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Abstract 

High-resolution skin friction fields are extracted from pressure sensitive paint (PSP) data 

obtained in shock-wave/boundary-layer interaction (SWBLI).  The method of extracting skin 

friction from surface pressure is described, including the fundamental relation between skin friction 

and surface pressure, variational method, error analysis and approximate iterative method.  The 

proposed method is based on a coupling relation between skin friction and surface pressure, where 

the boundary enstrophy flux (BEF) is suitably modeled or approximated.  This method is applied 

to unsteady PSP data obtained in incident SWBLIs at Mach 2.5 for different Reynolds numbers, 

revealing the skin friction structures of the flows particularly the separation bubble induced by the 

incident shock wave.  The extracted results are in good agreement with the data obtained by the 

surface stress sensitive film (S3F).   

 

Nomenclature 

A, B Stern-Volmer coefficients 

f  source term defined in Eq. (2), boundary enstrophy flux 

G  source term G f   

I luminescent intensity (radiance) 

refI  luminescent intensity at reference condition (radiance) 

K  surface curvature tensor 

n  unit normal vector 

p pressure (N-m-2) 

DRe  Reynolds number based on test section diameter 
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t time (s) 

T temperature (K) 

21 x,x  surface or image coordinates (m or pixel) 

 

Greeks: 

  Lagrange multiplier 

p  surface pressure variation (Pa) 

 viscosity (Pa-s) 

  air density (kg-m-3) 

   skin friction vector (N-m-2) 

  vorticity (s-1) 

  enstrophy (s-2) 

 

Abbreviations 

BEF boundary enstrophy flux  

CFD computational fluid dynamics 

ISSI Innovative Scientific Solutions Inc.  

LED light-emitting diode 

PSP pressure sensitive paint 

S3F surface-stress-sensitive film  

SWBLI shock-wave/boundary-layer interaction  
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I. Introduction 

Shock-wave/boundary-layer interactions (SWBLIs) are physical phenomena that often occur in 

high-speed flows over flight vehicles.  The flow structures induced by SWLBI are complex, which 

significantly affect the aerodynamic characteristics of a flight vehicle.  Therefore, deep 

understanding of SWBLI is of fundamental importance in the design of key systems of high-speed 

flight vehicles, including wings, control surfaces, bodies, and inlets.  Typical SWBLIs include 

shock impingement to boundary layers (BLs), supersonic flows over compression and divergent 

ramps, interaction of BLs with shocks generated by vertical fins, and normal shocks on transonic 

wings.  Extensive experimental and computational investigations of SWBLIs have been made to 

understand the complex flow structures associated with SWBLIs particularly separations induced by 

SWBLIs [1-7].  SWBLI poses a challenging problem of aerodynamics involving compressibility, 

turbulence, heat transfer and viscous–inviscid interaction.  Computational fluid dynamics (CFD) 

methods have been used to calculate the flow properties in SWBLI regions, including Reynolds-

averaged Navier–Stokes solver, direct numerical simulation, and large-eddy simulation [1, 2].  The 

numerical results are in acceptable agreement with experimental data in velocity fields and pressure 

distributions, but significant deviations in skin friction and heat transfer data are found in cases of 

strong SWBLIs.  Therefore, to validate CFD methods, global measurements of surface pressure, 

skin friction and heat flux are particularly valuable.   

A data set of surface pressure in SWBLIs has been established mainly based on measurements 

using conventional pressure taps distributed in the region of interest, Schlieren method and surface 

oil visualization, revealing some intriguing aspects of complex flow structures of SWBLIs [8-12].  

In contrast, conventional skin friction measuring techniques such as Preston tube, Stanton tube and 

floating element balance are difficult to use for SWBLIs.  Although surface hot-wire and hot-film 
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sensors were used [13], existing data of skin friction in SWBLIs have been obtained mainly using 

interferometric oil-film skin friction meter, providing more direct understanding into near-wall flow 

structures [14-17].  Interferometric oil-film skin friction meter is a semi-direct method to 

determine absolute values of skin friction at distributed locations in incident SWBLI [16].  To 

observe skin friction topology in SWBLIs, surface flow visualizations have been conducted by using 

oil mixed with particles on a surface, and from streaky oil patterns topological structures are 

conjectured [1-3].  However, some subtle features in complex flows particularly attachment lines 

and saddles could not be objectively identified using this approach.   

Global skin friction diagnostics are critical in experimental studies of SWBLIs.  Several 

global techniques were developed based on relationships between shear-induced deformation of 

special material structures and measurable quantities, including shear-sensitive liquid crystals [18, 

19], surface-stress-sensitive film (S3F) [20] and micro-pillar arrays [21, 22].  Recently, global skin 

friction diagnostics were developed based on conventional surface flow visualizations including 

surface oil film, heat transfer, mass transfer, and pressure visualizations [23, 24].  Skin friction is 

extracted from the measured quantities as an inverse problem when the relations between skin 

friction and measured quantities are given.  These techniques have been used to extract high-

resolution skin friction fields in various flows [25-36].  Surface flow visualizations using 

luminescent oil, pressure and temperature sensitive paints (PSP and TSP) and sublimation coatings 

have been commonly used in experiments of SWBLIs.  It is natural to apply these global 

techniques to SWBLIs.   

The objective of this work is to develop a method of extracting skin friction from surface 

pressure and determine skin friction fields based on unsteady PSP measurements.  First, a coupling 

relation between skin friction and surface pressure is discussed, where a scalar quantity linking them 
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contains the boundary enstrophy flux (BEF), the curvature term, and the dilation rate term.  This 

relation is derived from the Navier-Stokes equations for viscous flows.  Since this relation enjoys 

the same mathematical form of the optical flow equation, an inverse problem can be solved using 

the variational method for extraction of skin friction from measurable surface pressure when the 

BEF field is given.  Next, an approximate method is proposed when the BEF is not exactly known 

a priori, where a surface pressure variation is applied to a base flow and a skin friction field is 

determined by an iterative scheme.  An error analysis is given to identify the elemental errors and 

evaluate their contributions to the total skin friction error.  Further, the proposed method is applied 

to unsteady PSP data obtained in incident SWBLIs at Mach 2.5 for different Reynolds numbers in 

the 17-cm Axisymmetric Wind Tunnel at NASA Glenn Research Center [37, 38].  The extracted 

skin friction fields from PSP data reveal the detailed structures of the separation bubble induced by 

the incident shock wave.  The results are compared with the data obtained by the surface stress 

sensitive film (S3F).  The experimental setup for PSP and S3F measurements is described in 

Appendix A, and the measurement uncertainty is discussed in Appendix B.   

 

II. Extraction of Skin Friction from Surface Pressure 

A. Basic Relation 

Although skin friction and surface pressure are conventionally treated as two independent 

quantities, there is an explicit coupling relationship between skin friction and surface pressure in 

viscous flows [34-36].  From a theoretical perspective, the coupling structures of skin friction and 

surface pressure reveal coherent near-wall structures in complex flows since near-wall flow 

structures can be completely reconstructed by skin friction and surface pressure [36, 39].  On the 

other hand, from a standpoint of measurement, the coupling relationship between skin friction and 
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surface pressure can be used to extract high-resolution skin friction fields as an inverse problem 

from PSP measurements.   

The intrinsic relation between the skin friction vector   and the surface pressure p  is 

derived from the Navier-Stokes equations with the no-slip boundary condition in a general surface 

coordinate system [34, 36].  This on-wall relation is written in a vector form, i.e.,   

p f   , (1) 

where f  acts as a virtual source term, which is expressed as  

 B B B B B

B

f
n

        



 
        

K n     (2) 

where 
2

/ 2 =   is the enstrophy, n/   is the derivative along the normal direction, 

u  is the vorticity, K  is the surface curvature tensor,  = u  is the dilation rate,   is 

the dynamic viscosity,   is the longitudinal viscosity, and n  is the unit normal vector of the 

surface.  The subscript B  in the variables and operators in Eqs. (1) and (2) denotes the quantities 

on the surface.   

Eq. (1) represents a formal balance between the surface pressure gradient p  projected on 

the skin friction vector   and the scalar quantity f  that is originated from the diffusion term in 

the NS equations.  In Eq. (2), the first term  /
B

n


   is the boundary enstrophy flux (BEF) 

and the second term is interpreted as the curvature-induced contribution.  The term B B   K  

in Eq. (2) is formally interpreted as the interaction between the surface curvature and the vorticity 

on a surface.  The quadratic form B B   K  can be transformed into the standard form 

2 2

1 1 2 2+B B      K =  with the two principal curvatures 1  and 2 , where 1 1= B  e  and 
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2 2= B  e  are the vorticity components on the principal directions 1e  and 2e .  For a concave 

surface with 1 0   and 2 <0  (such as concave ellipsoid and cylinder), <0B B   K .  For a 

convex surface with 1 0   and 2 >0  (such as convex ellipsoid and cylinder), >0B B   K .  

For a hyperboloid surface with  1>0  and 2 <0 , the sign of B B   K  is undetermined.  

The ratio between the magnitudes of the second and first terms (the curvature and BEF terms) in Eq. 

(2) is proportional to /c sR , where c  is the viscous diffusion length scale and 

 
sR  is defined 

as the mean curvature radius of the surface.  When the Reynolds number is sufficiently large such 

that / 1c sR  , the second term in Eq. (2) could be neglected.  In this case, f  is dominated by 

the BEF.  The third term is interpreted as the contribution induced by the temporal-spatial change 

of the fluid density on the surface.   

 

B. Variational Solution 

In this paper, a key problem is how to extract a  -field from a p -field by solving Eq. (1) for 

a given f -field, which is similar to the optical flow problem [40, 41].  The variational 

formulation is proposed for this inverse problem.  We consider the following functional based on 

the L2 norm 
2

  on a domain D   

 
2 2

1 12
2

J G p           , (3) 

where   is a Lagrange multiplier, G f   is a source term,  1 2,    is the skin friction 

vector, i/ x     ( i 1,2 ) is the gradient operator on a surface, and ix  are the surface 

coordinates.  The first term in  J   is the equation term.  The second term in  J   is a 
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regularization constraint assuming that a  -field is sufficiently continuous and smooth.  

Minimizing  J   leads to an Euler-Lagrange equation is obtained, i.e.,  

  2G p p 0       , (4) 

where 2 2

i i/ x x      ( i 1,2 ) is the Laplace operator on a surface.  Given a p -field and a 

f -field, Eq. (4) can be solved numerically for a  -field with the Neumann condition n 0     

on the domain boundary D .  The standard finite difference method is used to solve Eq. (4), and 

the numerical algorithm is essentially the same as that for the optical flow problem in computer 

vision [38, 39].  In the orthographic projection, the flat surface coordinates are proportional to the 

image coordinates, and thus ix  are the image coordinates in the present computations.  Therefore, 

for convenience, computations to solve Eq. (4) are directly carried out in the image plane.   

 

C. Approximate Method 

Eq. (1) is exactly valid in relating the surface pressure gradient to skin friction.  The 

limitation in applying this equation to recover skin friction is determining the BEF that is defined as 

the f  term in Eq. (2).  In theoretical cases where the BEF is known, a variational solution for 

this inverse problem is feasible [34].  Unfortunately, for complex flows, the BEF is a difficult 

quantity to measure experimentally or determine theoretically.  Since a f -field is generally 

unknown, the solution of Eq. (4) for a  -field in complex flows cannot be readily obtained for a 

given p -field only.  This problem is considered as a closure problem in which modeling of f  

is required.  A successive approximation is proposed to obtain a  -field induced by a surface-

pressure variation imposed on a base flow [35].  Figure 1 shows a flow chart of the iterative 

approximate method.  First, in the zeroth-order approximation, a known base flow is considered, 
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which satisfies ( 0 ) ( 0 ) ( 0 )p f  , where ‘0’ denotes the base flow  From a standpoint of 

application, a base flow could be a relatively simple known steady attached flow such as boundary 

layer.   

Consider a physical situation in which a surface-pressure variation is suddenly imposed on the 

base flow through a certain external process such as an impinging shock wave.  In this case, a 

composite surface-pressure field (or a perturbed surface-pressure field) on a surface is given by  

( 0 )

cp p p  , (5) 

where p  is a surface-pressure variation.  In the first-order approximation, the base-flow BEF 

( 0 )f  is not affected in a short time.  The underlying assumption is that the process of establishing 

a p -field is much faster than its effect on a f -field.  Since pressure is a result of molecules 

collisions in an equilibrium state, the characteristic timescale of establishing a p -field is 

sp a/l~t , where l  is a length scale of a body and sa  is the speed of sound in fluid.  In 

contrast, the physical mechanism of building a f -field is the viscous diffusion, which has a 

characteristic timescale  /~t 2 , where   is a viscous diffusion distance.  The characteristic 

timescales of establishing the p -field and f -field are denoted by pt  and t , respectively.  

An estimate is n/21
lrefp Re/M~t/t 

  [35], where refM  is the local Mach number based on the 

near-wall velocity scale, and lRe  is the Reynolds number based on a body length scale l  and n  

is an empirical exponent ( 2n  ).  Therefore, since 1t/tp   for 1M ref   near the wall, the 

underlying approximation is plausible in a short time.  

Therefore, the first-order  -field denoted by ( 1 )  can be described by the first-order 

approximate equation  
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( 1 ) ( 0 )

cp f  , (6) 

where ( 0 )f  is the base-flow BEF.  Therefore, a ( 1 ) -field can be obtained by solving the Euler-

Lagrange equation, Eq. (4), with ( 0 ) ( 0 )G G f    that is known for the base flow.  A heuristic 

iteration scheme is ( k ) ( k )

cG p   ( k 1,2,  ) for iterative improvement in successive 

higher-order approximations, and accordingly the BEF is given iteratively by ( k ) 1 ( k )f G   .   

Essentially, the approximate method provides a practical alternative where the BEF of a 

known base flow is used in computation.  Thus, a solution obtained by the approximate method 

gives a skin friction field induced by a surface pressure variation based on the base flow.  This 

approach is applicable to the cases where the skin friction topology is dominated by the pressure 

gradient.  Particularly, SWBLI is such a case where an incoming boundary layer is used as the base 

flow and a PSP-measured surface pressure variation generated by a shock provides the surface 

pressure gradient required for computation.   

 

D. Base Flow 

A boundary layer could be selected as a base flow, where ( 0 ) , ( 0 )p  and ( 0 )f  are expressed 

as the power-law functions of the surface coordinate such that ( 0 ) ( 0 ) ( 0 )p f   is satisfied.  

The base-flow surface pressure and its gradient are given by  

  
2m( 0 )

0 1 0p c c / 2m x x   ,   
2m 1( 0 )

1 0p / x c x x


    , (7) 

where 0c  and 1c  are proportional coefficients, 0x  is the virtual origin of the boundary layer, and 

m  is a power-law exponent.  Accordingly, skin friction and the BEF are given in a form of a 

power-law relation, i.e.,  
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 3m 1 / 2( 0 )

2 0c x x


  ,   
 7m 3 / 2( 0 )

3 0f c x x


  , (8) 

where 2c  and 3c  are proportional coefficients.  The flow with the power-law distributions of 

surface pressure, skin friction and BEF serves as a local approximation in many applications.  The 

parameters m  and 0x  can be determined by fitting surface pressure data obtained before a surface 

pressure variation is imposed, as shown in Section III.   

A theoretical example is the Falkner-Skan flow (the wedge flow) where the external velocity is 

mxa)x(U  .  The boundary-layer velocity profile is given by )(f)x(U/)y,x(u  , where 

)(f   is the similarity function with the similarity variable  , where a  is a positive constant and 

the wedge angle is given by   with )1m/(m2   [42, 43].  The proportional coefficients 

are 2

1c a m  , 1/ 2 3/ 2

2c ( m 1) / 2 a f ''(0 )  , and  
3/ 2 2

3c a( m 1) / 2 a f ''(0 )    , 

where   is the kinematic viscosity.  The value of the second derivative ''f  at the wall is 

approximately expressed as the piecewise functions 4696.0m749.0)0(''f 5049.0   for 

1m0   and 4741.0m696.1)0(''f   for 2.0m06.0   based on its tabulated numerical 

data [43].   

 

E. Error Analysis 

Error Propagation and Constraints 

From a computational standpoint, a sensitivity analysis is given, where the sensitivity of skin 

friction calculation to the elemental errors is evaluated and the selection of the relevant parameters 

particularly the Lagrange multiplier is discussed.  The decompositions 0p p p  , 

GGG 0   and       are introduced, where p , G  and   are errors, and 0p , 0G  
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and   are the non-perturbed fields that exactly satisfy Eq. (4).  Substituting the above 

decompositions into Eq. (4) and neglecting the higher-order small terms, we have an error 

propagation equation, i.e.,  

   2

0 0 0p p G p p               , (9) 

where G  directly contributes to   while p  contributes to   through a gradient operator 

projected on the skin friction vector.   

To simplify the analysis, in a local region considered, 0p  is a constant vector in a local 

linear approximation, and the unit normal vector to an iso-pressure line 0p const.  is 

T 0 0p / p N , where 0p  is the magnitude of 0p .  The skin friction error projected on 

TN  is defined as   TN
  Ν  .  Normalization of Eq. (9) yields a formal estimate of the 

relative error, i.e..  

   2N N
T 2

0 0

G

p p



   

  


  
          

N
 

   
, (10) 

where   is a characteristic value of skin friction (e.g. the mean value).  The first term in the 

RHS of Eq. (10) is the contribution from the elemental error in measurement of the term G.  The 

second term is the contribution from the elemental error in measurement of the surface gradient of 

the relative intensity.  The third term is the contribution from the artificial diffusion of the error 

 
N

  associated with the Lagrange multiplier.   

The first and third terms in the RHS of Eq. (10) are proportional to 
1

0p


  and 
2

0p


 , 

respectively.  This indicates that the relative error  
N

/    will be very large when 0p  

approaches zero, which imposes an intrinsic limitation on application of this technique in certain 
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regions where 0p  is close to zero.  The proportional factor in the third term is 
2

0p


 .  

Therefore, the Lagrange multiplier   must be sufficiently small to reduce the error particularly 

when 0p  is small.  On the other hand, for an ill-posed problem, a variational solution with a 

regularization parameter   is affected by the data error (or measurement error),  The choice of 

the regularization parameter   depends on  , i.e., )(  , where a positive numerical value 

  is a bound of the data error.  The resulting error of the solution decreases in  /  as 

0  [44, 45].  To ensure the convergence of the solution, the condition is 0)(/2  , 

indicating that the data error must be reduced as   decreases.  In regions where 0p  is small, 

  should be small according to Eq. (10), and thus the data error bound   must be tightly 

controlled for the acceptable accuracy of the solution.  Otherwise, the error of the regularized 

solution could be large in these regions.   

 

PSP Measurement Limit 

From a standpoint of measurements, the accurate determination of 0p  is limited by the 

resolvable pressure limit of PSP.  For a digital camera, the minimum pressure difference that PSP 

can measure from a single frame of image is given by [46]  

1/2

refmin

refperef max

p( Δp) 1 A(T) p
1 1 A(T) B(T)

p B(T) p p(n )

  
     

    

, (11) 

where peref max(n )  is the full-well capacity of a camera in a reference condition, A(T)  and B(T)  are 

the Stern-Volmer coefficients in the calibration curve of PSP, and p  and refp  are the wind-on and 

wind-off pressures, respectively.  When N images are averaged, the limiting pressure difference 
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given by Eq. (11) is further reduced by a factor N1/2.  Eq. (11) provides an estimate for the noise-

equivalent pressure resolution for a camera.  Structures with a surface pressure variation smaller 

than that given by Eq. (11) cannot be extracted by the proposed method from PSP images.   

 

Effect of Turbulence 

From a physical standpoint, certain flow mechanisms that lead to a significant change in skin 

friction do not significantly change surface pressure.  For example, when the boundary-layer 

transition occurs, turbulence leads to a significant increase in skin friction while a surface pressure 

distribution is not changed much.  In this case, a skin friction field affected by turbulence cannot be 

extracted based on a surface pressure field alone without modeling the effect of turbulence.  To 

illustrate this, we consider the Reynolds decompositions p p p'  , f f f '     and 

'    , where  denotes the time-averaging operator and the prime denotes fluctuation.  

Therefore, we have the time-averaged relation p f ' p'      .  Clearly, to take the 

effect of turbulence into account, the correlation term ' p'  should be modeled as an additional 

contribution to the time-averaged BEF.  Neglecting this term could lead to an error.   

 

III. Incident Shock-Wave/Boundary-Layer Interaction 

A. Time-Averaged Surface Pressure and Skin Friction Fields 

Unsteady pressure and surface shear stress (skin friction) measurements in incident SWBLIs 

were conducted by Woike et al. [37] in the NASA Glenn Research Center 17-cm Axisymmetric 

Wind Tunnel (the 17-cm Axi-SWT) (see Appendix A for details).  The results obtained by using 

fast PSP and surface stress sensitive films (S3F) [20] provide a good set of data to examine the 
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proposed method of extracting skin friction from surface pressure.  The experimental conditions of 

the test cases in this work are listed in Table 1.  A shock generated by a 13.5o cylindrical cone 

impinges on the wall and interacts with the floor boundary layer at different total pressures and 

Reynolds numbers ( DRe ) based on the test section diameter.  Figure 2 shows the SWBLI region of 

interest in the Mach 2.5 Axisymmetric test section [37, 38], where the origin of the x-coordinate is 

set at the location of the maximum surface pressure gradient in the surface pressure rise induced by 

the impinging shock.  Unsteady PSP measurements were made using Innovative Scientific 

Solutions Inc. (ISSI) Turbo PSP with 2 kHz time response, and images were acquired at 4 kHz using 

the Photron SA-Z high-speed camera.  Surface pressure fields are converted from PSP images 

using the calibration relation, where PSP image in the wind-off case (Case 3464) is used as the 

reference image.   

Figure 3 shows the time-averaged surface pressure fields normalized by the atmospheric 

pressure ( stmp 1 atm ) at Mach 2.5, where the Reynolds numbers ( DRe ) based on the test section 

diameter (17 cm) are 5, 4, 3, 2 and 1.5 million from the top to bottom, respectively.  These fields 

are obtained by averaging sequences of 2000 fields.  The coordinates are normalized by the 

boundary-layer thickness  = 13.1 mm measured at about 5 mm before the shock impingement [38].  

The corresponding span-averaged profiles of surface pressure in the x-coordinate are shown in Fig. 

4.  Here, the origin of the x-coordinate is set at the location where the maximum surface pressure 

gradient is attained at DRe  = 5 million.  The rise of surface pressure induced by the shock 

increases with DRe .  The separation and re-attachment locations are marked in Fig. 4, which are 

determined as the zero-crossing points in the x-component of skin friction (see Figs. 6 and 7).  

Here, the bubble length bL  is introduced as the distance between a point where surface pressure 
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starts to rapidly rise and a downstream point where surface pressure starts to level off.  An estimate 

is bL / 1  , which is consistent with CFD simulation [47].  It is noted that visible vertical stripes 

in these images are caused by the fixed-pattern noise of the camera (see Appendix B).   

For further comparison, the surface pressure profiles in Fig 4 are re-normalized by the values 

at the location (x = -65 mm) upstream of the shock, as shown in Fig. 5.  The surface pressure data 

in the incoming boundary layer before the region of incident SWBLI is fitted using the power-law 

relation  

     
2m

ref 0p x / p x 3.65 x x   , (12) 

where the virtual origin of the incoming boundary layer is 0x 200 mm  , the reference location is 

refx 65mm  , and the power-law exponent is m 0.1 .  This power-law relation will be used as 

the base-flow surface pressure distribution in the reconstruction of  -fields.  The surface pressure 

increases rapidly to the peak immediately after a shock and then decays in a downstream region of 

100 mm.  The ratio between the PSP-measured surface pressures after and before a shock is 

2 1p / p 1.6 1.75   in a range of DRe  from 1.5 to 5 million, which is consistent with the value of 

2 1p / p 1.7  given by Davis [38] based on the pressure tap measurement.   

The  -fields are extracted from the corresponding surface pressure fields using the 

approximate method described in Section II.  The incoming boundary layer is used as the base flow 

with the power–law distributions of surface pressure and BEF where the exponent is m 0.1 .  The 

Lagrange multiplier is set at 510   in solving the Euler-Lagrange equation Eq. (4) and four 

iterations are used for successive approximations.  Since the proportional coefficient in the BEF 

field is not determined, relative  -fields are extracted, and therefore normalized  -fields are 

presented.  Figure 6 shows the time-averaged fields of surface pressure normalized by its 
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maximum value,  -vectors and  -lines at Mach 2.5 for DRe  = 5 million in Case 3466.  The 

results are nominally two-dimensional since the width of the region is much smaller than the radius 

of the circular test section.  The azimuthal effect on these results cannot be seen in this narrow 

region.  There are 230 420  vectors extracted in the regions of interest in Fig. 6, and the spatial 

resolution of the data is one vector per pixel.  One pixel corresponds to 16 µm on the surface.  

The separation bubble induced by incident SWBLI occurs in all the cases.  The separation and re-

attachment lines are clearly identified in the skin friction topology in Fig. 6.  A separation line is 

identified as a  -line to which neighboring  -lines converge, while an attachment line is a  -line 

from which neighboring  -lines diverge.  Figure 7 shows the time-averaged fields of normalized 

surface pressure by its maximum value, extracted skin friction vectors and lines at Mach 2.5 for 

DRe  = 4, 3, 2, and 1.5 million.  Figure 8 shows the span-averaged profiles of the x-component of 

  in the x-coordinate at Mach 2.5 for different Reynolds numbers.  The zero-crossing points in 

Fig. 8 give the separation and re-attachment locations indicated in Fig. 4.  It is observed that as 

DRe  decreases, the separation bubble slightly moves upstream.   

 

B. Comparison with S3F Data 

Measurements with S3F were made in incident SWBLIs generated by the 13.5° shock 

generator at Mach 2.5 at DRe  = 1.5 and 2 million [37].  Figures 9-12 show comparisons between 

the results obtained by PSP and S3F in the region near the separation bubble for DRe  = 2 and 1.5 

million.  The  -field obtained by S3F has 23×49 vectors in the region, in contrast to 231×476 

vectors extracted from PSP data.  The spatial resolution of S3F is limited by the thickness of the 

film and the size of interrogation windows in cross-correlation calculation.  The S3F data 
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presented here were acquired using a film of about 1 mm thickness.  Processing was accomplished 

using the cross-correlation method in interrogation windows of 10×10 pixels (the corresponding 

spatial scale of about 4 mm2) and 50% overlap, resulting in a field of 23×49 vectors.  For DRe  = 

1.5 million, the mean values of skin friction of about 43 and 34 Pa were measured by S3F at an 

upstream location (x = -75 mm) and the window centerline, respectively.  These results are 

approximately correspond to 39 and 37 Pa given by CFD [37].  As an additional reference, an 

estimated value of skin friction at the far upstream (x = -555 mm) was 55 Pa, which was inferred by 

fitting the velocity data to the log-law profile in a turbulent boundary layer [38].  The extrapolated 

value at x = -75 mm based on the power-law formula of the skin friction coefficient for a turbulent 

boundary layer on a flat plate is 47 Pa, which is close to 43 Pa given by S3F.   

The relative  -fields obtained by PSP are anchored in in-situ calibration by using the S3F 

data (52 and 41 Pa for DRe  = 2 and 1.5 million, respectively) at the reference location x = 20 mm 

marked in Figs. 9-12.  The separation bubble is detected by both PSP and S3F.  The results 

obtained by PSP exhibit some 3D features particularly the streamwise streaky structures after re-

attachment.  The span-averaged profiles of the x-component of   are shown in Figs. 10 and 12, 

indicating that the results extracted from PSP are in agreement with the S3F data.  Note that in Figs. 

10 and 12, S3F data in the upstream and downstream regions were obtained separately from 

different sets of images.   

 

C. Properties of Fluctuations 

PSP image were acquired at 4,000 fps, and thus time sequences of surface pressure and skin 

friction fields were obtained.  The variances of the surface pressure fluctuation p' p p   and 
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skin friction fluctuation '      are calculated from sequences of 2500 fields, where   

denotes the time-averaging operator.  Figure 13 shows the fields of the variances '
2

  and 

2p'  normalized by their maximum values at the Mach 2.5 for DRe  = 2 million.  The variance 

'
2

  has peaks near the separation and re-attachment lines of the separation bubble.  The 

variance of 2p'  starts to increase across the separation bubble.  The energy spectra of the 

fluctuations '  and p'  along the streamwise centerline of the measurement region are shown in 

Fig. 14, where the spectra are normalized by the    ' 'x ymax P P     and  max P p'   , 

respectively, and P  denotes the energy spectrum.  It is found in Figs. 14(a) and 14(b) that the 

fluctuations of the skin friction components are contributed mainly by the low-frequency contents (< 

10 Hz), which are concentrated near the separation and re-attachment lines of the separation bubble.  

The x-component of '  has the much larger energy than the y-component of ' .  As shown in Fig. 

14(c), the energy of p'  is mainly contributed by the low-frequency contents as well, which 

increases across the incident SWBLI region.  The increase of the energy of p'  across the incident 

SWBLI region is found in large-eddy simulations [47, 48].  As shown Figs. 15 and 16, the 

fluctuations of skin friction and surface pressure at DRe  = 1.5 million have similar behaviors near 

the separation bubble.   

 

IV. Conclusions 

The method of extracting skin friction fields from PSP images is developed based on a 

coupling relation between skin friction and surface pressure.  The variational method is used to 

solve this inverse problem, and the Euler-Lagrange equation is obtained for extraction of skin 
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friction from surface pressure.  The approximate method gives a skin friction field induced by a 

surface pressure variation based on the base flow, where the base flow with the power-law forms of 

the surface pressure and BEF distributions are used.  This method is particularly suitable for the 

flows where the skin friction topology is dominated by the pressure gradient.  The error analysis 

indicates that the Lagrange multiplier plays a critical role in the calculation.  The approximate 

method is applied to PSP images obtained in incident shock-wave/boundary-layer interaction 

(SWBLI).  The high-resolution skin friction fields extracted from time sequences of PSP images at 

different Reynolds numbers clearly reveal the detailed structures characterized by the separation and 

re-attachment lines of the separation bubble induced by the incident shock.  The separation bubble 

slightly moves upstream as the Reynolds number decreases.  The time-averaged normalized skin 

friction distributions extracted from PSP images are in agreement with the data obtained by surface 

shear sensitive film (S3F) at the Reynolds numbers ( DRe ) of 2 and 1.5 million.  The variance of 

the skin friction fluctuation has peaks near the separation and re-attachment lines, while the variance 

of surface pressure fluctuation rapidly increases across the separation bubble.  The fluctuations of 

skin friction and surface pressure are dominated by the low-frequency contents.   
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Appendix A: PSP and S3F Measurements 

Woike et al. [37] conducted unsteady pressure and surface skin friction measurements in 

incident SWBLIs using fast PSP and surface stress sensitive films (S3F) in the NASA Glenn 

Research Center 17-cm Axisymmetric Wind Tunnel (the 17-cm Axi-SWT).  This wind tunnel was 

specifically designed for two dimensional CFD code validation experiments on shock/boundary 

layer interactions to minimize the complex 3D separation often occurred in incident SWBLI in a 

conventional rectangular test section.  The detailed descriptions of the configuration and basic 

flows of the 17-cm Axi-SWT are given by Davis [38].  The tunnel has a round test section 

operating at Mach 2.5 with a cone-cylinder centerbody.  The cone-cylinder centerbody generates a 

conical shock that impinges on and reflects off the cylindrical test section wall and interacts with the 

test section’s naturally occurring boundary layer.  The centerbody with the cone angle of 13.5° was 

used to generate the conical shocks.  Figure A1 shows the cylindrical test section with one of the 

shock generators installed.  The measured boundary-layer thickness at the nozzle exit was 

approximately 6.1 mm, and the shape factor was about 1.4, indicating a fully turbulent boundary 

layer exhibiting the log-law velocity profiles.  The measured boundary-layer thickness at a location 

before the shock impingement was approximately 13.1 mm.   

Figure A2 shows a schematic of the test section and window with the dimensions.  To make 

optical measurements, optically clear cast acrylic test section windows were designed and fabricated 

specifically for PSP and S3F, as shown in Fig. A3.  The inside surface of these windows were 

contoured to match the surface of the test section wall.  The paints and films were applied to the 

flow surface side of the window and imaged from the back side looking through the window.  Two 

windows were used for unsteady PSP measurements, one with the 2 kHz response paint (FIB PSP) 

and the other with the 30 kHz paint (porous PSP).  The paints were produced by Innovative 
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Scientific Solutions Inc. (ISSI).  Two of the windows were used for the surface stress sensitive film 

measurements.  The windows were inserted in the window opening in the test section to make the 

desired optical pressure and surface stress measurements.  The axial placement of the cone tip was 

chosen so that the conical shock generated by the cone impinged at approximately the center of the 

window location in the test section.   

For a typical PSP, the Stern-Volmer relation is [46]  

 
 

   
ref ref

ref

I p ,T p
A T B T

I p,T p
  , (A1) 

where I  is the luminescent intensity pf PSP, p  is pressure, T  is temperature, refI  and refp  

are the luminescent intensity and pressure at reference condition, respectively, and A  B  are the 

Stern-Volmer coefficients.  Figure A4(a) shows the Stern-Volmer plots of ISSI Turbo PSP (FIB 

PSP) used in the present measurements, where refp  is one atmospheric pressure.  Figure A4(b) 

shows the normalized reference luminescent intensity  ref refI p ,T  as a function of temperature for 

ISSI Turbo PSP, where refT  is 298.15 K (25 oC).  It is indicated that the data at different 

temperatures collapse into a single straight line such that the Stern-Volmer coefficients are 

independent from temperature.  The Stern-Volmer coefficients determined by fitting the data are 

B 0.806  and A 0.178 .  Therefore, ISSI Turbo PSP is a special PSP called ‘ideal PSP’ that is 

advantageous in correcting the effect of temperature on PSP measurement [46].   

PSP images were acquired using a Photron SA-Z high-speed camera and two LED units for 

illumination (ISSI LM4XX-400).  The Photron SA-Z is a fast framing CMOS camera with a 

spatial resolution of 1024×1024 pixels and 12-bit dynamic range.  The camera is capable of 

acquiring images at up to 20 kHz full frame, and over 100 kHz at reduced resolution.  However, in 
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this experiment, PSP images were acquired at 4 kHz using both the 30 kHz and 2 kHz PSPs.  The 

camera and LED units were set up on the same side external to the test section looking through the 

backside of the window that had PSP applied to its inner surface.  The PSP measurement setup at 

the Mach 2.5 axisymmetric test section is shown in Fig. A5.   

As was the case for PSP measurements, imaging and illumination for the surface-stress-

sensitive film (S3F) applied to the inside flow surface were accomplished by looking through the 

backside of the window.  S3F is a direct method to measure surface shear force, which involves 

mounting a thin film of a flexible elastomer of known thickness and shear modulus onto a surface 

[20].  Fluorescent markers (particles) are introduced into the film as a means of measuring their 

displacement under tangential load due to the flow.  The surface shear stress is determined using 

Hooke's law relating shear stress to shear strain.  When the film surface undergoes tangential 

displacement due to the load, the markers will be displaced as the film shears.  The stressed film 

displacement is a function of the applied shear force, the thickness of the film, and its shear modulus.  

Hence, when the displacement field is determined using the cross-correlation method in PIV, the 

surface shear stress field can be determined for the given thickness of the film and its shear modulus.  

In this experiment, four PCO 12-bit CCD cameras were used to image the entire window area.  

The separate images were analyzed using a cross-correlation technique comparing wind-off to wind-

on images and stitched together to yield the two dimensional shear stress maps.   

 

Appendix B: Measurement Uncertainty 

Uncertainty of PSP measurement is contributed by some elemental error sources, including 

camera noise, illumination variation, model motion, temperature effect, and photodegradation [46].  

Wind-on and wind-off images are aligned using the image transformation to minimize the error 
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caused by the motion of the surface.  The temperature effect is usually a dominant error source in 

PSP measurements.  However, ISSI Turbo PSP was used as an ideal PSP that has a single 

calibration relation with the Stern-Volmer coefficients independent from temperature (see Appendix 

A).  Thus, the temperature effect is largely minimized.  The effect of photodegradation is 

neglected since the run time was short.  Now, we estimate the camera noise including the photon 

shot noise, dark current and fixed pattern noise.  Figure B1 shows typical dark current image, 

wind-off image, and wind-on image in Case 3466.  The fixed-pattern noise with vertical stripes are 

observed in these images.  From the dark current image, the estimated root-mean-square (RMS) 

error is about 1.8 counts, including the dark current and fixed-pattern noise.  From the wind-off 

image at a constant pressure, the estimated RMS error is about 11.6 counts, including the photon 

shot noise, dark current, and fixed-pattern noise.  Since the dark current and fixed-pattern noise are 

subtracted in image processing, the estimated RMS error due to the photon shot noise is about 10 

counts.  For the wind-off images with the averaged intensity of 1000 counts, the relative 

uncertainty due to the camera noise in luminescence measurement is about  I / I 1% , where 

 I  denotes the luminescent intensity.  Based on the Stern-Volmer relation Eq. (A1), the 

relative uncertainty in pressure is  p / p 1%  since it is approximately proportional to that in 

luminescent intensity.  Further, in terms of the uncertainty in skin friction, the second term in the 

RHS of Eq. (10) is about 1%.  The first and third terms in Eq. (10) are related to the modeling of 

the BEF term and the variational method, which are not known a priori.   
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Table 1: Test Conditions for Shock-Wave/Boundary-Layer Interaction 

Test Case Cone Angle 

(degree) 

Total Pressure 

(psia) 

Total 

Temperature (R) 

Mach Number Reynolds 

Number 

DRe  (×106)  

3464 13.50 14.46 530.03 0.0 0.0 

3465 13.50 1.80 525.62 0.0 0.0 

3466 13.50 43.49 532.10 2.50 5.00 

3467 13.50 34.74 531.79 2.50 4.00 

3468 13.50 26.04 531.36 2.50 3.00 

3469 13.50 17.30 531.14 2.50 2.00 

3470 13.50 13.00 531.12 2.50 1.50 
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Figure 1. Flow chart of the iterative approximate method.   
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Figure 2. SWBLI region of interest (marked by a rectangle) in the Mach 2.5 Axisymmetric test 

section [37, 38].  Flow is from left to right.  
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Figure 3. Time-averaged surface pressure fields normalized by one atmospheric pressure at Mach 

2.5 in incident SWBLI generated by a 13.5o cylindrical cone.  From the top plot to bottom plot, the 

Reynolds numbers ( DRe ) are 5, 4, 3, 2 and 1.5 million, respectively.  Flow is from left to right.  

 

 



 36 

 
 

Figure 4. Normalized surface pressure profiles by the atmospheric pressure along the x-coordinate.  
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Figure 5. Surface pressure profiles re-normalized by the values at a reference location marked in the 

figure for different Reynolds numbers ( DRe ), and a power-law fitting of data for the incoming 

boundary layer.  
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Figure 6. Time-averaged fields of the normalized surface pressure by its maximum value, extracted 

skin friction vectors and lines at Mach 2.5 for DRe  = 5 million.  Flow is from left to right.  
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(a) 

 
(b) 

 

Figure 7 (Continued) 
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(c) 

 
(d) 

 

Figure 7. Time-averaged fields of the normalized surface pressure by its maximum value and 

extracted skin friction lines at Mach 2.5 for DRe  = (a) 4, (b) 3, (c) 2, and (d) 1.5 million.  Flow is 

from left to right.  
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Figure 8. Profiles of the x-component of skin friction normalized by the values at a reference 

location marked in the figure at Mach 2.5 for different Reynolds numbers ( DRe ).   
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Figure 9. Comparison between skin friction lines obtained by PSP and S3F for DRe  = 2 million, 

where the circle marks the reference location for in-situ calibration.  Flow is from left to right.  
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Figure 10. Comparison between profiles of the x-component of skin friction obtained by PSP and 

S3F for DRe  = 2 million, where the diamond marks the reference location for in-situ calibration.   
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Figure 11. Comparison between skin friction lines obtained by PSP and S3F for DRe  = 1.5 million, 

where the circle marks the reference location for in-situ calibration.  Flow is from left to right.  
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Figure 12. Comparison between profiles of the x-component of skin friction obtained by PSP and 

S3F for DRe  = 1.5 million, where the diamond marks the reference location for in-situ calibration.   
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Figure 13. Fields of the normalized variances of surface pressure and skin friction fluctuations by 

the maximum values at Mach 2.5 for DRe  = 2 million.  Flow is from left to right.  
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(a) 

 
(b) 

 
(c) 

 

 

 

Figure 14. Energy spectra of skin friction and surface pressure fluctuations along the streamwise 

centerline of the measurement region at Mach 2.5 for DRe  = 2 million.   
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Figure 15. Fields of the normalized variances of surface pressure and skin friction fluctuations by 

the maximum values at Mach 2.5 for DRe  = 1.5 million.  Flow is from left to right.  
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(a) 

 
(b) 

 
(c) 

 

 

 

Figure 16. Energy spectra of skin friction and surface pressure fluctuations along the streamwise 

centerline of the measurement region at Mach 2.5 for DRe  = 1.5 million.   

 



 50 

 
 

Figure A1. Mach 2.5 axisymmetric test section with a shock generator installed and window 

opening for optical techniques [38].   
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Figure A2. Schematic of the test section and window with the dimensions [38].   
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(a) 

 
(b) 

 

Figure A3. Test section windows with (a) PSP and (b) S3F applied [37].  

 

 



 53 

 
(a) 

 
(b) 

 

Figure A4. Calibration of ISSI Turbo PSP: (a) the Stern-Volmer plots, and (b) the reference 

intensity as a function temperature.   
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Figure A5. PSP measurement setup at the Mach 2.5 axisymmetric test section [37].   
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(a) 

 
(b) 

 
(c) 

 

Figure B1. Raw images in Case 3466: (a) dark current image, (b) wind-off PSP image, and (c) wind-

on PSP image.  Flow is from left to right.  

 

 

 

 


