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Abstract

We consider problem of nonlinear shrinkage of the metal part during
boundmetal depositionmanufacturing on the ground and in zero-G. To
analyze this problem we developed multi-scale physics-based approach
that spans atomistic dynamics at the scale of nanoseconds and the full
part shrinkage at the time scale of hours. Using this approach we es-
timated the key parameters of the problem including grain boundary
width, coefficient of surface diffusion, initial redistribution of particles
during debinding stage, micro-structure evolution from round parti-
cles to densely packed grains and corresponding change of the total
and chemical free energy, and sintering stress. The introduced method
was used to predict shrinkage at the level of two particles, filament
cross-section, sub-model, and the whole green, brown, and metal parts.
To further improve accuracy and reliability of the shrinkage predic-
tions we propose concept of intelligent additive manufacturing of metal
powders in space that combines the strengths of both physics-based and
data-driven methods of analysis of AM.
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Part I

Brief introduction to sintering

1 Bind metal deposition: processing [41]

The In-Space Manufacturing (ISM) project at NASA Marshall Space
Flight Center is currently working with industry partners to develop
capabilities for 3D printing of metals which can be demonstrated on
the International Space Station (ISS). The majority of spare parts iden-
tified as candidates for on-demand manufacturing on space missions
are metallics. Thus demonstration of metal AM on ISS will significant
enhance the state of the art for in-space manufacturing and broaden its
infusion potential as an alternative to prepositioning of spares on long
duration exploration missions. One technology being matured for an
ISS experiment is an integrated system for Materials Extrusion Addi-
tive Manufacturing (MEAM) with highly filled polymers (HP), which
uses sacrificial polymer binders (removed via a furnace cycle following
printing) to produce metallic components. This work is led by the pay-
load developer Techshot, Inc. The modeling effort described in this pa-
per was performed to better understand operation of this process in mi-
crogravity and phenomena associated with material consolidation and
part shrinkage. There are several commercial variations of the MEAM
process being pursued for ISM which are considered for reference. In
addition to metals, these processes can also be used to manufacture ce-
ramics.

Two companies based in the USA, Desktop Metal Inc. and Mark-
forged Inc., currently offer MEAM machines that use special profiles
(rods) made up of metal or ceramic powder with a thermoplastic binder
system. Desktop Metal calls their process bound metal depositionTM
and Markforged calls theirs atomic diffusion additive manufacturing
(ADAM). The profiles are fit into cartridges and are then fed into a
plasticizing unit where the highly-filled thermoplastic composite is soft
enough for extrusion. The soft material accumulates in a reservoir and
finally a mechanical drive system (e.g., plunger) pushes the soft mate-
rial and deposits it onto the building platform in a layer-by-layer man-
ner.

Another particular difference is that the machine patented by Desk-
top Metal Inc. has an ultrasonic vibrator with sufficient energy to ul-
trasonically bond an extruded building material onto the previously
deposited layers. Alternatively, the machine by Markforged Inc. has
a laser scanning displacement sensor on the printed head that acts as
an in-process inspection tool to ensure that the correct dimensions are
being printed.

The rods use similar materials as used in the well-established pro-
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Figure 1. Different types and approaches for extrusion-based additive
manufacturing. The plunger-based method is used by Desktop Metal
Inc.

cess of powder injection molding (PIM) [44]. Recall, that in PIM the
powder content usually ranges from 50 to 65% in volume, although
there are claims of optimized commercial formulations in which even
more than 80% is used. If the powder content is found to be lower than
50 vol.%, the sintering ability of the feedstock and the final density of
the part are significantly lowered. From another standpoint, it is also
important to keep the viscosity of the feedstock as low as possible in or-
der to facilitate the injection molding process, reason for why a powder
content higher than 65 vol.% should be handled with care [61].

1.1 Basic details of processing

Markforged Inc. offers their proprietary binder system with powder
of stainless steel (316L and 17-4PH), and advertises in-development
face feedstocks with Inconel (625), titanium alloy (Ti-6Al-4V), tool steel
(A-2 and D-2), and aluminum (6061 and 7075). The Markforged Inc.
binder is thermally debound before sintering. Desktop Metal Inc. ad-
vertises the development of feedstock materials with powders of stain-
less steel, high-performance steel, copper, tool steel, carbide, aluminum,
heavy alloys, titanium, magnetics, low expansion metals, and superal-
loys. The binder used by Desktop Metal Inc. is solvent debound before
thermal debinding and sintering is done.

Depending on the type of extruder used, one can classify material
extrusion additive manufacturing into different types shown in Fig. 1.
Shaping, dibinding, sintering (SDS) processing basics is illustrated in
Fig. 2
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Figure 2. Schematic representation of the shaping, debinding, and sin-
tering (SDS) process and respective morphology of the parts for the fab-
rication of metal, ceramic, or metal-ceramic.

2 Dependence of material properties on structure

The complexity of the inter-dependencies in the additive manufactur-
ing of metals is illustrated in Fig. 3.

Some guidelines can be elucidated from earlier experience. For ex-
ample, PIM utilizes particles with an average size between 5 to 15 µm.
Typical mean particle sizes in ceramic CIM are 1 to 2 µm, but also
submicron or nano sizes are used in advanced CIM (ceramic injection
molding). Changing the characteristics of the powder can drastically
influence the mechanical and flow properties of the feedstock mate-
rials, as has been reported in the PIM and the particulate composite
literature [48,86].

For example, Kukla et al. [57] reported that increasing the average
particle size (from 5.5 to 8.6 µm) of round steel particles (316L) used in
the filament, while maintaining all parameters constant, can lead to un-
printable filaments. The increase in the average particle size resulted in
the decrease of apparent viscosity and secant modulus of the filaments
by ca. 42% and elongation at break by ca. 35%. More generally, particle
size distribution is a property not dependent on other parameters, but
the team points out that several issues and limitations can occur. For
good flow, the PSDmust be narrow and for a bulkier density, there must
be wide distribution.

Another example of the effect of particle size distribution and sin-
tering temperature is provided in [64] for alloy 625, see Fig. 4. It can
be seen from the figure that broadening the particle size distribution
and increasing sintering temperature towards limiting value of melting
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Figure 3. Visualization of the relationships between powder proper-
ties, bulk powder behavior, powder performance in process and fi-
nally the manufactured part quality as elaborated by different research
groups [87].

point reduces the porosity of sintered samples.

“From the large amount of observed correlations between PSD and
other process relevant aspects as well as final part quality reviewed
above, it is clear that PSD is an important powder characteristic and
has to be carefully tailored,” states the research team. “However, it is
not a parameter which can be used without additional information to
decide how the powder will behave in the process.”

The powder content in the filament has also been investigated. Gon-
zalez -Gutierrez et al. [42] characterized feedstocks and filaments with
different contents of Fe12O19Sr. It was observed that increasing the con-
tent from 55 to 60 vol % made the filaments significantly less ductile
(i.e ., shorter strain-stress curve); however, the stiffness remained al-
most unchanged. The filaments with the highest powder content had
to be fed manually and even the printed parts were easily broken if not
handled properly during the removal from the building platform.

The critical stress was considered to be approximately equal to the
filament buckling stress by Euler’s criterion. This criterion depends on
the geometry of the filament, the elastic modulus (E), and the length
between the feeding rollers and the liquefier unit (L). If the filament is
a cylinder with radius R, then the critical stress (σcr ) can be calculated
as:

σcr ≈ σE =
π2E

4(L/R)2
(1)
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Figure 4. Optical micrographs of the BJ3DP alloy 625 samples sintered
at different temperatures for 4 h. [64]

2.1 Dependence on processing parameters - preprocessing

It was observed that increasing the temperature of extrusion, bed, and/or
envelope improves the adhesion between adjacent strands and as such
the mechanical properties. In general, decreasing the layer thickness
improves the mechanical properties of a built part, but it was found
that a certain threshold is needed to avoid over-compression of the de-
posited strand, which negatively affects the mechanical properties.

It is very important to produce filaments with tight tolerances on
the diameter, because the rate, based on the assumption that the fila-
ment has a constant diameter. Also, the filaments should be as round
as possible. In order to produce filaments with constant dimensions
and roundness, the extruder is coupled with a conveyor belt or a haul
off unit that pulls away the filament, which is finally spooled in a wind-
ing unit. The filament’s diameter and roundness need to be monitored
with laser micrometers.
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Figure 5. Comparison of printed and sintered parts: (a) 316L [56] and
(b) 17-4PH steels [43].

2.2 Post-processing surface treatment

Grinding, sandblasting, low power laser surface treatment 25 s each
improve surface properties.

2.3 Debinding

Binder removal is one of the most critical steps in the SDS process. The
most common way to remove the binder from the shaped/printed parts
is to heat the binder so it melts and flows out of the part and/or the
binder is thermally degraded and diffuses out of the shaped part.

Another way to remove the binder system is to use first a solvent ex-
traction step in a special solvent debinding unit, followed by a thermal
debinding step in the same furnace where sintering will take place.

The Austrian company EVO-tech GmbH in collaboration with BASF
SE offers filaments for MEAM that can be catalytically debound. The
catalytic debinding process focuses on a solid-to-vapor catalytic degra-
dation of the main binder component. This results in a much faster
binder removal when compared to thermal or solvent debinding [44].

2.4 Sintering

Sintering is performed at temperatures below the melting temperature
of the major constituent in the powder, generally within 70 to 90% of
the powder’s melting point [44]. It is important to mention that the
shrinkage is anisotropic [16].

Besides polymer orientation, in MEAM-HP1, shrinkage and density
can be influenced by the presence of gaps between deposited strands.
The more gaps, the larger the shrinkage and the lower the density of the
sintered parts, since larger gaps cannot be closed during sintering [16].
The shrinkage can also be affected by the orientation of the filler parti-
cles, as discussed by Kukla et al. [55].

1material extrusion additive manufacturing of highly-filled polymers
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Anisotropic shrinkage should be included in the CAD design of the
parts for the MEAM of ceramics and metals, and the printing strategy
needs to be considered and optimized to prevent excessive variation in
the shrinkage.

One advantage of usingMEAMas a shaping technology is thatmulti-
material parts can be easily fabricated compared to powder bed tech-
nologies or vat photopolymerization. Recently, the possibility of pro-
ducing parts made of 17-4PH steel and zirconia viaMEAM-HP has been
demonstrated [79]. Zirconia has an average particle size around 0.6
µm, while this steel has an average size around 20 µm. In order to in-
crease the sintering activity the steel powder was re-shaped by attrition
milling and ball milling. Also, after the milling, the initially spherical
steel particles became irregular and angularly shaped; thus, the pack-
ing of the steel powder was changed and the overall sintering behavior
became comparable between zirconia and steel [79].

In this work we focus on the nonlinear shrinkage problem in bound
metal additive manufacturing of Ti6Al4V alloys for space applications.
The report is organized as follows. In the next part we briefly discuss
problem formulation and provide estimations of nonlinear shrinkage
using knowledge of packing densities of spherical particles. Molecu-
lar dynamic simulations at the scale of tens of nanometers and a few
nanoseconds are discussed in Part III. Results if the phase-field mod-
eling of the micro-structure evolution in the filament cross-section are
considered in Part IV. Application of discrete element model for analy-
sis of initial shrinkage and particle re-arrangement at the scale of a few
millimeters and several minutes is discussed in Part V. Finite element
modeling of shrinkage in green, brown and metal parts is analyzed in
details in Part VI. A novel concept of intelligent additive manufactur-
ing in space is proposed in Part VII. Finally, conclusions are drawn in
the last section of report.
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Part II

Preliminary estimations

1 Problem formulation

In this project we are focused on a specific issue - nonlinear shrinkage
of the printed parts. An example of the nonlinear shrinkage is shown
in Fig. 6

Figure 6. Example of nonlinear shrinkage for NIST standard item de-
signed to test additive manufacturing.

The results of shrinkage measurements for the NIST test item are
shown in Fig. 7

Figure 7. The results of experimental estimation of nonlinear shrinkage
in NIST test item [40].

The main problem is to reveal sources of nonlinear shrinkage and
to propose methods that may alleviate the nonlinearity.

The Fig. 7 provides important insight into the actual scale of the
nonlinearity. The first thing to notice is that major nonlinearity comes
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from comparison of shrinkage in vertical (z) and horizontal (x−y) direc-
tions. Secondly, we notice that shrinkage in x − y direction is uniform.
These features together with the values of shrinkage are very important
for further analysis as will be discussed in the Secs. 2 and 3.

2 Phenomena affecting nonlinear shrinkage

There are several phenomena that affect noninear shrinkage in bound
metal deposition, including

• Particle size, material, size distribution, packing density;
• filament size, orientation, and filling density;
• geometry of the part, e.g. sharp corners, wall proximity;
• gravity;
• debinding process;
• temperature protocol

to mention a few of the most notable phenomena.

2.1 Particle distribution

Particles size and distribution have profound effects on the shrinkage
that depends significantly on the initial density of the green sample
and the presence of gravity force. An important insight into possible
shrinkage effect can be gained by considering packing models available
for initial configuration, see Table 1.

Table 1. Parameters of some packing models
Model Description Void fraction Packing den-

sity
Thinnest regular
packing

cubic lattice (Coordina-
tion number 6)

0.4764 0.5236

Very loose random
packing

E.g., spheres slowly set-
tled

0.44 0.56 (FILA-
MENTS)

Loose random pack-
ing

E.g., dropped into bed or
packed by hand

0.40 to 0.41 0.59 to 0.60

Poured random
packing

Spheres poured into bed 0.375 to 0.391 0.609 to 0.625
(HIGH DEN-
SITY)

Close random pack-
ing

E.g., the bed vibrated 0.359 to 0.375 0.625 to 0.641

Closet packing BCC Coordination 8; 2 atoms
per unit cell

0.32 0.68

Densest regular
packing

fcc or hcp lattice (Coor-
dination number 12)

0.2595 0.7405

To see how data in the Table 1 can explain experimental results
shown in the Fig. 7 we note first that the highest experimentally ob-
served density of close random packing is 64%. This means that the
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final density of the sample is 100 % and shrinkage is uniform in all
3 dimensions (as expected in an ideal sintering process) the observed
value of linear shrinkage will be 14 %.

If the initial density is 45% the expected maximum linear shrinkage
is ∼23 %. We note next that these are the values of shrinkage that are
observed experimentally and shown in Fig. 7.

Next, we notice that shrinkage in z-direction corresponds to initial
density ∼45%, while in x and y directions it corresponds to ∼64%. This
observation of nonuniform shrinkage can be explained as follows.

If the original packing density is ∼45% there remains significant
gaps between particles. This situation can be exemplified by consider-
ing HCP lattice shown in Fig. 8. The maximum packing density in this
lattice is ∼75%, see last row in the Table 1. An approximation to a very
loose packing of unsettled shperes with density ∼45% can be obtained
by randomly shrinking radius of each sphere by 15% on average and by
randomly shifting the center of these spheres by the difference between
initial and final radii.

As a result the debinding stage of sintering in the gravity field will
force spheres to settle in z-direction (direction of the gravity vector). I.e.
the sample will shrink in z-direction by ∼ 10-11% due to the settling in
the gravity, while it will rtain its size in x- and y- directions.

Figure 8. Nonlinear shrinkage of the HCP lattice in gravity. (left) ini-
tial configuration of the HCP lattice with density reduced to 0.45 by
shrinking radii of the spheres. (right) Final configuration after settling
spheres in vertical direction.

The settling can be seen in the Fig. 8 (right) by noticing the reduced
distance between spheres in vertical direction and change in the vertical
scale from 4 to 3.

When the spheres in the sample are settled it shrinks uniformly in
all directions from initial settled density .0.64 to the final denisty .1.
This will result in additional shrinkage in all the directions by ∼13%.
Therefore we see that in the presence of the gravity the shrikage will be
nonuniform: ∼23% in z-direction and ∼13% in x- and y- directions.

Thus preliminary estimations of the shrinkage based on the anal-
ysis of the known packing densities of spherical particles (shown in
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the Table 1) provide deep insight into experimentally measured [40]
anisotropic shrinkage of green parts in the gravity field. At the same
time we note that there are instances of the parts features such as 2,
3,5, and 6 that demonstrate increased shrinkage in x- and y-directions
that cannot be explained within ths simple framework. In addition we
note that the shrinkage distortion in the gravity and microgravity can
be much more intrigue and difficult to explain as we will discuss in the
next section.

2.2 Gravity effect on sintering

Gravity is one of the main sources of the shape distortion during sinter-
ing on the ground.

"In space the rules of sintering change," said Rand German, prin-
cipal investigator for the investigation titled NASA Sample Cartridge
Assembly-Gravitational Effects on Distortion in Sintering. "The first
time someone tries to do sintering in a different gravitational environ-
ment beyond Earth or even microgravity, they may be in for a surprise.
There just aren’t enough trials yet to tell us what the outcome could
be. Ultimately we have to be empirical, give it a try, and see what
happens."

Figure 9. Comparative pictures prior to sintering and after sintering in
the same conditions with and without gravity.

An example of the sintering trajectory difference is captured in Fig. 9.
This image compares the pre-sintered compact (top center) with the
shape after sintering at 1500 °C for 120 minutes in ground (lower left)
and microgravity (lower right) conditions for 83W-12Ni-5Fe. The mi-
crogravity sample was less dense and more distorted. [36]
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Thus we see that in micro-gravity sintering process may result in
significant distortion of the shape that goes beyond nonlinear shrink-
age.

3 Example of shrinkage estimations

Here we provide more detailed discussion of the shrinkage estimation
in samples depending on the initial porosity of the powder and filament
density.

In this example we consider cylindrical sample (with radius of the
base 0.5 cm, height 1.27 cm, and volume 1 cm3) fabricated using fil-
aments with either low 0.55 to 0.59 or high 0.61 to 0.63 the powder
loading. It is further assumed that filling density of the filaments is
ranging from 0.85 for low to 0.9 for high density loading. We note that
shrinkage has two main stages:

1. initial debinding stage when packing density can increase (with-
out necking) to 0.6 - 0.62 due to the gravity and “poured” random

Figure 10. Predictions of parametric two stages shrinkage based on
known properties of particles packing. Three lower planes show
shrinkage of the cylinder height as a function of particles packing and
feedstock filling density for three different intermediate densities: 61,
62, and 63 %. The top three planes show second stage of uniform vol-
umetric shrinkage of these samples during sintering from intermediate
to the final density 97%.
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packing; initial shrinkage occurs mainly in the direction of grav-
ity;

2. final stage of uniform shrinkage of densified sample final density
can approach 80 to 97 %.

In the first stage it is assumed that radius does not shrink (since
there is no necking process) while height is shrinking due to the action
of the gravity forces, see also Sec. 2.4 for further illustration of this
point. The three lower surfaces in the figure show volumetric shrinkage
of the sample, since the radius of the cylinder is assumed to be constant
during the 1-st stage the volumetric shrinkage also corresponds to the
linear shrinkage of cylinder height. The three sheets correspond to the
values of intermediate sample density 61, 62, and 63 %. The larger
intermediate density the larger the shrinkage.

Figure 11. The shrikage of the initial cylinder (transparent faces shaded
pink) corresponding to low (left) and high (right) densities of the pow-
der and filament. Final cylinders are shaded by green color and corre-
spond to porosity 3%. Axis show actual dimension in cm.

The top three surfaces correspond to the uniform volumetric shrink-
age of the samples from the intermediate to final density ∼97%. The to-
tal shrinkage corresponds to the sum of shrinkage in the 1-st and 2-nd
stage. The dots indicate values with low and high packing and filling
densities. The resulting shrinkage of the initial cylinder for the loca-
tion of the dots is shown in Fig. 11. The overall shrinkage of the initial
cylinder on both cases is shown in Fig. 11. It can be seen from the figure
that shrinkage of the high density sample is smaller and substantially
more uniform.
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Preliminary conclusion of this section is that samples with high ini-
tial density (∼ 62-64 %) are expected to demonstrate better printability
and are less affected by the nonlinear shrinkage.

4 Methods of numerical analysis of shrinkage

For quantitative physics-based estimations of shrinkage we have to de-
velopmulti-scalemodeling approach. The required scales naturally fol-
low from the analysis of the process (see Fig. 3) and span from atomistic
scale to the whole part dimensions. There are several numerical meth-
ods that are used to model sintering process including

• Molecular dynamics;
• Discrete element modeling;
• Phase field methods;
• Kinetic Monte Carlo simulations;
• Finite Element modeling.

All these methods have their own advantages and disadvantages and
will be used to estimate the key parameters of shrinkage at different
scales. Importantly, these methods are interconnected and parame-
ters estimated at one scale are used as input parameters at the next
scale.In this work we will estimate performance of these methods and
develop a unique multi-scale approach the combines their individual
strengths. To further improve accuracy and reliability of predictions of
printability and nonlinear shrinkage we propose concept of intelligent
additive manufacturing in space that blends physics-based and data-
driven methods.

15



Part III

Molecular dynamics of sintering

1 Molecular Dynamics

At the initial stage of sintering the neck growth occurs due to several
diffusion mechanisms [73] including: (i) Surface diffusion; (ii) Lattice
diffusion; (iii) Evaporation and condensation from the particle surface;
(iv) grain boundary diffusion; (v) lattice diffusion from the grain bound-
ary; and (vi) plastic flow.

Various mechanisms of diffusion can be analyzed using MD simula-
tions

Sintering occurs via two coupled major mechanisms of atomic dif-
fusion: (i) diffusion at the grain boundary; and (ii) diffusion at the sur-
face. The driving force for these two mechanisms is the gradient of the
chemical potential: (i) at the grain boundary µ = µ0 − σnΩ; and (ii) at
the surface µ = µ0−γsκΩ. Here µ0 is the standard chemical potential of
the material, γs is the surface energy, κ = −2/r (r is the sphere radius) is
the surface curvature, and ω is the atomic volume. The positive normal
stress on the surface γsκ is tension and the negative one compression.

2 Molecular Dynamic simulations of sintering be-
tween 3 particles

2.1 Building Ti6Al4V particles in Atomsk and LAMMPS

To build nanoparticles of Ti6Al4V alloy we use free package Atomsk [49].
An example of the Atomsk script is shown in the List 1.

1 atomsk −−crea t e bcc 3.19 Ti −dupl icate 100 100 100 ti_100_B . xs f
2 atomsk ti_100_B . xs f − s e l e c t out sphere 0 .5* box 0 .5* box 0 .5* box 100 −rmatom s e l e c t Ti_sphere_100

. cfg
3 atomsk . \ Ti_sphere_100 . cfg − s e l e c t random 6\% Ti −sub s t i t u t e Ti Al Ti6Al_100_B . cfg
4 atomsk . \ Ti6Al_100_B . cfg − s e l e c t random 4\% Ti −sub s t i t u t e Ti V Ti6Al4V_100_B . cfg
5 atomsk Ti6Al4V_100_B . cfg − s h i f t 55 0 0 . \ Ti6Al4V_100RSp55_B . cfg
6 atomsk −−merge x 2 . \ Ti6Al4V_100RSp55_B . cfg . \ Ti6Al4V_100RSm5_B . cfg Ti6Al4V_M1 . cfg
7 atomsk −−merge x 2 . \ Ti6Al4V_100RSp55_B . cfg . \ Ti6Al4V_100RSm50_B . cfg Ti6Al4V_M1 . cfg
8 atomsk Ti6Al4V_M1 . cfg lammps

Listing 1. Algorithm used to build Ti6Al4V particle with HCP (or BCC)
lattice and diameter 20 nm.

The forces between atoms are calculated using the modified embed-
ded atom method (MEAM) potential [20,59]

E =
∑
i

Fi(ρ̄i + 1
2
∑
j,
φij(Rij ))

, F(ρ̄) = AEc(ρ̄/ρ̄0) ln(ρ̄/ρ̄0),

ρ̄i = ρ̄
(0)
i G(Γ ), G(Γ ) = 2/(1 + e−Γ ) Γ =

3∑
h=
t
(h)
i

[
ρ
(h)
i /t

(0)
i

]2
.

ρ
a(h)
i (R) = e−β

(h)(R/re−1).
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Figure 12. Resulting particle with HCP crystal structure (α phase) and
diameter D = 20 nm. Ti - red; Al - yellow; V - blue.

where F is the embedding energy which is a function of the atomic elec-
tron density ρi at the position of atom i, φij and is a pair potential inter-

action, where the parameters t(h)i are weight factors and the quantities
ρ(h)i with h = 0, ...,3, are partial electron densities, Ec cohesive energy,
ρ̄0 is the background electron density for the reference structure, A is
adjustable parameter, Rij is the distance to the j-th atom from the site i,
β(h), the decay lengths are adjustable parameters and re is the nearest-
neighbor distance in the equilibrium reference structure.

Specific parameters of the MEAM potential used in this work are
listed in the Table 2. The resulting particle of the Ti6Al4V alloy with
HCP crystal structure is shown in Fig. 12.

Table 2. Parameters of the MEAM force field used in MD simulations.
# elt lat z ielement atwt
# alpha b0 b1 b2 b3 alat esub asub
# t0 t1 t2 t3 rozero ibar
Al fcc 12 13 26.9815
4.975 3.2 2.6 6 2.6 4.05 3.36 1.16
1 3.05 0.51 7.75 1 0
V bcc 8 23 50.942
4.89 4.74 1 2.5 1 3.04 5.3 1
1 1.7 2.8 -1.6 1 0
Ti hcp 12 22 47.867
5.03 2.7 1 3 1 2.95 4.87 0.66
1 6.8 -2 -12 1 0

2.2 Sintering of 3 particles 16-12-14 nm

The results of sintering of three particles with hcp crystal structure,
diameters 16, 12, and 14 nm and temperature T = 1200 K are shown in
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Fig. 13.

Figure 13. Initial (left) and final (right) states of sintering of 3 particle
with HCP crystal structure (α phase) during 50 ps. Particle’s diameter:
12 (red dots, 1-st particle), 14 (blue dots, 2-nd), and 16 (green dots, 3-
rd) nm. Orange circle in the background of each particles indicates its
original size. The distance between particles is shown by text.

The pairwise distance between the particles as a function of time
is shown in Fig. 14. The initial stage of sintering during the first two
picoseconds can be clearly identified in the figure. During this stage
the particles that are initially separated by the distance of the order 10
Å (edge-to-edge shortest distance) are attracted to each other by the
van der Waals forces [35].

Figure 14. Distances between particles 1-2 and 1-3 as a function of
time.

Since the initial velocity of the particles is zero the obtained results
allow one to estimate the value of the Van der Waals forces, see next
section for analysis of two particles.
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2.3 Analysis of diffusion

In this section we analyze the diffusion of atoms at the interface be-
tween two particles with bcc crystal structure, diameter 24 nm and tem-
perature 1300 K. The details of the simulations are shown in Fig. 15. In
the top figure the atoms of two different particles are shown by blue
and red colors and the interface is shown by the vertical dashed line.

Figure 15. (top) Two interacting particles with the interface shown by
the vertical dashed line. The inset shows distance as a function of time.
(bottom) Distribution of titanium atoms in two particles along x coor-
dinate within cylinder with radius 50 Å and axis passing through the
centers of both particles. The interface between particles is shown by
the vertical dashed line. The inset illustrates the grain boundary width
(blue squares) and neck radius (red circles) as a function of time.

The location of the titanium atoms at the boundary layer after 1 ns
of simulation time is shown in Fig. 16 (bottom). To analyze statistics of
the diffusion process we track the location of these atoms back in time
using “prehistory approach” [60]. The initial locations of the Ti atoms
that form grain boundary structure is shown in Fig. 16 (top).

The drift and diffusion coefficients of the atoms were calculated us-
ing standard approach [50]. In our case we follow trajectories of Nt1 =
3460 and Nt2 = 4450 Ti atoms within the left and right particle corre-
spondingly (see Fig. 15). These trajectories are shown in Fig. 17. Each
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Figure 16. (top) Two spheres indicating location of two metal particles
with centers indicated by black dots. Cyan points indicate location of
Ti atoms that form boundary layer at 1 ns. (bottom) Distribution of
titanium atoms in the boundary layer between two particles after 1 ns
of simulations.

trajectory {r i(t1), ..., r i(tNs)} has length Ns = 2300 and sampling times tj
with time step ∆t = 0.4 ps.

According to the approach [50] the drift velocities ({ax, ay , az}) is
found as

aα ≈
1
Nt

Nt∑
i=1

Ns−1∑
j=1

αij+1 −α
i
j

∆t
(2)

where α ∈ {x,y,x}.
Similarly, the diffusion matrix Dαβ where α,β ∈ {x,y,z}

Dαβ ≈
1
Nt

Nt∑
i=1

Ns−1∑
j=1

(αij+1 −α
i
j )(β

i
j+1 − β

i
j )

2∆t
. (3)

We note that the equations (2) and (3) correspond to the values of drift
and diffusion averaged in time over the atom trajectories that form the
grain boundary at 1ns and therefore should be considered as an order
of magnitude estimates.

It appears that MD simulations largely overestimate drift coefficient
as a ≈ 70 mm/sec while providing reasonable values for the diffusion
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Figure 17. (left) XZ-view of trajectories of Ti atoms within the grain
boundary layer after 1 ns of simulations. (right) YZ-view of the same
trajectories. Color codding is the same as in the Fig. 15: red trajectories
belong to the right particle while blue correspond to the left particle.

coefficient providing values ranging from Dsurf ≈ 8 × 10−10 m2/sec to
≈ 1.6× 10−9 m2/sec.

Importantly, MD simulations provide estimation for another key
quantity of the system – namely grain boundary width δgb that will be
used below to estimate sintering stress and sintering time in the phase-
field model. It can be seen from the Fig. 15 that the δgb depends on time
and quickly becomes ≥ 10 Å after approximately 0.5 ns of simulations
of the particles with diameter D = 24 nm.

It can also be seen clearly that the width of the grain boundary is
tightly related to the geometry of the neck and can be expected to scale
nearly linearly with the radius of the particle, see e.g. Fig. 18. Therefore
we may well expect that the value of the δgb is of the order of 1.0µm.

The later observation may clarify the situation in the phase field
modeling of sintering. In the latter theory (see below) it is often as-
sumed that the actual value of the δgb is ≈ 1.0Å. But this value is
not suitable for phase-field simulations and therefore it is re-scaled to
1.0µm under assumption that such re-scaling does not change the dy-
namics of the model. However, this assumption is not correct and is not
required because as we have shown above 1.0µm is a natural value for
the grain boundary width for the particles with diameter of the order
of 30.0µm.

We see that molecular dynamics can provide important insight into
the mechanism of diffusion and estimate values of the diffusion coeffi-
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Figure 18. Sketch of neck geometry [51]. x is the neck radius, Av is
the effective area across which atoms arrive by diffusion, δ is the grain
boundary width, ρ is theminimum radius of the neck surface curvature,
α is the groove angle [51].

cient and grain boundary width. However, at present it has a number
of weaknesses mainly related to the limited computing power. The size
of the particles is limited to 30 nm in diameter. Already for particles
with diameter 24 nm studied in this work LAMMPS simulations take
285.293 hours/ns on 46 processors and remain unpractical for simula-
tions of the order 100 ns. In addition, MD overestimates sintering rate
by orders of magnitude giving values ∼2.0Å per ns or ∼0.2µm per 1µs,
which does not correspond to the experimental observations.

The main results of this section that will be used for the estimation
of the sintering stress and micro-structure evolution include estima-
tions of the grain boundary width ∼1.0µm and the fact that the key
mechanism involved into the sintering is surface diffusion with coeffi-
cient ∼Dsurf ≈ 12× 10−10 m2/sec.
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Part IV

Microstructure evolution
One of the most nontrivial issues in estimation of nonlinearity is related
to formation and growth the of grains during sintering of metal parti-
cles [37]. An example of grain growth is shown in Fig. 19 where one
could see slow increase of the grains size from ∼ 2 to ∼ 20 mkm during
10 hours and correspopnding decrease of porosity.

Figure 19. Scanning electron microscopy images of as-received and an-
nealed samples: (a) as received, (b) annealed at 1600 °C for 5 h and (c)
annealed at 1600 °C for 10 h [17].

Even more nontrivial is the initial stage of sintering when round
metal particles form contacts with neighbors and undergo the shape
transformation from the spherical to dense grain structure. Further de-
tails of the sintering stages are shown in Fig. 20. Three distinct stages
of sintering were identified: stage I when density redistribution occurs
due to increase in concentration of particle at certain locations, stage
II where densification happens as the particles compacts taking up the
void spaces and finally, stage III in which further sintering results in
particle size increases and grain growth over time.

Theoretically the total driving force for microstructure evolution
is [70] the sum of two terms related to the growth of the grain boundary

Figure 20. Stages of sintering from [37]
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and shrinkage of the grain surface area

∆Fµ = ∆Agbγgb +∆Asγs (4)

where dAgb and dAs are the associated changes of the grain bounday
area (positive at the initial stage of sintering) and of the surface area
(always negative). Sintering process continues as long as ∆Fµ remains
negative.

At the initial stage of sintering the neck formation and reduction
of the surface area is the main driving force of sintering. At the inter-
mediate stage the neck and grain growth processes compete. And at
the finale stage, the grain growth and pore migration towards sample
surface dominate the sintering process, see the Figs. 19 and 20.

1 Sintering model

Currently the most popular and powerful approach to modeling micro-
structure evolution during sintering is based upon phase field (PF) the-
ory. In the phase-field method [63], the microstructural evolution is
analyzed by means of a set of phase-field variables that are continu-
ous functions of time and spatial coordinates. A distinction is made
between variables related to a conserved quantity and those related to
a non-conserved quantity. Conserved variables are typically related to
the local composition. Non-conserved variables usually contain infor-
mation on the local (crystal) structure and orientation.

Order parameters and phase-fields are both non-conserved variables
that are used to distinguish coexisting phases with a different structure.
Order parameters refer to crystal symmetry relations between coexist-
ing phases. Phase-fields are phenomenological variables used to indi-
cate which phase is present at a particular position in the system.

In a system with N components each having the number of moles
ni (i = 1 . . .N ) the following conservative variables can be used [63]

xi =
ni
ntot

, ci =
ni
V

=
xi
Vm

where ntot =
∑
ni is the total number of moles in the system, Vm the

molar volume and V the total volume of the system

N∑
i=1

xi = 1,
N∑
i=1

i =
ntot
V

=
1
Vm

.

The free energy F may consist [63] of bulk free energy Fbulk , interfacial
energy Fint, elastic strain energy Fel , energy terms due to thermal field
Fth and external field Fext

F = Fbulk +Fint +Fel +Fth +Fext .

24



1.1 Phase-field equations

The Cahn-Hillard (CH) andAllen-Cahn (AC) phase field equations used
to model dynamics of conservative and non-conservative variables re-
spectively have the form

∂ci
∂t = ∇ ·Mi∇

(
∂floc
∂ci

+ ∂Ed
∂ci
−κc,i∇2ci

)
∂ηj
∂t = −L

(
∂floc
∂ηj

+ ∂Ed
∂ηj
−κη,j∇2ηj

)
.

(5)

The dimensions of the two equations are

1
t
=

l3

mol
1
l
l2mol
t · e

1
l

( e
l3

+
e

l3
− e
l
1
l2

)
and

1
t
= − l3

e · t

( e
l3

+
e

l3
− e
l
1
l2

)
for the CH and AC equations respectively.
And the equations for residues in the weak form are (note split form of
the CH equation)

Rµi =
(
∂ci
∂t
,ψm

)
+ (Mi∇µi ,∇ψm)−

〈
Mi∇µi · −→n ,ψm

〉

Rci = (∇ci ,∇(κiψm))−
〈
∇ci · −→n ,κiψm

〉
+
((
∂floc
∂ci

+
∂Ed
∂ci
−µi

)
,ψm

)

Rηi =
(
∂ηj
∂t ,ψm

)
+
(
∇(κjηj ),∇(Lψm)

)
+L

(
∂floc
∂ηj

+ ∂Ed
∂ηj
,ψm

)
Phase-field model of isothermal sintering of metal particles consid-

ers free energy of the system in the form [25,97]

F =
∫ [

f0(c,η) + fel(c,η) +
κc
2
|∇c|2 +

κη
2

∣∣∣∇η∣∣∣2]dV (6)

Parameters in this equation can be modeled as follows. Internal phase-
field free energy is

f0 (c,ηi) = Ac
2(1− c)2 +B

c2 +6(1− c)
∑
i

η2i

−4(2− c)
∑
i

η3i +3

∑
i

η2i

2
 = Ah(c) +Bg(c,η). (7)

Phase field free energy is shown in Fig. 21
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Figure 21. Chemical free energy as a function of concentration and
order parameter for B = 1, A = 1 (bottom) and A = 10 (top) .

With units of A and B being e/l3, the units of L – l3/(et), and the
units of Mi – (l2mol)/(et) (or VmMi – (l5)/(et)), κi and κj are gradient
energy coefficients with the units e/l.

M =
Vm
kBT

[
Dvolφ (c) +Dvap [1−φ (c)] +Dsurf c (1− c) +Dgb

∑
ηiηj

]
(8)

where φ (c) = c3
(
10− 15c+6c2

)
and the mobility coefficients (Mi) are

estimated from corresponding diffusion coefficients as

Mi =
DiVm
kBT

;

Dgb =Dgb0e
−
Qgb
kBT ; Dvol =Dvol0e

−QvolkBT ; Ds =Ds0e
− Qs
kBT . (9)

and

κc =
(
2γs −γgb

)
δ; κη = γgbδ; A =

(
12γs − 7γgb

)
δ

; B =
γgb
δ
, (10)

γs and γgb are the surface and the grain boundary energy, δ is the inter-
face width or the grain boundary thickness. The grain boundary width
estimates usually varies between 0.5 - 2.0 nm. However, it was shown
in the previous part δgb can be of the order of 1µm.
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2 Mechanics

The strong form of the governing equation on the domainΩ and bound-
ary Γ = Γ ιi ∪ Γ gi can be stated as follows:

∇ · (σ + σ0) +b = 0 inΩ ∇ · σ = F/A =
[
1
l ·

m·l
t2·l2

]
u = g in Γg
σ ·n = ι in Γι

(11)

m

l2 · t2
+

1
l3
m · l
t2

= 0

where σ is the Cauchy stress tensor, σ0 is an additional source of stress
(such as pore pressure), u is the displacement vector, b is the body force
per unit volume, n is the unit normal to the boundary, g is the pre-
scribed displacement on the boundary and ι is the prescribed traction
on the boundary. The weak form of the residual equation is expressed
as:

R = (σ + σ0,∇φm)−
〈
ι,φm

〉
− (b,φm) = 0,

where (·) and 〈·〉 represent volume and boundary integrals, respectively.
The solution of the residual equation with Newton’s method requires
the Jacobian of the residual equation, which can be expressed as (ignor-
ing boundary terms)

J =
(
∂σ
∂∇u

,∇φm
)
,

m

l2 · t2

assuming σ0 is independent of the strain.
The material stress response is described by the constitutive model,

where the stress is determined as a function of the strain, i.e. σ ∼ (ε −
ε0), where ε is the strain and ε0 is a stress free strain. For example,
in linear elasticity (only valid for small strains), the material response
is linear, i.e. σ = C(ε − ε0). The tensor mechanics system can handle
linear elasticity and finite strain mechanics, including both elasticity
and plasticity.

3 Thermal model and Boundary Conditions

ρ
∂Cp T

∂t
= ∇ (ke ∇T ) ke = k (1−θ)p

T (x,y,z,0) = T0

In the present study we use isothermal conditions and thermal con-
ductivity was only briefly tested in simulations.

We use mostly periodic boundary conditions.
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4 Non-dimensional equations

An example of the parameter values used by Biswas et al [25] for tung-
sten, by Zhang [97] for Ti and Ni, by Wang [91] for TiAlV alloy, and
by Ahmed [17] for CeO2 are provided in this section, see also Sec. B in
the Appendix. The non-dimensional phase field equations are derived
following results reported in [18,81].

Consider equations of the phase field (5) with f0 given by (7) and
parameters given by (9) and (10). If the energy normalization constant
is taken as B, cf [18], the resulting set of equations takes form

∂c
∂t

= ∇ · (M ·B)∇

 ∂∂c

(
12γs − 7γgb

)
γgb

h(c) + g(c,η)

+ ∂Ed /B∂ci
−

(
2γs −γgb

)
γgb

δ2∇2ci

 (12)

∂ηj
∂t

= −(L ·B)
(
∂
∂ηj

g(c,η) +
∂Ed /B
∂ηj

−
γgb
γgb

δ2∇2ηj )
)
.

Several important features can be seen in set of equations (12). First
we notice that the overall decay of the total free energy – which is the
driving force of shrinkage process – is governed by the transformation
of the total surface area of the particles into the grain boundary area.
During initial stage of the neck formation the resulting grain boundary
area is approximately twice smaller than the initial surface area at the
neck. Therefore, only when the surface energy is larger than one half
the GB energy there is a thermodynamic driving force for sintering [46].

As wewill see in the next sections this condition always holds for the
materials in question. We also note that the values of the surface and
grain boundary energies are of the order of 1 J/m2 while the boundary
layer width is of the order 1 µm. These two values set the characteristic
dimensions of the problem parameters. In particular, we see that γs ∼ 2
J/m2 and γgb ∼ 1 J/m2, see section B.3.

Resulting dimensional values of the model parameters A ∼ 15× 109
J/m3, B ∼ 1× 109 J/m3, κc ∼ 3× 10−9 J/m, and κη ∼ 1× 10−9 J/m.

There is, however, no consistency in values of phase-field mobility
L and intrinsic interface mobility Mgb. Meaningful results can be ob-
tained by using the following values [91] L ∼ 3.6 × 10−9 m3/(J· s) and
intrinsic interface mobility Mgb ∼ 2.6 × 10−15 m4/(J· s). The diffusion
mobilityM is given by (8), where all the diffusion coefficients are usu-
ally found experimentally.

In addition, one has to take into account molar volume of Ti Vm =
10.43 cm3/mol (or alternatively atomic volume Ωm = Vm/NA ∼ 1.7 ×
10−29 m3) and the relation between L and grain boundary mobilityMgb

L =
4
3

Mgb

δgb
(13)
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Figure 22. Temperature dependense of the surface diffusion.

and we see that values of L and Mgb differ by 6 orders of magnitude.
This result is in accordance with the earlier obtained estimations (see
Sec. 2.3) of δgb ∼ 1.0µm.

Next, we notice that the product (L·B) in the second line of (12) gives
a natural time scale for the model τ0 = 1/(L · B). In which case the AC
equation becomes

∂ηj
∂t/τ0

= −
(
∂
∂ηj

g(c,η) +
∂Ed
B∂ηj

−
γgb
γgb

δ2∇2ηj )
)
.

and the CH equation becomes

τ0∂c
∂t

= ∇·
(
DΩm

LkBT

)
∇
(
∂
∂c

[
12γs − 7γgb

γgb
h(c) + g(c,η)

]
+
∂Ed
B∂ci

−
2γs −γgb
γgb

δ2∇2ci
)
.

where

D =Dvolφ (c) +Dvap [1−φ (c)] +Dsurf c (1− c) +Dgb
∑

ηiηj

and φ (c) = c3
(
10− 15c+6c2

)
. For further estimations we notice that D

is proportional to the largest diffusion coefficients Dvol , Dsurf , Dvol , or
Dgb. The largest diffusion coefficient is usually associated with surface
diffusion and is of the order 10−9 m2/s as was established earlier in this
report. Note although that all the diffusion coefficients exponentially
depend on the temperature, see (9) and Fig. 22. But for the range of
temperatures of interest the surface diffusion value is approximately
consant.

Finally, we notice that using nondimensional gradients in AC and
CH equations leads to the following final nondimensional form

∂ηj
∂t/τ0

= −
(
∂
∂ηj

g(c,η) +
∂Ed/B
∂ηj

−
( δ
l∗

)2
∇2ηj )

)
. (14)
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Figure 23. (left) Results of the simulations of the Phase Field model
with reduced coefficients κc and κη . (right) Experimental results of sin-
tering with flow rate increased to 115 % as compared to nominal value.

τ0∂c
∂t

= ∇ ·
(
DVm
LkBT l∗2

)
∇
(
∂
∂c

[
12γs − 7γgb

γgb
h(c) + g(c,η)

]
(15)

+
∂Ed/B
∂c

−
2γs −γgb
γgb

( δ
l∗

)2
∇2c

)
.

Length scale This form of the nondimensional equations does not
leave much freedom to choose parameters of the model. Indeed, the
size of the 2D simulations region is of the order 100x100 pixels (it is
even smaller in 3D) and it must correspond to ∼ 100×100µm2 area.
This gives us l∗ ∼ 1.0µm, because l∗ corresponds to the unit of mesh
size. This means that to resolve the gradient of order parameters and of
the concentration c the value of δ has to be taken as ∼1.0µm, which is 3
orders of magnitude larger than the nominal value of the grain bound-
ary. However, as it was shown in the previous part δgb ∼1.0µm is a
natural length scale of the problem.

5 Dimensionless parameters

Only when the surface energy is larger than one half the GB energy is
there a thermodynamic driving force for sintering since two surfaces
are eliminated in the formation of a single GB. As a GB is formed at the
neck of two particles, it reduces the free surface area while increasing
the GB area, thus reducing the overall surface energy and increasing
the overall GB energy [6].
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Figure 24. Definition of dimensionless material parameters in phase-
field model in MOOSE [25].

DiffusionmobilityM Consider now the discussed in the Partvalue of
dimensionless diffusion mobility

M̃ =
( M
Ll∗2

)
=

(
DVm
LkBT l∗2

)
=

(
3DVmδgb

4MgbkBT l∗2

)
Thus the value of δgb is the key parameter that controls both the mesh
size and the time scale of the model. There is no sufficient flexibility in
the choice of this parameter. Its value has to be at least twice smaller
than value of δgb.

Time scale The time scale of the model can be chosen in a few differ-
ent ways. Firstly, it can be taken as

τ0 =
1
L ·B

=
3
4

δ2gb
Mgb ·γgb

to keep dimensionless value of the phase-field mobility L ∼ 1, see lines
in Fig. 24 from the MOOSE code that defines parameters in [25].

Note that this definition is not unique. There is a significant dis-
persion in the literature data on the Mgb ranging from 10−8 [97] to
10−15 [91], which in turn leads to the dispersion of the phase-field dif-
fusion parameter L via (13). Mgb and γgb are usually related to the
experimental observations while δgb can be chosen as fitting parameter.
For example, δgb = 0.48µm in [55] and in [91] δgb = 0.542µm using
values L = 6.4×10−9 m3/(J ·s) andMgb = 2.6×10−15 m4/(J ·s) in equation
(13).

On the other hand time scale parameter τ0 can be taken as an in-
dependent scaling parameter. Examples of material properties see Ap-
pendix B.

In this case mobilities are defined as

M̃ =
(MB
l∗2

)
· τ0 =

(
DVmB

LkBT l∗2

)
· τ0 =

(
3
4

DVmγgb
δgbkBT l∗2

)
· τ0

and

L̃ = (LB) · τ0 =
(
Mgbγgb
δ2

)
· τ0 .
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Figure 25. (left) Values of the phase-field model parameters for τ0 =
100 sec as a function of length scale l∗. M and L are dimensionless
parameters diffusion and phase-field mobility respectively. (right) The
same values as in the left panel but with time scale defined as τ0 = 1/LB,
Ds = 5 × 10−8 cm2/s. Time scale as a function of length scale is also
added to the figure.

Dependence of the various dimensionless parameters of the assumed
value of the grain boundary thickness δgb is shown in Fig. 25.

5.1 2DModel

Figure 26. Results of the phase-field simulations of the microstructure
evolution for 23 particles, zero gravity, and periodic boundary condi-
tions.

To implement phase-field models of particles sintering in numerical
simulations we use MOOSE (Multiphysics Object-Oriented Simulation
Environment).

Significant help in developing the model was provided by Sudipta
Biswas – Computational Scientist at Idaho National Laboratory. The
main dimensionless parameters of the model are shown in Fig. 25, see
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also Sec. B for examples of the phase field model parameters for sinter-
ing.

We developed 2D and 3D phase-field models of sintering. Results
of the simulations in 2D are shown in Fig. 23 and 26 for zero gravity,
periodic boundary conditions, 23 and 20 particles respectively. The
difference between two figures is in the coefficient κc in Cahn-Hillard
equation, which is equal 0.1 in Fig. 23 and 1 in Fig. 26.

It can be seen in the figures that phase-field model reproduces the
transformation from particulate to dense granular structure of the sam-
ples as shown in Fig. 20. This model also provides insight into the
faults developed during such transformation as shown in Fig. 23 in
comparison with the experimental results. Formation of the defects
both between the particles inside the filament and between filaments
can be reproduced by the model and is clearly seen in the figure. Fur-
thermore, 3D phase-fieldmodels can be used to estimate sintering stress
and time scales.

5.2 3D sintering model

Results of the phase-field simulation of 3D sintering of metal particles
are shown in Fig. 27.

Figure 27. Results of the phase-field simulations of the microstructure
evolution in 3D solid state sintering.

We note that at present the simulations are limited by a few particles
and require a lot of simulation time on supercomputers. Here simula-
tions were performed by 9 particles and mesh adaptation was excluded
so that results can be considered as an order of magnitude estimations
only.

Free chemical energy and the internal boundary of this system are
shown in Fig. 28. This results will be used in the next section for the
estimation of the sintering stress.
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Figure 28. Results of the phase-field simulations of the microstructure
evolution in 3D solid state sintering. (left) Free chemical energy, grain
boundary surface area, internal boundary surface area vs time. (right)
Free chemical energy as a function of time.

6 Estimation of the sintering stress

6.1 Sintering Stress: Phase Field Model

To estimate sintering stress from the results of the PFM and MD simu-
lations we first estimate corresponding scale as Pscale = Rp/Gs where Rp

Figure 29. Graphical representation of the sintering stages, assuming
the spherical particles start as a loose structure. Neck growth produces
densification, round pores, and a strong body. Grain boundaries form
at the particle contacts and grow as the necks merge. [37]

is the mean particles radius and Gs is the surface energy, which gives
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Pscale ∼ 105 Pa.
Next estimation of the sintering stress uses the following expres-

sion [28,67]

PL =
∂Fs
∂v

(16)

where Fs,i is the surface free energy.
To apply this estimation to the discrete element model discussed in

Part V we notice that initially all the metal particles are nearly intact,
see Figs. 29 and 35. This allows to estimate initial surface energy as

Fs,i =
Np∑
i=1

Sp,i ·γs

where sum is taken over all the particles with surface areas Sp,i = 4πR2
p,i .

To estimate the change of the volume we notice that in the inter-
mediate state all the particles have the same volume but their shape is
changed to the space filling polyhedrons. As an example we chose for
e.g. truncated octahedron for which volume Vto and surface area Sto are
known as a function of the edge length a

Vto = 8
√
2a3 and Sto =

(
6+12

√
3
)
a2.

We also notice that in this state all the particles are in full contact
with each other and the form grain boundary surface as shown in the
right panel of the Fig. 19. The final surface energy in this case can be
found as half of the total area of the particles (to avid double counting
of the grain boundary area) times grain boundary energy

Fs,f =
1
2

Np∑
i=1

Sto,iγgb.

The corresponding change of the volume of the system of particles
can be found if we recall that initial porosity in our model is around ∼
60 %, which gives full initial volume Vi =

1
0.6

∑Np
i=1

4
3πR

3
p,i . This gives an

estimate for the sintering stress according to (16) PL ≈ (Fs,i−Fs,f )/(0.4Vi) ≈
3.5× 105 Pa.

Next, we use the results of the phase-field modeling discussed in
Sec. 5.2. The sintering stress we estimate as

PL ≈
∆Fch
∆Vpore

≈ 4.3

using dimensionless variables.
To dimensionalize the obtained results we can use values of energy

and time units shown in Fig. 25 and chose the value of the grain bound-
ary width δgb. The latter value was estimated in Sec. 2.3 as 1-2µs. This
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gives estimations for the sintering stress of the order 2-4 MPa, while
the corresponding time scale of sintering can be estimated as 1.6 - 3.2
hours. We now compare these values with the values of the sintering
stress obtained in experiment and in kinetic Monte Carlo simulations.

6.2 Sintering Stress: Experiment [28]

One of the measurement methods is loading dilatometry, in which the
instantaneous shrinkage rates of a free as well as a uniaxially loaded
powder compact are measured while sintering. Typically, a cylindrical
sample is loaded in the axial direction and the shrinkage rates in the
axial direction ėz and in radial direction ėr are measured and compared
with the shrinkage rates in freely sintered samples ėf . The sintering
stress PL is obtained in the following manner. The axial strain rates

Figure 30. (left) Sintering stress as a function of density derived as
the envelope from several discontinuous hot forging experiments [99].
(right) This was calculated using isotropic continuummodels and mea-
sured uniaxial stress needed for radial shrinkage during sinter-forging
as a function of density. [27].

ėz at several of different applied stresses are measured to calculate the
uniaxial viscosity Ep, using the relation:

ėz = ėf +
σz
Ep

where σz is the applied uniaxial stress. The uniaxial viscosity Ep and
the free sintering rate ėf are then used to obtain the uniaxial sintering
stress σz:

σs = ėf Ep
The sintering stress PL is related with the uniaxial sintering stress σs as:

PL =
σs

1− 2νp
, νp =

Ep
(
ėf − ėr

)
σz

.

Results of the experimental estimations of the sintering stress are
shown in Fig. 30
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6.3 Sintering stress obtained using kinetic Monte Carlo [28]

The sintering stress, σs, is defined as the mechanical hydrostatic stress
which just balances the internal surface tension forces so that the porous
solid does not shrink. It can be expressed as [28,67], cf (16)

PL =
∂Fs
∂v

(17)

where Fs =
1
V

∑P
i=1

∑N
j=1 Jij is the surface free energy, Jij is the interaction

energy at i-th pore site with j-th neighbor, and v is tye specific volume.
Results of the numerical estimations of the sintering stress using

kinetic Monte Carlo model are shown in Fig. 31
Data obtained in experiment (Fig. 30) and numerical simulations

(Fig. 31) suggest that sintering stress can be as high 20 MPa in support
of our estimations.

To conclude this section we note that phase-field model provides
deep insight into the micro-structure evolution of the system during
sintering and can reproduce the transformation from particulate to dense
granular structure of the samples. It can also be used to estimate qual-
itatively the fault development during such transformation (including
defects formed between and within filaments) that can be compared
with the experimental observations. 3D phase-field models can be used
to estimate sintering stress and time scales.

However, the simulations are limited by a few particles in 3D and
phenomenological parameters of the model have to be fitted carefully
for each type of the metal alloy and particles size and distribution.

At present phase-field models cannot be used for predictions of
shrinkage of full-size components. However, it provides important pa-
rameters for continuous model sintering of full-size parts. These pa-
rameters include sintering stress PL, its relation to the density, and non-

Figure 31. Results of simulations of the sintering stress for 4000 ran-
domly packed particles obtained using energy method (left) and cur-
vature method (right) in kinetic Monte Carlo simulations [28]. Stress
units are γs/r0.
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uniform spatial distribution of the density due to the size of the parti-
cles and layout of the filaments.

Modeling of shrinkage for the full-size parts can be performed us-
ing continuous finite-element modeling in commercial software such
as COMSOL Multiphysicsr [32] as discussed in Part VI. But before we
consider finite element model of the whole part we need to provide es-
timations of the mass distribution in the sample that accounts for the
filament layout and the initial rearrangement of the particles. A conve-
nient modeling framework that has the required unique capabilities is
provided by the discrete element method discussed in the next section.
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Part V

Discrete Particle Model [95]

1 Model

A microscopic model of sintering within the framework of the discrete
elementmethod (DEM) is based on a new generalized viscoelastic model
of sintering proposed in [66].

The following equation for the particle interaction during sintering
was obtained:

Fn =
πa4

8Def f
vrn +πγs

[
4r

(
1− cos

ψ

2

)
+ asin

ψ

2

]
(18)

where Fn is the normal force between two particles, vrn the normal
relative velocity, r the particle radius, a the radius of the interparticle
boundary, ψ the dihedral angle, γs the surface energy.

Figure 32. (left) Forces and particle arrangement in sintering process.
(right) Components of the force between two particles.

It is assumed that the grain boundary diffusion is the dominant
mechanism of sintering and the effective grain boundary diffusionmech-
anism is given by

Def f =
DgbδΩ

kBT
(19)

where Dgb is the grain boundary diffusion coeffcient with the width
δ, Ω is the atomic volume, kB is the Boltzmann constant and T is the
temperature.

The constitutive relations take the form [76]

σ̇ = C :
(
ε̇e − ε̇T − ε̇v

)
+ Iσ̇ sint (20)

where σ is the Cauchy stress tensor, C the elastic stiffness tensor, σ sint

the sintering driving stress. And the strain rate ε̇ is decomposed into
the elastic, thermal and viscous parts, ε̇e , ε̇T and ε̇v respectively:

ε̇ = ε̇e + ε̇T + ε̇v
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where

• ε̇T = αT I;
• ε̇v = σ ′

2ηs
+ trσ−3σ s

9ηb
I

• ε̇e = βγsρ
2

r

• ρ = ρ0 exp{−
(
εx + εy + εz

)
}

All parameters in the above equations viscosity ηs, ηb, initial relative
density ρ0, surface energy γs etc. are related to microscopic material
properties. For spherical shape of powder particles β is equal 3, ηs and
ηb are viscous shear and bulk moduli respectively and these factors are
functions of porosity and temperature.

A preliminary conclusion of this subsection is that contact forces in
the DEM formulation can be related to thermodynamics and constitu-
tive relation of the Olevsky continuous model, see also Part VI. We used
the DEM approach to model rearrangements of particles at initial stage
of sintering in realistic geometries and filament layouts. A discussion
of some results of simulations is presented in the next section.

2 Results of numerical simulations of DEM

2.1 Forces.

The discrete elementmodel of particle sintering was developed in KRATOS
Multiphysics [33,34]. The contact forces [75] between two particles was
modeled using Hertz model with JKR cohesion [96]

Fcont = Felast +Fvisc (21)

as a sum of elastic and viscous components.

• Elastic part assumes linear force–displacement relationship

Felas = k ur

where ur is the particles penetration, k is the contact stiffness.

• The viscous component is assumed to be a linear function of the
normal relative velocity vrn

Fvisc = c vrn

viscosity coefficient c can be taken as a fraction ξ of the critical damping
Ccr for the considered system

c = Ccr = ξ

√
kmimj
mi +mj
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wheremi andmj are masses of two particles and k is an effective spring
stiffness.

The particle interaction force, F, during sintering is given by the
equation (18) derived considering mass transport and stresses at the
grain boundary between two sintered particles. The effective diffusion
coefficient is given by eq. (19).

2.2 Model geometry.

First, NIST test artifact (see Fig. 6) for sintering analysis was sliced us-
ing Repetier-HOST v.2.1.6 slicer, see top-left figure in Fig. 33. Next, a
small subsystem, cylinder shown in the top-right Fig. 33, was selected
for further analysis. Finally, sub-models of the cylinder with different
filament layouts were constructed.

Figure 33. (top line) Result of slicing NIST artifact for additive manu-
facturing. (middle line) Mesh of a submodel of the NIST artifact using
GID. (bottom line) Discrete element model of the filaments in KRATOS
DEM.

The sub-models were build in SALOME v9.3 [78] for two different
filament layouts: (i) cross layered layers and (ii) all layers are laid in
the same direction. The STL files of sub-models were imported into
KRATOS Multiphysics. Simulations were conducted using DEM appli-
cation.
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2.3 Effect of layout.

The material parameters chosen for the simulations are shown in the
Table 3.

Table 3. Parameters of some packing models
Density ρ 4500kg/m3

Poisson ratio 0.3
Coefficient of restitution 0.2

Constitutive law Hertz with JKR cohesion
Yaung modulus, E 5×106 P a

Cohesion Ec 1500 P a
Gravity acceleration 9.8m/ sec2

Cross-layers. Preliminary results of initial sintering for the crossed
direction of the filaments in each layer are shown in Fig. 34 In this case

Figure 34. Results of sintering for crossed orientation of the filaments
in each layer: (left) initial and (right) final states.

the following parameters were used E = 1.5× 106 Pa, Ec = 1500 Pa, and
other parameters as in the Table 3. Resulting shrinkage is: Lx,f /Lx,0 =
0.956 and Lz,f /Lz,0 = 0.955. The total number of spherical articles in
these simulations is ∼ 150,000.

Unidirectional layout. Similar preliminary simulations were performed
for the same set of parameters but for the unidirectional filament layout
shown in the Fig. 33 bottom right. Resulting shrinkage is: Lx,f /Lx,0 =
0.931 and Lz,f /Lz,0 = 0.814.

The preliminary results indicate that there is some dependence of
the shrinkage on the filament layout. To verify predictions of prelim-
inary calculations we performed a more detailed analysis of shrinkage
as a function of model parameters. The results of this studies are sum-
marized in Tables 4-6.

It can be seen from the Tables that results strongly depend on the
model parameters. In this case two key parameters are Young’s modu-

42



lus and cohesion energy. However, a few trends can be reveal from this
examples. In most cases initial shrinkage is smaller in vertical and hor-
izontal directions for cross-layout as compared to unidirectional lay-
out. For one set of parameters (see Table 5) this trend is much more
pronounced for increased initial porosity. In one case we could detect
larger shrinkage in vertical as compared to the horizontal direction for
reduced cohesion energy.

However, overall anisotropy is weak in the absence of gravity and
gravity is the key reason for nonlinear shrinkage as we will discuss next.

Table 4. Comparison of shrinkage for cross- and unidi-rectional layout
of filaments with E = 5× 106 Pa and Ec = 500 Pa

NIST_item7_v4_test_default NIST_item7_v5_5_test2

E = 5e6 Pa; Ec = 500 Pa; default; uni E = 5e6 Pa; Ec = 1500 Pa; default; cross

LY0 15.14 LZ0 9.86 LY0 16.14 LZ0 9.58

LYF 13.96 LZF 8.93 LYF 14.95 LZF 8.97

LYF/LY0 0.92 LZF/LZ0 0.905 LYF/LY0 0.926 LZF/LZ0 0.935

LX0 15.22 LX0 21.42 LX0 16.12 LX0 20.75

LXF 14.14 LXF 19.89 LXF 15.1 LXF 19.16

LXF/LX0 0.93 LXF/LX0 0.93 LXF/LX0 0.936 LXF/LX0 0.923

Table 5. Comparison of shrinkage for cross- (right) and uni-directional
(left) layout of filaments with E = 5× 106 Pa and Ec = 1500 Pa

NIST_item7_v4_t5-porosity_04 NIST_item7_v5_5_t3_porosity_04

E = 5e6 Pa; Ec = 1500 Pa; Por 0.4; uni E = 5e6 Pa; Ec = 1500 Pa; Por 0.4; cross

LY0 15.49 LZ0 12.66 LY0 15.01 LZ0 7.73

LYF 13.87 LZF 11.07 LYF 14.24 LZF 7.23

LYF/LY0 0.895 LZF/LZ0 0.874 LYF/LY0 0.949 LZF/LZ0 0.935

LX0 15.63 LX0 27.49 LX0 15.14 LX0 16.72

LXF 14.02 LXF 23.96 LXF 14.02 LXF 15.73

LXF/LX0 0.896 LXF/LX0 0.872 LXF/LX0 0.926 LXF/LX0 0.94

2.4 Effect of gravity.

The gravity effect is illustrated in Fig. 35. The filament dimensions in
this sample are 0.5 × 2.0 × 0.3 mm. The volumes of the filament and
the spheres are Vf = 0.3 mm3 and Vs = 0.136 mm3 respectively and
initial porosity ∼ 56 %. The shrinkage in z-direction is ∼22% while
the sample practically does not shrink in horizontal plane. The final
porosity is ∼42%, which approximately corresponds to our estimation
of the particle density in the filament, see Sec. 2.1.
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Table 6. E = 1e6 Pa; Ec = 500 Pa; = 0.3; restitution = 0.2; t = 5 s; Porosity
default; layout uni (left) and cross (right)

NIST_item7_v4_t4_default NIST_item7_v5_5_default

E = 1e6 Pa; Ec = 500 Pa; default; uni E = 1e6 Pa; Ec = 500 Pa; default; cross

LY0 17.3 LZ0 12.34 LY0 15.9 LZ0 10.9

LYF 15.29 LZF 9.31 LYF 13.96 LZF 9.01

LYF/LY0 0.884 LZF/LZ0 0.754 LYF/LY0 0.878 LZF/LZ0 0.826

LX0 17.36 LX0 26.42 LX0 15.95 LX0 23.53

LXF 15.51 LXF 23.34 LXF 13.95 LXF 20.54

LXF/LX0 0.893 LXF/LX0 0.883 LXF/LX0 0.875 LXF/LX0 0.879

Figure 35. Effect of gravity on the initial shrinkage obtained in DEM
model. (left) initial state; (right) final state after 10 sec of simulation
time.

It can be clearly seen from the figure that the initial shrinkage is
strongly nonlinear and the filament shrinks predominantly in z-direction.
The observed shrinkage in z-direction is even larger than expected be-
cause initial density is lower than the one in filaments. We also notice
that the initial gap between the two filaments ∼0.02mm remains prac-
tically intact in the end of the simulations.

Therefore, we see that simulations of the shrinkage using DEMmod-
eling confirm our preliminary estimations of the dependence of shrink-
age on the filament orientation (layout) and gravity. However, we note
that Discrete Element Method at present has severe limitation in both
accuracy and range of applications. In most of the DEM available soft-
ware the shape of the particles does not change. Thus we have mainly
used DEM approach to estimate initial rearrangement of the particles,
gravity induced nonlinear shrinkage and spatial distribution of mass in
the samples that are used in finite element modeling of the whole part
as input parameters. We have also used DEM for estimations of the
sintering stress as discussed in Sec. 6.1.
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Part VI

Macroscopic modeling of sintering

1 Introduction of the sintering process for the rep-
resentative materials: Ti6Al-4V and Al 7075

In this part we discuss the results of simulation sintering processes us-
ing continuum finite element modeling in COMSOL [32]. From the
physics point of view we tried to keep model parameters close to those
observed in experiments of sintering Ti-6Al-4V alloy made by Techshot
team [1, 2]. In addition, we analyzed Al 7075 material, which was not
part of the Techshot experiments. Powders of these metals can be com-
bined with some polymer mixtures to form feedstock for fused deposi-
tion modeling in polymers. In fact, the softening temperature of com-
patible binder materials are substantially lower than the melting tem-
perature of the metal powder enabling filament printing through an
extrusion method [1,2].

Once printed the waxes and polymers are removed from the printed
part in a process known as debinding. The binder is removed by heat-
ing the sample in 50 Torr vacuum. Depending on the binder and metal
material, it might be difficult to remove the binder material without
partially melting some metal particles, especially for aluminum mate-
rial. There is an overlap between the debinding and melting/sintering
temperature of Aluminum. Due to this narrow temperature gap it is
possible to have the debinding and sintering processes occurring simul-
taneously [2]. If this situation occurs, the residues from the binder will
become trapped as impurities in the sintered aluminum structure. This
means we should take into account polymer expelling during sintering
and this physics might play a substantial role in shrinkage process.

In our simulations we are using typical structural parameters for the
modeled material (similar to Ti-6Al-4V and Al 7075) considering that
the green part was produced by printing filaments. Two different pow-
ders were considered both coarse and fine [1–3]. Based on the polymer
decomposition behavior, the thermal debinding profile was generated
for 59 vol % Ti-6Al-4V or Al 7075 feedstock. The selected heating rate
was 1-2 °C/min with 3 holds at 240 °C, 325 °C and 440 °C with a hold-
ing time of 3 hours at each degradation stage. As a result, the binders
were completely removed thermally at three stages at a heating rate
of 1-2 °C/min in low pressure to produce the brown part. Later on, the
brown part went through the sintering process, for example, for Ti-6Al-
4V at 1300-1400 °C for 3 hours of holding time at a heating and after
that cooling rate of 1-2 °C/min in a low pressure environment.

Here we will consider that wax-based binder was able to thermal
debind green part without shrinkage and collapse of structure. The
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shrinkage of the sintered part was considered at the sintering stage.
A large fraction, say about 40%, of the parts volume after debind-

ing is the empty space, and it is referred to as a brown part. That is
why the brown part is very fragile. Some residual binder mixes keep
a component of the binder - a backbone binder in place until sinter-
ing starts to keep the print part from disintegrating in the brown stage.
This stage accomplished by growth and strong adhesion among the ad-
jacent particles, causing the retraction of the product whose dimensions
usually reduce between 10 and 15%. The matter is that a small amount
of residual backbone binder still exists keeping the sintering particle
altogether. The part is then sintered while each powder particle will
connect with its neighbors. Sintering usually takes place in a vacuum
or in an inert gas [4].

As thermal debinding proceeds to the end (440 °C) only a small
residual amount of backbone binder is left. This backbone binder is
mostly located at inter-particle necks. The capillary force tends to re-
arrange particles and thereby to induce internal stress. In this case two
possible mechanisms of sintering could be considered. The first one is
due to sintering stress caused by capillary force and the second one is
shrinking the solid continuum due to shrinking the solid continuum
due to residual debinder expelling from the volume. The first mech-
anism is due to viscoelasticity and creep behaviour and second one is
caused by swelling (shrinkage) of the solid continuum by change of the
concentration of residual debinding. All these mechanisms are phe-
nomenological one and can show qualitative results of the sintering.

2 Equations formodelingmetal-fusedfilament fab-
rication (mFFF) process

A rheological theory of sintering was developed by Skorohod [5], and
published in the book Rheological Basis of the Theory of Sintering in
1972. In this book, the theory of sintering of powder materials is se-
quentially formulated. The theory is based upon the phenomenolog-
ical concept of the generalized-viscous flow of porous bodies. These
results were further extended by Olevsky [6, 7] derivation (based upon
the stochastic approach) of the relationships for the dependencies of
rheological parameters (such as bulk, shear viscosities and effective sin-
tering stress) of porosity and the solution of the problem of the de-
formation of a viscous porous body under sintering simultaneous to a
uniaxial loading. The book also contains an analysis of the main molec-
ular mechanisms of the viscous flow of real amorphous and crystalline
bodies, the kinetics of inter-particle contact growth and models of non-
isothermal sintering and sintering accompanied by heterodiffusion.

Since the printing process was simulated by Techshot using Digimat-
AM to figure out residual stresses of the green part [1] we will not
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consider this here. The matter is that residual stresses, thermal his-
tory, deformation and wrapage changes the structural parameters when
you cool the structure down. During the debinding, formation of the
brown part and sintering these thermo-mechanical 3D printing resid-
ual stresses most probably play a minute role. That is why we consider
here two stages which might lead to shrinkage: debinding of the back-
bone polymer at the temperature close to sintering and sintering itself
caused by capillary forces. In addition, we will try to model some prop-
erties of the sample obtained by metal fused filament fabrication (mf3).

Dimensional change during "mf3" process, shrinkage or swelling,
could be predicted based on the continuummechanics where the printed
body part is composed by metal skeleton and binder embedded in this
mechanical continuum. During debinding the binder is burned out and
removed from the furnace chamber, while the pores are filled by air or
inert gas. The corresponding solid system transformation is modeled
by solving systems of coupled continues equations for solid state media,
diffusion, and heat transfer. In addition, binder diffusion activated by
temperature should be taken into account. Moreover we should imply
how the medium changes in structure during debinding. Close to sin-
tering temperature we do not have a binder embedded in the medium
and we consider that the certain value of the air volume is in the struc-
ture.

The corresponding dimensional changes are the result of changes in
the viscosity and sintering stress, which leads to collapse of the pores.
Since we do not have experimental parameters for all these processes we
cannot predict the shrinkage of swelling well. Instead, these processes
are described by phenomenological parameters introduced on the basis
of underlining physics.

Tomodel the starting process we use continuummechanicsmedium,
which consist of Ti-6Al-4V or Al 7075 metal powder binded by poly-
mer subsystem. Our goal is to determine shrinkage after two stages
debinding and sintering. This means that in the final stage of the sin-
tering process the voids containing trapped air and/or residual binder
(backbone binder) in the brown part are eliminated. It follows from
the experiment [1, 2] the dimensional changes between green part and
brown part are not so substantial and the main shrinkage happens dur-
ing sintering of the metal part. This implies that the densification of the
metal powder particles are performed by elimination of pores left by
the removed binders. The final sintering structure still contains pores
as defects and modeling and/or machine learning approaches should
be used to predict dimensions of the sintered part. Let us consider two
of these approaches in more details.
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2.1 The two laws of material behavior. Olevsky model simu-
lation

The elastic mechanical component can be represented by an elastic spring
and the viscous component by a dashpot (a pot that contains a viscous
liquid that can flow under the action of a piston)

σ = Eε and σ = η
·
ε,

where σ is stress, ε is strain, E is a Young modulus and η is a viscosity.
The first relation is elastic and the second one is viscoelastic. In turn,
there are two different viscoelastic models. TheMaxwell model consists
of a spring term and and a dashpot term placed in series. As a result,
strain rate is the sum of the contributions from both components

·
ε =

·
σ/E + σ/η, (22)

where first part is elastic law and second term is a creep.
The Voigt - Kelvin model consists of a spring and a dashpot in par-

allel. For this model, the strains on the elastic and dashpot components
are always the same and the overall stress is the sum of the stresses on
the spring and dashpot.

σ = Eε +η
·
ε. (23)

The constitutive equations(22),(23) lead to different sintering mod-
els. The Voigt - Kelvin model is generalized for Olevsky model while
Eq. (22) leads to Riedel’s model [11]).

In fact, for the phenomenological sintering model, the strain rate
consist of the equivalent elastic strain rate

·
εe, thermal strain rate

·
εT ,

and creep strain rate
·
εcr ,

The last term is responsible for sintering and can be presented as
a ratio between the deviatoric stress σ ′ and shear viscosity modulus
ηs , and the ratio between the equivalent volumetric stress and bulk
viscosity modulus ηb

·
εcr =

σ ′

2ηs
+
tr(σ )− 3σs

9η
I, (24)

where σs is the sintering stress (sintering driving force), tr(σ ) is the trace
of the stress tensor, I an identity matrix.

The constitutive model usually used for sintering was developed by
Olevsky [7] is given by equation

σij = 2η(ϕ
·
ε
′
ij +ψ

·
εij ) + P δij , (25)

where η is the apparent viscosity of the porous body skeleton, P is the
effective Laplace pressure (sintering stress, δij = 1, if j = i,0, if j ,
i ), ϕ and ψ are the coefficients of the effective shear and bulk moduli,
respectively

ϕ = (1−θ)2, and ψ = (1−θ)3/θ. (26)
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Here porosity θ is defined as the ratio of the volume of pores Vpores,
to the total volume Vtotal :

θ = Vpores/Vtotal . (27)

The effective Laplace pressure can be considered as

P =
3γ
r0

(1−θ)2, (28)

where r0 is the mean radius of powder particles, and γ is the surface
tension energy (surface of pores). For our sintering approach we can
assume that external stress is equal to zero and from (25) get

P = 2ηψ
·
εv =

3γ
r0

(1−θ)2, (29)

where
·
εv is a free volume shrinkage.

Using continuity equation for mass conservation

·
θ = (1−θ) ·εv =

σs
2ηψ

(1−θ)3 (30)

from equations (26) and (29) we can obtain

·
θ = −

3γ
η0r0

θ = −σs
η0
θ.

If the coefficients in front of θ on the right hand side do not depend on
t we can write the analytical solution of sintering

θ = θ0 exp
(
−σs
η0
t

)
,

where θ0 is initial porosity. This equation shows that at infinite time we
will have no porosity

As a result, specific time of sintering for continuum models is

τsin = η0/σs

This means that the higher is the sintering stress the shorter is the time
off sintering. For the characteristic value σs ∼ 106P a and typical value
of η ∼ 1012P a · s we get the τsin is about 106s, which is not the case for
the for mf3 sintering. In our case sintering is taking place for three
hours and this means that sintering time is 104s. In order to have phe-
nomenological Olevsky’s theory working in our case we have to assume
that viscosity is about 1010 - 1011P a · s.

The commercial software COMSOLr [32] has been used in the sim-
ulation of the sintering process. In addition to solid state structural
module, the Domain ODEs and DAEs mathematics has been used for
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porosity modeling. The viscoelastic properties have been taken into ac-
count by using Kelvin-Voit approach.

Some simulation experiments were done to check the limiting cases.
First, we considered the case with no gravity and no sintering stress.
The results are presented in Fig. 36 (a). In this case the initial porosity
distribution which was taken 0.3 does not change. It should be noted
that displacement and stress in this case look similar to Fig. 36 (a) and
are not shown here, since no external or internal stresses are applied. In
the second numerical experiment external force (gravity) was applied.
As a result simulations demonstrate small perturbation in porosity, dis-
placement and stress that can be seen in Fig. 36 (b), (c), (d). These dis-
tributions depend on the value of the viscosity in viscoelastic case. The
lower is the viscosity the larger are these values.

Next, simulation is done for significant sintering stress (Fig. 37).
If the initial porosity was 0.3 the final one is 0.09. The left plot (a) is
done for the no gravity case. We can see that distribution of the poros-
ity is very homogeneous with terminal porosity about 0.1. The plot
(b) is the same simulation with the gravity. Final porosity is about the
same. In Fig. 37 (c) we see the vertical displacement distribution which
shows vertical structure shrinkage about 5%. The characteristic stress
distribution (von-Mises invariant) displays practically no stress in the
structure.

The result for directional and total displacement are presented in
Fig. 38 for the lower viscosity and sintering stress. One can see the
sintering sample shrinks and the value of the shrinkage is about 13% in
vertical and lateral directions. The von Mises residual stress generated
is presented in Fig. 38 and is sufficiently small.

Figure 36. Simulation results for sintering at zeros sintering stress: No
gravity case – (a), porosity distribution with gravity (leads to minute
change in porosity) – (b), Total displacement (shrinkage uder gravity)
– (c) and small residual stress – (d). Simulation performed at viscosity
η = 1010P a · s for 3h of sintering time.
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Figure 37. Porosity distribution at the end of 3h sintering time (Top
left plot belongs to No gravity case – (a) and right hand side case cor-
responds to gravity – (b), vertical displacement distribution – (c) and
x-stress componenet – (d) at η = 1011P a · s, σs = 1MPa ).

In Fig. 39 we see how porosity depends on the sintering stress pa-
rameter. The larger is sintering stress the smaller is the porosity value
at the end of the sintering time. This dependance is a function of the
viscosity value.

The simulation results for a fixed bottom constraint is presented in
Fig. 40. One can see that porosity goes down except for spot point
areas near the fixed corner of the structure. This characteristic feature
of the high porosity is caused by nonuniform stress distribution which
is sufficiently high in this area. The shrinkage of the structure could
be understand from Fig. 40 (b), (c), which is about 10%. The stress
distribution is presented in Fig. 40 (d), (e), and (f). One can see that

Figure 38. Illustration for shrinkage process: porosity distribution – (a)
vertical displacement – (b) and transverse one –(c) and von Mises stress
– (d), η = 1010P a · s, σs = 0.5MPa
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Figure 39. Dependance of the porosity on time at different values of the
sintering stress. Initial porosity value is 0.3, η = 1011P a · s

inhomogeneous stress in y-direction Sy is sufficiently high at the corner,
which might lead to the trap of the porosity θ. The matter is that fixing
boundary condition leads to the increase of stress at least for a three
order in magnitude (Fig. 40 (d), (e), and (f)).

Figure 40. Porosity distribution at the end of sintering time – (a), ver-
tical displacement – (b), horizontal displacement – (c), stress distribu-
tion Syy – (d), Sxx – (e) and VonMises – (f). Initial porosity value is 0.3,
η = 1× 1011P a · s, σs = 1 MPa.

The next simulation results are done for axi-symmetric cylindrical
structure Fig. 41 –42 with diameter 6mm and hight of 20mm. The
results show that the higher is sintering stress the smaller is the porosity
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value at the end of sintering time.
The averaged porosity distribution as function of sintering time for

the axi-symmetric cylindrical structure presented in Fig. 41–42 is dis-
played on Figure 43. This plot is very similar to Figure 39 but in this
case boundary conditions are fixed and we have inhomogeneous poros-
ity distribution in contrast to Figure 39 where porosity is quasi homo-
geneous.

2.2 Equations for constitutive model for backbone polymer
debinding. Shrinkage by binder expelling

The governing equations for an isotropic, homogeneous elastic solid
medium with generalized thermo-diffusion are given in [8,9].

µui,ij + (λ+µ)uj,ij + β1T,i − β2C,i = ρ
∂2ui
∂t2

, i, j = 1,2,3 (31)

where ui are the components of the displacement vector, T is the abso-
lute temperature, C is the concentration of the diffusive material in the
elastic body, λ and µ are Lame’s constants, ρ is the density β1 and β2 are
material constants given by

β1 = (3λ+2µ)αt , β2 = (3λ+2µ)αc (32)

where αt and αc are, respectively, the coefficients of linear thermal ex-
pansion and linear diffusion expansion

The constitutive equations for stress component σij have the forms

σij = 2µεij + [λεkk − β1(T − T0)− β2(C −C0)]δij , i, j,k = 1,2,3 (33)

Figure 41. Time history concentration of the porosity (variable θ) dur-
ing sintering (left is at the t = 0, middle one t = 5000 s and right one is
t = 104 s
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Figure 42. The porosity distribution (variable θ) during sintering – left
plot and radial, hoop and axial stress distributions, correspondingly
η = 5× 1011 P a · s, σs = 0.1 MPa

Figure 43. Average porosity distribution on time at different values of
the sintering stress. Initial porosity value is 0.3, η = 1× 1011P a · s

here T0 and C0 are reference temperature and concentration, and εij are
the stain components which are given by:

εij =
1
2
(ui,j +uj,i), i, j = 1,2,3

The polymer binder can be considered as a "moisture" transport in
the green part (in our case brown and silver parts) and is governed by
the diffusion equation:

∂C
∂t

=D∆C (34)

which will be considered not depended on the strain and temperature
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while diffusion coefficient D could be presented in activation form

D =D0 exp(−U/kT )

where U is activation energy , k is the Boltsman constant. The temper-
ature distribution is described by standard thermal equation

∂T
∂t

= κ∆T (35)

Here κ is the heat conductivity coefficient. The boundary conditions
on the exterior faces of the of the green part should be a flux of poly-
mer concentration for Eq. (34) and fixed temperature determined by
the heating law (Fig.?? ) Eq. (35). In fact, slow change in temperature
leads to quasi-static temperature change and we can omit solution of
the equation (35) by considering that sintering part at each time mo-
ment has a temperature as presented by (Fig.??). This temperature acti-
vates the diffusion of the binder at different stages andmakes it possible
to predict shrinkage.

Figure 44. Concentration of the backbone debinder after sintering –
(a), Total displacement – (b), direction z displacement – (c) and x one –
(d). The parameters are β = 10−3m3/kg, intial concentration 103mol/m3,
diffusion coefficient D = 4 · 10−6m2/s, brown part density was taken as
3000kg/m3, Young modulus 10 GPa, Poisson ratio 0.4

During heating and expelling the residual backbone polymers from
the brown part sample, the stress of the sample might change and this
physics can be taken into account by the strain concentration relation

ε = βM(C −C0) (36)

where β is the coefficient of hygroscopic shrinkage (swelling), C is the
backbone polymer concentration, and C0 is the strain-free reference
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concentration, M is the molar mass of the residual backbone polymer
degraded products.

We consider that wax-polymer binder was able to retain the struc-
ture of the green part during thermal debinding with shrinkage as well
as without any shrinkage. In the last case the brown compact stage
is assumed to have the same shape as green part during sintering at
1400 °C for 3 hour. This makes it possible to consider sintering process
separately and calculate shrinkage of the sintered part based on contin-
ues theory. Therefore, green parts are oversized to compensate for the
sintering shrinkage. The fine particle size used in mf3 process results
in high sintered density ranging from 95% to 99.5% of the theoretical
density.

Figure 45. Concentration of the backbone debinder in the sintering part
at fixed boundary conditions – (a), Von-Mises residual stress – (b), di-
rectional displacement in vertical direction (z) and in x axis (c) and (d),
correspondingly. The β = 10−3m3/kg, intial concentration 103mol/m3,
diffusion coefficient D = 4 · 10−6m2/s , Young modulus is 10 GPa, Pois-
son ratio 0.4.

In the sintering step, the particles bond together, leading to densifi-
cation of the small remaining brown part. During this stage the molded
part undergoes volumetric shrinkages ranging from about 12% to 18%
in experiment [1].

Sintering is the last stage of the process, providing the inter-particle
bonding that generates the attractive properties from otherwise loose
powder mass. During thermal debinding soaking the brown parts in
an oven with a flux of a controlled atmosphere. This stage was mod-
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eled by solving equations (31), (32) and (33). During this process back-
bone binder components are completely decomposed and transforms
into gaseous state.

Considering that brown part has the same shape as a green one let us
consider that the shrinkage has taken place during expelling backbone
residual polymer. From simulation point of view this means that the
brown part is described by heated continuummedium and the residual
polymer expelling leads to shrinkage. As an example we consider that
initial concentration of the this backbone polymer was 103 mol/m3. If
we suppose that molecular mass of the degraded polymer is mainly de-
termined by the polymer atoms we can haveM about several molecular
unites (e.g. molecular mass of water 18 g/mol). For cubic cm of the
sintering part volume the mass of the backbone binder will be 0.018 g,
which is a pretty small value. If the mass of the specimens is several
grams the residual mass of the backbone polymer has a mass about a
thousand times smaller than metallic part.

Figure 46. OMSOL simulations of the concentration of the backbone
debinder in the sintering part (after sintering) – (a), Total displacement
– (b), directional strain – (c) and displacement in vertical direction –
(d). The β = 10−3m3/kg, initial concentration 103mol/m3, diffusion co-
efficient D = 4 · 10−6m2/s, brown part density was taken as 3000kg/m3,
Young modulus 10 GPa, Poisson ratio 0.4.

The result of shrinkage simulation for such case is presented in Fig.
44. One can see that during sintering backbone polymer concentra-
tion (degraded products of the polymer) changes for several orders and
due to change of that the printed structure can experience shrinkage of
about 10%. Similar simulation for a fixed boundary conditions at the
bottom are presented in Fig. 45. One can see that the printed part might
have enormous residual stress Fig. 45 (b) leading to higher shrinkage in
vertical direction Fig. 45 (c).

Here, for example, we consider that initial backbone polymer con-
centration after green part expelling is set to 103mol/m3. This value
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Figure 47. COMSOL simulations of the concentration of the backbone
debinder in the sintering part (after sintering) – (a), Von-Mises residual
stress – (b), directional displacement in vertical direction – (c) and in x
one – (d). The β = 10−3m3/kg, intial concentration 103mol/m3, diffusion
coefficientD = 4·10−6m2/s, brown part density was taken as 3000kg/m3,
Young modulus 10GPa, Poisson ratio 0.4.

was taken as reference for hygroscopic shrinkage swelling because all
the stresses are assumed relaxed just after green part formation. The
same system of equations (31), (32) and (33) can be used but in this
case by gaseous binder concentration we can imply backbone gas and
air concentration. The results of this modeling are presented in Fig. 46,
47.

As it was already emphasized green part and metal part have sim-
ilar shape characteristics, but maintain the geometrical configuration
features. This means that for the final part to have correct dimension
one has to compensate the scale of the green part. It can be seen from
the CAD plots 46 and 47 that all the features of the CAD are repro-
ducible. Having the fixed boundary condition on the bottom we have
deformable structure in vertical direction and inhomogeneous defor-
mation parallel ton X-Y plane. The roller boundary conditions show
the same shrinkage value in all three directions.

The shrinkage rate in the brown part depends on the swelling co-
efficient, which is a phenomenological parameter and should be deter-
mined by experiment for each composition. The shrinkage of the metal-
lic part is a function of additional sintering stress, which is of the order
of 0.1 - 3MPa and can be determined using microscopic simulation or
measured by experiment.

3 Shrinkage Mechanism and discussion

The Mechanism for Anisotropic Shrinkage and Mechanical Properties
can be explained based on the recent article [15], where the performed
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Figure 48. Illustration to explain the mechanism for the anisotropic
shrinkage and mechanical properties [15].

Figure 49. Illustration to explain the mechanism for the anisotropic
shrinkage as a result of periodical void structures. Initial porosity
distribution θ0 was 0.3 for the first row, θ0 = 0.3(1 + 0.1sin(104y) for
the second raw, θ0 = 0.3(1 + 0.1sin(104x) for the third one, and θ0 =
0.3(1 + 0.1sin(104x)sin(104y) for the last one, η0 = 1011 Pa·s, σs = 0.5
MPa, η = 1×1011 Pa·s, σs = 1 MPa. In all structures the averaged poros-
ity distribution is about the same.

experimental results show that anisotropic shrinkage is a function of
the initial porosity distribution Fig. 48 . Following this idea we studied
such sintering approach based on Olevsky model (49) where first col-
umn is initial porosity distribution, second column is vertical displace-
ment and third column is transverse displacement. First row is devoted
to homogeneous porosity distribution and after sintering this case has
the smaller shrinkage in vertical and horizontal direction. The second
row shows the shrinkage simulation results for vertical periodic nonho-
mogeneous distribution. In this case lateral shrinkage is the largest. For
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nonhomogeneous porosity distribution in the horizontal direction, ver-
tical shrinkage is the largest. For periodic porosity distribution we have
about the same shrinkage as for homogeneous porosity distribution (1st
row). This is a qualitative simulation with small perturbation in the
porosity value. In real experiments porosity is a pronounced function
of the space with the value like 1 in a certain location (see [15]) and
it is not modelled in this approach. However it correctly reflects the
sintering property that initial value of porosity might lead to nonlinear
shrinkage phenomena.

So, our conclusion is that porosity distribution itself cannot be the
reason of the nonlinear shrinkage. This is some qualitative simula-
tion with small perturbation in the porosity value. In real experiments
porosity is a pronounced function of the space with the value like 1
in a certain location (see [15]) and it is not modelled in this approach.
However it correctly reflects the sintering property that initial value of
porosity might lead to nonlinear shrinkage phenomena.

Another question is that due to manufacturing process the sinter-
ing stress parameter may become anisotropic in certain direction. In
fact, all directions during FDM are not equivalent, and this may change
the sintering stress parameter. Considering that the sintering stress is
higher in the layer direction we can easily get anisotropic sintering by
using Olevsky model (Fig. 50 ). So, since in Olevsky model we have two
major parameters (viscosity and sintering stress) the nonlinear shrink-
age can arise as a results of these parameters variation. Figure 50 shows
that any shrinkage can be explained based on variation sintering stress.

The same ideal about distribution of porosity was tested for the
second model. Instead of homogeneous continuum we created cellu-
lar structure (Fig. 51). In such design we have open volumes between
filaments (the paths of the fast diffusion transport for debinded back-
bone degraded polymer) and the concentration of the polymer becomes
a couple orders less than concentration of the polymer of the homoge-
neous cube of the same size. However, we do not get any substation
nonlinear shrinkage of such structure. Shrinkage in z and x (y) direc-
tions are about the same. This happened because porosity is a volumet-
ric value and we use the isotropic coefficient of hygroscopic shrinkage
(swelling) β. Using diagonal or symmetric form, where for example one
component (such as z) is larger, we can easily get nonlinear shrinkage.
This property does not depend on structure or microstructure explic-
itly. The matter is that microstructure arising during printing is still
effecting shrinkage at the sintering stage by changing swelling coeffi-
cient in different directions (Fig. 52 and 53).
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Figure 50. Illustration to explain the anisotropic shrinkage as a result of
different value of sintering stress in two directions x and y. Initial poros-
ity distribution θ0 was 0.3 , η = 1011P as,σsx = 1MPa, σsy = 1.2MPa.
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Figure 51. Concentration of the backbone degraded polymer at the
beginning of the sintering (t=100s) – (a) and at the end (t=1000s) –
(b), the value of shrinkage of the sample in the x direction – (c), ver-
tical shrinkage (z direction) – (d) for isotropic shrinkage coefficient
(β = 0.005m3/kg) and diffusion coefficient D = 4 · 10−9m2/s. Compu-
tation is done for symmetric boundary condition in YZ plane for con-
venience of directional displacement calculation.

Figure 52. Continuation of the Fig. 51 vertical shrinkage (z direction)
for anisotropic shrinkage coefficient in z component (β = 0.006m3/kg) –
(a), shrinkage coefficient in z direction is (β = 0.007m3/kg) – (b). Com-
putation is done for symmetric boundary condition in YZ plane for con-
venience of directional displacement calculation.
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Figure 53. Concentration of the backbone degraded polymer at the
beginning of the sintering (t=100s) – (a) and at the end (t=1000s) –
(b), shrinkage of the sample in the x direction – (c), vertical shrinkage
(z direction) for isotropic shrinkage coefficient (β = 0.005m3/kg) – (d),
shrinkage coefficient in z direction is (β = 0.006m3/kg) – (e), shrinkage
coefficient in z direction (β = 0.007m3/kg) – (f). Computation is done
for symmetric boundary condition in YZ plane for convenience of di-
rectional displacement calculation.

4 Conclusion of Part VI

Two macroscopic models were developed for describing the sintering
process. One is based on Olevsky approach and second one based on
swelling (shrinking) the continuum due to concentration of backbone
polymer. Both model show shrinkage property of the structure. If we
do not prescribe different microstructure properties for the sintering
stress or shrinkage coefficient we practically obtain isotropic shrinkage
independent on initial porosity distribution (at least change in shrink-
age for the continuummodel is not substantial). Introducing anisotropic
value of sintering stress or shrinkage coefficient, which might be due to
morphology and microstructure of printed parts, we can explain any
nonlinear shrinkage phenomena.
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Part VII

Intelligent AM in space
In the next three sections we will provide a brief review of the current
state of art in Machine Learning application to the additive manufac-
turing. In the final section of this part we will discuss a novel concept
of intelligent AM in space.

1 Machine learning (ML) approach for prediction
of nonlinear shrinkage [65].

As we have shown above, the unique multi-scale modeling approach
developed in this work allows predicting many key parameters of sin-
tering in BMD including anisotropic shrinkage of the whole part with
complex geometry. However, thesemodels rely onmultiple phenomeno-
logical parameters that have to be tuned using experimental data. The
tuning becomes even more important for space applications where dis-
tortion mechanisms may have a different physical nature. To make re-
sults of in space manufacturing experiment more informative and to
further improve accuracy and reliability of predictions one could com-
bine physics-based modeling with data-driven approaches using e.g.
machine learning methods developed for additive manufacturing pro-
cesses [65] to incorporate analysis of available experimental data [80].

Here we follow discussion of the machine learning in application
to additive manufacturing of metals presented in recent work by [65]
and [80]. For example, the current approach to printability analysis, de-
termining which components are likely to build unsuccessfully, prior to
manufacture, is based on ad-hoc rules and engineering experience [65].
Machine learning appears to be a convenient framework for determin-
ing geometric limits of printability [65] and more generally for applica-
tion in solid-state material science [80].

Modern machine learning algorithms are able to learn highly com-
plex nonlinear relationships between predictor and target variables,
even in highly stochastic environments. Recent applications of ma-
chine learning to additive manufacturing [19,58] have focused on qual-
ity detection during or postmanufacturing or on optimisation problems
around build process parameters [69,98].

The key component of the ML algorithm is the representation of the
data using features that are able to capture all the relevant information,
necessary to distinguish between different experimental setups [38].
For some methods the feature extraction can be considered as part of
the model [22].
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Figure 54. Workflows for algorithm for training (dotted and solid lines)
and classification (solid lines). Rectangles denote variables and dia-
monds denote processing units [65].

Methodology ofML. For analysis of printability it is recommended [65]
to use supervised ML algorithm that connects the predictor variables to
the target variables. First, one has to construct the parts that generate
these data. This process involves building and scanning custom compo-
nents with a broad range of local geometries, especially those that limit
capabilities of the additive manufacturing process.

Once custom parts are built, one has to extract invariants, which de-
scribe geometry in regions of interest and will form the input to the ML
algorithm. To assess the printability of a given geometry, we measure
the difference between our CAD and a computed tomography (CT) scan
of the manufactured object.

Note that the additive manufacturing and scanning processes are
both expensive and time-consuming, one has to develop efficientmethod
to gain maximal information about the printability of various geome-
tries for a small number of builds and scans. One of the requirements
is to construct an artifact, such that any possible local geometry is suf-
ficiently close to a local geometry exhibited in the artifact.

A general workflow of the ML algorithm proposed by [65] is shown
in Fig. 54.

Computer designed components for additivemanufacturing processes
are typically specified as polyhedra: a solid with flat polygonal faces
and straight edges. The theory of random convex polyhedra is well es-
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tablished and by taking unions of such objects we can generate random
(not necessarily convex) polyhedra.

Alignment. The conventional method used for the alignment is the
iterative closest point (ICP) algorithm [23], with initial transformation
given by applying Procrustes analysis [45] to a set of hand-picked land-
mark points.

Geometry. The industry standard for a CAD in additive manufactur-
ing processes is a stereolithography file. This specifies a finite triangu-
lated mesh ∂T ∈ R3: a collection of vertices V , edges E and triangular
faces F.

Printability measure. To assess the printability of a part, we need a
numerical quantity which encodes the difference between our CAD ∂T
and the corresponding build P . We assume that the CT scan produces
a faithful representation of the built component that is already locally
aligned scan with CAD.

For each point x ∈ ∂T , one can define the Hausdorff printability
measure as

ρ(x) = inf
y∈P
‖ y − x ‖2∈ [0,∞). (37)

Next, for a fixed threshold t, one can define a point as problematic if
ρ(x) > t and printable if ρ(x) 6 t. The main advantages of this printabil-
ity measure are its simplicity, computational ease and interpretability.
The obvious drawback is that it is a point-wise measure of printability.

Machine learning techniques.
Support vector machines Certain machine learning algorithms natu-

rally take as input a similarity measure, such as our vertex similarity
measure. The major advantage of SVMs is their sparsity: to make pre-
dictions we only need to compute our similarity measure with a small
subset of the training data.

Random forests are built as an ensemble of extremely simple rule
based classifiers, known as decision trees, which require limited data
preprocessing and are easily interpretable. However, to learn complex
structure decision trees must be grown very deep and often have poor
generalisation performance.

Principal component analysisMany classification algorithms are sub-
ject to the curse of dimensionality. To alleviate this issue one can em-
ploy principal component analysis, a linear technique which transforms
observations of possibly correlated variables into uncorrelated variables
known as principal components.
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Data augmentation Out of the box supervised learning algorithms
often struggle with imbalanced datasets. To overcome this issue one
can use synthetic minority over-sampling technique.

Model selection. To study which particular predictive models and
corresponding hyperparameters perform best, one needs a metric to as-
sess the resulting performance. The problem of labelling areas of CAD
as printable or problematic is an example of an imbalanced learning
problem; the number of printable regions will in general drastically
outweigh the number of problematic regions.

The conventional measure of performance – accuracy – is ill-suited
in the imbalanced situation, i.e. this metric will simply predict high ac-
curacy for all samples. A more appropriate measure can be introduced
if Fβ accounts for true and false positives and true and false negatives
denoted by tp, fp, tn and fn respectively.

Fβ = (1+ β2) ·
precision · recall

(β2 · precision+ recall)
(38)

where recall is tp/(tp + fp ) and precision is tp/(tp + fn ), while β con-
trols the relative importance of recall and precision; increasing β will
increase the likelihood of correctly capturing all problematic regions.

Build process. In the work [65] The manufacturing of the test arte-
fact was carried out using an electron beammelting (EBM) system, AR-
CAM S12. Loaded with Ti6Al4V pre-alloyed powder as feedstock mate-
rial, the size distribution was reported to be 45-106µm under the batch
1250 specifications supplied by ARCAM Gothenburg Sweden.

Scanning procedure. Followingmanufacture, the geometry of the sam-
ple was analysed by X-ray Computed Tomography (CT) in the Henry
Moseley X-ray Imaging facility at the University of Manchester. 3D
data was reconstructed from the 2D radiographs using a filtered back
projection algorithm and proprietary Nikon software. The voxel size
calculated automatically by the Nikon software was 40µm.

Vertex printability. To predict printability one can use both the thresh-
old t for marking a point as printable or problematic and the value of
β to optimise our Fβ-metric. Note that values of t and beta are heav-
ily application dependant and has to be determined by the mission re-
quirements. In the work the values t = 0.5mm β = 2.0 were fixed for all
predictive experiments.
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2 Estimation of nonlinear shrinkage using neural
networks (NN) [54].

One of the major problems of the sintering process is to estimate the
anisotropic shrinkage of the powder geometry and shape deformation
during powder consolidation and approaches range from rules of thumb
to sophisticated finite element modeling. However, the industry still
lacks a reliable and general way to accurately estimate final shape [54].
One of the promising approaches is based on neural networks that com-
bines pre-processing dimensions, powder characteristics and processing in-
formation to estimate post-processing dimensions. Compared to nonlinear
regression models to estimate shrinkage, the neural network models
perform well and have a potential to optimize processing parameters
and reduce operating costs.

Processing. In the powder metallurgy (P/M) process, parts are made
by compacting metal powder using high pressure and/or temperature.
Isostatic pressing, where pressure is uniformly applied from all direc-
tions (isostatic) in order to achieve uniform compaction, has become
widely accepted as an effective method for compaction. HIP is the ap-
plication of pressure (approximately 15,000 psi) at temperatures usu-
ally greater than 70% of the melting temperature of the material.

[loading ] the container is vibrated to reduce porosity and achieve uni-
form powder packing ∼ 70% dense2.

[outgassing ] residual gases are pumped out as the container is heated.
[compaction ] pressure and heat are simultaneously applied until the

powder is consolidated to full theoretical density.

To achieve the benefits of near net-shape, the shrinkage during the
HIP process must be estimated accurately. If shrinkage is overesti-
mated, additional machining will be required and expensive powder
will be wasted. If it is underestimated, the part may be scrapped. Shrink-
age is difficult to estimate because parts do not shrink uniformly and
shape distortions may occur due to the structural design of container
and/or the filling uniformity of the powder. Model of shrinkage will
help in design, reduce cost, and time of manufacturing.

Traditional approach is mainly based on trial-an-error basis. If isotropic
shrinkage is assumed, relative linear shrinkage S for a solid cylinder can
be given as follows

S =
VC +Vpρ

VC +Vp

where VC and Vp are the container and particle volumes respectively an
ρ is the ration of packing density to theoretical density.

2They most likely overestimated the density
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The following factors were found to affect anisotropic shrinkage

• packing density and variations in powder density
• relative container thickness and aspect ratio(length/diameter)
• pressure and heating rate during the HIP cycle
• position of container welds
• material parameters of the powder and container.

Using these factors authors of [90] developed an empirical model
to predict post-HIP dimensions of solid/hollow cylindrical and rectan-
gular shape containers with between 0.6±1.0% dimensional accuracy.
There were several macroscopic (at the level of continuous compact)
and microscopic (at the level of individual particles) approaches de-
velop to model this process. These models, however, are expensive to
develop, and still require experimental input to improve accuracy of
predictions.

Data. The current project focused on a specific nickel based superal-
loy formed in solid cylinders. A repository consisting of the relevant
historical HIP data was created in a relational database. After pre-
processing the historical data 200 observations were left for model de-
velopment and validation.

The characterization of the manufacturing parameters included

1. Sample and container geometry;
2. wall thickness;
3. packing ratio (PR) of the powder;
4. processing stages: pressure, temperature, duration;
5. location of the heaters and placement of the containers;
6. geometry of the processed container and sample.

Constructing Neural Networks. Seven feed-forward NNmodels with
two hidden layers were constructed (and trained using backward-propagation
algorithm) to predict post-HIP dimensions. In the selection of the in-
dependent variables, the relevant pre-HIP dimensions and packing ra-
tio were always used. Then, a step-wise regression was carried out to
identify the significant process variables for each post-HIP dimension.
A ten-fold cross validation approach was used that leverages all data
by using each observation for both model construction and, indepen-
dently, model validation. The validation network was trained on 180
observations and tested on the remaining 20 observations.

It was shown that the NN method yields on average 13% accuracy
for predictions of the length shrinkage and ∼20% accuracy for predic-
tions of the curvature changes.

The AM design-to-product transformation cycle based on decision
support needs and ML opportunities is illustrated in Fig. 55.
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Figure 55. AM Lifecycle, Examples of Associated Data, and Decision
Making Applications. [74]

In the work [74] the following four categories of AM life-cycle were
selected: 1) Design, 2) Process and Performance Optimization, 3) In-
Situ Process Monitoring and Control, and 4) Inspection, Testing and
Validation. Within each category authors highlighted a few AM func-
tion that can significantly gain performance due to ML application.

3 Neural-Network-BasedMachine Learning for Ad-
ditive Manufacturing [90]

Additivemanufacturing (AM), also known as three-dimensional print-
ing is an important technology with wide range of applications. How-
ever, AM processing parameters are difficult to tune, since they can
exert a huge impact on the printed microstructure and on the per-
formance of the subsequent products. It is a difficult task to build
a process-structure-property-performance (PSPP) relationship for AM
using traditional numerical and analytical models. This paper (in ref-
erence [90]) overviews the progress of applying the NN algorithm to
several aspects of the AM whole chain, including model design, in situ
monitoring, and quality evaluation. However, AM parts also present
dozens of unique defects that differ from those that appear in their cast
and wrought counterparts; these include

• porosity due to a lack of fusion and gas entrapment,
• heavily anisotropic microstructure in both the perpendicular and
parallel directions relative to the printing direction,

• distortion due to large residual stress introduced by a high cooling
rate and steep temperature gradient.

The AM process always involves many essential parameters that can
determine the final product’s performance but the relationship between
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these parameters and the output quality is too complicated to fully un-
derstand. For example selective laser sintering is a multi-physics and
multiscale process that includes powder laser interaction at the mi-
croscale, melt pool dynamics and columnar grain growth at themesoscale,
and thermal-mechanical coupling at the macroscale.

Neural networks. Many theoretical and numerical models focus on
one of the scales and concentrate on only one or two aspects of the
whole process. As a result there is a lack of an in-depth understand-
ing of AM. It is currently impractical to predict the whole AM pro-
cess quickly and accurately via these physics-driven methods in a short
time.

Figure 56. Artificial neural network architecture (ANN i-h1-h2-hn-o).

Alternatively, one can develop data driven models to relate process
parameters to the manufacturing outcome. An advantage of such mod-
els is that they do not need to construct a long list of physics-based
equations; instead, they automatically learn the relationship between
the input features and output targets based on previous data.

There are various kinds of AM technologies that produce different
kinds of data sheets. How to organize these data with a unified for-
mat and integrate the data-flow into the subsequent ML algorithms is
a challenging task. In an NN algorithm, the data is labeled – that is,
the method is supervised the model has been told the “answer” to the
inputs. This is suitable for an AM case, since there are always clear
targets and qualification methods for this manufacturing technique. It
has been shown that even a network with only one hidden layer but
sufficient number of neurons can express an arbitrary function.

The structure of the NN is shown in Fig. 56. Each layer consists of
nodes or neurons. The coefficients in NN (weights), and represent the
connection magnitudes between neurons in adjacent layers. The values
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of weights are determined by training the NN iteratively 3, in order to
minimize the loss function between predictions and actual outputs. For
applications of the NN to AM the multilayer perceptron (MLP) seems
to be most appropriate NN; its common mathematical operations are
linear summation and nonlinear activation (such as the sigmoid func-
tion). It is widely used in dealing with tabular data. A detailed setting
of the NN usually consists of: (i) number of hidden layers; (ii) number
of neurons in one layer; (iii) activation function; and (iv) loss function.

Design for AM. AM is a value chain incorporatingmany aspects: model
design, material selection, manufacturing, and quality evaluation. De-
sign for AM (DfAM) involves building a CAD model of AM parts. An
NN algorithm can be used to directly compensate the part geometric
design, which helps to counterbalance thermal shrinkage and deforma-
tion in the manufactured. This process involves [29]: (i) A CAD model
of the required part is prepared, and its surface 3D coordinates are ex-
tracted as the input of the NN model; (ii) a thermomechanical finite-
element analysis software is used to simulate the AM process with a
defined set of process parameters. The deformed surface coordinates
are extracted as the output of the NN model; (iii) an NN model with
mean square error (MSE) as the loss function is trained to learn the dif-
ference between the input and output; and (iv) the trained network is
implemented to STL file to make the required geometric corrections so
that manufacturing the part using the modified geometry results in a
dimensional-accurate finished product.

In [53] a strategy which employs neural networks and deep learning
to predict the maximum stresses in the realm of linear elasto-plasticity
of a detail-level finite-element model was presented and demonstrated
on a single lattice cell specimen.

In situ monitoring. In situ monitoring for data acquisition frommul-
tiple sensors provides first-hand information regarding product qual-
ity during the AM process. If these real-time data can be analyzed syn-
chronously and accurately, complete open- [94] or closed-loop [92] con-
trol for manufacturing can be realized. The data source for these meth-
ods can incorporate three types, including one-dimensional (1D) data
(e.g., spectra), 2D data (e.g., images), and 3D data (e.g., tomography).

Processpropertyperformance linkage. From a technological and eco-
nomic point of view, process parameter selection for the optimization
of the performance of AM parts is highly desirable. Constructing a di-
rect linkage between process, property, and performance is therefore
of great interest. For example FDM process parameters such as layer
thickness, orientation, raster angle, raster width, and air gap can be

3Using e.g. one of the most popular methods called back propagation
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linked to the performance values such as compressive strength [83] and
dimensional accuracy [82].

Challenges for AM applications. At present challenges of ML appli-
cations for AM include small data sets, difficulties in labeling data and
feature selection, problems with overfitting and underfitting. All these
issues are mostly related to the lack of knowledge, experience, and data
accessibility between different groups.

Future perspectives. There is a need for a unified approach to data
acquisition, preprocessing, well-defined characterization of processing
parameters, and testing standards, and data-base construction across
different research groups.

Important future applications of the ML for additive manufactur-
ing include development of AM unified standards for sensors hardware
and software; implementing closed-loop control of AM using neural
network algorithms, applying NNs for building the relationships be-
tween structure-property and process-property, and combining tradi-
tional physics-basedmodels withML algorithms for improved accuracy
of predictions and process-property-performance linkage.

4 Intelligent AM in space. [52]

Current state of art in application of neural networks for additive man-
ufacturing allows one to put forward a concept of intelligent AM that
combines traditional physics-based approaches and numerical methods
with data-driven algorithms and techniques. These ideas are in agree-
ment with recently proposed paradigm of theory-guided data science
(TGDS) for integrating physics-based models and data-driven models
proposed in [52]. The overarching goal of intelligent AM is to introduce
scientific consistency as an essential component for machine learning of
AM models.

Within applications of this paradigm to BMD processing one has
to combine physics-based multi-scale models (including Molecular dy-
namics, Phase fieldmethods, Discrete elementmodeling, KineticMonte
Carlo simulations, and Finite Element models) with data-driven ap-
proaches.

There are two primary reasons that have prevented data science
models from reaching the level of success achieved in commercial do-
mains. First, scientific problems are often under-constrained in nature
as they suffer from paucity of representative training samples.

The second primary reason is that data science model require trans-
lation of learned patterns and relationships to interpretable theories
and hypotheses that leads to advancement of scientific knowledge, e.g.,
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by explaining or discovering the physical cause-effect mechanisms be-
tween variables. (i.e. learned patterns have to be explained scientifi-
cally to be used in design and planning.) Further, theoretical models
prevent learning spurious patterns.

Hence a novel paradigm is required that uses the unique capabil-
ity of data science models to automatically learn patterns and models
from large data, without ignoring the accumulated scientific knowledge
- theory-guided data science (TGDS) [52]. Examples demonstrating po-
tential of this approach include the discovery of novel climate patterns,
closure of knowledge gaps in turbulence, discovery of novel compounds
inmaterial science, design of density functionals in quantum chemistry,
a recent IBM Research initiative on physical analytics.

The conventional approach is to usemodels based on scientific knowl-
edge, i.e., theory-based models, which encapsulate cause-effect rela-
tionships between variables that have either been empirically proven
or theoretically deduced from first principles. There is a wide range of
models including analytical, finite element, finite difference, molecular
dynamics, discrete element methods.

A data driven approach is to use a set of training examples involving
input and output variables for learning a data science model that can
automatically extract relationships between the variables.

Objective of model performance in TGDS can be summarized as [52]
Performance Accuracy + Simplicity + Consistency The main research
themes of TGDS can be formulated as:

• scientific knowledge can be used in the design of model families
to restrict the space of models to physically consistent solutions;

• given a model family, we can also guide a learning algorithm to
focus on physically consistent solutions. This can be achieved,
for instance, by initializing the model with physically meaning-
ful parameters, by encoding scientific knowledge as probabilistic
relationships;

• the outputs of data science models can be refined using explicit
or implicit scientific knowledge;

• another way of blending scientific knowledge and data science is
to construct hybrid models, where some aspects of the problem
are modeled using theory-based components while other aspects
are modeled using data science components;

• data science methods can also help in augmenting theory-based
models to make effective use of observational data.
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Figure 57. Sketch of application of intelligent AM to bound metal de-
position modeling.

Application of intelligent AM to BDM technology can be briefly
sketched as shown in Fig. 57. This figure shows how multi-scale ap-
proach developed in this work can be naturally decomposed into mod-
ular sub-problems, each of which represents a different physical sub-
process. For each sub-problem a separate neural network can be con-
structed to tune model parameters using experimental data. On each
scale parameters of the network can be corrected using accumulated
scientific knowledge. The output of neural-network for one scale can
be used to correct input and hyper-parameters at other scales.

To conclude this section we note that usually the physics-based and
data-driven approaches to the problem are considered as alternatives
on the ground that each approach has its own limitation. We believe
that the real power of both methods can be only revealed by integrat-
ing complimentary strength of both methods with intelligent AM in
space (IAMS). Application of the IAMS goes far beyond BMD technol-
ogy and can be used for many other techniques of additive manufac-
turing in space. Our group is actively developing general framework
for analysis of complex physical problems using a hybrid approach that
combines machine learning and partial differential equations and has
strong background for future work on intelligent AM.
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Part VIII

Conclusions
Wehave performed analysis of nonlinear shrinkage and numerical meth-
ods that allow estimating anisotropic dimensional change during sin-
tering in boundmetal deposition process. To enable prediction of anisotropic
shrinkage we developed a unique multi-scale sintering model and pro-
posed a novel concept of intelligent additive manufacturing for BMD
process.

Our multi-scale model includes several numerical methods

• estimations of anisotropic shrinkage based onmathematics of com-
pact spherical and granular particles, Sec. II;

• Molecular dynamics of sintering of Ti6Al4V particles with diam-
eter a few tens of nanometers on the scale of nanoseconds, Sec. III;

• Phase-field methods of sintering metal particles in 2D and 3D on
the scale of tens of microns (cross-section or one filament) and
time scale of hours, Sec. IV;

• Discrete element modeling of sintering on the scale of millimeters
(sub-models) formed by tens of thousands particles on time scale
of tens of minutes, Sec. V;

• Continuous Finite Element modeling of the whole part on the
time scale of several hours, Sec. VI.

We have also briefly considered results of Kinetic Monte Carlo simula-
tions of sintering, see Appendix E and Sec. 6.3. Below we provide brief
conclusions for each of methods.

Estimations based on packing and filling densities – Sec. II. We
have performed analysis of shrinkage of a vertical cylinder as a function
of packing densities of particles and filling densities of the filaments.
According to these estimations the key contribution to the nonlinear
shrinkage is due to gravity. The samples with initial densities .61%
are most affected by the non-linearity and the smaller is initial density
the larger is non-linearity. Once samples approach density of the order
∼61-63% subsequent densification on the ground is uniform.

The limiting value of the density is determined by the experimen-
tal fact that this is maximum density achievable without special effects
such as e.g. vibration. Subsequent densification can only happened via
necking, grain formation and growth [37] and is predominantly uni-
form. Exceptions are possible due to complex shapes, proximity of the
walls, narrow walls, sharp features etc.

It is therefore important to ensure that initial density of samples at
the sintering stage is of the order ∼62%. And we conclude that the use
of such a high density metallic powder in green samples will minimize
distortion in zero gravity.
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Wenote, however, that in zero gravity theremay be additional mech-
anisms of significant distortion of the part shape for low initial density,
sharp features, and narrow walls 2.2.

Molecular dynamics – Sec. III. Molecular dynamics simulations were
developed to estimate important sintering parameters including width
of the grain boundary and diffusion coefficients. In particular, it was
shown that the grain boundary width δgb is around 1.0µm for particles
with diameter ∼30µm while the surface diffusion coefficient Dsurf was
estimated to have a value ranging from ≈ 8×10−10 m2/sec to 1.6×10−9
m2/sec.

Despite the fact that the method can at present only a few parti-
cles with diameter .50nm it offers unique opportunities in estimations
of the key sintering parameters grain boundary width, diffusion coef-
ficients, surface energies, and viscosities. We emphasize that these pa-
rameters are fundamentally important for the next scale of sintering
simulations using phase-field method (Sec. IV). They are also used in
theories including Coble (Sec. C), Wakai (Sec. D), and in the Master sin-
tering curve method (Sec. F). It is further expected that the MD will be
able to handle larger numbers and diameters of particles in the near
future due to ongoing hardware and algorithms development.

Phase field methods – Sec. IV. At the next scale we simulate micro-
structure evolution in the cross-section of one filament using phase-
field model of sintering [25, 26, 93]. This approach allows to model
sintering up to 30 “particles” with diameter of the order of 10-20µm in
2 dimensions and to cover the time scale corresponding to the transfor-
mation from particulate to dense granular structure of the samples. In
3 dimensions the number of particles is limited to ∼10 and the system
dimensions to ∼ 20×20×20µm3. Phase-field model relies on parame-
ters δgb and Dsurf estimated using MD simulations. This model also
involves a number of phenomenological and experimentally available
parameters of the system of particles. Using this approach we esti-
mated value of sintering stress to be a few MPa and the time scale of
sintering to be a few hours. This is in good agreement with experimen-
tal observations and numerical estimations based on the kinetic Monte
Carlo method.

The value of the sintering stress is further used for finite element
modeling of the whole part. The finite element model also requires es-
timations of the spatial mass distribution as an input parameters of the
simulations. Estimation of this parameter was obtained using discrete
element approach.

Discrete elementmodel (Sec. V) was used tomodel initial rearrange-
ment of the particles and spatial mass redistribution at the meso-scale
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of the order ∼10×10× 10mm3. Using this approach wemodeled a small
sections of the whole part that takes into account the layout of the fil-
aments. This model allows to simulate several thousands particles (up
150,000 in one case) with diameter 50µm. The model was build using
discrete element method in KRATOS Multiphysics [33,34].

The DEM simulations revealed a few important trends. In zero-G
dependence of the shrinkage on filament layout is very weak. On aver-
age (for various system parameters) the shrinkage is slightly larger for
samples with unidirectional layout as compared to cross-layout. This
trend is much pronounced for samples with decreased density.

At the same time we found that gravity is the major source of strong
non-linear shrinkage. In particular, shrinkage in vertical direction was
found to be ∼22.7% for initial density 40% (corresponding to filaments
case), while in horizontal direction shrinkage remained very weak.

The results of simulations were also used to estimate sintering stress
at the level of 0.3MPa, which is smaller than estimations obtained using
phase-field method and sets the lower bound on the value of sintering
stress.

In addition, this model was used to estimate nonuniform spatial dis-
tributions of solid matter in the samples. These data together with es-
timations of sintering stress are further applied for simulations of full
scale continuous models.

Full scale Finite Element model (Sec. VI) was developed to predict
anisotropic shrinkage during debinding and sintering in bound metal
deposition process using COMSOL. The model can simulate different
stages of debinding and sintering of the whole part as a function of the
processing parameters: pressure, temperature, duration. Two macro-
scopic models were developed for describing sintering process. One is
based on Olevsky approach and second one based on swelling (shrink-
ing) the continuum due to concentration of backbone polymer. Both
model show shrinkage property of the structure.

It was shown that besides gravity boundary conditions is an impor-
tant factor of anisotropic shrinkage. The model depends on the num-
ber of phenomenological and experimental parameters that can be esti-
mated with developed multi-scale approach including sintering stress,
diffusion coefficients, viscosity, non-uniformity of the mass distribu-
tion etc. The model can predict anisotropic shrinkage and determine
required compensation for the green part.

Intelligent AM in space. The developed multi-scale model is unique
in the sense that it covers the whole spectrum of scales defining the
physics of the sintering problem spanning from atomic dynamics, micro-
structure evolution, rearrangement of the particles at meso-scale, and
shrinkage of whole part. Each model is quite complex and usually the
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research is focused on one of these models. Here we developed the
whole set of models and analyzed coupling between them. However, all
these models depend on a large number of parameters that have to be
tuned using experimental data. Such tuning is also required for more
accurate predictions of the nonlinear shrinkage and successful appli-
cation of additive manufacturing in space. To incorporate experimen-
tal data into multi-scale model we propose concept intelligent additive
manufacturing in space (IAMS).

The idea of the IAMS is based on the analysis of developed multi-
scale model, successful applications of data-driven algorithms to addi-
tive manufacturing of metal powders and on the recently introduced
paradigm of theory-guided data science.

It is proposed to combine within the IAMS strength of both data-
driven and physics-based methods thus taking the best of both tech-
nique. Conceptual design of the IAMS involves hierarchical structure
of artificial neural networks (ANN) that can individually tune param-
eters of each sub-model of the multi-scale model and are connected to
each other via input-output coupling of the model parameters. In turn
scientific knowledge is encoded as relationships that correct parame-
ters of the ANN and restrict the space of ANN models to physically
consistent solutions.

We believe that IAMS has a strong potential for the future space ap-
plications owing complexity of AM and paucity of related experimental
data in zero-G. In this situation IAM has a capability to incorporate in
the most efficient way both experimental data and a wealth of scien-
tific knowledge obtained on the ground into development of advanced
space applications.
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Appendices

A Modified Pokluda-Frenkel model

The main idea of the Frenkel-Pokluda (PF) model [71] is to equate the
work by viscous forcesWv for Newtonian fluids 4

Wu =
$

V
η∇u :

(
∇u +∇uT

)
dV (A.1)

to the work of surface tension

Ws = −Γ
dS
dt
. (A.2)

Here ∇u is the velocity gradient

∇u =


ε̇
2 0 0
0 −ε̇ 0
0 0 ε̇

2

 ,
η is the viscosity, V is conserved volume of two particles, Γ is the coef-
ficient of surface tension, S is the surface area of sintered particles that
is changing in time, and ε̇ is the strain rate

ε̇ij =
1
2A

∫
A

(
∂ui
∂xj

+
∂uj
∂xi

)
dS. (A.3)

The key question of any sintering model is the rate with which par-
ticle volume diffuses across the plane of the interface. In the Frenkel-
Pokluda model the change of the volume is related to the velocity u
characterizing the growth of the neck [89] between the particles u =
ẋ2/x2.

The original PF model assumes that the volume of the particles dif-
fused across the interface is evenly distributed along the remaining sur-
face of the particles increasing their radius. To unite the FP model with
Cobel model [31]. We will modify the FP model in two ways. Firstly,
we will assume that the diffused mass will accumulate at the neck. Sec-
ondly, we will limit analysis by relatively small radii of the neck.

The surface area (SA) of the system of two particles is the sum of
the SA of the neck cylinder with radius x2 and two spheres without the
caps with heights ρ1 + y1 and ρ2 + y2, see Fig. A.1

S = 4π
(
R2
1 +R

2
2

)
− 2πR1 (ρ1 + y1)− 2πR2 (ρ2 + y2) + 2πx2 (ρ1 + ρ2) (A.4)

or in Coble [31] approximation (see next subsection)

S = 4π
(
R2
1 +R

2
2

)
− 2πx22 +

π
2
x32

(
1
R1

+
1
R2

)
4The double dot (or scalar, or inner) product produces a scalar
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Figure A.1. Main characteristics of the overlap between two spheres.

The resulting work of surface tension is

Ws = Γ

(
4πx2 −

3π
2R
x22

)
ẋ2. (A.5)

The work of the viscous force is

Wu =
$

V
3ηε̇2dV = 3η

(
ẋ2
x2

)2
V0, (A.6)

where V0 = 4π/3(R3
1 + R

3) is the conserved volume of the two spheres
and the strain rate ε̇ is given in [89] ε̇ = ẋ2

x2
.

EquatingWs andWu we obtain equation for x2 in the form

ẋ2 =
πx32Γ

3ηRV0

(
4R− 3

2
x2

)
(A.7)

B Phase field models: example of parameters [24]

The motion of phase boundaries has attracted interest since the early
nineteenth century. The boundary conditions for a solution set of dif-
ferential equations are explicitly defined at the phase interfaces in these
approaches. However, solving these sets of nonlinear expressions turns
out to be extremely difficult, stemming from the interface interactions
with various complex processes (such asmerging, dissolution, and breakup)
during the course of phase transformations.

Phase-field modeling overcomes these difficulties through inclusion
into its formulism of a different interface description. A phase-field
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Figure A.2. Example of the neck radius dependence on time for mod-
ified Pokluda-Frenkel theory with force (left to right): ∝ x02; ∝ x

1
2; and

∝ x32 .

model describes a microstructure (both the compositional and/or struc-
tural domains) with a set of field variables.

The field variables are assumed to be continuous across the interfa-
cial regions, which is opposite of that in sharp interface models where
they are discontinuous. There are two types of field variables: con-
served and non-conserved.

The temporal evolution of the conserved field variables that is gov-
erned by the CahnHilliard nonlinear diffusion equation

∂ci
∂t

= ∇Mij∇
δF

δci(r, t
(B.8)

and the non-conserved field variables evolve with the AllenCahn relax-
ation equation or time-dependent GinzburgLandau equation

∂ηp
∂t

= −Lpq
δF

δηq(r, t
(B.9)

where r is the position, t is the time, Mij is the diffusivities of the
species, and c1, c2, ..., cn are conserved field variables. Lpq is the mobility
of the non-conserved field variables, η1,η2, ...,ηm.

B.1 Example of tungsten

Example parameters used in the phase model of sintering tungsten par-
ticles are shown in Fig. B.3 and B.4. We note that all the coefficients are
exponetial functions of temperature and very strongly depend on con-
centration of dopands on the scale of 1 %.
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Figure B.3. Example parameters of the sintering problem taken
from [25].

For exampleone of the key parameters of the problem – intrinsic
grain boundary mobility – is defined as

Mgb =Mgb0 exp
(
−
Qgb
kT

)
with activation energy Qgb ≈ 288 kJ/mol and prefactor Mgb0 = 0.01
m4/J/s.

Figure B.4. Example parameters of the tungsten sintering problem
taken from [26].

B.2 Example of CeO2

Parameters of the phase field sintering model for CeO2 are [17]: γs =
1.5J/m2; γgb = 1.0J/m2; A = 4.126e − 9J/m3; B = 3.75e − 8J/m3; kn =
2e − 9J/m; kc = 4e − 9J/m; and Mgb = 3e − 14m3/kg/s for T = 1673.15K .

This parameters correspond to the length scale δ = sqrt
(
4kn
3B

)
≈ 2 nm.
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However, numerical stability of the PF model requires a few mesh
points to be placed within the interfacial regions [17]. “Since the physi-
cal interface width is in nanometers, the grid spacing would be limited
to about 1 nm. In this case, mesoscale simulations (with grain sizes in
micrometers) will not be feasible. This model stiffness can be handled
by selecting the value of the diffuse interface large enough; this alters
the phase field model parameters without actually altering the thermo-
dynamic driving forces or the kinetics.”

The only choice within a uniform mesh finite difference scheme is
to increase the interface thickness [81]. However, to ensure that the key
parameters that control the microstructural evolution are not changed
one has to keep either κc or ∆f0, or their product κc · ∆f0 unchanged,
depending on the specific problem under consideration.

B.3 Parameters of TiAlV

Parameters of the phase field sintering model for shown in Fig. B.5

Figure B.5. Parameters for mobility of Ti and Ni taken from [91].

Figure B.6. Surface and grain boundary energy for Ti-6Al-4V alloy [77].
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C Coble model

Here we consider briefly approximations used in Coble model [30, 31]
of two particles of different size.

C.1 Approximated geometry

In this model two spheres with radii R1 and R2 are sintering via sur-
face diffusion. Approximated geometry of the Coble model is shown in
Fig. C.7.

Figure C.7. Schematic cross-section of pair of sintering spheres

The two spherical caps of the overlapping spheres have heights y1
and y2

y1 =
x21
R1

and y2 =
x21
R2
. (C.10)

The volume of the spherical cap is (V1 = π/3y
2
1 (3R1 − y1)):

V1 = πx
2
1y1 −

∫ x1

0
2πxydx

and we have volumes of the spherical caps approximated as

V1 =
πx41
4R1

and V2 =
πx41
4R2

. (C.11)

The mass of particles diffused across the interface is redistributed
in the neck such that

V1 +V2 = V3 +V4,
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where

V3,4 =
∫ x2

x1

2πx(y − y1,2)dx

and the condition of the volume conservation gives

x2 =
√
2x1. (C.12)

The size of the neck is then

ρ1 = y1 =
x22
4R1

and ρ2 = y2 =
x22
4R2

. (C.13)

C.2 Diffusion

Flux from the particle surface to the axis at the neck

J = 4πlDv∆C (C.14)

where l is a unit of a cylinder (?), Dv is the vacancy diffusion coefficient,
∆C is the difference in concentration between the surface and axis of
the species transported.

D Wakai model

D.1 Wakai model: sintering stress [90]

Sintering stress is defined as

σi = σ
s
i +Cij ε̇j (D.15)

here σi is applied stress, σ si is sintering stress, Cij is the viscosity tensor,
and ε̇i is the strain rate defined by

ε̇i = ε̇
f
i +

σi
Ei
−
νij
Ei
σi (D.16)

where Ei is the uniaxial viscosity, νij is the viscous Poisson’s ratio, and

ε̇
f
i is the free strain rate.

The free sintering rates and the uniaxial viscosity are all functions
of density and microstructure, and they can be extracted from mechan-
ical tests. In addition to this semi-empirical approach, it is necessary
to establish a solid theoretical grounding for determining the sintering
stress directly from the knowledge of the microstructure. This is possi-
ble when we assume some idealized particle arrangements as models.

A porous material shrinks when the total energy decreases with de-
creasing pore volume. Sintering stress is a concept that gives the rela-
tion between the total energy change and the pore volume change
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Figure D.8. Geometry of the two particle model in three dimensions.

Atoms on a particle surface have a chemical potential proportional
to the surface curvature [88]

µ = µ0 −γsκΩ (D.17)

where µ0 is the standard chemical potential of the material, γs is the
surface energy, κ = −2/r (r is the sphere radius) is the surface curvature,
and ω is the atomic volume. The positive normal stress on the surface
γsκ is tension and the negative one compression. Nite that on the flat
grain boundary the chemical potential is

µ = µ0 − σnΩ

where σn is normal traction.
The surface near the neck is the source of vacancy and the grain

boundary is assumed to be a perfect sink of vacancies. The relative
motion of two particles normal to the boundary takes place when the
vacancies are annihilated at the grain boundary.

D.2 Diffusion fux and stress distribution

The diffusive flux jgb along the grain boundary is proportional to the
gradient of chemical potential:

jgb = −
δDgb
kT

1
Ω
∇sµ =

δDgb
kT
∇sσn (D.18)
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where δ is the grain boundary thickness andDgb is the surface diffusion
coefficient.

The divergence of the flux times the atomic volume is equal to the
normal component of the relative velocity u̇n

Ω∇s · jgb = −u̇n (D.19)

and the normal stress is distributed according to a solution of the Pois-
son’s equation

∇2s σn = −
kT

ΩδDgb
u̇n (D.20)

Solution to the Poisson’s equation with boundary condition at the
neck σn = γsκneck is

σn = γsκneck +
kT

4ΩδDgb
u̇n(x

2 − r2) (D.21)

D.3 Sintering velocity

To find equation for sintering velocity one can use condition of the bal-
ance between normal stress and surface tension∫

Agb

σnedS = −
∫
C
γs(n× t)dr +Fext · e (D.22)

where Fext is the external field, e is the unit normal vector to the grain
boundary, n is the unit normal vector to the surface, and t is the unit
tangent vector along the surface triple junction C as shown in Fig. D.8.

Using (D.21) we have

− πx4kT
8ΩδDgb

u̇n = γsκneckAgb +
∫
C
γs(n× t) · edr +Fext,n (D.23)

or by introducing effective viscosity ηef f = πx4kT
8ΩδDgb

ηef f u̇n = −Fs = −γsκneckAgb · e−
∫
C
γs(n× t)dr +Fext,n · e (D.24)

For circular geometry (the only geometry considered in this work)

Fs = γsκneckAgb +γsLsin
(ψ
2

)
+Fext,n · e (D.25)

where L = 2πx is the circumference and dihedral angle ψ is given by
the ratio of the grain boundary energy γgb to the surface energy γs

cos
(ψ
2

)
=
γgb
2γs
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D.4 Effective viscosity and neck growth

Dimensionless time of diffusion t∗

t∗ =
γsΩδDs
kT r40

t =
πγs
8ηef f

(
x
r0

)4
(D.26)

is to be compared with Frenkel-Pokluda time t∗ = Γ
a0η
t, see (??).

And the neck growth rate can be approximated as(
x
r0

)m
=
8ηef f
πγs

t, (D.27)

which has to be compared with (??):(
θ
a0

)2
=

Γ

ηa30
t or

(
x
a0

)2
≈ Γ

ηa0
t, (D.28)

where we used Coble approximation for small angles x = a0θ.

E Kinetic Monte Carlo simulation [62]

The simplest example of the kinetic Monte Carlo (kMC) model that can
be used to model sintering dynamics is Potts kMC model [62]. Tradi-
tionally this is called an Ising model and has been used to study the
dynamics of magnetic spin systems. The model has also been used to
study the microstructural evolution of grain boundaries, since the two
states can code for the two crystal orientations either side of a single
grain boundary, and so be used to simulate the behavior of bicrystals.

The Ising model can capture not just the basic characteristics of a
boundary, such as its interface free energy, but also the subtleties of
the second derivative of energy with respect to boundary orientation
and thus be used to investigate the impact of the Herring equation on
curvature driven growth.

The Ising model describes an ideal two component system in which
space is typically discretized into a regular array of lattice sites, in
which the state is described in terms of the set of components of the sys-
tem, called spins, which are associated with each lattice site, si ∈ {0,1},
where i labels the lattice site. The system defines a boundary between
unlike spins and no boundary between like spins in the following way:

γ(si , sj ) =

0 for si = sj
J
2

for si , sj
(E.29)

where i represents a site and j its neighbor, and J(> 0) is an interfacial
energy constant of the system. The energy of the system is then

E =
N∑
i=1

z∑
j=1

γ(si , sj )
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where N is the total number of lattice sites in the system and z is the
maximum number of neighbors.

Figure E.9. Example of implementtion of the Potts model in SPPARKS.

In the presence of an external or volume driving force a modified
Hamiltonian takes form

E =
N∑
i=1

z∑
j=1

γ(si , sj )−H
N∑
i=1

si

where H(> 0) lowers the energy of one type of spin with respect to the
other.

To simulate system dynamics one can run through each lattice site
and chose at random new state of the site. The probability of transition
to the new state is governed by the transition function in Metropolis or
symmetric form

P (∆E) =

1 for ∆E ≤ 0

exp
−∆E
kT

for ∆E > 0
or P (∆E) =

1
2

(
1− tanh ∆E

2kT

)
.

This algorithm is implemented in SPPARKS code by Sandia labs [21].
An example of the simulations is shown in Fig.
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F Master sintering curve [39]

The ability to predict material densification behavior for a given ther-
mal history is an important result of sintering studies and has been
made possible in part through the development of the master sintering
curve (MSC) theory by [84]. It is practical for industrial use to predict
the densification result for a given thermal history [72] through exper-
imental observations and not purely through modeling or simulation.

Typically a sintering study involves running a series of powder spec-
imens, with identical green-body preparation, through different ther-
mal histories. Because of differences in either heating rate or hold tem-
perature, specimens will exhibit different densification histories, as well
as densification-temperature profiles. When the densification-temperature
profiles are plotted against the amount of work performed, they will
overlap forming the MSC.

TheMSC approach is based on the ideas of the Combined-Stage Sin-
tering Model by [47]. In this theory the instantaneous linear shrinkage
rate is given by [84]

− dL
Ldt

=
γΩ

kT

(
ΓvDv
G3 +

ΓbδDb
G4

)
where γ is the surface energy,Ω the atomic volume. k is the Boltzmann
constant, T is the absolute temperature, G the mean grain diameter,
Dv and Db the coefficients for volume and grain boundary diffusion,
respectively, and δ the width of the grain boundary. Γ is lumped pa-
rameter, which relate the driving force, mean diffusion distance, and
other geometric features of the micro-structure on which the sintering
rate depends on the mean grain diameter.

Thus, Γ relates the instantaneous linear shrinkage rate to the diffu-
sion coefficient and other material parameters and mean grain diame-
ter. For isotropic shrinkage

− dL
Ldt

=
dρ

3ρdt

where ρ is the bulk density.
For one dominating mechanism of diffusion shrinkage equation can

be simplified to

dρ

3ρdt
=
γΩ(Γ (ρ))D0

kT (G(ρ))n
exp

(
− Q
kT

)
where Q is the apparent activation energy; R the gas constant; D0 =
(Dv)0 and n = 3 for volume diffusion; and D0 = (δDb)0 and n = 4 for
grain-boundary diffusion.

The sintering equation can be rearrange and integrated as follows∫ ρ

ρ0

(G(ρ))n

3ρΓ (ρ)
dρ =

∫ t

0

γΩD0

kT
exp

(
− Q
RT

)
dt
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where ρ0 is the green density of the powder compact.
The atomic diffusion process and the micro-structural evolution are

separated in the last equation. The right-hand side (rhs) is related
to atomic diffusion while left-hand (lhs) site is related to the micro-
structural evolution. One can also combine the micro-structural and
material properties on the lhs while the rhs will on depend on temper-
ature and activation energy

Φ(ρ) =
k

γΩD0

∫ ρ

ρ0

(G(ρ))n

3ρΓ (ρ)
dρ Θ(t,T (t)) =

∫ t

0

1
T
exp

(
− Q
RT

)
dt

One way to construct the MSC is to obtain the mean grain size-density
trajectory and the relationship between Γ (ρ) and ρ and then integrate
the equation for Φ(ρ).

G Equilibrium pore surfaces: sintering stress [85]

The sintering stress, σs, is defined as the mechanical hydrostatic stress
which just balances the internal surface tension forces so that the porous
solid does not shrink

σsdV = γbdAb +γsdAs and σs = γb

(
∂Ab
∂V

)
+γs

(
∂As
∂V

)
where dV is a virtual change of the volume of the pores (at a fixed
volume of the grains) and dAb and dAs are the associated changes of
the grain boundary area and surface area, respectively.

To evaluate partial derivatives let us consider forces acting at the
interfaces. At equilibrium

σsdV =
1
2

∑
i

Fidui

where Fi is the force acting on grain facet i, and dui is the virtual dis-
placement across facet i, which is associated with a volume change dV .

The force at the interface has two components: (i) due grain bound-
ary: 2γsκAi where Ai is the contact area, γs is the specific surface en-
ergy, and κ is the mean curvature (κ = 1/ρ and ρ is the mean curvature
radius); and (ii) due to the surface tension: γsLi sin(Ψ ) where Li is the
circumference of the contact and Ψ is dihedral angle. Hence

σs =
1
2
γs

∑
i

(2κAi +Li sin(Ψ ))dui/dV .

For the tetrakaidekahedron, for example

du4 =
dV

12a2
and du4 =

√
3dV
24a2

.

Estimations of the sintering stress are considered in the main text
Part IV.
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