
cost of the steady forward analysis for this case.
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Fig.1 Flutter boundary of the AGARD 445.6 wing. FUN3D Finite volume (FV) solutions from Ref. [31]].

Table 4 Sensitivities of the flutter dynamic pressure with respect to Mach number for the AGARD 445.6 using
LFD.

My, =0.5 My =1.072

Adjoint | —59.6929941 | 1225.945250
Finite Difference (10™%) | —59.7222326 | 1248.034599
Finite Difference (107°) | —59.6930351 | 1245.346810
Finite Difference (107%) | —59.6926180 | 1226.022198
Finite Difference (1077) | —59.6874500 | 1225.946330
Finite Difference (107%) | —59.6376992 | 1225.944700

Table 5 Computational time for the stages of the AGARD 445.6 analysis at M., = 0.5 with one dual socket
Skylake node (40 cores). The solver was run in complex variable mode for all stages.

Solution phase | Walltime (min) | Percentage of total time
Steady flow solution 87.9 18.7
Volume mode shapes 4.7 1.0
LFD linear problems 226.2 48.2
LFD adjoint solver and terms 143.5 30.6
Steady flow adjoint 7.0 1.5
Total 469.3 100.0
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V. Future Work

The next steps in this work are to integrate the developed LFD adjoint and p-k flutter cost functions with static
aeroelastic analysis to study cases beyond symmetric wings like the AGARD 445.6. To connect the LFD and p-k solvers
into a hand derived set of adjoint equations would only require adding the LFD summations and cost function terms
in Eqs. 30| and [31] to the existing right hand sides of the grid and flow adjoint equations in an implementation like
FUNtoFEM [32]. Much of FUNtoFEM has been refactored into MPhys [33]], which builds on OpenMDAO [34] as the
underlying framework, to automate coupled sensitivity calculations and problem set up for high-fidelity optimization
problems. The LFD solver, the p-k solver, and their respective linearizations will be encapsulated into OpenMDAO
components and connected to static aeroelastic analysis through MPhys.

VI. Conclusions

This work has presented the adjoint equations corresponding to the LFD solver in FUN3D/SFE and the sensitivities
of flutter cost functions computed by a p-k flutter problem. The problem requires an adjoint formulation accounting for
flutter cost functions that do not satisfy the Cauchy-Riemann equations. Directional complex step derivatives are applied
to compute sensitivities of the linearized flow equations. The adjoint implementation was verified and demonstrated on
the AGARD 445.6 wing. For the AGARD 445.6 wing, the adjoint-based derivatives of the flutter dynamic pressure with
respect to Mach number was shown to agree with finite difference derivatives to 5-6 digits. The LFD solver and the
adjoint is scalable with respect to the number of design variables and significantly more efficient than time-domain
analysis. This makes it suitable for adding flutter constraints to multidisciplinary optimization with gradient-based
optimizers and uncertainty quantification.
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