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Future crewed exploration missions beyond Low Earth Orbit (LEO) will operate farther 

from Earth and be logistically isolated for longer than any previous human spaceflight 

mission. Under these conditions, supportability and reliability will be stronger drivers of 

mission mass and risk than they have been in the past. Items with high failure rates, or 

uncertain failure rates, can result in high spares mass requirements and/or high risk on deep 

space missions. Testing is a critical element of system development which provides the 

opportunity to identify and resolve design issues, defects, or other failure modes before they 

cause problems during a mission. Reliability growth programs can reduce failure rates by 

identifying and remove failure modes via design changes, and long-duration life testing can 

provide valuable data to reduce failure rate estimate uncertainty and verify (to some level of 

confidence) that components are as reliable as expected. Testing activities take time and 

resources, however, and must be incorporated into program plans in order to be fully effective. 

This paper presents an integrated reliability test plan analysis and optimization methodology, 

which has been used to inform Advanced Exploration Systems (AES) Life Support Systems 

(LSS) ground test planning for future missions. The methodology determines the optimal 

number of test units to purchase and allocation of test time – split between reliability growth 

and uncertainty reduction testing – across a given set of items in order to minimize spares 

mass for a given mission under constraints on total test cost and schedule. Model outputs also 

include expected spares mass after testing and the expected number of modifications or 

refurbishments during testing, both of which can inform program planning. Discussion of the 

model, conclusions, and future work are also presented. 

Nomenclature 

∀  For all 

∈  In (i.e. set membership)  

𝛼  Gamma distribution shape parameter 

𝛽  Gamma distribution scale parameter 

𝛽𝐷  Discovery rate 

Γ(⋅)  Gamma function 

Δ𝑡  Reliability growth test time step size 

𝜁  Expected number of modifications 

𝜆  Failure rate 

𝜆̅  Expected failure rate 

𝜆0  Initial failure rate 

𝜆𝐴  Type A failure rate 
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𝜆𝐵  Type B failure rate 

𝜆𝐷  Discovery scaling parameter 

𝜆𝑔  Failure rate after reliability growth testing 

𝜏  Maximum total test time 

𝜏𝜁   Modification time 

𝜏𝑑  Test unit procurement delay time 

𝜏𝑔  Maximum reliability growth test time  

𝜏𝑟  Refurbishment time 

𝜓(⋅)  Approximate spares mass function 

𝑐  Maximum total test cost 

𝑐𝑢  Test unit cost 

𝑐𝜁   Modification cost 

𝑐𝑟  Refubishment cost 

𝐹𝐸𝐹  Fix Effectiveness Factor 

𝑔  Number of time steps beyond the transition time used for reliability growth testing 

ℎ(⋅)  Discovery rate function 

𝑘  Number of test units 

𝑀𝑆  Management Strategy 

𝑟𝐺   Expected number of refurbishments during reliability growth testing 

𝑟𝑈  Expected number of refurbishments during uncertainty reduction testing 

𝑡  Time 

𝑡ℎ  Reliability growth transition time 

𝑥  Binary test indicator variable 

𝑥𝑔  Binary reliability growth test indicator variable 

𝑥𝑢  Binary uncertainty reduction test indicator variable 

AES  Advanced Exploration Systems 

AMSAA  Army Materiel Systems Analysis Activity 

ECLSS  Environmental Control and Life Support Systems 

LEO  Low Earth Orbit 

LSS  Life Support Systems 

MTBF  Mean Time Between Failures 

POS  Probability of Sufficiency 

I. Introduction 

UTURE crewed exploration missions beyond Low Earth Orbit (LEO) will operate farther from Earth and be 

logistically isolated for longer than any previous human spaceflight missions. Supportability and reliability will 

be stronger drivers of mass and risk than they have been in the past, and item failure rates are therefore more important 

considerations during concept development.1–3 Unfortunately, an item’s failure rate is not a parameter that can be 

measured directly, because it is not a physical characteristic of the item. Instead, it is a parameter describing the 

distribution of the amount of time that the item will operate before experiencing a random failure. As a result, failure 

rates are inherently uncertain estimates. This uncertainty results in higher risk and/or higher spares mass requirements, 

and is a key challenge for deep space mission supportability.4,5 Testing and operational experience can be used to 

identify and remove failure modes to improve reliability, or to reduce uncertainty.6,7 However, an effective reliability 

and supportability testing program can require many years of operations and resource investment.8 Testing must be 

carefully incorporated into program plans in order to be fully effective. 

This paper describes a reliability and supportability test planning and optimization capability that has been 

developed to inform Advanced Exploration Systems (AES) Life Support Systems (LSS) ground test planning. The 

model considers two kinds of testing. Reliability growth testing involves operating the system to observe failure modes 

and make adjustments to the design to try to remove them. Uncertainty reduction, on the other hand, involves operating 

the system to gather data and refine failure rate estimates without making changes to the design. The amount of each 

type of testing for each item, as well as the number of test units to purchase for parallel tests, is optimized for each 

item in order to minimize the total spares mass required for a desired Probability of Sufficiency (POS) on a given 

reference mission within given test budget and schedule constraints. In addition to this optimal test plan, the model 

also calculates the expected number of modifications and refurbishments during testing, both of which impact cost 
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and schedule and are important considerations during test planning. The following sections present the methodology 

in detail, as well as discussion, future work, and conclusions. 

II. Methodology 

The test plan model and optimizer use gamma-distributed, uncertain failure rate estimates, as has been done in 

previous work.3,6–8 It incorporates reliability growth modeling, projected Bayesian updating, and spares allocation 

optimization within an overarching branch-and-bound optimization routine to identify optimal test plans. A “test 

plan,” for the purposes of this model, is defined by the amount of reliability growth testing, the amount of uncertainty 

reduction testing, and the number of test units purchased, with each variable defined for each item. The test 

optimization assumes that all reliability growth testing is completed before any uncertainty reduction testing occurs, 

and that these two test phases are distinct and static. In practice, the distinction between these two types of testing may 

not be as sharp, and test operations can and should be more responsive to observed data. Data from reliability growth 

testing could be used to reduce uncertainty, and fixes could be attempted during uncertainty reduction testing. 

However, for modeling purposes, the two types of testing are treated separately. 

Optimal test plans, as determined by this model, are not intended to be a final answer, and should not be set in 

stone. Instead, the test plan should be adjusted to account for expert knowledge of system designs, such as suspected 

weak points or historical lessons learned. In addition, the test plan should be a living plan that updates as new 

information becomes available. Projected reliability growth and uncertainty reduction can and should be updated as 

more information becomes available, and test resources should be rebalanced accordingly. A dynamic, responsive test 

plan that makes use of new information as it becomes available will almost certainly outperform a static test plan. 

A. Modeling Test Impacts 

 Reliability growth testing and uncertainty reduction testing are modeled as separate activities which occur in that 

order. The sections below describe the models used to project the impact of test activities on failure rate estimates, 

either in terms of the expected failure rate or the uncertainty in the estimate. It is important to note that both of these 

models are projections, not predictions. In practice, actual test data should be used to constantly update failure rate 

estimates as the test is executed.  

1. Reliability Growth 

The Extended Reliability Growth Planning Model9 is used to model the relationship between reliability growth 

test time and the projected change in failure rate. This parametric, empirical model is based on the Crow-AMSAA 

(Army Materiel Systems Analysis Activity) Reliability Growth Model,9 which is in turn developed from the Duane 

Postulate,10 an observation that the cumulative failure rate during reliability growth testing tends to follow a power 

law relationship relative to test time. This is also known as the learning curve model. Under the Extended Reliability 

Growth Planning Model, the projected failure rate as a function of reliability growth test time 𝑡 is 

𝜆(𝑡) = 𝜆𝐴 + (1 − 𝐹𝐸𝐹)𝜆𝐵 + 𝐹𝐸𝐹ℎ(𝑡) (1) 

where 𝑡 is the reliability growth test time, and 𝜆(𝑡) is the failure rate at time 𝑡, and 𝐹𝐸𝐹 is the Fix Effectiveness Factor 

(FEF). 𝜆𝐴 and 𝜆𝐵 are the failure rates associated with Type A and Type B failure modes, respectively, calculated as 

𝜆𝐴 = (1 − 𝑀𝑆)𝜆0 (2) 

𝜆𝐵 = 𝑀𝑆𝜆0 (3) 

where 𝜆0 is the initial (pre-test) failure rate and 𝑀𝑆 is the Management Strategy (MS). Type A failure modes are 

failure modes that will not be corrected even if observed during testing, while Type B failure modes are ones that will 

be corrected if observed during testing. The discovery rate function ℎ(𝑡) describes the instantaneous failure rate 

associated with Type B failure modes and has the form 

ℎ(𝑡) = 𝜆𝐷𝛽𝐷𝑡1−𝛽𝐷 (4) 

where 𝜆𝐷 is the discovery scaling parameter, 𝛽𝐷 is the discovery rate. The discovery scaling parameter can be 

calculated from the Type B failure rate and discovery rate:9 
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𝜆𝐷 = (𝜆𝐵Γ (1 +
1

𝛽𝐷

))

𝛽𝐷

(5) 

FEF, MS, and discovery rate 𝛽𝐷 are parameters governing the shape of the reliability growth curve which are 

typically set based on historical experience. FEF represents the average fraction of a failure mode’s rate that is removed 

by implementing a fix during the reliability growth program. In the limit, this is the fraction of the Type B failure rate 

that will be removed during the reliability growth program if it were given infinite time and resources. For example, 

if an item has a Type B failure rate of 1 × 10−5 h-1 and the estimated FEF is 0.7, then in the limit the remaining failure 

rate resulting from Type B failure modes after infinite testing would be 3 × 10−6 h-1 (i.e. 30% of the initial value). 

This reduction in failure rate does not happen all at once, nor is it all associated with a single failure mode. In practice, 

different fixes may have different levels of effectiveness, and may even result in an increase in failure rate. On average, 

however, fixes implemented during a reliability growth program are expected to reduce the failure rate for the 

associated mode by the FEF. This analysis currently uses an FEF of 0.7 for all items as a starting point, because this 

value is in line with actual FEF from military reliability growth programs reported by Crow.9 MS represents the 

fraction of the total initial failure rate which is associated with Type B failure modes, indicating a management 

decision regarding what portion of the failure rate to address during testing. The recommended MS value for reliability 

growth planning (which is used in this analysis) is 0.95. The discovery rate 𝛽𝐷 determines the shape of the learning 

curve representing improvement in failure rate as reliability growth testing is performed. Based on reported experience 

in military and commercial reliability growth programs, this analysis assumes a discovery rate of 0.7.9 All of these 

parameters can and should be adjusted based on data from relevant test and operations experience. 

The first term in equation 1 (𝜆𝐴) represents the failure rate associated with Type A failure modes, which are not 

addressed during reliability growth testing and therefore are unchanged. The second term, (1 − 𝐹𝐸𝐹)𝜆𝐵, represents 

the remaining failure rate associated with Type B failure modes after all fixes have been implemented. Finally, the 

third term, 𝐹𝐸𝐹ℎ(𝑡), represents the failure rate associated with Type B failure modes that have not yet been addressed 

with a fix. 

One drawback of this model is that it can forecast failure rates higher than the current failure rate for short tests. 

To address this issue, this analysis adjusts the discovery rate function as follows: 

ℎ(𝑡) = { 
𝜆𝐵 𝑡 ≤ 𝑡ℎ

𝜆𝐷𝛽𝐷𝑡𝛽𝐷−1 𝑡 > 𝑡ℎ

(6) 

The transition time 𝑡ℎ is the time at which the original discovery rate function is equal to 𝜆𝐵. 

𝑡ℎ = (
𝜆𝐵

𝜆𝐷𝛽𝐷

)

1
𝛽𝐷−1

(7) 

This adjustment to the model captures the reality that reliability growth testing has no impact on an item’s failure rate 

until a Type B failure mode is observed and the associated fix is implemented. The transition time can be thought of 

as the amount of reliability growth testing required to have an appreciable effect on the item’s failure rate. During 

reliability growth testing, the failure rate remains unchanged prior to this time.  

2. Uncertainty Reduction 

Uncertainty reduction testing is the process of observing the time to failure for a given item in order to reduce the 

level of epistemic uncertainty in the failure rate estimate. One or more test units are operated, and when a failure 

occurs the accumulated operating time is recorded, the failed unit is replaced with an identical test unit, and testing 

continues. In contrast to reliability growth testing, uncertainty reduction testing does not involve design modifications 

to mitigate observed failure modes. Uncertainty reduction testing changes our knowledge of the failure rate of a 

particular item after that item’s design has been frozen; it does not change the item’s failure rate. 

This analysis models uncertainty reduction testing using the same mathematical approach used for Bayesian 

updating, which is described in detail by Dezfuli et al.11 and in previous work.7 The model assumes that the expected 

number of failures occurs during uncertainty reduction testing, based on the failure rate estimate that the start of that 

test. Under this assumption, the expected failure rate remains unchanged, but the level of uncertainty in the failure rate 

estimate is reduced as more failures are observed. Under these assumptions, the parameters of the gamma-distributed 

failure rate estimate as a function of uncertainty reduction test time are: 
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𝛼(𝑡) = 𝛼0 + 𝜆̅𝑡 (8) 

𝛽(𝑡) = 𝛽0 + 𝑡 (9) 

Note that these are simply the standard equations for Bayesian updating of a gamma-distributed failure rate with the 

number of failures replaced with the expected number of failures 𝜆̅𝑡. 

B. Modeling Failures and Modifications During Testing 

The test model also forecasts the expected number of failures during testing. These are split into two categories: 

modifications and refurbishments. Modifications are failures associated with Type B failure modes during reliability 

growth testing – that is, failures that will result in a fix that changes the design of the item. No modifications occur 

during uncertainty reduction testing. Refurbishments, on the other hand, are failures that do not result in changes to 

the item design. Instead, the unit is returned to working order and put back on the test stand. During reliability growth 

testing, failures associated with Type A failure modes or Type B failure modes that have already been addressed with 

a fix are considered refurbishments. All failures during uncertainty reduction testing are refurbishments. The expected 

number of modifications and refurbishments provides useful information for test planning. In particular, the time, cost, 

and labor required for modifications and refurbishments should be factored into test scheduling and budgeting. It is 

important to note, however, that this is simply the expected value; the actual number of modifications and 

refurbishments that occur during testing may be higher or lower, and cannot be known a priori. 

The expected number of modifications during a given reliability growth test period, denoted 𝜁, is equal to the 

expected number of failures resulting from unobserved Type B failure modes, which is the integral of the discovery 

rate function: 

𝜁(𝑡) = ∫ ℎ(𝑥)𝑑𝑥
𝑡

0

(10) 

Assuming a reliability growth test longer than the transition time (i.e. 𝑡 > 𝑡ℎ), this yields 

𝜁(𝑡) = 𝜆𝐵𝑡ℎ + 𝜆𝐷(𝑡 − 𝑡ℎ)𝛽𝐷 (11) 

The expected number of refurbishments during a reliability growth test, denoted 𝑟𝐺 , is equal to the expected number 

of failures from Type A failure modes or Type B failure modes that have already been addressed with a fix. This is 

equivalent to the total number of failures during reliability growth testing minus the number of refurbishments. 

𝑟𝑔(𝑡) = ∫ 𝜆(𝑥) − ℎ(𝑥)𝑑𝑥
𝑡

0

(12) 

Assuming a reliability growth test longer than the transition time, this yields 

𝑟𝑔(𝑡) = 𝜆𝐴𝑡 + (1 − 𝐹𝐸𝐹)𝜆𝐵𝑡 + (1 − 𝐹𝐸𝐹)(𝜆𝐵𝑡ℎ + 𝜆𝐷(𝑡 − 𝑡ℎ)𝛽𝐷) (13) 

The expected number of refurbishments during uncertainty reduction, denoted 𝑟𝑈, is more straightforward to 

calculate because the failure rate is constant during the test. 

𝑟𝑢(𝑡) = 𝜆̅𝑡 (14) 

C. Test Plan Optimization 

The objective of test plan optimization is to identify the test plan that makes the best use of limited schedule and 

budget. This analysis uses the approximate spares mass required for a reference mission as the objective function to 

be minimized within constraints on the total calendar time available for reliability growth and uncertainty reduction 

testing and the total cost of testing. The key decision variables in the optimization are the amount of reliability growth 

test time, the amount of uncertainty reduction test time, and the number of test units. For the purposes of optimization, 

test time is discretized and, for each item, uncertainty reduction testing occurs after all reliability growth testing for 
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Problem 1: Test optimization problem formulation, defining one objective (𝑶𝟏) and 17 constraints (𝑪𝟏-𝑪𝟏𝟕). 

Minimize 𝜓(𝑔, 𝑟𝑢)  (𝑂1) 

s. t. ∑(𝑘𝑖𝑐𝑢𝑖 + 𝜁𝑖𝑐𝜁𝑖 + (𝑟𝑔𝑖 + 𝑟𝑢𝑖 − 𝑥𝑢𝑖)𝑐𝑟𝑖)

𝑖

≤ 𝑐  (𝐶1) 

 𝑥𝑔𝑖𝜏𝑑𝑖 +
1

𝑘𝑖
(𝑥𝑔𝑖𝑡ℎ𝑖 + 𝑔𝑖Δ𝑡 + 𝜁𝑖𝜏𝜁𝑖 + 𝑟𝑔𝑖𝜏𝑟𝑖) ≤ 𝜏𝑔𝑖      ∀𝑖  (𝐶2) 

 𝑥𝑖𝜏𝑑𝑖 +
1

𝑘𝑖
(𝑥𝑔𝑖𝑡ℎ𝑖 + 𝑔𝑖Δ𝑡 + 𝜁𝑖𝜏𝜁𝑖 +

𝑟𝑢𝑖

𝜆𝑔𝑖
+ (𝑟𝑔𝑖 + 𝑟𝑢𝑖 − 𝑥𝑢𝑖)𝜏𝑟𝑖) ≤ 𝜏𝑖      ∀𝑖  (𝐶3) 

 𝜆𝑔𝑖 = 𝜆𝐴𝑖 + (1 − 𝐹𝐸𝐹𝑖)𝜆𝐵𝑖 + 𝐹𝐸𝐹𝑖𝜆𝐷𝑖𝛽𝐷𝑖(𝑥𝑔𝑖𝑡ℎ𝑖 + 𝑔𝑖Δ𝑡)
1−𝛽𝐷𝑖

     ∀𝑖  (𝐶4) 

 𝜁𝑖 = 𝑥𝑔𝑖𝜆𝐵𝑖𝑡ℎ𝑖 + 𝜆𝐷𝑖(𝑔𝑖Δ𝑡)𝛽𝐷𝑖      ∀𝑖  (𝐶5) 

 𝑟𝑔𝑖 = (𝜆𝐴𝑖 + (1 − 𝐹𝐸𝐹𝑖)𝜆𝐵𝑖)(𝑥𝑔𝑖𝑡ℎ𝑖 + 𝑔𝑖Δ𝑡) + (𝐹𝐸𝐹𝑖 − 1)(𝑥𝑔𝑖𝜆𝐵𝑖𝑡ℎ𝑖 + 𝜆𝐷𝑖(𝑔𝑖Δ𝑡)𝛽𝐷𝑖)     ∀𝑖  (𝐶6) 

 𝑔𝑖 ≤ 𝑀𝑥𝑔𝑖      ∀𝑖  (𝐶7) 

 𝑥𝑔𝑖 ≤ 𝑔𝑖      ∀𝑖  (𝐶8) 
 𝑟𝑢𝑖 ≤ 𝑀𝑥𝑢𝑖      ∀𝑖  (𝐶9) 
 𝑥𝑢𝑖 ≤ 𝑟𝑢𝑖      ∀𝑖  (𝐶10) 
 𝑥𝑔𝑖 ≤ 𝑥𝑖      ∀𝑖   (𝐶11) 
 𝑥𝑢𝑖 ≤ 𝑥𝑖      ∀𝑖  (𝐶12) 
 𝑥𝑖 ≤ 𝑥𝑔𝑖 + 𝑥𝑢𝑖      ∀𝑖  (𝐶13) 

 𝑘𝑖 ≤ 𝑀𝑥𝑖      ∀𝑖  (𝐶14) 
 𝑥𝑖 ≤ 𝑘𝑖      ∀𝑖  (𝐶15) 
 𝑥𝑖 , 𝑥𝑔𝑖 , 𝑥𝑢𝑖 ∈ {0, 1}     ∀𝑖  (𝐶16) 
 𝑘𝑖 , 𝑔𝑖 , 𝑟𝑢𝑖 ∈ ℤ≥0     ∀𝑖  (𝐶17) 

 

 
Table 1: Description of objective function, decision variables, and parameters used in test plan optimization. Variables that 

appear with a subscript represent the value of that variable associated with a particular replaceable item; when that 

variable appears without a subscript, it represents the vector containing values for all replaceable items. All variables are 

nonnegative real numbers; some are integers, and some are binary, as described by the domains below. 

Symbol & Domain Description 

𝜓(𝑔, 𝑟𝑢) ≥ 0 Approximate spares mass as a function of the number of reliability growth test timesteps and number 

of failures/refurbishments planned for uncertainty reduction testing. (Objective Function)  

𝑔 ∈ ℤ≥0 Number of timesteps beyond 𝑡ℎ used for reliability growth testing. (Decision Variable) 

𝑟𝑢 ∈ ℤ≥0 Number of planned failures/refurbishments during uncertainty reduction testing. (Decision Variable) 

𝑘 ∈ ℤ≥0 Number of units tested in parallel. (Decision Variable) 

𝑥𝑖 ∈ {0, 1} Binary indicator of whether or not testing occurs. (Auxiliary Variable) 

𝑥𝑔 ∈ {0, 1} Binary indicator of whether or not reliability growth testing occurs. (Auxiliary Variable) 

𝑥𝑢 ∈ {0, 1} Binary indicator of whether or not uncertainty reduction testing occurs. (Auxiliary Variable) 

𝑐 ≥ 0 Maximum total test cost. 

𝑐𝑢 ≥ 0 Unit cost. 

𝑐𝜁 ≥ 0 Modification cost. 

𝑐𝑟 ≥ 0 Refurbishment cost. 

𝜏 ≥ 0 Maximum total test time. 

𝜏𝑔 ≥ 0 Maximum reliability growth test time. 

𝜏𝑑 ≥ 0 Test unit procurement delay time. 

𝜏𝜁 ≥ 0 Modification time. 

𝜏𝑟 ≥ 0 Refurbishment time. 

Δ𝑡 ≥ 0 Reliability growth testing time step size. 

𝜁 ≥ 0 Expected number of modifications during reliability growth testing. 

𝑟𝑔 ≥ 0 Expected number of refurbishments during reliability growth testing. 

𝜆𝑔 ≥ 0 Failure rate after reliability growth testing. 

𝑡ℎ ≥ 0 Reliability growth discovery rate function transition time. 

𝜆𝐴 ≥ 0 Failure rate associated with Type A failure modes. 

𝜆𝐵 ≥ 0 Failure rate associated with Type B failure modes. 

𝜆𝐷 ≥ 0 Reliability growth discovery rate function scaling parameter. 

0 ≤ 𝛽𝐷𝑖 ≤ 1 Reliability growth discovery rate. 

0 ≤ 𝐹𝐸𝐹 ≤ 1 Reliability growth fix effectiveness factor. 

𝑀 ≫ 0 Large constant used to enforce constraints. 

 



 

International Conference on Environmental Systems 

7 

that item is complete. The result is a single-objective integer optimization problem, defined in Problem 1 on page 7. 

The objective function and all decision variables and parameters are defined in Table 1 on the same page. The various 

objectives, constraints, and other characteristics of the problem are described in detail in the following paragraphs. 

1. Objective Function 

The objective function (𝑂1) is the approximate spares mass for a reference mission as a function of the number of 

time steps used for reliability growth testing 𝑔 and the number of failures that are planned to be observed during 

uncertainty reduction testing, represented by the function 𝜓(𝑔, 𝑟𝑢). The reference mission is defined by a mission 

endurance and a POS requirement. This function is itself an optimization problem, and approximate spares mass is 

calculated using the optimization approach described in previous work.3 The infimum (i.e. largest lower bound12) mass 

from the first round of marginal analysis, a lower bound on the true spares mass, is used as an approximation because 

it can be calculated quickly and is monotonic with regard to replaceable item failure rates and uncertainties. The 

objective of the optimization is to identify the assignment to the decision variables (described below) that minimizes 

this approximate spares mass. 

2. Decision Variables 

The key decision variables are the number of time steps used for reliability growth testing for each replaceable 

item 𝑔, the number of failures planned to be observed in uncertainty reduction testing for each item 𝑟𝑢, and the number 

of units of each item tested in parallel 𝑘. All of these decision variables are positive integers. In addition, these decision 

variables, as well as the auxiliary variables and many of the parameters, and are vector-valued. When the variable 

appears without a subscript, it represents the full vector of values for all replaceable items; subscripts are used to 

indicate the values associated with specific replaceable items. For example, 𝑘𝑖 indicates the number of test units for 

item 𝑖, while 𝑘 represents the vector indicating the number of test units for all items. 

Three auxiliary binary variables are also introduced to enforce logical constraints on testing. The overall test 

indicator variables 𝑥𝑖 are equal to 1 if any testing (reliability growth or uncertainty reduction) occurs for item 𝑖, and 0 

otherwise. The reliability growth testing indicator variable 𝑥𝑔 and the uncertainty reduction indicator variable 𝑥𝑢 

indicate the same for reliability growth and uncertainty reduction testing, respectively. The values of these auxiliary 

variables are related to the key decision variables by constraints 𝐶7 through 𝐶15. Three parameters are also defined 

in order to simplify the notation, including the failure rate after reliability growth testing 𝜆𝑔 (𝐶4), the expected number 

of modifications during reliability growth testing 𝜁 (𝐶5), and the expected number of refurbishments during reliability 

growth testing 𝑟𝑔 (𝐶6). 

The reliability growth and uncertainty reduction test times are represented using discrete, integer-valued variables 

for mathematical convenience. The number of reliability growth time steps 𝑔 indicates the number of time steps 

beyond the transition time 𝑡ℎ used for reliability growth testing. Each time step represents a duration of length Δ𝑡, a 

parameter which determines the granularity of the analysis. Analyses performed using smaller Δ𝑡 will be more precise, 

but will require more computation time to solve. The total reliability growth test time 𝑡𝑔, given an assignment to the 

decision variables, is 

𝑡𝑔 = 𝑥𝑔𝑡ℎ + 𝑔Δ𝑡 (15) 

Uncertainty reduction test planning is parameterized in terms of 𝑟𝑢, the expected number of failures during 

uncertainty reduction testing. This discretization is less straightforward than the discrete time steps used for reliability 

growth testing, as it represents a variable amount of time that changes depending on changes to the failure rate resulting 

from reliability growth. The uncertainty reduction test model described above assumes that the expected number of 

failures occurs during uncertainty reduction testing. In practice, uncertainty reduction actually occurs when a failure 

is observed during testing, because that event provides a data point to improve reliability estimates. Therefore, it is 

natural to parametrize uncertainty reduction testing by the number of failures that test is intended to observe. The time 

between failures is estimated using the MBTF, which is the inverse of the failure rate after reliability growth testing, 

and therefore the total uncertainty reduction test time is 

𝑡𝑢 =
𝑟𝑢

𝜆𝑔

(16) 

3. Constraints 

The cost constraint (𝐶1) indicates that the total test cost must be less than the maximum cost allocated for testing, 

𝑐. The test cost associated with each item is equal to the cost of the test units themselves plus the cost of modifications 

and the cost of refurbishments, where the unit cost, modification cost, and refurbishment cost are defined by the 
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parameters 𝑐𝑢, 𝑐𝜁 , and 𝑐𝑟, respectively. The total test cost is the sum of the test cost associated with each item. It is 

important to note that this formulation of the model does not include the cost of the refurbishment that would be 

associated with the last failure during uncertainty reduction testing, as indicated by the −𝑥𝑢𝑖  term in constraint 𝐶1. 

(This term will be equal to 1 when 𝑟𝑢𝑖 > 0, and 0 otherwise.) The rationale for this formulation is that the benefits of 

uncertainty reduction testing – that is, the reduction of uncertainty in the failure rate estimate – is achieved as soon as 

the failure occurs, because the required information is the time to failure. Therefore, the test unit that exhibits the last 

failure does not necessarily have to be refurbished to complete the test. In contrast, the benefits of reliability growth 

testing are attained by making modifications to the design, and therefore the cost of those modifications must be 

included. The cost of refurbishing the last failure during uncertainty reduction testing can be easily incorporated into 

the model by removing the −𝑥𝑢𝑖  term. In addition, though this formulation lumps together all test costs under a single 

budget constraint, additional constraints could be added to impose budget constraints on individual replaceable items, 

or groups of items, if needed. 

The two sets of schedule constraints (𝐶2 and 𝐶3) place limits on the total calendar time available for testing in two 

ways. The first (𝐶2) deals with the total time spent on reliability growth testing, while the second (𝐶3) deals with the 

full test schedule. Both sets of constraints are applied to each individual item, and refer to the total calendar time 

associated with testing, including time required for unit procurement, modifications, and refurbishments along with 

test time itself. This is in contrast with test time alone, which refers to the total number of operating hours accumulated 

by the test units. The schedule constraints drive the number of units required for testing. Each additional test unit is a 

multiplier on the amount of test time accumulated in a given amount of calendar time. Put another way, the calendar 

time required to achieve a desired amount of test time is equal to that test time plus the time required for modifications 

and refurbishments divided by the number of test units. The objective function depends only on the amount of 

reliability growth and uncertainty reduction testing that can occur, but these values are limited by the amount of test 

time that can be accumulated within the schedule constraints. When more test units are purchased, more test time can 

be accumulated. 

The reliability growth test schedule constraint (𝐶2) indicates that the total calendar time spent on reliability growth 

for each item must be less than the maximum reliability growth time 𝜏𝑔. This can be thought of as a constraint on the 

time until the design must be fixed, and after which no further modifications are allowed. The total reliability growth 

calendar time is the sum of the unit procurement delay time 𝜏𝑑 and the actual calendar time required for testing, which 

is the sum of actual test time, time spent on modifications, and time spent on refurbishments, all divided by the number 

of test units. Note that while the test time and modification/refurbishment time is divided by the number of test units, 

procurement delay time is not. 

The total test schedule constraint (𝐶3) indicates that the total calendar time spent on testing for each item must be 

less than the maximum test time 𝜏. This can be thought of as a constraint on the time until the mission spares allocation 

must be fixed – that is, before the reliability and uncertainty estimates for all items are as mature as they will get before 

the spares allocation for the mission is determined. The total test calendar time includes procurement delay, reliability 

growth testing, and uncertainty reduction testing, with the latter two divided by the number of test units. This model 

assumes that reliability growth and uncertainty reduction testing occur in sequence, in that order. While the reliability 

growth test schedule constraint considers only one type of testing, this constraint includes a tradeoff between reliability 

growth and uncertainty reduction testing. If more of the test schedule is used for reliability growth testing, less will be 

available for uncertainty reduction testing, and vice versa. Note that uncertainty reduction test time is a function of 

the failure rate after reliability growth testing. When more reliability growth testing occurs, the item’s reliability will 

be higher, and as a result more test time will be required to achieve the same level of uncertainty reduction. This 

constraint illustrates the key tradeoff between reliability growth and uncertainty reduction in a schedule-constrained 

environment. 

Constraints 𝐶4, 𝐶5, and 𝐶6 define the relationships between the decision variables and other parameters for each 

item, and are largely used to simplify mathematical notation by supplying parameters that are used in the previous 

three constraints. Specifically, 𝐶4 defines the failure rate after reliability growth 𝜆𝑔, 𝐶5 defines the expected number 

of modifications during reliability growth testing 𝜁, and 𝐶6 defines the expected number of refurbishments during 

reliability growth testing 𝑟𝑔. These values are also useful for test planning and tracking purposes. 

Constraints 𝐶7 through 𝐶15 define the relationships between the auxiliary test indicator variables and the decision 

variables. Some of these equations make use of “big-M” notation, a common approach used in integer programming 

in which a very large constant, denoted 𝑀, is used to enforce relationships between binary variables and integer 

variables. Specifically, 𝑀 a sufficiently large positive number that, when multiplied by a binary variable, it can be 

used to either restrict another variable to 0 or produce a value so large that the constraint effectively has no effect.13 

These constraints, respectively, ensure that the following are true for each replaceable item: 
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 𝐶7: If reliability growth testing is performed (i.e. 𝑔 > 0), the reliability growth test indicator variable 𝑥𝑔 is 1. 

In addition, if the reliability growth test indicator variable is 0, no reliability growth testing is performed. 

 𝐶8: If the reliability growth test indicator variable is 1, at least 1 time step of reliability growth testing is 

performed. In addition, if no reliability growth testing is performed, the reliability growth test indicator 

variable is 0. 

 𝐶9: If uncertainty reduction testing is performed (i.e. 𝑟𝑢 > 0), the uncertainty reduction test indicator variable 

𝑥𝑢 is 1. In addition, if the uncertainty reduction test indicator variable is 0, no uncertainty reduction testing is 

performed. 

 𝐶10: If the uncertainty reduction test indicator variable is 1, uncertainty reduction testing occurs resulting in 

at least 1 planned observed failure. In addition, if no uncertainty reduction testing is performed, the uncertainty 

reduction test indicator variable is 0. 

 𝐶11: If the reliability growth test indicator variable is 1, the test indicator variable 𝑥 is also 1. In addition, if 

the test indicator variable is 0, the reliability growth test indicator variable is also 0. 

 𝐶12: If the uncertainty reduction test indicator variable is 1, the test indicator variable 𝑥 is also 1. In addition, 

if the test indicator variable is 0, the uncertainty reduction test indicator variable is also 0. 

 𝐶13: If the test indicator variable is 1, at least one of the reliability growth or uncertainty reduction test 

indicator variables must also be 1. In addition, if the reliability growth and uncertainty reduction test indicator 

variables are both 0, the test indicator variable is 0. 

 𝐶14: If units are purchased for testing (i.e. 𝑘 > 0), then the test indicator variable is 1. In addition, if the test 

indicator variable is 0, no units are purchased for testing. 

 𝐶15: If the test indicator variable is 1, at least one unit is purchased for testing. In addition, if no units are 

purchased for testing, the test indicator variable is 0. 

Taken together, these constraints ensure that the values of 𝑥, 𝑥𝑔, and 𝑥𝑢 are consistent with the values of 𝑘, 𝑔, and 𝑟𝑢, 

thus ensuring that their impacts on the cost and schedule constraints described above are appropriately accounted for. 

Finally, constraints 𝐶16 and 𝐶17 define the domains for the auxiliary and decision variables. The auxiliary 

variables 𝑥, 𝑥𝑔, and 𝑥𝑢 are all binary, and the decision variables 𝑘, 𝑔, and 𝑟𝑢 are all nonnegative integers. 

4. Solution Approach 

The test planning optimization problem is solved using a branch-and-bound approach, similar to that used in spares 

optimization in other work.3,13,14 The problem is monotonic with regard to the amount of reliability growth test time 

and uncertainty reduction test time for both the objective function and the constraints. That is, increasing the amount 

of reliability growth testing can only reduce spares mass or leave it the same, and can only increase cost and test 

schedule. The same is true for uncertainty reduction testing. One coupling that is worth investigating in detail is the 

fact that the uncertainty reduction test time depends on the amount of reliability growth testing; however, increased 

reliability growth testing results in a more reliable items, which in turn increases the amount of uncertainty reduction 

test time associated with each unit increase in 𝑟𝑢. As a result of this monotonicity, the solution resulting in the lowest 

spares mass will have some combination that balances maximizing reliability growth test time and uncertainty 

reduction test time. Therefore, a valid lower bound on spares mass for a given subproblem can be obtained by 

evaluating the spares mass approximation 𝜓 at the upper bound of the feasible domain of 𝑔 and 𝑟𝑢. In general, this 

will be a loose bound, and as a result, this optimization is much less efficient than the one used for spares allocation. 

Ongoing research, described in Section III, is looking into improvements in this optimization approach. 

The overall test plan optimization procedure is summarized in Figure 1, which shows how the standard branch-

and-bound approach is applied to this particular problem. As with spares optimization, each subproblem is defined 

using upper and lower bounds for all decision variables and auxiliary variables, and is characterized by a lower bound 

on spares mass, calculated as described above. An incumbent solution is initialized to one that performs no testing, 

and has a spares mass equal to the mass that would be required given current failure rate estimates. A queue is 

initialized with a subproblem with all lower bounds set to 0, and all upper bounds set to 1 for all binary variables and 

infinity for all others, then tightened using bounds propagation. This queue is maintained as an ordered list that returns 

the subproblem with the lowest lower bound on spares mass first; put another way, the optimizer uses a best-first 

search strategy. The iterative search process removes the first subproblem in the queue (the candidate) and examines 

it. If the lower bound on spares mass for the candidate (i.e. the spares mass associated with the upper bounds of 𝑔 and 

𝑟𝑢) is higher than the incumbent solution, then the incumbent solution is the optimal solution and the process stops. 

Otherwise, the search continues. If the candidate is a complete assignment – that is, if the domain of every variable 

has been reduced to a single value – the spares mass associated with that assignment is evaluated. If the result is lower 

than the spares mass of the incumbent solution, a better solution has been found and the incumbent is replaced with 

the candidate solution. Otherwise, the candidate is discarded and the process continues to the next subproblem in the 
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queue. If the candidate is a partial assignment, meaning there are unassigned variables in the problem, the search 

branches on the candidate by selecting a variable, splitting that variable’s domain in half, and performing bounds 

propagation to generate two “child” subproblems. Bounds propagation iteratively checks the upper and lower bounds 

on each unassigned variable and tightens them based on the problem constraints, using the appropriate upper and 

lower bounds on all other variables as necessary. This is effectively a simplified version of domain arc consistency 

that deals with the edges of each variable domain instead of examining every value within the domain, and can be 

applied here due to the monotonicity of the objective function and constraints. Spares mass bounds are calculated 

based on the spares mass associated with the upper bound on 𝑔 and 𝑟𝑢 for all variables after bounds propagation. The 

resulting subproblems are then added to the queue if they are feasible, and the process continues by removing and 

examining the next subproblem. Once the queue is empty, the incumbent solution is the optimal solution. 

III. Discussion and Future Work 

The methodology presented above provides a way to evaluate and optimize test campaigns in order to inform test 

planning and technology investment. This approach improves upon current practices in two ways. First, the above 

methodology applies formal optimization techniques to balance test budget and schedule resources across all of the 

items being considered, as well as across reliability growth and uncertainty reduction testing for each item, rather than 

looking at individual items, systems, or tests in isolation. A broader, integrated view will enable more informed 

decisions and likely produce better outcomes than a narrow view.15 Second, the application of formal mathematical 

optimization techniques enables a systematic exploration of the enormous supportability test tradespace. While a 

manual trade space exploration could examine dozens or (given sufficient resources) hundreds of options, this problem 

formulation enables the exploration of tens of thousands of options in order to identify an optimal solution, given the 

problem definition. The process is also largely automated, and in contrast to a manual trade study can therefore be 

rerun with relatively little overhead beyond computer time to examine sensitivities and “what if” scenarios. This 

capability to examine a wider range of options will be further expanded when more efficient optimization strategies 

are applied, as discussed below. 

Results from the optimizer should not be thought of as a final answer; instead, the optimizer itself is an analytical 

tool that can be used to explore various scenarios, such as changes in budgets, schedules, systems, missions, or 

combinations thereof. Reliability testing should be integrated into the overall program test plan alongside performance, 

quality assurance, and acceptance testing. In addition, mass is only one metric that should be considered in informed 

 
Figure 1: Test plan optimization flow chart, showing a branch-and-bound optimization using best-first search. 
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decision-making. The performance, cost, risk, and schedule implications of test decisions and technology selection 

must also be considered in a holistic manner. In the end, the model and optimizer are simply useful mathematical 

abstractions used to project the potential costs and benefits of investments in order to inform decision-making. They 

make simplifying assumptions and evaluate expected behavior, and are not intended to be a precise “crystal ball” for 

seeing the future. 

In addition, model outputs are also only as good as model inputs. Therefore, it is critical that prior failure rate 

estimates, estimates for procurement, modification, and refurbishment times, and unit cost estimates, along with all 

other parameters, be reasonable and realistic representations of the system being examined. Many of these parameters 

will not be known precisely prior to testing, but can and should be estimated based on past experience or analogy to 

other programs. Sensitivity analysis can also be used to identify key drivers and reasonable bounds on what schedules 

or costs would need to be to achieve desired outcomes. Data from past experience, as well as data collected during 

ongoing tests can be used for verification and validation of the model parameters. These data can also provide useful 

verification and validation of the various models used by the optimizer, particularly the reliability growth and 

uncertainty reduction models, by comparing projected test impacts to those that are actually achieved. 

The current optimization implementation uses variable upper bounds to calculate a spares mass bound for 

subproblem pruning during the branch-and-bound search. While this approach enables very fast bounds calculations, 

it provides a loose bound that is not very effective at pruning the search space. As a result, full optimization is relatively 

slow when budget and schedule are high and the search space is large. Approximate solutions found via the greedy 

heuristic (i.e. incrementally selecting the most valuable reliability growth or uncertainty reduction step to take) can 

approximate a Pareto frontier, but these solutions are only approximate. Future work will seek a more effective bounds 

approximation strategy, or more efficient search strategy, in order to speed up the analysis process. 

IV. Conclusions 

Reliability and supportability testing will be critical activities for future missions due to the new and more 

challenging logistical challenges of crewed deep-space operations. However, this kind of long-duration can require 

careful schedule and budget planning. The AES LSS Ground Test Planning activity is applying a range of test 

modeling and optimization techniques, described in this paper, to inform test plans. The test plan optimization 

capability described here enables a systematic and holistic balancing of supportability test resources across all items 

within the system, as well as across both reliability growth and uncertainty reduction testing, in order to make the 

most effective use of limited budget and schedules to reduce spares mass requirements. The results from these models 

will help inform overall ground test planning, which, in conjunction with on-orbit testing on the ISS, will provide the 

data required to validate and refine failure rate estimates for future exploration missions. 
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