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Can you name the equation? e




Can you name the equation? e

> y = x + sin(x)




Can you name the equation? e
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Symbolic regression

y =ax+ a,x* + azx3 + ..

Standard regression
y = aqsin(a;x) + azx + ...

y = 2 5x% + Sin(gx) e|x| Symbolic regression
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Genetic Programming (GP)

The evolutionary approach to symbolic regression

= Why GP?
= Discrete optimization
= Not the most compute efficient
= But has seen huge success

y = aq sin(a,x) + azx

a
y=a1+a3x2+;

= Alternatives:
= Deep symbolic regression

= Prioritized grammar enumeration



Genetic Programming (GP) @

The evolutionary approach to symbolic regression

= Evolving equations
to match data
= Equations as graphs

2 + x?




Initialization e

Randomly add nodes (and connections if necessary)
= Set of operators

00D , |
= Set of terminals wpm
000 " w . %

Done Evolution

Criteria? valuation

cy+y



Variation

Mutation
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c + x? c+ 2x

Crossover Serconon
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Evaluation @’

Fitness: How well the equation matches the training data
Explicit Regression

c + x?

Evolution

Criteria? 9

X
Mean absolute error

Mean squared error
Etc.



Evaluation @’

Fitness: How well the equation matches the training data
Explicit Regression

c+x? wm 2.7+ x°

Evolution

Criteria? 9

]

X
Local optimization performed for constants




Evaluation @’

Fitness: How well the equation matches the training data

Implicit Regression
Searching for invariants in the data

Evolution

~
. @x2+y2 .

f(x,y) = constant




Selection (5]

Survival of the fittest
= Tournament

= Randomly selected groups compete

= Most common | l |

= Deterministic crowding ~ R

. : Evolution
= Children compete against parents Done Criteria?

= Promotes niching

= Age-fithess
= Equations compete against other
similarly aged equations
= Mitigates premature convergence



Stopping criteria @’

Is evolution done?
= Convergence

= Stagnation

= Time limit

NO:
repeat

YES:
results in equation(s) that
best match data




Live Demo

Apple dropping example



height, h (m)

Explicit Regression

0.2 0.3 0.4 0.5

time, 1 (s




Variable: t

Initial Population

Inputs: _ . Training data from previous slide

Operators: +, -,
0: t*=5#(t - 1)*(2*t - 1)
1: co Populafion_age: 0 Best: h = 2.396526315789522
2: cO
3: cO
4: O+ 1 ®*  fraining dato
5: © 3 L Y B —— 0 : 4.8s-01:
6: cO . * . - e — 0 ; 4.82-01;
7: ¢cO + t 25 - '—r‘_:___—_f—_‘ —— c0 : 48801
g: 0 5 —-—-——-—'_'_'_______-_-_____-_—-_-_-_ - - c0 : 4.8=-01:
9: 0 ¥ c0 @ 4.8e-01:
10: T**3 _ - . c0 : 4.8e-01:
11: ce*t E | c0 : 4.8e-01:
12: c@ = cO : 4.8e-01:
13: t 4_; c0 : 4.8e-01:
14: co@ E 0.5 — 0 : 4.8e-01:
15: @ = 0 : 4.8=-01:
16: O 0 —— 0+t 43200
17: cB —— 0+t 43200
18: cB -0.5 cO* : 1.5e+00:
19: t*(3 - t) _ 3 -1 ¢ 1Lae+0D:
20: cB - A2 c + D : 1.8e+00:
21: 3Ft#*2+%(cO + 1) t 1 2.1e+00:
22: cB 0 0.1 0.2 0.3 0.4 0.5 0.6
23: -2%t fime, 1 (s)
24: co




height, h (m)

Population_age: 10 Besf: h = 3.2785263147135386 - 2.9399999959915752"t

s

Population Evolution

0.1

0.2

0.3

time, t (s)

0.4

0.5

0.6

training data
cO™cT-1) ¢

c0*(c0-1)
c0*(c0-1)
c0*(c0-1)
c0"(c0-1)
cO
cO .
cO
cO
cO .
cD
cD
cD
cD
cD
cO
cO .

1.3e-01:

p 2.2e-01:
v 2.2e-01:
v 2.2e-01:
» 2.2e-01:

4.8e-01:
4.8e-01:
4.8e-01:
4.8e-01:
4.8e-01:
4.8e-01:
4.8e-01:
4.8e-01:
4.8e-01:
4.8e-01:
4.8e-01:
4.8e-01:



Population Evolution

. 1
0 Eg 1
\ / h=ho + 7 gt*

Population_age: 187 Best: h = 3.0 - 4.900000000000001*1**2

& fraining data
— c0"{cl +1""2) : 3.de-1&

: — (cO+D"c] -1 @ 1.0=-01:
— (0 + D)% c] -1 ¢ 1.0=e-01:
2.5 O+ D et -1 - 1.0=01:
— 0] +1) ;0 1.3e-01;
— —— 1 + 1) 1.3e-01:
E ? c0-3% : 1.3e-01;
= c0-3"1 : 1.3e-01;
5 15 cO-3% : 1.3e-01;
0 —— cO(cO +1) : 22601
— c0-2%""2 ; 2.82-01:
1 —— c0-27""2 ; 2.8e-00:
— c0-27""2 ; 37200
0.5 — c0-271""2 : 3.7e-01:
0 : 4.7e01:
0 — ] 4.82-01:
cd : 4.82-01:
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Implicit Regression

e height, h{m)
s wvelochy, v (m/s)

0.1 0.2 0.3 0.4 0.5 0.8

fime, 1 (5]

f(h,v) = constant
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Inputs:

3]

co

c@

3]

co

h

h*y* (h**2 -
h

2¥y

h#*vy

s vE(v - 1)
co

cO + 2%y

: B

s vE(1l - v)
cl

CO + h*y#**2
- 3%y

ch

h*v*(h + 2)
: B

: 0

-h*#2%(h -
cl

h

Initial Population

Variable: h, v

Operators: +, -, * Training data from previous slide

Populafion_age: 0 Best: h*v*(h**2 - 1) =-33.93795160580491
1) :
1.5
5 ==
% 0.5
g =
T . >~
I - ~—
T
E  _os \\\\\x
: >
45*“fﬁﬂff-.
_‘CI 0.05 0.1 0.15 0.z 0.25 0.3
1)*#(2%¥h - 1) _
tirme, t (s)

~
LN

3

4.2e-01

—— h“-l.f':h_'_ 2}

— h"v : 5101

—— cO+h"w™2 : 6.92-01:
cl+ 2% @ 1.0e+00:
-T2 h - 17 ETh- T
-3*v @ 1.0e+00:

WOT - 1.0e+00:
vi(w - 1) 1.0e+00:
h oz 1.0e+00:

— h : 1.0e+00:
— h : 1.0e+00:

2% 1 1.0e+00:

— 0 : nan:
c0 : nan:
0 nan:
c0 : nan:
c0 : nan:
0 nan:

1.0e+00:



normalized deviation

Population Evolution

Best: -h - 0.05102040816326488*v**2 = -2.999999999999997

h+ 0.05102v% = 3
Population_age: 152  Best: -h - 0.05102040816326488v**2 = -2.999999999999997

1
9.8h +-v* = 3(9.8)

— ™2 -h : 4.4e-15:

—h"2-h-v o 14201

—h"2-h-v : 1.4e-01:

— P2 -h-v o 14201 2 .
W2 - h-v « 14801 mgh + Emv = constant = 3mg
h*2-v-(h"2-v)""2 : 20e-01:

= h"2-v-{h"2-v)""2 : 20e-01:

T2+ 2% 0 21e00:

N2+ 2% 21e00:

RT2+ 2% 0 2100
— h"2+ 2% : 21801
2h-v-2h-w"2 : 3.1e07:
—— h*{h*v- 1) : 39200
—h"(h"v-1) : 3900

h*(h* - 1) @ 3.92-01:

h*h*v - 1) @ 3920
—— h"y : 5.1e-01:

h* @ 51200

0 0.05 0.1 015 0.2 028 0.3 0.35

time, t (5)



