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ABSTRACT

Recent observations of X-ray pulsars at low luminosities allow, for the first time, to compare theoretical models for the emission from
highly magnetized neutron star atmospheres at low mass accretion rates (M < 10" g s!) with the broadband X-ray data. The purpose
of this paper is to investigate the spectral formation in the neutron star atmosphere at low M and to conduct a parameter study of
physical properties of the emitting region. We obtain the structure of the static atmosphere, assuming that Coulomb collisions are the
dominant deceleration process. The upper part of the atmosphere is strongly heated by the braking plasma, reaching temperatures of
30—-40keV, while its denser isothermal interior is much cooler (~2 keV). We numerically solve the polarized radiative transfer in the
atmosphere with magnetic Compton scattering, free-free processes, and non-thermal cyclotron emission due to possible collisional
excitations of electrons. The strongly polarized emitted spectrum has a double-hump shape that is observed in low-luminosity X-ray
pulsars. A low-energy “thermal” component is dominated by extraordinary photons that can leave the atmosphere from deeper layers
due to their long mean free path at soft energies. We find that a high-energy component is formed due to resonant Comptonization in
the heated non-isothermal part of the atmosphere even in the absence of collisional excitations. The latter, however, affect the ratio
of the two components. A strong cyclotron line originates from the optically thin, uppermost zone. A fit of the model to NuSTAR
and Swift/XRT observations of GX 304—1 provides an accurate description of the data with reasonable parameters. The model can
thus reproduce the characteristic double-hump spectrum observed in low-luminosity X-ray pulsars and provides insights into spectral

formation.
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1. Introduction

Accretion-powered X-ray pulsars have been known for decades
as binary systems which consist of a rotating highly magne-
tized neutron star and a donor star companion (e.g., Zel’dovich
& Shakura 1969; Basko & Sunyaev 1975). The strong magnetic
fields of the neutron stars in High-Mass X-ray binaries (HMXBs)
significantly affect the accretion of matter from the donor, which
is typically an early-type (O/B) star. Close to the compact ob-
ject, in the magnetosphere of the neutron star, the dynamics of
the accretion flow are dominated by the magnetic field of the
neutron star. The accreting material couples to the magnetic field
lines and is channeled down onto the magnetic poles of the neu-
tron star. The matter is decelerated from its free-fall velocity of
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~0.7¢ in an accretion column or at the surface of the neutron
star. The properties of the column depend on the mass accre-
tion rate (e.g., Burnard et al. 1991; Becker et al. 2012; Postnov
et al. 2015a; Mushtukov et al. 2015). It is well understood that
at high accretion rates of M > 10'7 g s~! radiation pressure plays
a major role in decelerating the matter (Davidson 1973; Basko
& Sunyaev 1976; Wang & Frank 1981) in the accretion column.
The accretion flow loses its energy gradually, by passing through
the extensive radiative shock. See Becker & Wolff (2007), Wolff
et al. (2016), Farinelli et al. (2016), and Gornostaev (2021) for
accretion column models in this high mass accretion rate regime.
At lower accretion rates, M ~ 10"°-10'7 gs~!, it is possible that
matter is decelerated by passing through a collisionless shock
(Langer & Rappaport 1982; Bykov & Krasil’Shchikov 2004;
Vybornov et al. 2017). In this case, the gas shock is discontin-
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uous with post-shock velocity ~vg. The aftershock flow is de-
celerated to rest by Coulomb collisions. Soft thermal X-ray pho-
tons emitted from the thermalized region near the surface of the
neutron star, as well as photons produced by free-free and cy-
clotron emission, are then reprocessed in the column by Comp-
ton scattering to produce the harder X-rays emerging from the
column. At even lower mass accretion rates, the accretion flow
approaches the neutron star surface at free-fall velocity and then
rapidly decelerates in the nearly static atmosphere by Coulomb
collisions (Zel’dovich & Shakura 1969, ZS69 hereafter).

The extreme magnetic field of the neutron star significantly
affects both the hydrodynamical characteristics of the accretion
flow and the photon-electron interactions inside the plasma. In
the presence of strong magnetic fields, photon scattering, ab-
sorption, and emission become resonant processes due to the
quantization of the electron motion perpendicular to the mag-
netic field on Landau levels. As a result, the cross sections for
magnetic Compton scattering and magnetic free-free absorp-
tion are strongly energy and polarization dependent and highly
anisotropic (Herold 1979; Nagel 1980; Daugherty & Harding
1986; Bussard et al. 1986; Schwarm et al. 2017). The resonant
nature of the scattering process is also responsible for the for-
mation of Cyclotron Resonance Scattering Features (CRSFs),
commonly referred to as cyclotron lines, which are observed
in the spectra of about 36 X-ray pulsars and usually appear as
absorption line-like spectral features (Staubert et al. 2019). Be-
sides the fundamental feature located at the energy correspond-
ing to the electron cyclotron frequency, 7iwcyc, within the line
forming region, higher harmonics can also sometimes be ob-
served. The shapes of these lines can differ from a Voigt pro-
file due to the non-constant magnetic field over the line form-
ing region and multiple photon Compton scattering, which cre-
ates spawned photons from higher harmonics with energies close
to the fundamental one (Schwarm et al. 2017; Schonherr et al.
2007). A second effect of the strong magnetic field is the polar-
ization of the propagating radiation by magnetized plasma and
vacuum birefringence. Due to expected strong Faraday depolar-
ization, the photon field can be described in terms of two normal
modes, ordinary and extraordinary (Gnedin et al. 1978), which
exhibit very different properties in photon-electron interactions.
The cross sections for the extraordinary mode are strongly en-
ergy dependent, whereas for the ordinary mode they are highly
anisotropic.

At the sufficiently low accretion rates considered here M <
10" gs71), the picture of the accretion process is different from
one, corresponding to an accretion column. The formation of
radiation-dominated shocks in the tenuous flow is not possi-
ble due to the short radiation diffusion time (Postnov et al.
2015a). Instead, matter reaches the surface in free-fall regime,
and Coulomb interactions between particles of the falling plasma
and particles of the neutron star atmosphere are expected to
be the main mechanism of plasma deceleration (Harding et al.
1984; Miller et al. 1987). As protons carry most of the energy of
accreting flow, the main energy transfer occurs due to falling pro-
ton collisions with ambient atmospheric electrons. The physical
picture of this braking of the plasma through Coulomb collisions
and the associated formation of the spectrum of emerging radi-
ation has been investigated in a number of papers, starting with
7569.

7569 solved the energy balance and hydrostatic equilibrium
equations, together with the diffusion equation for the energy
density, obtaining the thermal and density structure of the atmo-
sphere without the magnetic field and for spherical accretion.
They first showed that the upper, optically thin part of such at-
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mospheres is overheated by the deceleration of accreted matter,
while the deep layers have a much lower electron temperature,
T.. This result was later confirmed and extended by, e.g., Alme
& Wilson (1973), Turolla et al. (1994), Deufel et al. (2001), and
Suleimanov et al. (2018). The proton stopping in a magnetized
plasma differs from the non-magnetic case due to the restric-
tion of the momentum transfer in the perpendicular direction.
The protons usually occupy very high Landau levels and thus
can be treated classically. However, the quantization of the elec-
tron’s motion affects the Coulomb collisions and forces protons
to veer from the magnetic field lines (Miller et al. 1987). Col-
lisional deceleration in a highly magnetized plasma is therefore
less efficient (Harding et al. 1984; Miller et al. 1987). However,
Coulomb collisions during plasma braking can also lead to the
excitation of electrons to higher Landau levels. These excitations
are then followed by radiative decay, increasing the number of
cyclotron photons in the atmosphere (Bussard 1980). To a high
degree, this process depends on the magnetic field strength and
the velocity of the falling matter. For high magnetic fields, when
only 1-2 Landau levels can be collisionally populated, only a
small fraction of the accretion energy goes into non-thermal Lan-
dau excitations (Miller et al. 1987, 1989). Nelson et al. (1993,
1995) considered the effects of a moderate magnetic field, allow-
ing for excitations to very high Landau levels with subsequent
radiative decay. They suggested that due to down-scattering in
the cold atmosphere the escaping flux of these spawned photons
can be observed as a broad emission line-like feature below the
cyclotron resonance energy.

Motivated by recent NuSTAR observations of the tran-
sient X-ray pulsars GX304—1 (Tsygankov et al. 2019b) and
A 05354262 (Tsygankov et al. 2019a), which allow the direct
study of the broadband X-ray spectrum emitted by highly mag-
netized neutron stars at low M, in this paper we consider the
spectral formation in the atmosphere of a neutron star. Specif-
ically, the NuSTAR observations were performed at luminosi-
ties of ~10** ergs™! for GX304—1 and ~7 x 10**ergs™! for
A (05354262. Both sources showed a drastic spectral transi-
tion from the exponential cutoff power law widely observed
in HMXBs at intermediate to high luminosities to a double-
hump shape. The soft energy component peaks at around 5 keV
followed by a dip at ~10-20keV and a subsequent hump,
peaking at around 30-40keV. The analysis of the spectrum of
A (05354262 by Tsygankov et al. (2019a) also showed a pos-
sible cyclotron line at 47.7 keV. The persistent low-luminosity
HMXB XPersei and the transient HMXB GROJ1008-57,
which has recently been observed at ~10% ergs™' (Lutovinov
et al. 2021), are the other examples of a similar peculiar two-
component continuum. Tsygankov et al. (2019b) suggested that
the high-energy component can be explained by the production
of the cyclotron photons due to collisional excitations of the Lan-
dau levels and their subsequent reprocessing in the heated atmo-
sphere.

Mushtukov et al. (2020) showed that if one assumes a strong
primary source of cyclotron photons and reprocesses these in
the upper, hot part of the atmosphere, the two humped spectrum
can be reproduced. This ansatz requires that almost all accre-
tion flow energy goes into collisional excitations of atmospheric
electrons and the subsequent production of the cyclotron pho-
tons (Eq. 3 of Mushtukov et al. 2020). The latter is, however,
not supported by existing models for low-M accretion in strong
magnetic fields (e.g., Miller et al. 1989). In this paper, we revisit
the spectral formation from the polar caps of magnetized neu-
tron stars by improving on the modeling of the radiative transfer
through the neutron star atmosphere. We obtain the structure of
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the neutron star atmosphere by adopting the approach of ZS69
for non-magnetic atmospheres and then calculate the polarized
radiative transfer. We show that these calculated synthetic spec-
tra have the potential for widespread use as a tool for data anal-
ysis of low luminosity observations.

The paper is organized as follows. In Sect. 2 we discuss the
polar cap model, presenting our formulation of the problem. We
describe the atmospheric structure calculation, the opacities due
to Compton scattering and free-free absorption in a strong mag-
netic field, and our approach to compute the radiative transfer in
this setup. In Sect. 3 we then describe the results of solving the
radiative transfer equation and investigate the parameter depen-
dencies. In Sect. 4 we apply the model to fit the low luminosity
observation of the X-ray pulsar GX 304—1 mentioned above. We
summarize our results, discuss the limitations of our model, and
outline possible future developments in Sect. 5.

2. Polar cap model
2.1. Overview

In this section, we describe the polar cap model (polcap here-
after) in greater detail. We consider the accretion of fully ionized
hydrogen plasma with a low mass accretion rate, M < 10" gs7!,
onto a magnetic pole of a neutron star with mass Mys = 1.4 M,
and radius Rys = 12 km. We assume that under such conditions,
neither a radiative nor a gas mediated shock raises above the
surface, i.e., no accretion column is formed. The matter thus
falls freely along the magnetic field lines. The braking is me-
diated mainly by Coulomb collisions within the thin layer of al-
ready accreted plasma that spreads around the magnetic pole and
merges into the neutron star atmosphere. In the following, we
refer to this layer as the “atmosphere”. The accreted energy is
reprocessed in the atmosphere and results in the X-ray emission
from the polar cap of radius ry. At such low accretion rates, we
can ignore the influence of the rarefied incoming plasma on the
emergent radiation. The plasma braking depends to a high de-
gree on the M and the surface magnetic field strength By. While
we do not calculate the details of the stopping process, we take
into account that a fraction of the accreted energy, feyc, can go
into collisional excitations of ambient atmospheric electrons to
the higher Landau levels, while the rest contributes to the ther-
mal energy of the accretion region.

Based on this physical picture, we build our model for the
polar cap emission characterized by four major parameters: the
mass accretion rate, M; the polar cap radius, rp; the surface mag-
netic field strength By, which we express in terms of the corre-
sponding cyclotron energy, Ey.; and the fraction of accretion en-
ergy going into non-thermal collisional excitation of electrons,
feye. In the following, we give a brief overview of the general
concept of our modeling.

We start our discussion in Sect. 2.2 by describing the compu-
tation of the inhomogeneous thermal and density structure of the
atmosphere. There, we mainly follow the hydrostatic approach
of ZS69 and only include a rudimentary model for the radiation
field.

In a second step, in Sect. 2.3, we consider the physics of
photon-electron interactions and corresponding opacities in the
highly magnetized medium of the atmosphere.

In Sect. 2.4, we then describe the transfer of the radiation
through the atmosphere using the obtained structure and opaci-
ties. We solve the radiative transfer equation in two polarization
modes, taking into account the anisotropy of the radiation field
and the partial energy redistribution due to magnetic Compton

A Z||j3’

y diffusion limit

Fig. 1. Schematic depiction of the model describing the accretion at low
M onto the polar cap of a magnetized neutron star. The polar cap is an
emitting layer of an atmosphere with the total column density ymax (cor-
responding to the total geometrical depth z,,x ~ 10m) and radius ry.
The characteristic proton stopping length is denoted as z, (geometrical
scale) and y, (column density scale).

scattering. The major source of photons throughout the atmo-
sphere is free-free emission (bremsstrahlung) where we also ac-
count for the presence of a magnetic field. A further source of
radiation is the cyclotron emission due to radiative decay of elec-
trons excited by non-thermal collisions.

Finally, in Sect. 2.5 we describe a complete simulation that
combines all the different aspects to obtain a consistent model
for the atmospheric structure and the spectrum of the emergent
radiation.

2.2. Atmosphere model

We assume that the neutron star atmosphere is a plane-parallel
slab. Its outer surface normal is co-directional with the z-axis,
which is defined to be parallel to the magnetic field lines near
the surface.

The structure of the atmosphere is mainly determined by
the energy release of the infalling material, i.e., the deceleration
of protons of an accretion flow in the neutron star atmosphere.
The different mechanisms that are responsible for this decelera-
tion have been studied extensively over the past 50 years (e.g.,
7569; Basko & Sunyaev 1975; Kirk & Galloway 1982; Harding
et al. 1984; Miller et al. 1987; Nelson et al. 1993, and references
therein). The important parameter describing the process is the
characteristic depth inside the atmosphere at which the majority
of the injected particles have released their kinetic energy, zg.

The stopping process depends most strongly on the column
density

y() = f " o)z, M
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where 7. is the full geometrical depth of the atmosphere and
where p(z) is the density of the plasma. We therefore use this
quantity, rather than z, to model spatial variations. We empha-
size that even though the total column density of the atmosphere,
Ymax, 18 high (in our typical setup, ym.x = 10° g cm™2), the corre-
sponding zmax s only ~10m due to high density. This allow us
to consider the magnetic field as constant inside the atmosphere.
The accreted energy is released down to yy = y(zo). We refer to
yo as the “stopping length” in the following, adopting the stan-
dard terminology from the literature mentioned above. Figure 1
provides a sketch of the geometry.

Since the atmosphere is in hydrostatic equilibrium, we can
compute its density from the known temperature profile, i.e.,
from the energy balance in the atmosphere. We do not perform
a detailed computation of the actual energy loss rate through the
atmosphere, dE/dy, but adopt a modified approach of ZS69 that
ensures the continuity of the heating function throughout the at-
mosphere. We leave a deeper discussion of the energy loss rate
for Sect. 5.2.

In the volume above y,, where the protons are decelerated,
the conditions are likely sufficient to permit the collisional ex-
citation of electrons into higher Landau levels. We parameterize
this complex process by assuming that a fraction of the accreted
energy, feye, goes into non-thermal collisional excitation of elec-
trons, while the remaining fraction, 1 — f,., directly heats the
atmospheric plasma.

The main cooling processes in the atmosphere are free-free
emission and Compton cooling. Similar to ZS69 (their Eq. 1.3),
we parameterize the cooling rate for free-free processes as

Ap =5X% 1020\/TCp2(

and the cooling rate due to Compton scattering as

T’
1- —) erg s'em™3, 2)
T.

e AT (1) o
m, mecC T,

where k is the Boltzmann constant, oy is the Thomson scattering
cross section, c is the speed of light, m, and m. are proton and
electron rest masses, respectively, and € is the y-dependent radia-
tion energy density. The last terms in Eq. 2 and Eq. 3 account for
the inverse processes, i.e, free-free absorption and inverse Comp-
ton scattering. In this way, heating by free-free absorption and
inverse Compton scattering is included in the cooling rates. The
effective radiation temperatures 7’ and 7" for both processes
are taken to be equal to the photon temperature, Ty, = (€/a;)'/*,
where a; is the radiation density constant. In this paper, when we
discuss free-free processes (absorption and emission), we mean
only thermal free-free processes, omitting the word “thermal” in
the following.

The energy balance equation for each spatial layer of the at-
mosphere is thus given by

Ac

Fe 1 - Jcyc f < 5
Ap + Ac = {Fer(l = Jevedplyo  fory < yo @)
0 for y > yo
where the “effective flux” is
GMnsM 1
Feg = R—NS—Z, ©)
NS

and where the term Feg/yo is related to the radiative energy
flux divergence, V - F, representing the constant energy release
per unit mass. To ensure continuity of the atmospheric profiles,

Article number, page 4 of 18

which is required by the numerical scheme for the radiative
transfer calculation, contrary to ZS69 we choose the heating to
be characterized by an exponential cutoff instead of Eq. 4,

Fer(1— 2
A +Ac = M exp(—y—z). (6)
Yo Yo

This modification has almost no effect on the obtained solution,
except for smoothing the transition region near yj.

In this part of the modeling, we simplify the model for the
radiative transfer by using the diffusion approximation for the
radiant energy density, e(y),

de 3%"[

dy - - fW N

where %1 = or/m, is the opacity of a fully ionized hydrogen
plasma due to Thomson scattering, and F(y) is the flux given by
the formula

_ 2
F) = Far 2292 exp (—”—). ®)
Yo

7

Choosing the Marshak boundary condition, i.e., imposing flux

continuity by setting €(0) = Feg V3 /c, we can write the solution
of Eq. 7 and Eq. 8 as

2
e = 210 Fy, (exp [—y—z) - ﬁerf(i)) el ©
C 2 0 yo

where

Feg 3t F.
C:\/gcff_ AT Ieff (10)

—2yo~

Finally, hydrostatic equilibrium yields the density distribution

2
20kT, (%—M + p;—)y for y < yo
P=——= oM oot (11
myp (ﬁ +Tﬁ)y, fory>y0

where vg is the free fall velocity and where pg = M/ (ﬂ'rgl)ﬁ) is
the density of the falling accretion flow at the upper boundary of
the atmosphere.

We obtain the structure of the atmosphere by expressing the
density as a function of the temperature using Eq. 11 and substi-
tuting it into Eq. 6. The temperature then can be easily calculated
by using a root-finding algorithm, Newton’s method in our case.
We emphasize, however, that because of Eq. 6 this approach re-
quires us to assume a value for the stopping length of the pro-
tons, yo. This quantity is not a free parameter of the model and
we will describe our choice of yg in Sect. 2.5, as this assumption
is closely related to our solution of the radiative transfer equation
(Sect. 2.4).

2.83. Polarization and opacities

Before we describe the transport of the radiation through the at-
mosphere (Sect. 2.4), we first need to discuss how the radiation
and photon-electron interactions are affected by the strong mag-
netic field. In this section, we address Compton scattering and
free-free absorption in the vicinity of the neutron star (“mag-
netic Compton scattering” and “magnetic free-free absorption”),
as these are the most relevant processes to be considered here.
The magnetized plasma of the neutron star atmosphere is an
anisotropic and birefringent medium. It has a strong influence
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on the polarization properties of photons, since the interaction
between the plasma and the radiation strongly depends on the
frequency and direction of the photon propagation. Moreover,
in strong magnetic fields the effect of vacuum polarization be-
comes significant (see Adler 1971; Gnedin et al. 1978; Mészaros
& Ventura 1978; Meszaros & Ventura 1979, and Lai 2001 for a
review). For the conditions in the accretion columns of X-ray
pulsars this effect can become dominant over plasma effects.
Wang et al. (1988) suggested characterizing the relative impor-
tance of plasma and vacuum effects by the ratio of the parameters
w = (cupe/ou)2 and 8y = (1/45m)a(B/B.)?,

2
wo_ 45_”(%)2 mec?\" (12)
oy a \w Ecyc

where

Wpe = VAnnee?/me (13)

is the plasma frequency, w is the frequency of the electromag-
netic wave propagating in the medium, « is the fine structure
constant, and B, = mgc3/ eh is the critical magnetic field in the
quantum-electrodynamical Schwinger limit. For w/dy < 1, the
wave propagation is mainly affected by vacuum polarization.
Conversely, when w/dy > 1, the effects of magnetized plasma
play a major role. Finally, if w/dv = 1, both plasma and vacuum
effects have to be taken into account.

The radiation propagates in the form of two polarization nor-
mal modes. These are defined by the direction of the electrical
vector of the radiation, e, in relation to the plane formed by the
wave vector of the photon, k, and the magnetic field vector, B.
In the ordinary mode (hereafter also referred to as “mode 2”),
e oscillates in the (k, B) plane, while in the extraordinary mode
(“mode 1”), e L (k, B).

We mentioned that in the presence of strong magnetic fields,
due to the quantization of the electron motion perpendicular to
the magnetic field on Landau levels photon-electron interactions,
such as Compton scattering and free-free absorption, become
resonant processes. Moreover, these processes proceed differ-
ently for each of the polarization modes. The scattering and ab-
sorption cross sections of both modes differ dramatically in mag-
nitude, especially in the soft X-ray range, and are strongly energy
dependent, which has consequences for the formation of the con-
tinuum as discussed below.

Expressions for the cross sections for scattering and free-
free absorption have been obtained by various authors, using
different approximations as well as different photon polarization
modes, such as pure plasma, pure vacuum, or plasma+vacuum
modes (see, e.g., Ventura 1979; Kirk & Meszaros 1980; Nagel
1981; Daugherty & Harding 1986; Bussard et al. 1986; Mush-
tukov et al. 2016; Sina 1996). Here, we consider one-photon
Compton scattering, following the quantum mechanical deriva-
tions for differential and total scattering cross sections given by
Nagel (1981). This derivation neglects the electron spin and as-
sumes that the initial and final electron occupies the lowest Lan-
dau level, but takes into account thermal electron motion. Thus,
these cross sections are appropriate for a hot, non-relativistic,
kgTe < mec?, plasma.

The probability that a photon with initial energy E and polar-
ization vector e, which propagates in the direction k, will have
the characteristics E’, k” and e’ after the scattering event is given

by the differential cross section,

d?o
E E/ ’ ’
dEIdQ’( 7k’e_> 5k7e)
Er 2 72
=r— f dpf(ple’MmeyPs(E- £+ L— - L) (14
2me  2me

where r. is the classical electron radius, dQQ = sin 6d6d¢ is the
solid angle element, with the azimuthal angle, ¢, and the angle
6 between vectors k and B, f(p) is the non-relativistic Maxwell
distribution for the electron momentum p, and I is the scattering
amplitude (see Eq. 5 of Nagel 1981). The ¢ function expresses
conservation of energy in the scattering event, with p and p’ de-
noting the initial and final momentum of the electron, respec-
tively. From the optical theorem the total cross section is then

1/
o= —4yrrec—lm II,
E

15)

where the matrix elements of the scattering amplitude, IL, are
averaged over the Maxwellian distribution.

We assume pseudo-local thermodynamic equilibrium and
treat cyclotron absorption and reemission as scattering, assum-
ing that the collisional de-excitation rate is lower than the radia-
tive decay rate, consistent with our atmosphere model and the
classical approach of Nagel (1980), Meszaros & Nagel (1985a),
and Alexander et al. (1989). Under these assumptions, the ther-
mal production rate of photons is given by j = o' B(T,), where
B(T.) is the Planck function of the local electron temperature and
where the magnetic free-free absorption coefficient, ', includes
the continuum and the resonant part due to cyclotron processes
(see, e.g., Eq. 7 of Meszaros & Nagel 1985a).

Although the Nagel (1981) cross sections are given for
plasma normal modes, they allow an easy replacement of the
polarization vectors with vacuum ones (see, e.g., Eq. 14). For
the photon energy range used in the calculations and throughout
most of the atmosphere, we find with Eq. 12 that the atmosphere
is dominated by vacuum effects. In the following, we therefore
use the pure vacuum normal modes to describe the photon po-
larization state, as given by Wang et al. (1988, their Eq. 12a—f).
This approach results in a substantial acceleration of the com-
putations. The other reason to avoid mixed plasma and vacuum
normal modes is the ambiguity of the definition of the modes,
as well as the fact that they become non-orthogonal when both
vacuum and plasma effects are taken into account (Soffel et al.
1983). This ambiguity would require a more careful investiga-
tion (Ho & Lai 2003) and is left for a future development of the
model.

To illustrate the behavior of the vacuum cross sections, in
Fig. 2 we show the magnetic Compton scattering and magnetic
free-free absorption cross sections for ordinary and extraordi-
nary modes, for two different electron temperatures, 7., and
electron number densities, n., choosing values that are typical
for the atmospheric conditions relevant to the present study.

2.4. Polarized radiative transfer

To describe the propagation of the radiation field through the
atmosphere, we need to solve the radiative transfer equation. In
this section, we discuss the transfer equation (taking into account
the azimuthal symmetry of the task), the boundary conditions of
the radiative transfer, and its numerical solution.
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Fig. 2. Total cross section for magnetic Compton scattering (purple
lines) and the free-free absorption coefficient (cyan lines) for the ordi-
nary (solid) and extraordinary (dashed) polarization mode, taking into
account vacuum polarization. Left: coefficients for a tenuous and hot
plasma with n, = 10® cm™ and kT, = 35keV, as expected for the
upper, overheated layers of the atmosphere. Right: Same but for cold
and dense plasma with n, = 10 cm™ and kT, = 2keV, correspond-
ing to the bottom part of the atmosphere. The cyclotron line energy is
E.y. = 75keV and the incident photon has a direction of # = 60° with
respect to the magnetic field, for both cases.

2.4.1. Transfer equation

In the case of the emitting region considered here, we can
simplify the treatment of radiative transfer by assuming that
the atmosphere is a semi-infinite, plane-parallel slab. For such
medium we can write two equations that govern the radiative
transfer in the outgoing, and incoming directions,

iﬂ% =«(S - L), (16)
0z
where ¢ = cos# is restricted to the half-range [0, 1], I. =
I(E, 1, 7) is the specific intensity, k = o +af is the total opacity,
and S is a source function.
By introducing symmetric and anti-symmetric averages of
the specific intensity,

u= %(L +1) (17a)

v= %(L -1), (17b)
Feautrier (1964) suggested an approach that allows present-
ing the radiative transfer equation as a second-order differential
equation. Here, u and v are the analogs of zero- and first-order
moments of the specific intensity, respectively. By adding and
subtracting two equations of Eq. 16, we obtain

pg—z =k(S —u) (18a)
ﬂ‘;_”z’ — (18b)

We can now obtain a second-order equation by expressing v in
terms of u from Eq. 18b and substituting it to Eq. 18a, which
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yields

2 52
pu
76—Z2—K(M—S) (19)
In our case, the source function is given by

du’ E,u— E' —
f f u d Vi d S(E,u— E'p ) S’
+ “—uB +Seer (20)
K

where the integrals represent electron scattering with partial en-
ergy and angular redistribution, with u’ = u(E’, i’, z), and where
we took into account the azimuthal symmetry of the problem.
The second term describes a contribution from thermal absorp-
tion and emission with iig being the equilibrium spectrum, which
is Planckian with the local electron temperature. The source of
non-thermal cyclotron emission at each layer of the atmosphere,
S ey, 18 given by

Seye(E) = Fe J::YC Lyt o) exp (——) 1)
4 Yo
where the profile Vp is determined by the Doppler broadening
E - Egy.)?
VD = m exp [—%) , (22)
with
AEp = Ecye V2kT, [mec?. (23)

We note that Eq. 19, together with Eq. 20, does not include stim-
ulated processes directly (the stimulated scattering term is omit-
ted), such that the problem is linear. However, ignoring stimu-
lated scattering for optically thick plasma can lead to a signifi-
cant excess of photons (>50%) at high energies (Alexander et al.
1989). Meszaros et al. (1989) introduced a compromise proce-
dure that allows treating the stimulated scattering while avoiding
the nonlinear problem by assuming an artificial detailed balance
relation,

d’o
dE’du’

_(E'V (exp(E/kT) - 1) d’o
- exp (E'/kT.) — 1] dEdu

In equilibrium, this expression leads again to a Planckian photon
spectrum. It fully reproduces the low energy part of the spectrum
obtained by solving the nonlinear problem and slightly under-
estimates the high energy photon flux while keeping the same
spectral shape. (see Figs. 2,3 of Alexander et al. 1989, for a di-
rect comparison with the nonlinear problem).

We next consider polarization effects. These require us to
separate the radiation field into the ordinary and extraordinary
modes, which are coupled through the scattering integral. In or-
der to remain consistent with the description of the atmospheric
structure, we rewrite the transfer equation in terms of the column
density y, by taking into account that dy = —pdz, as

(E,u— E', 1)

(E'.p' > E.p). (24)

@y
Kkplp* Oy?

d(Tpp B Scyc
dEd /_ - )
p 12ffdmm N rg "k

where the subscript p = 1 for the extraordinary mode and p = 2
for the ordinary mode, u,, = u,(E, 1, y), the opacity k), = o-,,+ag,

= Kpltp

(25)

and the factor % occurs from the separation of the two modes.
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2.4.2. Boundary conditions

Finally, in order to solve Eq. 25, we need to specify the bound-
ary conditions at the top of the atmosphere, y = 0, (“upper”
boundary) and at y = ynax (“lower” boundary). At the upper
boundary we assume that there is no external illumination of the
slab, 1_(0) = 0. In this case, from Eq. 17 we find #(0) = v(0) and
Eq. 18b yields

i Oup

= —u, 26
Kplp Oy ! (20

The assumption of free photons emerging from the upper bound-
ary is consistent with the physical picture of a low accretion rate,
where the effects of the radiative transport in the moving plasma
above the polar cap can be ignored.

At the lower boundary of the atmosphere, at high optical
depths corresponding to the chosen ym,, = 10°gcm™ (and
high densities, as will be shown in Sect. 3.1), the radiation field
can be treated in the diffusion approximation, i.e., /(Ymax) =
B(Ymax) + p(x™! |0B/dyl),... (see, e.g, Mihalas 1978, chap. 2).
As the mean intensity #(ymax) = B(Ymax), from Eq. 17 we ob-
tain v(Ymax) = p(k" |0B/dyl)y,..- In our case, Eq. 6 leads to the
existence of an extended cold isothermal layer below yo (see
Sect. 3.1), and therefore Eq. 18b yields

Oup,

=0.
oy

(27)
These boundary conditions together provide a self-emitting slab,
where free-free emission, including both continuum and reso-
nant parts of the coefficient, and non-thermal cyclotron emission
are the only sources of photons.

2.4.3. Numerical solution

We model the radiative transfer by discretizing Eq. 25 for each
polarization mode using an appropriate angular {u}, energy {E},
and column density (“spatial”) {y} grid. We then write a matrix
equation for each y-layer and solve the system of matrix equa-
tions using a tridiagonal matrix algorithm. This approach to solv-
ing the transfer equation for atmospheres with predefined tem-
perature and density profiles is known as the “Feautrier method”
(Feautrier 1964). The method is efficient even for optically thick
atmospheres and allows for partial angular and energy redistri-
bution. The application of the method to the polarized radia-
tion in magnetized atmospheres was described by Nagel (1981),
Meszaros & Nagel (1985a) (see also Mihalas 1978, chap. 6, for
the classical formulation). We follow the prescriptions of (Auer
1967) to improve the boundary conditions by performing a Tailor
series expansion away from the boundary, including terms up to
the second order. Our code for the radiative transfer simulation,
FINRAD, is written in Python 3 and based on sparse matrices. It
was extensively tested using known analytical and numerical so-
lutions for scattering atmospheres and the well-known transfer
code XILLVER for reflection from accretion disks (J. A. Garcia
priv. comm.). Some examples of this code verification are pre-
sented in Appendix A.

2.5. Complete simulation

In order to determine the structure of the atmosphere and then
use it to solve the radiative transfer equation, we first need to
obtain an estimate of the stopping length of protons, yo. The de-
tailed modeling of the proton stopping at the level of, e.g., Kirk

X-ray emission from magnetized neutron star atmospheres at low mass accretion rates

Set of parameters
[ e

Initial guess y,

Hh

Solve radlatlve transfer

Calculate atmosphenc
structure: T,(y),p(y)
[ equation: F,(E),F,(E)

Write spectrum

Fig. 3. Flowchart of the complete numerical solution.

& Galloway (1982) or Miller et al. (1987), is outside the scope
of this paper. Instead, we iteratively find y, for each given set
of the parameters, {M, ry, Ecye, feye}, by requiring that energy
is conserved inside the emitting region. Specifically, for a cho-
sen M, we require that all kinetic energy of the accretion flow is
converted to the radiation emerging from the atmosphere

1. GMnsM
Lacc = EMUﬂ“ = R—II:: (28)
We restrict the calculated bolometric flux by setting
Lum =73 [ (FUE) + FyBME * Lo 29)

where F| and F, are the specific fluxes of the extraordinary and
the ordinary mode, respectively.

In order to obtain a self-consistent model of the atmosphere,
for each set of parameters {M, ro, Eye, feye} we choose an ini-
tial value for yo (usually, yo = 6-9 gcm™2), calculate the atmo-
spheric structure based on the discussion in Sect. 2.2, and then
solve the radiative transport as described in Sect. 2.4 to obtain
the flux. We then compare the resulting luminosity of the slab,
Lyum, to Ly and, if necessary, adjust y iteratively until energy
conservation is achieved at better than 10% tolerance, i.e., until
|Lyum — Lacel/Lace < 0.1. The total process of the simulation is
illustrated in Fig. 3.

For the discretization of the spatial scale, we use a logarith-
mic grid within the range y = 1073-103 gcm™2. We continue
our grid to such high column densities (compared to y,) to en-
sure that the medium has a sufficiently high optical depth for
both polarization modes over a wide energy range. Angular dis-
cretization is performed according to the 8-point double-Gauss
formula for u given by the roots of the Legendre polynomial on
the range [0, 1] (see Sykes 1951; Mihalas 1978, chap. 3). The en-
ergy grid requires more care, as it is necessary to ensure having
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a fine grid around the cyclotron resonance while the grid in the
continuum can be coarser. At the same time, however, the steps
in the energy grid should not change abruptly as this can lead
to instabilities in the numerical scheme and also strongly affects
the redistribution in energy. Our compromise solution is to use a
non-uniform grid generator where the points condense gradually
towards the so-called “target”, which in our case is the cyclotron
resonance. Here, we apply the generator by Tavella & Randall
(2000), which gives the grid points

E; = Eoye + {sinh (cQﬁ +e (1 - ﬁ)) (30)
where

Emin max — E
Cl2 = sinh™! ( - a( cyc), (31)

and where the parameter { determines the uniformity of the grid.
In our calculations, we choose { = 0.3 and set E,i, = 0.8keV,
Enax = 250keV, with a total of 300 points on the energy grid.

3. Spectral formation and atmospheric structure

In this section, we describe the obtained atmospheric structure,
the formation of the emergent radiation field, and its spectral
shape. We base our discussion on a parametric study of a set
of 144 spectra in which we varied the mass accretion rate, polar
cap radius, magnetic field, and the fraction of accretion energy
going into non-thermal collisional excitation of electrons over
the following parameter ranges: M = [4-16] x 1013 gs7!, ry =
[80-140] m, E.y. = [50-80]1keV, fiyc = [0-0.4]. The neutron
star mass and radius are fixed to 1.4 M and 12 km, respectively.

3.1. Atmospheric structure

We start our discussion with a description of the internal struc-
ture of the atmosphere, which to a large extent determines the
shape of the emergent spectrum. Figure 4(right) shows the elec-
tron temperature and density distribution along the vertical axis
in the atmosphere for a typical set of parameters. The atmo-
sphere has two principal parts determined by y. In the upper
part, where y < yo, the heating by accreted matter significantly
affects the energy balance (Eq. 6). The temperature of this region
mainly depends on yy and reaches values of 30—40keV. Media
with shorter yo have a higher temperature as the accretion energy
dissipates in a smaller volume. In the dense lower part of the at-
mosphere, only the balance of free-free processes and Compton
scattering determines the low equilibrium temperature (~2 keV).
A constant level of the local electron temperature is reached soon
after yo and depends mainly on the ratio M /ﬂrg, which controls
the properties of the falling flux at the upper border of the at-
mosphere through the continuity equation. We also emphasize
which parts of the atmosphere play a major role in the formation
of individual spectral components. We will focus on this in the
following sections.

In addition to the column density, Fig. 4(right) shows the
scales for optical and geometrical depths in the atmosphere.
We emphasize that even though the total column density ymax
is high, the atmosphere remains a geometrically thin layer of
only ~10m. It justifies our assumption about a constant mag-
netic field along the vertical direction inside the atmosphere and
allows us to estimate the effect of gravitational redshift on the
emitted spectrum (see, for example, Sect. 4). Besides, it vali-
dates the choice of one-dimensional treatment for the radiative
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transfer, as the surface area of the sidewall of the atmospheric
slab, Agw = 2mzZmaxto is much smaller than the polar cap area,
A= 7Tr(2). The simple estimate on the corresponding luminosities
yields Ly /Liop < 2Zmaxro << 1. Thus, the radiation flux through
the sides can be neglected. Of course, the escape of photons from
the sidewall is by no means free and is determined by the radiant
thermal conductivity of the magnetized plasma.

3.2. Formation of the emitted spectrum

We can now discuss the spectral formation in the atmosphere
with pre-calculated structure as a result of photon-electron inter-
actions in a highly magnetized medium in detail. We first investi-
gate the formation of the spectrum in the absence of non-thermal
collisional excitations in the atmosphere, i.e., fo;c = 0. This case
corresponds to a very strong magnetic field where the energy of
the flow is insufficient to excite the electrons even to the first
Landau level. This approach allows us to illustrate the details of
the second hump origination.

A typical energy flux (times energy) for low mass accretion
rates onto a magnetized neutron star from the polcap model is
shown in Fig. 4(left), corresponding to the atmospheric structure
from Fig. 4(right). The overall emerging spectrum has two dom-
inant spectral components: a softer, thermal hump and a high-
energy (“second”) hump characterized by a cyclotron line.

We can understand the formation of the spectrum by study-
ing how the photon density

_ 47T Jp(E’y)
fp(E»y) - 7 E

(32)

changes throughout the atmosphere in our model. The mean in-
tensity J can be found at each internal spatial layer by calculating
the quadrature over angles, J,(E, y) = ), w,u,(E, u, y), where w,
are the weights given by double-Gauss formula. The top part of
Fig. 5 shows the evolution of the photon density spectrum inside
the atmosphere. Starting at the bottom of the slab, at the high-
est optical depth, 77 ~ 4 x 102, the free-free absorption dom-
inates opacities for both modes (see the right-hand side of the
Fig. 2, displaying the scattering cross sections for similar con-
ditions) and the radiation field is at local thermodynamic equi-
librium. The photon spectrum is Planckian corresponding to the
local electron temperature k7. = 2keV. At higher, but still opti-
cally thick, layers of the slab, one can see the effect of Compton
up-scattering and the formation of the cyclotron scattering fea-
ture. Since the scattering coefficient in the line core is very high,
the photons are mainly scattered out of the core, forming pro-
nounced shoulders to the line on top of the Comptonized contin-
uum. Closer to 77 =~ 1, the temperature profile is affected by the
heating of the slab by accreted matter. It results in more efficient
Compton up-scattering of softer photons and further diffusion of
the photons away from the line core, which together with the
significant temperature gradient fills up the feature, making it al-
most completely disappear. At small optical depths, 77 < 1072,
the continuum is not further affected by scattering, except for
the region near the cyclotron energy. As the upper part of the
atmosphere has a very high electron temperature, the resulting
cyclotron line is very broad. We find that its width can be well
estimated by assuming pure Doppler broadening (Meszaros &
Nagel 1985a)

kT, \'?
EFWHM = Ecyc (8 In zm—;) <COS 9) (33)

(3
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Fig. 5. Top: Photon density at different optical depths of the neutron
star atmosphere, 71, summed over polarization modes. The set of model
parameters is the same as in Fig. 4. Bottom: Photon density integrated
over photon energies in each polarization mode. Markers correspond to
the lines of a similar color in the top panel; circles indicates ordinary
and crosses extraordinary photons.

In the case discussed here, kT. = 33keV, Ec = 70keV, and
(cos @) = 2/n result in Erpwum ~ 27keV, in agreement with the
line width from our simulation.

The bottom panel of Fig. 5 shows the energy integrated pho-
ton density profile inside the atmosphere. Deep in the atmo-
sphere, both photon modes are thermal and mixed. As a result,
radiation is unpolarized. The extraordinary mode saturates to the

equilibrium value much deeper in the atmosphere due to much
lower opacity. Since the mean free path, 4, scales as A « o1,
at low energies extraordinary photons have a much longer mean
free path than ordinary ones (see Fig. 2). For this reason, soft
extraordinary photons can leave the medium from deeper lay-
ers of the atmosphere, and the radiation becomes polarized.
The density of extraordinary photons is additionally increased
by mode conversion during scattering events. Once an ordinary
photon changed its polarization during scattering, it can leave the
medium. As a result, the spectrum of the emergent radiation is
dominated by soft extraordinary photons. The high-energy pho-
tons and the ordinary mode are trapped in the atmosphere longer
by the resonant scattering. For both polarizations, photon den-
sities decrease towards the top of the atmosphere, reaching the
limiting values at an optical depth comparable with their mean
free path. We note that these conclusions are in agreement with
the results of Meszaros & Nagel (1985b) for a deep optically
thick atmosphere.

In summary, the high-energy component is mainly pro-
duced by resonant magnetic Comptonization in the heated non-
isothermal part of the atmosphere, and then modified by the for-
mation of the cyclotron line in the optically thin layers. Our po-
larization dependent computations also show that the fluxes of
ordinary and extraordinary photons emerging from the atmo-
sphere at the high-energy component is very similar to each
other. This is caused by the large cross sections around the
cyclotron resonance for both modes. However, more actively
comptonized ordinary photons dominate in the line core.

In contrast, the low-energy component is mainly formed
by extraordinary photons. As extraordinary photons can escape
from deeper layers of the atmosphere, the soft thermal emission
in this mode is not modified dramatically by scattering. For the
ordinary photons, on the other hand, it is significantly changed
by Compton up-scatterings. Here, we see a flattened spectrum in
low energy part of the ordinary mode, which results from sat-
urated Comptonization, in agreement with previous results for
high optical depth for magnetic (Meszaros & Nagel 1985a) and
non-magnetic (Sunyaev & Titarchuk 1980) atmospheres. Con-
sidering this and the dominant contribution of the extraordinary
mode to the low energy part of the spectrum, we can therefore
expect the outgoing radiation to have a high degree of polariza-
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tion. The distinguished contribution of the ordinary and extraor-
dinary photons to the soft and hard energy band of the emerging
spectrum is also well known from the studies of Ceccobello et al.
(2014) and Lyubarskii (1988a,b).

3.3. Parameter dependency of the emitted spectrum

We now turn to studying the effects of the model parameters
on the photon spectra emerging from the neutron star atmo-
sphere. We choose a baseline model with parameters M =
1.6 x 1014gs‘1, E.e = 70keV, rg = 140m, and foyc = 0. The
energy flux times area is always shown for this model in purple
in Fig. 6(a-d, left), with the corresponding atmospheric profiles
on the right. We then vary each parameter at a time and show
the spectra and the atmospheres relative to this model. By de-
creasing the mass accretion rate compared to our baseline model
(Fig. 6(a)), we obtain a lower bottom temperature and, conse-
quently, a weaker and softer thermal hump. At a lower accretion
rate, our iterative solution for the atmosphere reaches the energy
conservation (Eq. 29) at a higher yo. Consequently, the volume
in which most of the accretion energy is released increases. This
leads to a lower temperature also in the entire upper part of the
atmosphere, and, accordingly, to a less active formation of the
second hump, by reducing the Compton-y parameter,

Ycompt = T3 Kcez max (7, 7%), (34

for a magnetized plasma. We note that Eq. 34 is applicable only
to the continuum formation and should be understood only in
the sense of dependence on electron temperature in case of par-
tial energy redistribution, which is responsible for the second
hump formation. A decrease in the polar radius (Fig. 6(b)) leads
to the opposite effect on the atmosphere, as compared to a de-
crease in the mass accretion rate since the volume of the entire
energy release decreases. Thus, the temperature rises through-
out the atmosphere and the thermal hump becomes much harder.
However, as we show spectra in energy flux times area units, it is
clear that the luminosity is lower for the model with a smaller po-
lar radius. Both decrease in r( and increase in M, i.e, increase in
flux density, povg = M/A, leading to the higher stopping length.

Figure 6(c) shows that reducing the cyclotron energy, i.e,
the surface magnetic field, to 50keV does not affect the ther-
mal hump. Even though the temperature of the upper part of the
atmosphere decreases, the strength of the second hump is not re-
duced, although it is shifted to lower energies. The formation of
this spectral component directly depends on the cyclotron energy
and the temperature of the upper atmosphere. As we reduced the
cyclotron energy much more than the upper temperature, we left
room for more efficient energy redistribution near the cyclotron
resonance, resulting in strong wings and a deep line. It is impor-
tant to mention, however, that the width of the line only appears
to be bigger than it is at higher cyclotron energy because of the
logarithmic energy scale.

Finally, we allow for non-thermal collisional excitations dur-
ing the plasma braking in the atmosphere (Fig. 6(d)). We in-
crease the parameter fi, to 0.4, so now 40% of the accreted
energy goes into collisional excitations of the ambient electrons,
whereas the rest contributes to heating. This change does not
affect the stopping length, yo, as we just redistribute energy
sources. For the atmospheric profile, it mainly lowers the bottom
temperature, softening the thermal hump. Simultaneously, we
see a rise in the second hump, as the shoulders become stronger
and the cyclotron line more shallow. Thus, the main effect of
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adding a source of non-thermal cyclotron photons is a change in
the ratio of the thermal and the high-energy humps while simul-
taneously reducing the line depth.

4. Application to data: fitting GX 304—1 with polcap

The spectral shapes discussed in Sect. 3 are in qualitative agree-
ment with the spectral shapes seen from accreting neutron stars
in the low M limit. However, only fitting the model to real data
will give a clear idea of its applicability. To that end, we apply
the polcap model to analyze deep observations of the Be X-ray
binary GX 304—1 made with NuSTAR and Swift/XRT.

GX304-1 was discovered in October 1967 during a bal-
loon flight from Mildura, Australia (Lewin et al. 1968a,b), and
later by McClintock et al. (1971) in 1970. Observations with the
Small Astronomy Satellite 3 (SAS 3) in February 1977 revealed
regular X-ray pulsations with a period of about 272 s (McClin-
tock et al. 1977). GX 304—1 consists of a highly magnetized neu-
tron star and the main sequence fast-rotating Be-star V850 Cen.
The system is located at a distance of about 2 kpc (Parkes et al.
1980; Rouco Escorial et al. 2018). At the time of discovery the
source showed the typical behavior of accreting neutron stars
in Be-systems, with regular type I o