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Single-Qubit “quantum computing”

Adiabatic QC / Anneal: slowly varying B(t) 
from x to z;  At each moment, the qubit is 
aligned along the instantaneous field B(t)

B(t)

• Fermionization reduces the original many-body problem into the control of an 
ensemble of non-interacting spin-1/2’s

���

�

γ1

β1
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Each spin evolves independently, each starting along different vectors k, but we want to find 
uniform parameters (γ, β) that work well for all spins.

N/2 independent spins 
Dynamics under QAOA: 

spin-k initialized along k
  rotate about z and k alternately

Goal: to align every spin with -z

Alternatively, the evolution between qubit 
states can be achieved by alternating 
between two controls along x and z. — 
QAOA or Bang-Bang control.
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• Suitable for near-term gate-model quantum hardware
• Variational (allows exploiting of classical methods for parameter searching)
• Output distribution hard to sample classically [Farhi, Harrow, arXiv 1602.07674] 

• Universal [Seth Lloyd, arXiv1812.11075]

• Quantum speedup for Grover’s problem [Jiang, Rieffel, Wang, PRA 2017]

• Challenges:
- Efficiently acquire a good set of parameters
- Performance under noise 
- Identify problem sets where quantum advantage might reside

[Farhi,  Goldstone, Gutmann, arXiv:1411.4028 [Hadfield et. al., arXiv 1709.03489]

One formula summary of the algorithm/ansatz

U = e�i�pHM e�i�pHC · · · e�i�2HM e�i�1HC
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Mixing: explore the solution space Cost: associate with problem 
characteristics

A Quantum Variational Algorithm: Quantum Alternating Operator Ansatz (QAOA)
Quantum Approximate Optimization Algorithms (vanilla QAOA)
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Outline

• Quickly review two QAOA studies using standard mixer
• Grover’s search problem
• 1D XY chain: an analytical solvable case

• Mixers preserving symmetry: XY mixer for equality constraints
• Performance, comparison with vanilla QAOA
• Effect of noise and error mitigation
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Working in (N+1)-dimensional subspace: Grover’s in QAOA
Our Algorithm

The building block of our algorithm is

W (�) = e

�i⇡B/n
e

i�C
e

�i⇡B/n
e

�i�C ,

where � 2 (0,⇡] is a free parameter. The unitary W (�) is repeatedly
applied to the initial state | s i for O(

p
N) times.

W (�)

|+ i

e�i�C

e�i⇡X/n

ei�C

e�i⇡X/n · · ·

|+ i e�i⇡X/n e�i⇡X/n · · ·
...

...
...

...

|+ i e�i⇡X/n e�i⇡X/n · · ·
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QAOA for Grover’s problem 

QAOA Circuit for Grover’s Problem

Given an oracle Hamiltonian that encodes an unknown string u,1

Cu = �|u ihu | ,

the aim is to find out u using as few as possible queries of Cu .

The output of a QAOA circuit for Grover’s problem is

| 
out

i = e

�i�
p

B

e

�i�
p

Cu · · · e�i�1B
e

�i�1Cu | s i .

We find a set of parameters � and �, such that

hu | 
out

i ' 1/
p
2 , p ' ⇡

4
p
2

p
N ,

achieving a near-optimal query complexity.

1
The string u can be replaced by 0 = (0, 0, . . . , 0) as long as we replace Cu with C0.

Zhang Jiang (NASA) arXiv:1702.02577 19th SQuInT 5 / 14

Reproduces the √N quantum speedup

[Jiang, Rieffel, Wang, Near-optimal quantum circuit for Grover's unstructured search using a transverse field, PRA 2017]

Deterministic parameters: 

3
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FIG. 1. To map the input state to a state having large overlap
with the target, the unitary W (�) is repeated for O(N1/2)
times.

is that B acts only on individual spins, so it is easier
and more e�cient to implement. The input state of our
algorithm is the usual one, the tensor product |+ i⌦n,
the joint +1 eigenstate of all the Xj operators, and the
even superposition of all bit strings,

| 
in

i = |+ i⌦n =
1p
N

X

s2{0,1}n

| s i . (3)

We can simplify the analysis, following Farhi et al. [14],
by working in a basis in which the target state is |0 i =
| 0 · · · 00 i. Since the driver B and the initial state | 

in

i
remain the same when any subset of the n qubits is
flipped, the problem can be converted to finding the bit
string 0 using the oracle C0 with the same driver B.
Doing so drastically simplifies our analysis: the state
|0 i and the initial state |+ i⌦n are in the (n + 1)-
dimensional symmetric subspace (under permutations of
qubits), and the evolution under both B and C0 preserves
this subspace, so we need to consider only that (n + 1)-
dimensional subspace instead of the whole Hilbert space
of dimension 2n. To simplify notation, we will omit the
subscript in C0 hereafter, i.e., C ⌘ C0.

The building block of our algorithm is a simple product
of unitaries generated by B and C,

W (�) = e�i⇡B/nei�Ce�i⇡B/ne�i�C , (4)

where � 2 (0,⇡] is a free parameter. The intuition for
why we choose the angle of the rotation e�i⇡B/n can
be found in Sec. V. The algorithm repeatedly applies
the unitary W (�) for ⇥(

p
N) times (see Fig. 1). The

relevant eigenvalues of the unitary W (�) determine the
query complexity of our algorithm, while the correspond-
ing eigenvectors determine the probability of success. We
will show that the relevant eigenvalues are the ones clos-
est to 1, but not equal to 1.

The unitary W (�) has a time-reversal-like symmetry

⇤W (�)⇤† = W †(�) , (5)

where ⇤ = e�i⇡B/nZ
1

Z
2

· · ·Zn with Zj being the Pauli-
Z operator of the jth qubit. Equation (5) holds gener-
ally for Hamiltonians based on classical cost functions,
Hamiltonians diagonal in the computational basis. This

symmetry implies that if ↵ is an eigenvalue of W (�),
then its complex conjugate ↵⇤ is also an eigenvalue
of W (�); the corresponding eigenstates are denoted by
|w↵ i and |w↵⇤ i, respectively. When restricted to the
two-dimensional subspace S↵ spanned by {|w↵ i, |w↵⇤ i}
and written in the basis {|w

+

i, |w� i}, where

|w± i = 1p
2

⇣
|w↵ i ± |w↵⇤ i

⌘
, (6)

W (�) has the matrix representation

W
��
S↵

(�) = exp


�i

✓
0 arg(↵)

arg(↵) 0

◆�
. (7)

The unitaryW (�) thus drives a closed transition between
|w± i with the transition rate arg(↵). To drive a full tran-
sition, one needs to repeat W (�) for roughly ⇡/[2 arg(↵)]
times.
Let | b± i = 1p

2

�|+ i⌦n±| � i⌦n
�
. We show in Sec. VII

that for eigenvalues ↵ and ↵⇤ exponentially close to 1
but not equal to 1, |w↵ i and |w↵⇤ i have large over-
laps with 1p

2

�|0 i± i| b
+

i�, respectively. In other words,

|w
+

i and |w� i have large overlaps with |0 i and i| b
+

i,
respectively, so the algorithm drives | b

+

i close to the
target state |0 i. The value of arg(↵) has to be exponen-
tially small in n; otherwise, our algorithm would have
beaten the optimal query complexity of Grover’s algo-
rithm. Hereafter, ↵ will refer to this specific eigenvalue.
The initial state (3) can be written as

| 
in

i = |+ i⌦n =
1p
2

⇣
| b

+

i + | b� i
⌘
; (8)

note that | b� i is a dark state, i.e., W (�)| b� i = | b� i.
For |h0 |w

+

i| ' |h b
+

|w� i| ' 1, the output state is
approximately

| 
out

i ' 1p
2

⇣
|0 i + | b� i

⌘
, (9)

and the probability of finding the target state |0 i is ap-
proximately 1/2.
In Sec. VII, we derive approximate results for our al-

gorithm in the large-n limit. For � = ⇡, we find that
|h0 |w

+

i| ' (1 � ⇡2/2n)1/4 in Eq. (58) (the fidelity is
smaller for � 6= ⇡). See Fig. 2(a) for a comparison
of analytical and numerical results. We also find that
|h b

+

|w� i| ' 1 � N�1 in Eq. (67). See Fig. 2(b) for
a comparison of analytical and numerical results. Fur-
thermore, we calculate that arg(↵) ' 4

p
2N�1/2(1 �

⇡2/2n)1/4 in Eq. (66). Figure 3(a) shows a comparison
of analytic and numerical results. Considering that the
success probabilities of our algorithm is about 1/2 and
each iteration W (�) calls the oracle twice, the average
query complexity of our algorithm is

T (n) ' 2⇡

arg(↵)
' ⇡

2
p
2
2n/2 , (10)

which di↵ers from the optimal value presented in Ref. [12]
by a factor of

p
2.
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A benchmarking problem: QAOA for anti-ferromagnetic ring (MaxCut on a ring)

z

x

2:
N

• Anti-Ferromagnetic Chain: 

3

Theorem 1. For QAOA with p = 1, for each edge huvi,

hC
uv

i(d, e, f) =
1

2
+

1

4
sin 4� sin �(cosd � + cose�)

�1

4
sin2 � cosd+e�2f �(1� cosf 2�)(9)

where d + 1 and e + 1 are the degrees of vertices u and
v, respectively, and f is the number of triangles in the
graph containing edge huvi .

Here we showed that for p = 1 the expectation
value of any edge hC

uv

i depends only on the parameters
(d, e, f). Then the overall expectation value F (�,�) =P

(d,e,f)

hC
uv

i(d, e, f)�(d, e, f) where the summation is
taken over distinct subgraphs (d, e, f) and �(d, e, f) is the
multiplicity of the subgraph (d, e, f), i.e. the number of
times the subgraph appears in G. Thus for an arbitrary
graph F (�,�) may be e�ciently computed classically.

For a triangle-free graph of fixed vertex degree d + 1,
i.e., f = 0 in Eq. (9). The expectation value reduces to

F (�,�) =
|E|
2

+
|E|
2

sin 4� sin � cosd �. (10)

with optimal value

F ⇤ = max
�,�

F (�,�) =
|E|
2

+
|E|
2

1p
d

⇣ d

D

⌘
D/2

(11)

For any such graph, one optimal pair of angles is (�, �) =
(⇡/8, arctan(1/

p
d)). MaxCut in the case in which all

vertices have degree 2, so the graph is a ring, is called the
Ring of Disagrees. In this case, maximizing (10) yields
the optimization ratio 0.75 at (�, �) = (⇡/8,⇡/4), and
for d = 2, the ratio is 0.692, both reproducing the results
in [3].

For an arbitrary triangle-free graph with maximum
vertex degree D, the right-hand side of Eq. (11) gives
a lower bound to F ⇤. We see that even for p = 1, QAOA
always beats random guessing.

It is straightforward to extend the analysis to QAOA of
higher levels. The number of such terms quickly becomes
prohibitive for direct calculation, however; many more
non-commuting terms coming from the U

C

’s and U
B

’s
must be retained and carried through the calculation.
The expectation value of a given edge will also depend on
its local graph topology (within p hops), which becomes
di�cult to succinctly characterize as p increases.

IV. ANALYSIS OF THE PROBLEM OF RING
OF DISAGREES (ANTI-FERROMAGNETIC

CHAIN)

We now study in detail QAOA for the ring of disagrees,
where the symmetry and simplicity of the problem means
that analysis can be done for QAOA of arbitrary level p.
Numerical results for small p, and a conjecture for the
approximation ratio for arbitrary p were given in Ref. [3].

A. Formulation of the problem

The Hamiltonian for MaxCut on a ring, or the Ring of
Disagrees, with N vertices is H̃

C

= 1

2

P
N

j=1

(1� �z

j

�z

j+1

)
where �z

N+1

= �z

1

. For convenience, we consider only

even N , in which case the ground state of H̃
C

is triv-
ial with every pair of neighboring spins aligned in anti-
parallel fashion, corresponding to F

opt

= �N .
To simplify the derivation, and without losing gener-

ality, we drop the constant and rescale H̃
C

to be

H
C

=
X
j

�z

j

�z

j+1

(12)

which is used in the evolution operator Eq. (2). Since
the rescaling dropped a negative sign, the maximization
problem becomes a minimization problem. The initial
state of the system is prepared as Eq. (4), and the algo-
rithm follows the evolution Eq. (5).
The relation between angles, expectation value used in

this paper and the ones in Ref. [3] (notations with tilde)
is � = ��̃/2, � = �̃ and F̃ (�̃, ˜�) =

�
N � F (�,�)

�
/2

B. Fermionic representation

We show that using a Fermionic representation, the
problem reduces to optimal quantum control of an en-
semble of independent spins (spin-1/2), significantly sim-
plifying the analysis.
We apply the Jordan-Wigner transformation [1, 8],

a
j

=
1

2
(�1)j�1

�
�y

j

+ i�z

j

� j�1Y
k=1

�x

k

(13)

a†
j

=
1

2
(�1)j�1

�
�y

j

� i�z

j

� j�1Y
k=1

�x

k

(14)

where a
j

, a†
j

obey the fermionic canonical commutation
relations. Accordingly,

H
C

=
N�1X
j=1

a†
j

a
j+1

+ a
j

a
j+1

� (a†
N

a
1

+ a
N

a
1

)G+ h.c.

(15)

where we introduce the gauge operator G =
exp[i⇡

P
N

l=1

a†
l

a
l

] = (�1)N
Q

N

j=1

�x

j

. In the current
(standard) QAOA settings, for even N , the initial state
is an eigenstate of G with eigenvalue 1. The operator
G is a constant of motion since it commutes with both
H

B

and H
C

, so the value of G remains 1 throughout the
evolution. The sign of the j = N terms in H

C

there-
fore are di↵erent from the others. We further introduce
a phase factor to unify the expression, b

j

= a
j

e�ij⇡/N .

• Analysis: Jordan-Wigner transformation 
for 1D spin chain with n.n. couplings

2-axis control of 
N/2 independent 
spins with 
collective angles

Coupled spin 
chain of size N

. . .

k̂z

x

γ
β

γ

• [Wang, Hadfield, Jiang, Rieffel, QAOA for MaxCut: a fermonic review, PRA 2018]



Canonical example : MaxCut

For each node v, assign variable  
to indicate whether
 
Then the number of edges between the two 
subsets, maps to the Cost Hamiltonian:

Standard Mixing Hamiltonian: 

zv ∈ {±1}
v ∈ S or v ∈ S̄

HC = − ∑
⟨u,v⟩∈E

ZuZv

HX = ∑
v∈V

Xv

One wants a subset S of the vertex set such 
that the number of edges between S and the 
complementary subset is as large as 
possible.  Wikipedia

Mapping to QAOA

In this problem, any solution bit strings are feasible: it is a cut

https://en.wikipedia.org/wiki/Maximum_cut


Example: constant Hamming weight (total spin-z) for a subset of qubits

Advanced mixer: enforce constraints by exploiting 
symmetry in the system

∑
j

xj = C xj ∈ {0,1}

∑
j

zj = C′� zj ∈ {−1,1}

Equality constraint in classical optimization

Preserved particle numbers in quantum spin system

• (Some) operators that preserve such symmetry

XY-model O = XjXj′� + YjYj′� ∝ | ↑ ↓ ⟩⟨ ↓ ↑ | + | ↓ ↑ ⟩ |⟨ ↑ ↓ |

[O, Zj + Z′�j] = 0
O  keeps the quantum evolution in the feasible subspace defined by ∑

j

zj = C′�

• Only states satisfying the constraint                      is a feasible solution∑
j

zj = C′�

• Standard mixer Xj  explores the whole Hilbert space, including infeasible subspace

[From QAOA to QAOA, Hadfield, Wang, O'Gorman, Rieffel, Venturelli, Biswas, arXiv 1709.03489]; 

[XY mixers: Analytical and numerical results for QAOA, Wang, Rubin, Dominy, Rieffel, arXiv:1904.09314]



• MaxColorableSubgraph Problem: Assign colors to vertices to maximize properly-
colored edges (connecting two vertices of different color)  — NP hard

Encoding (one-hot): 
Binary:                             whether vertex v is assigned color-c

Constraints: 
Each vertex should have exactly one color:

xv,c = 1
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Figure 3. Numerical results for level 1 QAOA on the problem
of 3-coloring of a triangle graph. (a) using X mixer along
with phase-separating Hamiltonian, Eq. (8) where the penalty
weight is taken to be the numerically determined optimal
value ↵⇤ = 1.7. (b) using the XY mixer with W-state be-
ing the initial state.

the Envelope graph is the smallest hard-to-color graph
for the largest-first(LF) sequential method. Note that
these classical algorithms are aiming to compute the
chromatic number, while in this paper we focus on find-
ing the maximal colorable subgraph. Although finding
the max-colorable subgraph could serve as a subroutine
for determining chromatic numbers, the chromatic num-
ber can also be directly attacked by QAOA using a much
more complex mixer.[2] Nevertheless we are not aiming
at doing side-by-side comparison of quantum and classi-
cal algorithms, and will use these small graphs only as a
proof-of-principle demonstration of the QAOA with XY
mixers.

What graphs to color on NISQ era hardware? 

• For a classical algorithm, there is a concept of 
smallest slightly-hard-to-color graph:  applying the algorithm will sometimes 
yield the optimal solution
&
smallest hard-to-color graph: applying the algorithm never yields the optimal 
solution

• Examples

Envelope Prism

Small & Hard graphs

Figure 4. The two small and hard-to-color graphs: Envelope
and Prism. A valid 3-coloring is shown on each graph.

1. Performance of QAOA with the simultaneous ring mixer

With the simultaneous ring mixer, Figure. 5 shows
the results for QAOA levels 1 to 6. For each level, the
W-state is used as initial state, and stochastic search
(basin-hopping with BFGS) is performed to optimize the
expected value of the cost Hamiltonian over the angle
sets. The approximation ratio corresponding to the op-
timal expectation value is plotted as filled circles. Even
at level one, the approximation ratio takes a high value
0.8, and this value quickly approaches 1 as the level in-

creases. Furthermore, for each level, we computed the
probability of getting the actual optimal solution (a valid
3-coloring) upon measurement. At level one, this proba-
bility is slightly lower than 0.2, and quickly goes above 0.6
at level-3, which implies that repeating the experiment
3 times, one will find a valid coloring with probability
> 0.9.

Figure 5. The Prism graph. Dots are approximation ratios
and crosses are the expected probability of getting the opti-
mal coloring. For each QAOA level, results are shown at the
(sub)optimal angles resulted from a basin-hopping search.

2. E↵ect of initial states

The W-state – as both an even superposition of all fea-
sible classical states, and the ground state of the simul-
taneous ring mixer – is a natural candidate for the initial
state for QAOA. It involves multiple two-qubit gates to
prepare. An easier-to-prepare state for each vertex can
be defined via a randomly-assigned coloring (feasible but
not necessarily optimal), | Ci, i.e., a randomly drawn bit
string of Hamming weight one. Preparing such a state
involves only n single-qubit gates.

We study both initial states for the prism graph with
simultaneous ring mixer. For level-1 QAOA, the best
achievable optimization ratio (optimized over all angle
sets (�, �)) for W-state is higher than the classical Ham-
ming weight 1 state | iC . Notice that for | iC , the
phase-separating unitary commutes with the density ma-
trix of the state, hence has no e↵ect to the state evolu-
tion. As a result, the whole circuit for level-1 QAOA
is equivalent to applying the mixing unitary followed by
measurement. We further simulated higher levels, and in
Figure. 6 show the performance of QAOA with the W-
state versus a classical state as initial state. We found
that with the classical initial state, the performance of
QAOA is significantly lower than using the W-state as

Performance (simu)
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the results for QAOA levels 1 to 6. For each level, the
W-state is used as initial state, and stochastic search
(basin-hopping with BFGS) is performed to optimize the
expected value of the cost Hamiltonian over the angle
sets. The approximation ratio corresponding to the op-
timal expectation value is plotted as filled circles. Even
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2. E↵ect of initial states

The W-state – as both an even superposition of all fea-
sible classical states, and the ground state of the simul-
taneous ring mixer – is a natural candidate for the initial
state for QAOA. It involves multiple two-qubit gates to
prepare. An easier-to-prepare state for each vertex can
be defined via a randomly-assigned coloring (feasible but
not necessarily optimal), | Ci, i.e., a randomly drawn bit
string of Hamming weight one. Preparing such a state
involves only n single-qubit gates.

We study both initial states for the prism graph with
simultaneous ring mixer. For level-1 QAOA, the best
achievable optimization ratio (optimized over all angle
sets (�, �)) for W-state is higher than the classical Ham-
ming weight 1 state | iC . Notice that for | iC , the
phase-separating unitary commutes with the density ma-
trix of the state, hence has no e↵ect to the state evolu-
tion. As a result, the whole circuit for level-1 QAOA
is equivalent to applying the mixing unitary followed by
measurement. We further simulated higher levels, and in
Figure. 6 show the performance of QAOA with the W-
state versus a classical state as initial state. We found
that with the classical initial state, the performance of
QAOA is significantly lower than using the W-state as
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ber can also be directly attacked by QAOA using a much
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2. E↵ect of initial states

The W-state – as both an even superposition of all fea-
sible classical states, and the ground state of the simul-
taneous ring mixer – is a natural candidate for the initial
state for QAOA. It involves multiple two-qubit gates to
prepare. An easier-to-prepare state for each vertex can
be defined via a randomly-assigned coloring (feasible but
not necessarily optimal), | Ci, i.e., a randomly drawn bit
string of Hamming weight one. Preparing such a state
involves only n single-qubit gates.

We study both initial states for the prism graph with
simultaneous ring mixer. For level-1 QAOA, the best
achievable optimization ratio (optimized over all angle
sets (�, �)) for W-state is higher than the classical Ham-
ming weight 1 state | iC . Notice that for | iC , the
phase-separating unitary commutes with the density ma-
trix of the state, hence has no e↵ect to the state evolu-
tion. As a result, the whole circuit for level-1 QAOA
is equivalent to applying the mixing unitary followed by
measurement. We further simulated higher levels, and in
Figure. 6 show the performance of QAOA with the W-
state versus a classical state as initial state. We found
that with the classical initial state, the performance of
QAOA is significantly lower than using the W-state as
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The W-state – as both an even superposition of all fea-
sible classical states, and the ground state of the simul-
taneous ring mixer – is a natural candidate for the initial
state for QAOA. It involves multiple two-qubit gates to
prepare. An easier-to-prepare state for each vertex can
be defined via a randomly-assigned coloring (feasible but
not necessarily optimal), | Ci, i.e., a randomly drawn bit
string of Hamming weight one. Preparing such a state
involves only n single-qubit gates.

We study both initial states for the prism graph with
simultaneous ring mixer. For level-1 QAOA, the best
achievable optimization ratio (optimized over all angle
sets (�, �)) for W-state is higher than the classical Ham-
ming weight 1 state | iC . Notice that for | iC , the
phase-separating unitary commutes with the density ma-
trix of the state, hence has no e↵ect to the state evolu-
tion. As a result, the whole circuit for level-1 QAOA
is equivalent to applying the mixing unitary followed by
measurement. We further simulated higher levels, and in
Figure. 6 show the performance of QAOA with the W-
state versus a classical state as initial state. We found
that with the classical initial state, the performance of
QAOA is significantly lower than using the W-state as

1
0
0

Size of search space
Full Hilbert space

Penalty & X-mixer XY-mixer

Performance (simu)

Mixer to preserve symmetry in the system
Example: Graph Coloring



9

(a) (b)

Figure 3. Numerical results for level 1 QAOA on the problem
of 3-coloring of a triangle graph. (a) using X mixer along
with phase-separating Hamiltonian, Eq. (8) where the penalty
weight is taken to be the numerically determined optimal
value ↵⇤ = 1.7. (b) using the XY mixer with W-state be-
ing the initial state.

the Envelope graph is the smallest hard-to-color graph
for the largest-first(LF) sequential method. Note that
these classical algorithms are aiming to compute the
chromatic number, while in this paper we focus on find-
ing the maximal colorable subgraph. Although finding
the max-colorable subgraph could serve as a subroutine
for determining chromatic numbers, the chromatic num-
ber can also be directly attacked by QAOA using a much
more complex mixer.[2] Nevertheless we are not aiming
at doing side-by-side comparison of quantum and classi-
cal algorithms, and will use these small graphs only as a
proof-of-principle demonstration of the QAOA with XY
mixers.

What graphs to color on NISQ era hardware? 

• For a classical algorithm, there is a concept of 
smallest slightly-hard-to-color graph:  applying the algorithm will sometimes 
yield the optimal solution
&
smallest hard-to-color graph: applying the algorithm never yields the optimal 
solution

• Examples

Envelope Prism

Small & Hard graphs

Figure 4. The two small and hard-to-color graphs: Envelope
and Prism. A valid 3-coloring is shown on each graph.

1. Performance of QAOA with the simultaneous ring mixer
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The W-state – as both an even superposition of all fea-
sible classical states, and the ground state of the simul-
taneous ring mixer – is a natural candidate for the initial
state for QAOA. It involves multiple two-qubit gates to
prepare. An easier-to-prepare state for each vertex can
be defined via a randomly-assigned coloring (feasible but
not necessarily optimal), | Ci, i.e., a randomly drawn bit
string of Hamming weight one. Preparing such a state
involves only n single-qubit gates.

We study both initial states for the prism graph with
simultaneous ring mixer. For level-1 QAOA, the best
achievable optimization ratio (optimized over all angle
sets (�, �)) for W-state is higher than the classical Ham-
ming weight 1 state | iC . Notice that for | iC , the
phase-separating unitary commutes with the density ma-
trix of the state, hence has no e↵ect to the state evolu-
tion. As a result, the whole circuit for level-1 QAOA
is equivalent to applying the mixing unitary followed by
measurement. We further simulated higher levels, and in
Figure. 6 show the performance of QAOA with the W-
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that with the classical initial state, the performance of
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ming weight 1 state | iC . Notice that for | iC , the
phase-separating unitary commutes with the density ma-
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more complex mixer.[2] Nevertheless we are not aiming
at doing side-by-side comparison of quantum and classi-
cal algorithms, and will use these small graphs only as a
proof-of-principle demonstration of the QAOA with XY
mixers.

What graphs to color on NISQ era hardware? 

• For a classical algorithm, there is a concept of 
smallest slightly-hard-to-color graph:  applying the algorithm will sometimes 
yield the optimal solution
&
smallest hard-to-color graph: applying the algorithm never yields the optimal 
solution

• Examples

Envelope Prism

Small & Hard graphs

Figure 4. The two small and hard-to-color graphs: Envelope
and Prism. A valid 3-coloring is shown on each graph.

1. Performance of QAOA with the simultaneous ring mixer

With the simultaneous ring mixer, Figure. 5 shows
the results for QAOA levels 1 to 6. For each level, the
W-state is used as initial state, and stochastic search
(basin-hopping with BFGS) is performed to optimize the
expected value of the cost Hamiltonian over the angle
sets. The approximation ratio corresponding to the op-
timal expectation value is plotted as filled circles. Even
at level one, the approximation ratio takes a high value
0.8, and this value quickly approaches 1 as the level in-

creases. Furthermore, for each level, we computed the
probability of getting the actual optimal solution (a valid
3-coloring) upon measurement. At level one, this proba-
bility is slightly lower than 0.2, and quickly goes above 0.6
at level-3, which implies that repeating the experiment
3 times, one will find a valid coloring with probability
> 0.9.

Figure 5. The Prism graph. Dots are approximation ratios
and crosses are the expected probability of getting the opti-
mal coloring. For each QAOA level, results are shown at the
(sub)optimal angles resulted from a basin-hopping search.

2. E↵ect of initial states

The W-state – as both an even superposition of all fea-
sible classical states, and the ground state of the simul-
taneous ring mixer – is a natural candidate for the initial
state for QAOA. It involves multiple two-qubit gates to
prepare. An easier-to-prepare state for each vertex can
be defined via a randomly-assigned coloring (feasible but
not necessarily optimal), | Ci, i.e., a randomly drawn bit
string of Hamming weight one. Preparing such a state
involves only n single-qubit gates.

We study both initial states for the prism graph with
simultaneous ring mixer. For level-1 QAOA, the best
achievable optimization ratio (optimized over all angle
sets (�, �)) for W-state is higher than the classical Ham-
ming weight 1 state | iC . Notice that for | iC , the
phase-separating unitary commutes with the density ma-
trix of the state, hence has no e↵ect to the state evolu-
tion. As a result, the whole circuit for level-1 QAOA
is equivalent to applying the mixing unitary followed by
measurement. We further simulated higher levels, and in
Figure. 6 show the performance of QAOA with the W-
state versus a classical state as initial state. We found
that with the classical initial state, the performance of
QAOA is significantly lower than using the W-state as
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Ratio: The feasible space shrinks exponentially with n.
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In Sec. II, we benchmark the performance of XY-QAOA
applied to the Max--Colorable-Subgraph problem with
k = 3 under the influence of noise. In Sec. IVA, we
discuss the e↵ect of choosing the encoding of the problem
on the performance and introduce first error mitigation
techniques. In Sec. V, we conclude this work and give an
outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with particle number symmetries and calculate the leak-
age rates out of a fixed particle number subspace under
the influence of noise. We assume a system composed out
of N  qubits subsystems and enforce a particle number
conservation, or fixed Hamming weight H, in each sub-
system. For example, in the H = 1 subspace, each sub-
system is only allowed to have a single excitation, which
could represent the one-hot encoding of a qudit with in-
ternal dimension . The subsystem states with Hamming
weight H span a subspace, which we refer to as Hamming
weight subspace HH. The tensor product of all N Ham-
ming weight subspaces defines the feasible subspace on
all N subsystems, Hfeas = H1

H ⌦ H2
H ⌦ · · · ⌦ HN

H . We
moreover define a family of one- and two-qubit unitaries
G = {Ul} acting on Hfeas and demand that each member
preserves the Hamming weight, i.e. Ul : Hfeas ! Hfeas .
We also define the local noise channel on each qubit as

E(⇢) : ⇢ !
X
i

Ki⇢K
†
i with

X
i

KiK
†
i  1 (1)

with the single-qubit state ⇢ and Ki the Kraus operators.
For this analysis, we assume that each qubit is a↵ected

by the same local depolarizing channel ED, defined by the
Kraus operators

K1 =
p
1� ⌘1, K2 =

r
⌘

3
�x,

K3 =

r
⌘

3
�y, K4 =

r
⌘

3
�z, (2)

where 1 and �x,y,z are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one
of the possible errors occurs. This channel is a popu-
lar choice in quantum information theory to study the
performance of quantum algorithms under noise [] and
mimics the symmetric decay of a single qubit into the
center of its Bloch sphere []. Later, in Sec. II A, we show
that the here made arguments also hold for more general
classes of noise channels, in particular for any local self-
dual channel. To mimic a quantum circuit with particle
number symmetry, we first initialize the system in an ar-
bitrary state ofHfeas and subsequently apply a set of one-
and two-qubit unitaries drawn from G. For convenience,
we apply the unitaries such that they can be executed
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FIG. 1: A circuit illustrating our setup. After
initializing the system in a state of Hfeas, randomly

drawn one- and two-qubit unitaries from G are applied,
followed by local depolarizing channels.

in parallel, i.e. they always generate a layer of depth 1.
We repeat this procedure up to a total circuit depth d.
To build the noisy version of this circuit, we apply the
depolarizing channel ED to all qubits after each layer of
the noise-less circuit, as pictured in Fig. 1.
To calculate the probability to escape the feasible sub-

space, we define the projection operator onto the feasi-
ble subspace Pfeas = P1

H ⌦ P2
H ⌦ · · · ⌦ PN

H with Pi
H the

projector on the Hamming weight subspace on subsys-
tem i. The expectation value pfeas = hPi

feasi w.r.t. the
output state of the quantum computation then gives the
probability of sampling a valid bitstring, while the ex-
pectation value hPi

Hi gives the probability to sample a
valid sub-bitstring of the i-th subsystem. As the noise
channel defined in Eq. (2) acts locally on each qubit and
therefore does not change the correlation between di↵er-
ent projection operators, hPfeasi can be reformulated as
the product hPfeasi =

Q
i hPi

Hi.
By construction, gates from G map states with Ham-

ming weight H to states of the same Hamming weight.
Therefore, in the absence of noise, the whole circuit pre-
serves the Hamming weight at any point of the compu-
tation, thus there is no population transfer between dif-
ferent Hamming weight subspaces, i.e. pfeas = 1. This
changes in the presence of noise, where the expectation
value,

hPi
Hi = Tr[⇢0U

†
1E(U †

2E(U †
3 · · · E(U†

dE(Pi
H)Ud) · · ·U3)U2)U1],

(3)

includes noise channels after each (noise-free) layer of the
circuit. We used the self-duality of the depolarizing chan-
nel, E# = E , to write this expression in a Heisenberg-like
fashion. As a starting point, we first recognize that the
action of depolarizing channel on the projector generates
a superposition of projection operators,

E(Pi
H) =

X
h=0

chPh , (4)

with ch as weight of the projector on the subspaces with
Hamming weight h. We note that the action of the depo-

 Local depolarizing chanel
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Figure 1: Probability of finding a feasible state when using XY-QAOA for various system sizes and number
QAOA blocks. We here added a local noise channel after each QAOA layer for each qubit.

2.3 Back to the feasible subspace

By using a circuit with two ancillary qubits (for the 3-colorable problem) for each logical qubit, see Fig. 2, we
can make sure that all non-feasible states are mapped back to the feasible subspace. This circuit however does
not localize the qubit on which a error occurred but replaces an non-feasible state with ANY feasible state.
So we might end up in a di↵erent state than we had before the error occurred. The probability of staying
in the feasible subspace is pretty much independent of the number of QAOA blocks and just determined
by the noise probability on the ancillary qubits. ZW:This is in flavor of error correction up to the symmetry of
permutation. We’ll further look into that

2.3.1 Circuit design principle

We can start with identifying the minimum number of correcting operators that are su�cient to bring all states to
the feasible subspace. In k = 3 case, only 4 operations are needed, for example, I, X

1

, X
3

, X
1

X
3

, see syndromes
and operations shown in Table 4. The 4 syndroms can be encoded into 2 ancilla qubits, a

1

and a
2

. Note that certain
states fit in multiple syndrom sets, for example, |000i can be fixed by either X

3

or X
1

, as shown in Figure. 4. Such
syndrom grouping leads to di↵erent circuits. Figure 2 shows the former, and Figure 5 shows the latter. Note that in
any grouping, the action of X

1

and X
3

corresponds to ancilla states a
2

= 1 and a
1

= 1, respectively, hence can be
applied sequentially, and one can apply only one ancilla and recycle it after correcting for one syndrome.

2.3.2 Beyond k = 3

Similar to k = 3 case, for any k and targeted subspace of any Hamming weight d, by counting minimal number of
correcting operation needed and choose a syndrom grouping, we can determine the number of ancilla qubits needed,
and design a circuit to bring the system to the feasible subspace. For k = 4, if Ham = 1 is targeted, there are 7
syndromes and therefore 3 ancilla qubits are su�cient; if Ham = 2 is the feasible subspace, then only 4 syndromes
and hence 2 ancila qubits are needed.

2.4 Syndrome measurements

The above error correcting circuit bring the non-feasible states back to the feasible subspace, but not necessarily to
the state before the error. Instead of using this approach, we also can also use a adaption of a stabilizer codes, which
can localize a single bit flip error in the circuit and correct for it. The strategy is the following: We use an additional

4

The Attack of noise to the subspace
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Noise exponentially shrinks the probability 
of staying in the desired subspace with 
problem size and QAOA level  

[Streif, Leib, Wudarski, Rieffel, Wang, in prep ]

Quantum algorithms with local particle number conservation: noise effects and 
error correction, Streif, Leib, Wudarski, Rieffel, Wang, arXiv:2011.06873
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In Sec. II, we benchmark the performance of XY-QAOA
applied to the Max--Colorable-Subgraph problem with
k = 3 under the influence of noise. In Sec. IVA, we
discuss the e↵ect of choosing the encoding of the problem
on the performance and introduce first error mitigation
techniques. In Sec. V, we conclude this work and give an
outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with particle number symmetries and calculate the leak-
age rates out of a fixed particle number subspace under
the influence of noise. We assume a system composed out
of N  qubits subsystems and enforce a particle number
conservation, or fixed Hamming weight H, in each sub-
system. For example, in the H = 1 subspace, each sub-
system is only allowed to have a single excitation, which
could represent the one-hot encoding of a qudit with in-
ternal dimension . The subsystem states with Hamming
weight H span a subspace, which we refer to as Hamming
weight subspace HH. The tensor product of all N Ham-
ming weight subspaces defines the feasible subspace on
all N subsystems, Hfeas = H1

H ⌦ H2
H ⌦ · · · ⌦ HN

H . We
moreover define a family of one- and two-qubit unitaries
G = {Ul} acting on Hfeas and demand that each member
preserves the Hamming weight, i.e. Ul : Hfeas ! Hfeas .
We also define the local noise channel on each qubit as

E(⇢) : ⇢ !
X
i

Ki⇢K
†
i with

X
i

KiK
†
i  1 (1)

with the single-qubit state ⇢ and Ki the Kraus operators.
For this analysis, we assume that each qubit is a↵ected

by the same local depolarizing channel ED, defined by the
Kraus operators

K1 =
p
1� ⌘1, K2 =

r
⌘

3
�x,

K3 =

r
⌘

3
�y, K4 =

r
⌘

3
�z, (2)

where 1 and �x,y,z are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one
of the possible errors occurs. This channel is a popu-
lar choice in quantum information theory to study the
performance of quantum algorithms under noise [] and
mimics the symmetric decay of a single qubit into the
center of its Bloch sphere []. Later, in Sec. II A, we show
that the here made arguments also hold for more general
classes of noise channels, in particular for any local self-
dual channel. To mimic a quantum circuit with particle
number symmetry, we first initialize the system in an ar-
bitrary state ofHfeas and subsequently apply a set of one-
and two-qubit unitaries drawn from G. For convenience,
we apply the unitaries such that they can be executed
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FIG. 1: A circuit illustrating our setup. After
initializing the system in a state of Hfeas, randomly

drawn one- and two-qubit unitaries from G are applied,
followed by local depolarizing channels.

in parallel, i.e. they always generate a layer of depth 1.
We repeat this procedure up to a total circuit depth d.
To build the noisy version of this circuit, we apply the
depolarizing channel ED to all qubits after each layer of
the noise-less circuit, as pictured in Fig. 1.
To calculate the probability to escape the feasible sub-

space, we define the projection operator onto the feasi-
ble subspace Pfeas = P1

H ⌦ P2
H ⌦ · · · ⌦ PN

H with Pi
H the

projector on the Hamming weight subspace on subsys-
tem i. The expectation value pfeas = hPi

feasi w.r.t. the
output state of the quantum computation then gives the
probability of sampling a valid bitstring, while the ex-
pectation value hPi

Hi gives the probability to sample a
valid sub-bitstring of the i-th subsystem. As the noise
channel defined in Eq. (2) acts locally on each qubit and
therefore does not change the correlation between di↵er-
ent projection operators, hPfeasi can be reformulated as
the product hPfeasi =

Q
i hPi

Hi.
By construction, gates from G map states with Ham-

ming weight H to states of the same Hamming weight.
Therefore, in the absence of noise, the whole circuit pre-
serves the Hamming weight at any point of the compu-
tation, thus there is no population transfer between dif-
ferent Hamming weight subspaces, i.e. pfeas = 1. This
changes in the presence of noise, where the expectation
value,

hPi
Hi = Tr[⇢0U

†
1E(U †

2E(U †
3 · · · E(U†

dE(Pi
H)Ud) · · ·U3)U2)U1],

(3)

includes noise channels after each (noise-free) layer of the
circuit. We used the self-duality of the depolarizing chan-
nel, E# = E , to write this expression in a Heisenberg-like
fashion. As a starting point, we first recognize that the
action of depolarizing channel on the projector generates
a superposition of projection operators,

E(Pi
H) =

X
h=0

chPh , (4)

with ch as weight of the projector on the subspaces with
Hamming weight h. We note that the action of the depo-
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In Sec. II, we benchmark the performance of XY-QAOA
applied to the Max--Colorable-Subgraph problem with
k = 3 under the influence of noise. In Sec. IVA, we
discuss the e↵ect of choosing the encoding of the problem
on the performance and introduce first error mitigation
techniques. In Sec. V, we conclude this work and give an
outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with particle number symmetries and calculate the leak-
age rates out of a fixed particle number subspace under
the influence of noise. We assume a system composed out
of N  qubits subsystems and enforce a particle number
conservation, or fixed Hamming weight H, in each sub-
system. For example, in the H = 1 subspace, each sub-
system is only allowed to have a single excitation, which
could represent the one-hot encoding of a qudit with in-
ternal dimension . The subsystem states with Hamming
weight H span a subspace, which we refer to as Hamming
weight subspace HH. The tensor product of all N Ham-
ming weight subspaces defines the feasible subspace on
all N subsystems, Hfeas = H1

H ⌦ H2
H ⌦ · · · ⌦ HN

H . We
moreover define a family of one- and two-qubit unitaries
G = {Ul} acting on Hfeas and demand that each member
preserves the Hamming weight, i.e. Ul : Hfeas ! Hfeas .
We also define the local noise channel on each qubit as

E(⇢) : ⇢ !
X
i

Ki⇢K
†
i with

X
i

KiK
†
i  1 (1)

with the single-qubit state ⇢ and Ki the Kraus operators.
For this analysis, we assume that each qubit is a↵ected

by the same local depolarizing channel ED, defined by the
Kraus operators
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where 1 and �x,y,z are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one
of the possible errors occurs. This channel is a popu-
lar choice in quantum information theory to study the
performance of quantum algorithms under noise [] and
mimics the symmetric decay of a single qubit into the
center of its Bloch sphere []. Later, in Sec. II A, we show
that the here made arguments also hold for more general
classes of noise channels, in particular for any local self-
dual channel. To mimic a quantum circuit with particle
number symmetry, we first initialize the system in an ar-
bitrary state ofHfeas and subsequently apply a set of one-
and two-qubit unitaries drawn from G. For convenience,
we apply the unitaries such that they can be executed
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FIG. 1: A circuit illustrating our setup. After
initializing the system in a state of Hfeas, randomly

drawn one- and two-qubit unitaries from G are applied,
followed by local depolarizing channels.

in parallel, i.e. they always generate a layer of depth 1.
We repeat this procedure up to a total circuit depth d.
To build the noisy version of this circuit, we apply the
depolarizing channel ED to all qubits after each layer of
the noise-less circuit, as pictured in Fig. 1.
To calculate the probability to escape the feasible sub-

space, we define the projection operator onto the feasi-
ble subspace Pfeas = P1

H ⌦ P2
H ⌦ · · · ⌦ PN

H with Pi
H the

projector on the Hamming weight subspace on subsys-
tem i. The expectation value pfeas = hPi

feasi w.r.t. the
output state of the quantum computation then gives the
probability of sampling a valid bitstring, while the ex-
pectation value hPi

Hi gives the probability to sample a
valid sub-bitstring of the i-th subsystem. As the noise
channel defined in Eq. (2) acts locally on each qubit and
therefore does not change the correlation between di↵er-
ent projection operators, hPfeasi can be reformulated as
the product hPfeasi =

Q
i hPi

Hi.
By construction, gates from G map states with Ham-

ming weight H to states of the same Hamming weight.
Therefore, in the absence of noise, the whole circuit pre-
serves the Hamming weight at any point of the compu-
tation, thus there is no population transfer between dif-
ferent Hamming weight subspaces, i.e. pfeas = 1. This
changes in the presence of noise, where the expectation
value,

hPi
Hi = Tr[⇢0U

†
1E(U †

2E(U †
3 · · · E(U†

dE(Pi
H)Ud) · · ·U3)U2)U1],

(3)

includes noise channels after each (noise-free) layer of the
circuit. We used the self-duality of the depolarizing chan-
nel, E# = E , to write this expression in a Heisenberg-like
fashion. As a starting point, we first recognize that the
action of depolarizing channel on the projector generates
a superposition of projection operators,

E(Pi
H) =

X
h=0

chPh , (4)

with ch as weight of the projector on the subspaces with
Hamming weight h. We note that the action of the depo-
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• Calculation of the probability of preserving parti-
cle number as a function of depth and error rate
for XY-QAOA, with specific applications to QAOA
applied to the Max--Colorable-Subgraph problem,
with the coloring of each vertex mapped to a par-
ticle number 1 subspace.

• Comparison of alternative mappings of the Max-
-Colorable-Subgraph problem to higher particle
number subspaces and their relative robustness.

• Demonstration of a symmetry-aware error mitiga-
tion scheme for particle number preserving algo-
rithms that uses fewer resources than generic quan-
tum error correction.

• Open questions and research directions for NISQ
algorithms that preserve symmetries, both particle
number symmetries and more general symmetries.

This paper is structured as follows. In Sec. II, we de-
fine a class of quantum circuits with LPNC and calculate
the probability of upholding the symmetry during a com-
putation in the presence of local depolarizing noise. In
Sec. III, we benchmark the robustness of XY-QAOA ap-
plied to the Max--Colorable-Subgraph problem under
the influence of noise. In Sec. IV, we analyze how the
choice of encoding the problem a↵ects the robustness to
noise and benchmark an adaption of the bit flip code
to correct for symmetry-breaking errors. In Sec. V, we
conclude and give an outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with conserved particle numbers under noise and give an
analytical expression for the probably of leaving a fixed
particle number subspace.

We assume a system composed of n subsystems with
 qubits each. We initialize each system with a fixed
particle number N , that is each system has N qubits
in the |1i state and  � N qubits in the |0i state. For
example, for the N = 1 particle number subspace, each
system has only a single particle.

The subsystem states with particle number N span
a subspace, which we refer to as particle number sub-

space HN. The tensor product of all n subspaces de-
fines the feasible subspace on all n subsystems, Hfeas =

H(1)
N ⌦H(2)

N ⌦ · · ·⌦H(n)
N . We moreover define a set of one-

and two-qubit unitaries G such that each element g 2 G
upholds the local particle number conservation (LPNC)
in each subsystem, that is

gN
i

= N
i

g 8 g in G 8 i , (1)

|0i

Prep

g
E

g
E g E

|0i E E
g

E
|0i

g
E E . . . E

|0i E
g

E g E
|0i g E E g E
|0i g E g E g E

U
1

U
2

U
d

FIG. 1. A circuit illustrating our setup. After initializing
the system in a state of H

feas

, randomly drawn one- and two-
qubit unitaries from G are applied (note that each g can be a
di↵erent operation, and we omitted distinct labels for brevity
of the notation), followed by local depolarizing channels E .

with the particle number operator

N
i

=
dimHNX

k

1

2
(1k � �(ik)

z

) (2)

with i
k

the k-th qubit of subsystem i counting how man
qubits are in the |1i state in subsystem i, i.e. g|Hfeas :
Hfeas ! Hfeas . We also introduce a local depolarizing
noise channel E(⇢) : ⇢ ! P

i

K
i

⇢K†
i

on each qubit by
defining the Kraus operators

K1 =
p

1� ⌘1, K2 =

r
⌘

3
�
x

,

K3 =

r
⌘

3
�
y

, K4 =

r
⌘

3
�
z

, (3)

where 1 and �
x,y,z

are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one of
the errors occurs. This channel describes the symmetric
decay of a single qubit into the center of the Bloch sphere.
Note that, when ⌘ = 0.75, the output of this channel is
a fully mixed state. In the following, without causing
confusion, the expression E(⇢) on a multi-qubit state ⇢ is
also used to describe the action of the local noise channel
on all qubits in ⇢.
To mimic a quantum circuit with LPNC under noise,

we first initialize the system in a state ⇢0 2 B(Hfeas) and
subsequently apply a set of one- and two-qubit unitaries
drawn from G. After each layer of gates, or maximal set
of consecutive gates which act on distinct sets of qubits,
denoted by U

l

, we apply the depolarizing channel E to
all qubits, as pictured in Fig. 1. We thus assume that all
operations, including idle times of qubits, are subject to
the same amount of noise.
To calculate the probability to escape the feasible

subspace Hfeas, we define the projection operator onto

the feasible subspace Pfeas = P(1)
N ⌦ P(2)

N ⌦ · · · ⌦ P(n)
N

with P(i)
N the projector on the particle number subspace

with N particles on subsystem i. The expectation value
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In Sec. II, we benchmark the performance of XY-QAOA
applied to the Max--Colorable-Subgraph problem with
k = 3 under the influence of noise. In Sec. IVA, we
discuss the e↵ect of choosing the encoding of the problem
on the performance and introduce first error mitigation
techniques. In Sec. V, we conclude this work and give an
outlook.
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NOISE

In this first section, we analyze quantum algorithms
with particle number symmetries and calculate the leak-
age rates out of a fixed particle number subspace under
the influence of noise. We assume a system composed out
of N  qubits subsystems and enforce a particle number
conservation, or fixed Hamming weight H, in each sub-
system. For example, in the H = 1 subspace, each sub-
system is only allowed to have a single excitation, which
could represent the one-hot encoding of a qudit with in-
ternal dimension . The subsystem states with Hamming
weight H span a subspace, which we refer to as Hamming
weight subspace HH. The tensor product of all N Ham-
ming weight subspaces defines the feasible subspace on
all N subsystems, Hfeas = H1

H ⌦ H2
H ⌦ · · · ⌦ HN

H . We
moreover define a family of one- and two-qubit unitaries
G = {Ul} acting on Hfeas and demand that each member
preserves the Hamming weight, i.e. Ul : Hfeas ! Hfeas .
We also define the local noise channel on each qubit as

E(⇢) : ⇢ !
X
i

Ki⇢K
†
i with

X
i

KiK
†
i  1 (1)

with the single-qubit state ⇢ and Ki the Kraus operators.
For this analysis, we assume that each qubit is a↵ected

by the same local depolarizing channel ED, defined by the
Kraus operators
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where 1 and �x,y,z are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one
of the possible errors occurs. This channel is a popu-
lar choice in quantum information theory to study the
performance of quantum algorithms under noise [] and
mimics the symmetric decay of a single qubit into the
center of its Bloch sphere []. Later, in Sec. II A, we show
that the here made arguments also hold for more general
classes of noise channels, in particular for any local self-
dual channel. To mimic a quantum circuit with particle
number symmetry, we first initialize the system in an ar-
bitrary state ofHfeas and subsequently apply a set of one-
and two-qubit unitaries drawn from G. For convenience,
we apply the unitaries such that they can be executed
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FIG. 1: A circuit illustrating our setup. After
initializing the system in a state of Hfeas, randomly

drawn one- and two-qubit unitaries from G are applied,
followed by local depolarizing channels.

in parallel, i.e. they always generate a layer of depth 1.
We repeat this procedure up to a total circuit depth d.
To build the noisy version of this circuit, we apply the
depolarizing channel ED to all qubits after each layer of
the noise-less circuit, as pictured in Fig. 1.
To calculate the probability to escape the feasible sub-

space, we define the projection operator onto the feasi-
ble subspace Pfeas = P1

H ⌦ P2
H ⌦ · · · ⌦ PN

H with Pi
H the

projector on the Hamming weight subspace on subsys-
tem i. The expectation value pfeas = hPi

feasi w.r.t. the
output state of the quantum computation then gives the
probability of sampling a valid bitstring, while the ex-
pectation value hPi

Hi gives the probability to sample a
valid sub-bitstring of the i-th subsystem. As the noise
channel defined in Eq. (2) acts locally on each qubit and
therefore does not change the correlation between di↵er-
ent projection operators, hPfeasi can be reformulated as
the product hPfeasi =

Q
i hPi

Hi.
By construction, gates from G map states with Ham-

ming weight H to states of the same Hamming weight.
Therefore, in the absence of noise, the whole circuit pre-
serves the Hamming weight at any point of the compu-
tation, thus there is no population transfer between dif-
ferent Hamming weight subspaces, i.e. pfeas = 1. This
changes in the presence of noise, where the expectation
value,

hPi
Hi = Tr[⇢0U

†
1E(U †

2E(U †
3 · · · E(U†

dE(Pi
H)Ud) · · ·U3)U2)U1],

(3)

includes noise channels after each (noise-free) layer of the
circuit. We used the self-duality of the depolarizing chan-
nel, E# = E , to write this expression in a Heisenberg-like
fashion. As a starting point, we first recognize that the
action of depolarizing channel on the projector generates
a superposition of projection operators,

E(Pi
H) =

X
h=0

chPh , (4)

with ch as weight of the projector on the subspaces with
Hamming weight h. We note that the action of the depo-
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Therefore, in the absence of noise, the whole circuit pre-
serves the Hamming weight at any point of the compu-
tation, thus there is no population transfer between dif-
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fashion. As a starting point, we first recognize that the
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depolarizing channel) for any circuit that preserves Ztot.
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• Calculation of the probability of preserving parti-
cle number as a function of depth and error rate
for XY-QAOA, with specific applications to QAOA
applied to the Max--Colorable-Subgraph problem,
with the coloring of each vertex mapped to a par-
ticle number 1 subspace.

• Comparison of alternative mappings of the Max-
-Colorable-Subgraph problem to higher particle
number subspaces and their relative robustness.

• Demonstration of a symmetry-aware error mitiga-
tion scheme for particle number preserving algo-
rithms that uses fewer resources than generic quan-
tum error correction.

• Open questions and research directions for NISQ
algorithms that preserve symmetries, both particle
number symmetries and more general symmetries.

This paper is structured as follows. In Sec. II, we de-
fine a class of quantum circuits with LPNC and calculate
the probability of upholding the symmetry during a com-
putation in the presence of local depolarizing noise. In
Sec. III, we benchmark the robustness of XY-QAOA ap-
plied to the Max--Colorable-Subgraph problem under
the influence of noise. In Sec. IV, we analyze how the
choice of encoding the problem a↵ects the robustness to
noise and benchmark an adaption of the bit flip code
to correct for symmetry-breaking errors. In Sec. V, we
conclude and give an outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with conserved particle numbers under noise and give an
analytical expression for the probably of leaving a fixed
particle number subspace.

We assume a system composed of n subsystems with
 qubits each. We initialize each system with a fixed
particle number N , that is each system has N qubits
in the |1i state and  � N qubits in the |0i state. For
example, for the N = 1 particle number subspace, each
system has only a single particle.

The subsystem states with particle number N span
a subspace, which we refer to as particle number sub-

space HN. The tensor product of all n subspaces de-
fines the feasible subspace on all n subsystems, Hfeas =

H(1)
N ⌦H(2)

N ⌦ · · ·⌦H(n)
N . We moreover define a set of one-

and two-qubit unitaries G such that each element g 2 G
upholds the local particle number conservation (LPNC)
in each subsystem, that is

gN
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i

g 8 g in G 8 i , (1)
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FIG. 1. A circuit illustrating our setup. After initializing
the system in a state of H

feas

, randomly drawn one- and two-
qubit unitaries from G are applied (note that each g can be a
di↵erent operation, and we omitted distinct labels for brevity
of the notation), followed by local depolarizing channels E .

with the particle number operator

N
i

=
dimHNX
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2
(1k � �(ik)

z

) (2)

with i
k

the k-th qubit of subsystem i counting how man
qubits are in the |1i state in subsystem i, i.e. g|Hfeas :
Hfeas ! Hfeas . We also introduce a local depolarizing
noise channel E(⇢) : ⇢ ! P

i

K
i

⇢K†
i

on each qubit by
defining the Kraus operators
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where 1 and �
x,y,z

are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one of
the errors occurs. This channel describes the symmetric
decay of a single qubit into the center of the Bloch sphere.
Note that, when ⌘ = 0.75, the output of this channel is
a fully mixed state. In the following, without causing
confusion, the expression E(⇢) on a multi-qubit state ⇢ is
also used to describe the action of the local noise channel
on all qubits in ⇢.
To mimic a quantum circuit with LPNC under noise,

we first initialize the system in a state ⇢0 2 B(Hfeas) and
subsequently apply a set of one- and two-qubit unitaries
drawn from G. After each layer of gates, or maximal set
of consecutive gates which act on distinct sets of qubits,
denoted by U

l

, we apply the depolarizing channel E to
all qubits, as pictured in Fig. 1. We thus assume that all
operations, including idle times of qubits, are subject to
the same amount of noise.
To calculate the probability to escape the feasible

subspace Hfeas, we define the projection operator onto

the feasible subspace Pfeas = P(1)
N ⌦ P(2)

N ⌦ · · · ⌦ P(n)
N

with P(i)
N the projector on the particle number subspace

with N particles on subsystem i. The expectation value
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In Sec. II, we benchmark the performance of XY-QAOA
applied to the Max--Colorable-Subgraph problem with
k = 3 under the influence of noise. In Sec. IVA, we
discuss the e↵ect of choosing the encoding of the problem
on the performance and introduce first error mitigation
techniques. In Sec. V, we conclude this work and give an
outlook.
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with particle number symmetries and calculate the leak-
age rates out of a fixed particle number subspace under
the influence of noise. We assume a system composed out
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conservation, or fixed Hamming weight H, in each sub-
system. For example, in the H = 1 subspace, each sub-
system is only allowed to have a single excitation, which
could represent the one-hot encoding of a qudit with in-
ternal dimension . The subsystem states with Hamming
weight H span a subspace, which we refer to as Hamming
weight subspace HH. The tensor product of all N Ham-
ming weight subspaces defines the feasible subspace on
all N subsystems, Hfeas = H1
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H . We
moreover define a family of one- and two-qubit unitaries
G = {Ul} acting on Hfeas and demand that each member
preserves the Hamming weight, i.e. Ul : Hfeas ! Hfeas .
We also define the local noise channel on each qubit as
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i with
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with the single-qubit state ⇢ and Ki the Kraus operators.
For this analysis, we assume that each qubit is a↵ected
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where 1 and �x,y,z are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one
of the possible errors occurs. This channel is a popu-
lar choice in quantum information theory to study the
performance of quantum algorithms under noise [] and
mimics the symmetric decay of a single qubit into the
center of its Bloch sphere []. Later, in Sec. II A, we show
that the here made arguments also hold for more general
classes of noise channels, in particular for any local self-
dual channel. To mimic a quantum circuit with particle
number symmetry, we first initialize the system in an ar-
bitrary state ofHfeas and subsequently apply a set of one-
and two-qubit unitaries drawn from G. For convenience,
we apply the unitaries such that they can be executed
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FIG. 1: A circuit illustrating our setup. After
initializing the system in a state of Hfeas, randomly

drawn one- and two-qubit unitaries from G are applied,
followed by local depolarizing channels.

in parallel, i.e. they always generate a layer of depth 1.
We repeat this procedure up to a total circuit depth d.
To build the noisy version of this circuit, we apply the
depolarizing channel ED to all qubits after each layer of
the noise-less circuit, as pictured in Fig. 1.
To calculate the probability to escape the feasible sub-

space, we define the projection operator onto the feasi-
ble subspace Pfeas = P1

H ⌦ P2
H ⌦ · · · ⌦ PN

H with Pi
H the

projector on the Hamming weight subspace on subsys-
tem i. The expectation value pfeas = hPi

feasi w.r.t. the
output state of the quantum computation then gives the
probability of sampling a valid bitstring, while the ex-
pectation value hPi

Hi gives the probability to sample a
valid sub-bitstring of the i-th subsystem. As the noise
channel defined in Eq. (2) acts locally on each qubit and
therefore does not change the correlation between di↵er-
ent projection operators, hPfeasi can be reformulated as
the product hPfeasi =

Q
i hPi

Hi.
By construction, gates from G map states with Ham-

ming weight H to states of the same Hamming weight.
Therefore, in the absence of noise, the whole circuit pre-
serves the Hamming weight at any point of the compu-
tation, thus there is no population transfer between dif-
ferent Hamming weight subspaces, i.e. pfeas = 1. This
changes in the presence of noise, where the expectation
value,

hPi
Hi = Tr[⇢0U

†
1E(U †

2E(U †
3 · · · E(U†

dE(Pi
H)Ud) · · ·U3)U2)U1],

(3)

includes noise channels after each (noise-free) layer of the
circuit. We used the self-duality of the depolarizing chan-
nel, E# = E , to write this expression in a Heisenberg-like
fashion. As a starting point, we first recognize that the
action of depolarizing channel on the projector generates
a superposition of projection operators,

E(Pi
H) =

X
h=0

chPh , (4)

with ch as weight of the projector on the subspaces with
Hamming weight h. We note that the action of the depo-
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in parallel, i.e. they always generate a layer of depth 1.
We repeat this procedure up to a total circuit depth d.
To build the noisy version of this circuit, we apply the
depolarizing channel ED to all qubits after each layer of
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circuit. We used the self-duality of the depolarizing chan-
nel, E# = E , to write this expression in a Heisenberg-like
fashion. As a starting point, we first recognize that the
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• Calculation of the probability of preserving parti-
cle number as a function of depth and error rate
for XY-QAOA, with specific applications to QAOA
applied to the Max--Colorable-Subgraph problem,
with the coloring of each vertex mapped to a par-
ticle number 1 subspace.

• Comparison of alternative mappings of the Max-
-Colorable-Subgraph problem to higher particle
number subspaces and their relative robustness.

• Demonstration of a symmetry-aware error mitiga-
tion scheme for particle number preserving algo-
rithms that uses fewer resources than generic quan-
tum error correction.

• Open questions and research directions for NISQ
algorithms that preserve symmetries, both particle
number symmetries and more general symmetries.

This paper is structured as follows. In Sec. II, we de-
fine a class of quantum circuits with LPNC and calculate
the probability of upholding the symmetry during a com-
putation in the presence of local depolarizing noise. In
Sec. III, we benchmark the robustness of XY-QAOA ap-
plied to the Max--Colorable-Subgraph problem under
the influence of noise. In Sec. IV, we analyze how the
choice of encoding the problem a↵ects the robustness to
noise and benchmark an adaption of the bit flip code
to correct for symmetry-breaking errors. In Sec. V, we
conclude and give an outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with conserved particle numbers under noise and give an
analytical expression for the probably of leaving a fixed
particle number subspace.

We assume a system composed of n subsystems with
 qubits each. We initialize each system with a fixed
particle number N , that is each system has N qubits
in the |1i state and  � N qubits in the |0i state. For
example, for the N = 1 particle number subspace, each
system has only a single particle.

The subsystem states with particle number N span
a subspace, which we refer to as particle number sub-

space HN. The tensor product of all n subspaces de-
fines the feasible subspace on all n subsystems, Hfeas =

H(1)
N ⌦H(2)

N ⌦ · · ·⌦H(n)
N . We moreover define a set of one-

and two-qubit unitaries G such that each element g 2 G
upholds the local particle number conservation (LPNC)
in each subsystem, that is

gN
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FIG. 1. A circuit illustrating our setup. After initializing
the system in a state of H

feas

, randomly drawn one- and two-
qubit unitaries from G are applied (note that each g can be a
di↵erent operation, and we omitted distinct labels for brevity
of the notation), followed by local depolarizing channels E .

with the particle number operator

N
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=
dimHNX
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z

) (2)

with i
k

the k-th qubit of subsystem i counting how man
qubits are in the |1i state in subsystem i, i.e. g|Hfeas :
Hfeas ! Hfeas . We also introduce a local depolarizing
noise channel E(⇢) : ⇢ ! P

i

K
i

⇢K†
i

on each qubit by
defining the Kraus operators
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where 1 and �
x,y,z

are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one of
the errors occurs. This channel describes the symmetric
decay of a single qubit into the center of the Bloch sphere.
Note that, when ⌘ = 0.75, the output of this channel is
a fully mixed state. In the following, without causing
confusion, the expression E(⇢) on a multi-qubit state ⇢ is
also used to describe the action of the local noise channel
on all qubits in ⇢.
To mimic a quantum circuit with LPNC under noise,

we first initialize the system in a state ⇢0 2 B(Hfeas) and
subsequently apply a set of one- and two-qubit unitaries
drawn from G. After each layer of gates, or maximal set
of consecutive gates which act on distinct sets of qubits,
denoted by U

l

, we apply the depolarizing channel E to
all qubits, as pictured in Fig. 1. We thus assume that all
operations, including idle times of qubits, are subject to
the same amount of noise.
To calculate the probability to escape the feasible

subspace Hfeas, we define the projection operator onto

the feasible subspace Pfeas = P(1)
N ⌦ P(2)

N ⌦ · · · ⌦ P(n)
N

with P(i)
N the projector on the particle number subspace

with N particles on subsystem i. The expectation value
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In Sec. II, we benchmark the performance of XY-QAOA
applied to the Max--Colorable-Subgraph problem with
k = 3 under the influence of noise. In Sec. IVA, we
discuss the e↵ect of choosing the encoding of the problem
on the performance and introduce first error mitigation
techniques. In Sec. V, we conclude this work and give an
outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with particle number symmetries and calculate the leak-
age rates out of a fixed particle number subspace under
the influence of noise. We assume a system composed out
of N  qubits subsystems and enforce a particle number
conservation, or fixed Hamming weight H, in each sub-
system. For example, in the H = 1 subspace, each sub-
system is only allowed to have a single excitation, which
could represent the one-hot encoding of a qudit with in-
ternal dimension . The subsystem states with Hamming
weight H span a subspace, which we refer to as Hamming
weight subspace HH. The tensor product of all N Ham-
ming weight subspaces defines the feasible subspace on
all N subsystems, Hfeas = H1

H ⌦ H2
H ⌦ · · · ⌦ HN

H . We
moreover define a family of one- and two-qubit unitaries
G = {Ul} acting on Hfeas and demand that each member
preserves the Hamming weight, i.e. Ul : Hfeas ! Hfeas .
We also define the local noise channel on each qubit as

E(⇢) : ⇢ !
X
i

Ki⇢K
†
i with

X
i

KiK
†
i  1 (1)

with the single-qubit state ⇢ and Ki the Kraus operators.
For this analysis, we assume that each qubit is a↵ected

by the same local depolarizing channel ED, defined by the
Kraus operators
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p
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r
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where 1 and �x,y,z are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one
of the possible errors occurs. This channel is a popu-
lar choice in quantum information theory to study the
performance of quantum algorithms under noise [] and
mimics the symmetric decay of a single qubit into the
center of its Bloch sphere []. Later, in Sec. II A, we show
that the here made arguments also hold for more general
classes of noise channels, in particular for any local self-
dual channel. To mimic a quantum circuit with particle
number symmetry, we first initialize the system in an ar-
bitrary state ofHfeas and subsequently apply a set of one-
and two-qubit unitaries drawn from G. For convenience,
we apply the unitaries such that they can be executed
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FIG. 1: A circuit illustrating our setup. After
initializing the system in a state of Hfeas, randomly

drawn one- and two-qubit unitaries from G are applied,
followed by local depolarizing channels.

in parallel, i.e. they always generate a layer of depth 1.
We repeat this procedure up to a total circuit depth d.
To build the noisy version of this circuit, we apply the
depolarizing channel ED to all qubits after each layer of
the noise-less circuit, as pictured in Fig. 1.
To calculate the probability to escape the feasible sub-

space, we define the projection operator onto the feasi-
ble subspace Pfeas = P1

H ⌦ P2
H ⌦ · · · ⌦ PN

H with Pi
H the

projector on the Hamming weight subspace on subsys-
tem i. The expectation value pfeas = hPi

feasi w.r.t. the
output state of the quantum computation then gives the
probability of sampling a valid bitstring, while the ex-
pectation value hPi

Hi gives the probability to sample a
valid sub-bitstring of the i-th subsystem. As the noise
channel defined in Eq. (2) acts locally on each qubit and
therefore does not change the correlation between di↵er-
ent projection operators, hPfeasi can be reformulated as
the product hPfeasi =

Q
i hPi

Hi.
By construction, gates from G map states with Ham-

ming weight H to states of the same Hamming weight.
Therefore, in the absence of noise, the whole circuit pre-
serves the Hamming weight at any point of the compu-
tation, thus there is no population transfer between dif-
ferent Hamming weight subspaces, i.e. pfeas = 1. This
changes in the presence of noise, where the expectation
value,

hPi
Hi = Tr[⇢0U

†
1E(U †

2E(U †
3 · · · E(U†

dE(Pi
H)Ud) · · ·U3)U2)U1],

(3)

includes noise channels after each (noise-free) layer of the
circuit. We used the self-duality of the depolarizing chan-
nel, E# = E , to write this expression in a Heisenberg-like
fashion. As a starting point, we first recognize that the
action of depolarizing channel on the projector generates
a superposition of projection operators,

E(Pi
H) =

X
h=0

chPh , (4)

with ch as weight of the projector on the subspaces with
Hamming weight h. We note that the action of the depo-
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In Sec. II, we benchmark the performance of XY-QAOA
applied to the Max--Colorable-Subgraph problem with
k = 3 under the influence of noise. In Sec. IVA, we
discuss the e↵ect of choosing the encoding of the problem
on the performance and introduce first error mitigation
techniques. In Sec. V, we conclude this work and give an
outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with particle number symmetries and calculate the leak-
age rates out of a fixed particle number subspace under
the influence of noise. We assume a system composed out
of N  qubits subsystems and enforce a particle number
conservation, or fixed Hamming weight H, in each sub-
system. For example, in the H = 1 subspace, each sub-
system is only allowed to have a single excitation, which
could represent the one-hot encoding of a qudit with in-
ternal dimension . The subsystem states with Hamming
weight H span a subspace, which we refer to as Hamming
weight subspace HH. The tensor product of all N Ham-
ming weight subspaces defines the feasible subspace on
all N subsystems, Hfeas = H1

H ⌦ H2
H ⌦ · · · ⌦ HN

H . We
moreover define a family of one- and two-qubit unitaries
G = {Ul} acting on Hfeas and demand that each member
preserves the Hamming weight, i.e. Ul : Hfeas ! Hfeas .
We also define the local noise channel on each qubit as

E(⇢) : ⇢ !
X
i

Ki⇢K
†
i with
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KiK
†
i  1 (1)

with the single-qubit state ⇢ and Ki the Kraus operators.
For this analysis, we assume that each qubit is a↵ected

by the same local depolarizing channel ED, defined by the
Kraus operators

K1 =
p
1� ⌘1, K2 =

r
⌘

3
�x,

K3 =

r
⌘

3
�y, K4 =

r
⌘

3
�z, (2)

where 1 and �x,y,z are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one
of the possible errors occurs. This channel is a popu-
lar choice in quantum information theory to study the
performance of quantum algorithms under noise [] and
mimics the symmetric decay of a single qubit into the
center of its Bloch sphere []. Later, in Sec. II A, we show
that the here made arguments also hold for more general
classes of noise channels, in particular for any local self-
dual channel. To mimic a quantum circuit with particle
number symmetry, we first initialize the system in an ar-
bitrary state ofHfeas and subsequently apply a set of one-
and two-qubit unitaries drawn from G. For convenience,
we apply the unitaries such that they can be executed
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FIG. 1: A circuit illustrating our setup. After
initializing the system in a state of Hfeas, randomly

drawn one- and two-qubit unitaries from G are applied,
followed by local depolarizing channels.

in parallel, i.e. they always generate a layer of depth 1.
We repeat this procedure up to a total circuit depth d.
To build the noisy version of this circuit, we apply the
depolarizing channel ED to all qubits after each layer of
the noise-less circuit, as pictured in Fig. 1.
To calculate the probability to escape the feasible sub-

space, we define the projection operator onto the feasi-
ble subspace Pfeas = P1

H ⌦ P2
H ⌦ · · · ⌦ PN

H with Pi
H the

projector on the Hamming weight subspace on subsys-
tem i. The expectation value pfeas = hPi

feasi w.r.t. the
output state of the quantum computation then gives the
probability of sampling a valid bitstring, while the ex-
pectation value hPi

Hi gives the probability to sample a
valid sub-bitstring of the i-th subsystem. As the noise
channel defined in Eq. (2) acts locally on each qubit and
therefore does not change the correlation between di↵er-
ent projection operators, hPfeasi can be reformulated as
the product hPfeasi =

Q
i hPi

Hi.
By construction, gates from G map states with Ham-

ming weight H to states of the same Hamming weight.
Therefore, in the absence of noise, the whole circuit pre-
serves the Hamming weight at any point of the compu-
tation, thus there is no population transfer between dif-
ferent Hamming weight subspaces, i.e. pfeas = 1. This
changes in the presence of noise, where the expectation
value,

hPi
Hi = Tr[⇢0U
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1E(U †
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dE(Pi
H)Ud) · · ·U3)U2)U1],

(3)

includes noise channels after each (noise-free) layer of the
circuit. We used the self-duality of the depolarizing chan-
nel, E# = E , to write this expression in a Heisenberg-like
fashion. As a starting point, we first recognize that the
action of depolarizing channel on the projector generates
a superposition of projection operators,

E(Pi
H) =

X
h=0

chPh , (4)

with ch as weight of the projector on the subspaces with
Hamming weight h. We note that the action of the depo-

3

larizing channel does not drive transitions between states
in the same Hamming weight if all states have same prob-
ability. This behaviour remains the same for a cascade
of k applications of noise channels,

E(. . . (E(Pi
H) . . . ) =

X
h=0

c
(k)
h Ph. (5)

Moreover, we know that the unitaries drawn from G pre-
serve any Hamming weight, i.e. [Ul,PH ] = 0. We thus
have U †

l E(Pi
H)Ul = E(Pi

H), that is, E(Pi
H) stays invariant

under the unitaries in G. Thus, for d layers, the expec-
tation value reads
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We observe that this expression is independent of the

unitaries Ul, and that the exact coe�cients c
(d)
h are de-

termined solely by the noise level p, the circuit depth d
and the Hamming weight H. As the projection operator
is symmetric in exchange of qubits, we only have to cal-
culate the e↵ect of the noise on a single qubit and the first
question simplifies to the combinatorial question of how
likely it is to find the state of a (classical) spin unchanged
after d independent random processes. This probability
is given by

pcorrect =
dX

k22N
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d

d� k

◆
⌘̃d�k(1� ⌘̃)k,

where ⌘̃ = (1� 2/3⌘) only takes into account the Kraus
operators a↵ecting the population in the computational
basis and therewith changes in the Hamming weight. Due
to the the spatial independence of the noise channels, the
probability that all  qubits of the subsystem are found
in their correct states is given by pcorrect. However, we
also have to include the possibility that single qubits are
found in incorrect states but that the state on all  qubits
is feasible, i.e. symmetric transition from one feasible
state into another. This can be included by counting the
possible di↵erent paths of these events, resulting in the
probability

piH =
X
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For a system with N logical subsystems, the overall prob-
ability to stay in the feasible subspace reads

pfeas = (piH)
N , (9)

which only depends on the number of qubits, the Ham-
ming weight, the noise level and the circuit depth. Ev-
idently, if ⌘ 6= 0, piH < 1 and pfeas decays exponentially
in the number of subsystems. In Fig. 2, we show the de-
pendence of piH on the total circuit depth d for H = 1

FIG. 2: The probability of staying in the H = 1
subspace of a single subsystem with  = 3 qubits for
various noise levels in dependence of the circuit depth.

The dashed line shows the probability w.r.t. to a
completely mixed state, 1/23.

and  = 3 for various noise levels. The horizontal dashed
line shows the expectation value w.r.t. to a completely
mixed state, Tr

�
1/2Pi

H

�
. For applications in the NISQ

era, where the system size N is rather small and circuits
rather shallow, pfeas might be still reasonably large for
computations. In Sec. III we benchmark the performance
XY-QAOA for relevant system sizes.

A. More general noise models and non-local noise

In the previous section, we have calculated the prob-
ability of staying in the particle number subspace under
the influence of local depolarizing noise. However, noise
in realistic quantum hardware often is correlated, or non-
local. In the following we argue that similar arguments
as in the previous section can also be made for such more
general noise models, in particular for all self-dual chan-
nels, i.e. for channels for which a representation with
Hermitian Kraus operators exists. In this case, we can
use the Heisenberg-like picture and write the action of
the Kraus maps onto the projection operator asX

i

O
j

Kj
i PKj†

i . (10)

If all qubit are subject to the same noise channel, the re-
sult of the noise looks locally the same for each qubit,P

i

N
j K

j
i |xi hx|K†

i =
P

x cx |xi hx| with x = {0, 1}.
Thus, for any Ki, the e↵ect of the noise channels onto
the projection operator can be written in the form of
Eq. (4) and Eq. (7) can be used to calculate the proba-
bility of staying in the subspace. This feature even holds
for time-dependent and non-Markovian noise channels.

We derived Exact formula for the probability of 
preserving Ztot under locally homogeneous noise (e.g., 
depolarizing channel) for any circuit that preserves Ztot.

Important feature: 
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• Calculation of the probability of preserving parti-
cle number as a function of depth and error rate
for XY-QAOA, with specific applications to QAOA
applied to the Max--Colorable-Subgraph problem,
with the coloring of each vertex mapped to a par-
ticle number 1 subspace.

• Comparison of alternative mappings of the Max-
-Colorable-Subgraph problem to higher particle
number subspaces and their relative robustness.

• Demonstration of a symmetry-aware error mitiga-
tion scheme for particle number preserving algo-
rithms that uses fewer resources than generic quan-
tum error correction.

• Open questions and research directions for NISQ
algorithms that preserve symmetries, both particle
number symmetries and more general symmetries.

This paper is structured as follows. In Sec. II, we de-
fine a class of quantum circuits with LPNC and calculate
the probability of upholding the symmetry during a com-
putation in the presence of local depolarizing noise. In
Sec. III, we benchmark the robustness of XY-QAOA ap-
plied to the Max--Colorable-Subgraph problem under
the influence of noise. In Sec. IV, we analyze how the
choice of encoding the problem a↵ects the robustness to
noise and benchmark an adaption of the bit flip code
to correct for symmetry-breaking errors. In Sec. V, we
conclude and give an outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with conserved particle numbers under noise and give an
analytical expression for the probably of leaving a fixed
particle number subspace.

We assume a system composed of n subsystems with
 qubits each. We initialize each system with a fixed
particle number N , that is each system has N qubits
in the |1i state and  � N qubits in the |0i state. For
example, for the N = 1 particle number subspace, each
system has only a single particle.

The subsystem states with particle number N span
a subspace, which we refer to as particle number sub-

space HN. The tensor product of all n subspaces de-
fines the feasible subspace on all n subsystems, Hfeas =

H(1)
N ⌦H(2)

N ⌦ · · ·⌦H(n)
N . We moreover define a set of one-

and two-qubit unitaries G such that each element g 2 G
upholds the local particle number conservation (LPNC)
in each subsystem, that is

gN
i

= N
i

g 8 g in G 8 i , (1)

|0i

Prep

g
E

g
E g E

|0i E E
g

E
|0i

g
E E . . . E

|0i E
g

E g E
|0i g E E g E
|0i g E g E g E

U
1

U
2

U
d

FIG. 1. A circuit illustrating our setup. After initializing
the system in a state of H

feas

, randomly drawn one- and two-
qubit unitaries from G are applied (note that each g can be a
di↵erent operation, and we omitted distinct labels for brevity
of the notation), followed by local depolarizing channels E .
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with i
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the k-th qubit of subsystem i counting how man
qubits are in the |1i state in subsystem i, i.e. g|Hfeas :
Hfeas ! Hfeas . We also introduce a local depolarizing
noise channel E(⇢) : ⇢ ! P
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where 1 and �
x,y,z

are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one of
the errors occurs. This channel describes the symmetric
decay of a single qubit into the center of the Bloch sphere.
Note that, when ⌘ = 0.75, the output of this channel is
a fully mixed state. In the following, without causing
confusion, the expression E(⇢) on a multi-qubit state ⇢ is
also used to describe the action of the local noise channel
on all qubits in ⇢.
To mimic a quantum circuit with LPNC under noise,

we first initialize the system in a state ⇢0 2 B(Hfeas) and
subsequently apply a set of one- and two-qubit unitaries
drawn from G. After each layer of gates, or maximal set
of consecutive gates which act on distinct sets of qubits,
denoted by U

l

, we apply the depolarizing channel E to
all qubits, as pictured in Fig. 1. We thus assume that all
operations, including idle times of qubits, are subject to
the same amount of noise.
To calculate the probability to escape the feasible

subspace Hfeas, we define the projection operator onto

the feasible subspace Pfeas = P(1)
N ⌦ P(2)

N ⌦ · · · ⌦ P(n)
N

with P(i)
N the projector on the particle number subspace

with N particles on subsystem i. The expectation value
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In Sec. II, we benchmark the performance of XY-QAOA
applied to the Max--Colorable-Subgraph problem with
k = 3 under the influence of noise. In Sec. IVA, we
discuss the e↵ect of choosing the encoding of the problem
on the performance and introduce first error mitigation
techniques. In Sec. V, we conclude this work and give an
outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with particle number symmetries and calculate the leak-
age rates out of a fixed particle number subspace under
the influence of noise. We assume a system composed out
of N  qubits subsystems and enforce a particle number
conservation, or fixed Hamming weight H, in each sub-
system. For example, in the H = 1 subspace, each sub-
system is only allowed to have a single excitation, which
could represent the one-hot encoding of a qudit with in-
ternal dimension . The subsystem states with Hamming
weight H span a subspace, which we refer to as Hamming
weight subspace HH. The tensor product of all N Ham-
ming weight subspaces defines the feasible subspace on
all N subsystems, Hfeas = H1
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H . We
moreover define a family of one- and two-qubit unitaries
G = {Ul} acting on Hfeas and demand that each member
preserves the Hamming weight, i.e. Ul : Hfeas ! Hfeas .
We also define the local noise channel on each qubit as

E(⇢) : ⇢ !
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Ki⇢K
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i with
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i  1 (1)

with the single-qubit state ⇢ and Ki the Kraus operators.
For this analysis, we assume that each qubit is a↵ected

by the same local depolarizing channel ED, defined by the
Kraus operators
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K3 =

r
⌘

3
�y, K4 =
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⌘
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where 1 and �x,y,z are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one
of the possible errors occurs. This channel is a popu-
lar choice in quantum information theory to study the
performance of quantum algorithms under noise [] and
mimics the symmetric decay of a single qubit into the
center of its Bloch sphere []. Later, in Sec. II A, we show
that the here made arguments also hold for more general
classes of noise channels, in particular for any local self-
dual channel. To mimic a quantum circuit with particle
number symmetry, we first initialize the system in an ar-
bitrary state ofHfeas and subsequently apply a set of one-
and two-qubit unitaries drawn from G. For convenience,
we apply the unitaries such that they can be executed
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FIG. 1: A circuit illustrating our setup. After
initializing the system in a state of Hfeas, randomly

drawn one- and two-qubit unitaries from G are applied,
followed by local depolarizing channels.

in parallel, i.e. they always generate a layer of depth 1.
We repeat this procedure up to a total circuit depth d.
To build the noisy version of this circuit, we apply the
depolarizing channel ED to all qubits after each layer of
the noise-less circuit, as pictured in Fig. 1.
To calculate the probability to escape the feasible sub-

space, we define the projection operator onto the feasi-
ble subspace Pfeas = P1

H ⌦ P2
H ⌦ · · · ⌦ PN

H with Pi
H the

projector on the Hamming weight subspace on subsys-
tem i. The expectation value pfeas = hPi

feasi w.r.t. the
output state of the quantum computation then gives the
probability of sampling a valid bitstring, while the ex-
pectation value hPi

Hi gives the probability to sample a
valid sub-bitstring of the i-th subsystem. As the noise
channel defined in Eq. (2) acts locally on each qubit and
therefore does not change the correlation between di↵er-
ent projection operators, hPfeasi can be reformulated as
the product hPfeasi =

Q
i hPi

Hi.
By construction, gates from G map states with Ham-

ming weight H to states of the same Hamming weight.
Therefore, in the absence of noise, the whole circuit pre-
serves the Hamming weight at any point of the compu-
tation, thus there is no population transfer between dif-
ferent Hamming weight subspaces, i.e. pfeas = 1. This
changes in the presence of noise, where the expectation
value,

hPi
Hi = Tr[⇢0U

†
1E(U †

2E(U †
3 · · · E(U†

dE(Pi
H)Ud) · · ·U3)U2)U1],

(3)

includes noise channels after each (noise-free) layer of the
circuit. We used the self-duality of the depolarizing chan-
nel, E# = E , to write this expression in a Heisenberg-like
fashion. As a starting point, we first recognize that the
action of depolarizing channel on the projector generates
a superposition of projection operators,

E(Pi
H) =

X
h=0

chPh , (4)

with ch as weight of the projector on the subspaces with
Hamming weight h. We note that the action of the depo-
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In Sec. II, we benchmark the performance of XY-QAOA
applied to the Max--Colorable-Subgraph problem with
k = 3 under the influence of noise. In Sec. IVA, we
discuss the e↵ect of choosing the encoding of the problem
on the performance and introduce first error mitigation
techniques. In Sec. V, we conclude this work and give an
outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with particle number symmetries and calculate the leak-
age rates out of a fixed particle number subspace under
the influence of noise. We assume a system composed out
of N  qubits subsystems and enforce a particle number
conservation, or fixed Hamming weight H, in each sub-
system. For example, in the H = 1 subspace, each sub-
system is only allowed to have a single excitation, which
could represent the one-hot encoding of a qudit with in-
ternal dimension . The subsystem states with Hamming
weight H span a subspace, which we refer to as Hamming
weight subspace HH. The tensor product of all N Ham-
ming weight subspaces defines the feasible subspace on
all N subsystems, Hfeas = H1

H ⌦ H2
H ⌦ · · · ⌦ HN

H . We
moreover define a family of one- and two-qubit unitaries
G = {Ul} acting on Hfeas and demand that each member
preserves the Hamming weight, i.e. Ul : Hfeas ! Hfeas .
We also define the local noise channel on each qubit as

E(⇢) : ⇢ !
X
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Ki⇢K
†
i with
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KiK
†
i  1 (1)

with the single-qubit state ⇢ and Ki the Kraus operators.
For this analysis, we assume that each qubit is a↵ected

by the same local depolarizing channel ED, defined by the
Kraus operators
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where 1 and �x,y,z are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one
of the possible errors occurs. This channel is a popu-
lar choice in quantum information theory to study the
performance of quantum algorithms under noise [] and
mimics the symmetric decay of a single qubit into the
center of its Bloch sphere []. Later, in Sec. II A, we show
that the here made arguments also hold for more general
classes of noise channels, in particular for any local self-
dual channel. To mimic a quantum circuit with particle
number symmetry, we first initialize the system in an ar-
bitrary state ofHfeas and subsequently apply a set of one-
and two-qubit unitaries drawn from G. For convenience,
we apply the unitaries such that they can be executed
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FIG. 1: A circuit illustrating our setup. After
initializing the system in a state of Hfeas, randomly

drawn one- and two-qubit unitaries from G are applied,
followed by local depolarizing channels.

in parallel, i.e. they always generate a layer of depth 1.
We repeat this procedure up to a total circuit depth d.
To build the noisy version of this circuit, we apply the
depolarizing channel ED to all qubits after each layer of
the noise-less circuit, as pictured in Fig. 1.
To calculate the probability to escape the feasible sub-

space, we define the projection operator onto the feasi-
ble subspace Pfeas = P1

H ⌦ P2
H ⌦ · · · ⌦ PN

H with Pi
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projector on the Hamming weight subspace on subsys-
tem i. The expectation value pfeas = hPi

feasi w.r.t. the
output state of the quantum computation then gives the
probability of sampling a valid bitstring, while the ex-
pectation value hPi

Hi gives the probability to sample a
valid sub-bitstring of the i-th subsystem. As the noise
channel defined in Eq. (2) acts locally on each qubit and
therefore does not change the correlation between di↵er-
ent projection operators, hPfeasi can be reformulated as
the product hPfeasi =

Q
i hPi

Hi.
By construction, gates from G map states with Ham-

ming weight H to states of the same Hamming weight.
Therefore, in the absence of noise, the whole circuit pre-
serves the Hamming weight at any point of the compu-
tation, thus there is no population transfer between dif-
ferent Hamming weight subspaces, i.e. pfeas = 1. This
changes in the presence of noise, where the expectation
value,

hPi
Hi = Tr[⇢0U

†
1E(U †

2E(U †
3 · · · E(U†

dE(Pi
H)Ud) · · ·U3)U2)U1],

(3)

includes noise channels after each (noise-free) layer of the
circuit. We used the self-duality of the depolarizing chan-
nel, E# = E , to write this expression in a Heisenberg-like
fashion. As a starting point, we first recognize that the
action of depolarizing channel on the projector generates
a superposition of projection operators,

E(Pi
H) =

X
h=0

chPh , (4)

with ch as weight of the projector on the subspaces with
Hamming weight h. We note that the action of the depo-

3

larizing channel does not drive transitions between states
in the same Hamming weight if all states have same prob-
ability. This behaviour remains the same for a cascade
of k applications of noise channels,

E(. . . (E(Pi
H) . . . ) =

X
h=0

c
(k)
h Ph. (5)

Moreover, we know that the unitaries drawn from G pre-
serve any Hamming weight, i.e. [Ul,PH ] = 0. We thus
have U †

l E(Pi
H)Ul = E(Pi

H), that is, E(Pi
H) stays invariant

under the unitaries in G. Thus, for d layers, the expec-
tation value reads

hPi
Hi = Tr

�
⇢0E(E(· · · E(Pi

H)) · · · )
�

(6)

= Tr

 X
h

c
(d)
h Pi

h⇢0

!
= Tr

⇣
c
(d)
H Pi

H

⌘
= c

(d)
H (7)

We observe that this expression is independent of the

unitaries Ul, and that the exact coe�cients c
(d)
h are de-

termined solely by the noise level p, the circuit depth d
and the Hamming weight H. As the projection operator
is symmetric in exchange of qubits, we only have to cal-
culate the e↵ect of the noise on a single qubit and the first
question simplifies to the combinatorial question of how
likely it is to find the state of a (classical) spin unchanged
after d independent random processes. This probability
is given by

pcorrect =
dX

k22N

✓
d

d� k

◆
⌘̃d�k(1� ⌘̃)k,

where ⌘̃ = (1� 2/3⌘) only takes into account the Kraus
operators a↵ecting the population in the computational
basis and therewith changes in the Hamming weight. Due
to the the spatial independence of the noise channels, the
probability that all  qubits of the subsystem are found
in their correct states is given by pcorrect. However, we
also have to include the possibility that single qubits are
found in incorrect states but that the state on all  qubits
is feasible, i.e. symmetric transition from one feasible
state into another. This can be included by counting the
possible di↵erent paths of these events, resulting in the
probability

piH =
X

j22N

✓
H

j/2

◆✓
�H

j/2

◆
p�j
correct(1� pcorrect)

j . (8)

For a system with N logical subsystems, the overall prob-
ability to stay in the feasible subspace reads

pfeas = (piH)
N , (9)

which only depends on the number of qubits, the Ham-
ming weight, the noise level and the circuit depth. Ev-
idently, if ⌘ 6= 0, piH < 1 and pfeas decays exponentially
in the number of subsystems. In Fig. 2, we show the de-
pendence of piH on the total circuit depth d for H = 1

FIG. 2: The probability of staying in the H = 1
subspace of a single subsystem with  = 3 qubits for
various noise levels in dependence of the circuit depth.

The dashed line shows the probability w.r.t. to a
completely mixed state, 1/23.

and  = 3 for various noise levels. The horizontal dashed
line shows the expectation value w.r.t. to a completely
mixed state, Tr

�
1/2Pi

H

�
. For applications in the NISQ

era, where the system size N is rather small and circuits
rather shallow, pfeas might be still reasonably large for
computations. In Sec. III we benchmark the performance
XY-QAOA for relevant system sizes.

A. More general noise models and non-local noise

In the previous section, we have calculated the prob-
ability of staying in the particle number subspace under
the influence of local depolarizing noise. However, noise
in realistic quantum hardware often is correlated, or non-
local. In the following we argue that similar arguments
as in the previous section can also be made for such more
general noise models, in particular for all self-dual chan-
nels, i.e. for channels for which a representation with
Hermitian Kraus operators exists. In this case, we can
use the Heisenberg-like picture and write the action of
the Kraus maps onto the projection operator asX

i

O
j

Kj
i PKj†

i . (10)

If all qubit are subject to the same noise channel, the re-
sult of the noise looks locally the same for each qubit,P

i

N
j K

j
i |xi hx|K†

i =
P

x cx |xi hx| with x = {0, 1}.
Thus, for any Ki, the e↵ect of the noise channels onto
the projection operator can be written in the form of
Eq. (4) and Eq. (7) can be used to calculate the proba-
bility of staying in the subspace. This feature even holds
for time-dependent and non-Markovian noise channels.

Quantum algorithms with local particle number conservation: noise effects and 
error correction, Streif, Leib, Wudarski, Rieffel, Wang, arXiv:2011.06873
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FIG. 2. (a) The probability of staying in the N = 1-subspace of  = 3 qubits for various noise levels as function of the circuit
depth. The dashed line shows the probability w.r.t. to a completely mixed state, ⇢

mixed

= 1/23. (b) The monotonically
decreasing probability of staying in the N = 1-subspace as a function of the level of noise ⌘, shown for four di↵erent numbers
of colors  for a circuit of depth d = 10.

III. QUANTIFYING THE ROBUSTNESS OF
XY-QAOA UNDER DEPOLARIZING NOISE

In this section, we use our findings to analyze
the robustness of the Quantum Alternating Operator
Ansatz, [13], in particular XY-QAOA [15], an adaption
of the Quantum Approximate Optimization Algorithm
(QAOA) [14] to solve classical optimization problems
subject to hard constraints, under the influence of noise.

A. Review of the Quantum Alternating Operator
Ansatz (QAOA)

The Quantum Approximate Optimization Algorithm
(QAOA) [14], and the extension of its framework to the
general class of Quantum Alternating Operator Ansätze,
are leading quantum metaheuristics for exact or approx-
imate solutions of classical optimization problems. Low
depth versions of these algorithms are suitable for NISQ
devices. While in some cases good parameters can be
found analytically [16], or through decomposition tech-
niques that make use of light or causal cones to obtain
analytical formulas for the parameters that can be op-
timized numerically [14, 17–20], variational approaches
remain popular.

Early experiments on real quantum devices have been
realized [21, 22]. Despite all this progress, only little is
known about its performance in comparison to classical
algorithms or its robustness against noise [19, 23–28].

In QAOA, the first step is to map the cost function to a
classical spin Hamiltonian commonly referred to as prob-
lem Hamiltonian H

P

. This mapping has to be chosen
such that the eigenstates of the Hamiltonian and their
corresponding energies are in direct relationship to the
solutions and their classical costs of the classical prob-
lem respectively.

The problem Hamiltonian generates, together with a

second Hamiltonian, often HX =
P

i

�
(i)
x

, the mixing and
phase separation unitaries, UM(�

i

) = exp[�i�
i

HM] and
UPS(�i) = exp[�i�

i

HP] respectively, which define the
QAOA ansatz state

| ({�
i

, �
i

})i =
pY

i

UM(�
i

)UP(�i) |+i⌦n

, (12)

with p the number of iterations of both unitaries,
or QAOA blocks, and the initial state, |+i⌦n =N

n

i

1/
p
2 (|0i

i

+ |1i
i

), the superposition of all compu-
tational states. The variational parameters {�

i

, �
i

} are
then optimized aiming to minimize the expected energy
of the problem Hamiltonian,

E
g

= min
{�i,�i}

h ({�
i

, �
i

})|HP| ({�i

, �
i

})i . (13)

Most optimization problems are however subject to con-
straints, which shrink the state space of valid solutions.
A common approach to include constraints into quantum
algorithms, e.g. quantum annealing or QAOA [29], is to
penalize all states not fulfilling the constraints by adding
an energy term to the problem Hamiltonian.
In this setup however, the algorithm still accesses the

whole state space, including non-valid solutions.
In [13, 15], an alternative approach was introduced. In-

stead of penalizing the constraint-violating states in the
cost Hamiltonian, the mixing Hamiltonian H

M

in the
QAOA ansatz state was adapted to respect the under-
lying symmetry of the constraints and thereby restricts
the algorithm’s evolution to valid states only. Generally,
the feasible subspace, the subspace of valid states, while
still exponentially large, is exponentially smaller than the
full search space. For example, to preserve the particle
number on qubits in a subset S, a possible choice of the

Pr
ob

. i
n 

H
am

m
in

g-
1 

Fixed system size: 3 qubits



5

FIG. 3. The probability to stay in the feasible subspace for
XY-QAOA applied to the Max--Colorable-Subgraph prob-
lem with one-hot encoding and  = 3 colors for a 3-regular
graph with |V | = {10, 30, 100} logical vertices as function of
the number of QAOA blocks p, assuming qubits are fully-
connected.

mixing Hamiltonian is

HXY =
X

i,j2S

Hi,j

XY (14)

Hi,j

XY =
1

2

⇣
�(i)
x

�(j)
x

+ �(i)
y

�(j)
y

⌘
. (15)

The unitary generated by this mixing Hamiltonian,
UM(�) ! UXY(�) = exp[�i�HXY], then drives only
transitions between states with same particle number.
A direct advantage is that the computation is restricted
to valid states only, which significantly shrinks the state
space the algorithm has access to. In [15], it was numeri-
cally shown that this approach outperforms the approach
with energy penalties.

However, in the presence of noise, leaving the feasible
subspace could have drastic consequences for the perfor-
mance of the algorithm.

B. Quantifying robustness under depolarizing noise

We here use the example from [15] and analyze the ro-
bustness of XY-QAOA applied to the Max--Colorable-
Subgraph problem of a graph G = (V,E) with vertices
V and edges E in the presence of noise. For simplicity
in analysis, we consider 3-regular graphs G. This prob-
lem asks to maximize the number of edges in a correctly
vertex-colored subgraph. For a precise definition of the
problem, we refer to [15]. For  = 2 colors, the inter-
nal qubit states |0i and |1i can be used to represent the
di↵erent colors. For more colors however, more than a
single qubit is required. Thus, a logical vertex v 2 V of
the graph has to be encoded non-locally in several qubits
of the qubit register. A common encoding strategy is the
one-hot encoding [30], where each color is represented by

one of the particle number N = 1 states of  qubits. For
the example of three colors, the three states, |100i, |010i
and |001i could encode the three di↵erent colors. The
classical cost function encoded in the space spanned by
the above states, counts the number of edges that con-
nects two vertices of the same color,

fC =
X

j

X

(v,v0)2E

x
v,j

x
v

0
,j

, (16)

with m = |E| the number of edges in the graph G.
The corresponding problem Hamiltonian can be formu-
lated by promoting the binary variables to spin operators,

x
a,b

! (1 � �
(a,b)
z

)/2,

HP =
1

4

X

j=1

X

(v,v0)2E

�(v,j)
z

�(v0
,j)

z

. (17)

Here, we used that the sum over all 1-local terms,P
i

�
(v,j)
z

is proportional to the particle number opera-
tor N

v

and hence constant in the feasible subspace.
The mixing Hamiltonian Eq. (15) is used to drive tran-

sitions between all states with single particle of each log-
ical vertex. By construction, both the mixing unitaries,
UXY(�i

), and the phase separation unitaries, UP(�i), pre-
serve the particle number of each vertex-subsystem and
satisfy the requirements we made for the unitaries in G,
cf. Sec. II. As this is true for any choice of variational pa-
rameters {�

i

,�
i

}, the probability of staying in the feasible
subspace does not depend on the value of the parameters.
Thus, we ignore the variational character of QAOA for
the following analyses.
We moreover note that the approximation ratio and

the ground state population are trivially upper bounded
by the probability of staying in the feasible subspace, as
all non-feasible states have ground state probability and
approximation ratio equal to zero. While the actual per-
formance measured by the approximation ratio or ground
state probability relies heavily on the parameter updat-
ing techniques, we focus on the symmetry aspect in the
operators which is parameter-agnostic. In the rest of the
paper we evaluate only the probability of an output state
to be in the feasible subspace and will refer this quantity
as the robustness unless otherwise stated.
To apply theories developed in Sec.II and use Eq. (9),

we have to quantify the circuit depth required to imple-
ment the mixing and problem unitaries, UM and UP. The
circuit depth however heavily depends on the topology
of the hardware graph. As di↵erent technologies, such as
ion traps or superconducting qubits, di↵er in their topol-
ogy design in NISQ era, we study two di↵erent qubit con-
nectivity scenario in the following subsections: (1) qubits
are fully-connected and (2) qubits form a 2D grid. More-
over, we assume that all gates we define in our further
analysis are available as native gates and do not require
further compilation into di↵erent gate sets, which would
further increase the circuit depth.

In presence of symmetry-breaking noise

Probability of staying in the desired subspace: 
an upper bound to performance
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In Sec. II, we benchmark the performance of XY-QAOA
applied to the Max--Colorable-Subgraph problem with
k = 3 under the influence of noise. In Sec. IVA, we
discuss the e↵ect of choosing the encoding of the problem
on the performance and introduce first error mitigation
techniques. In Sec. V, we conclude this work and give an
outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with particle number symmetries and calculate the leak-
age rates out of a fixed particle number subspace under
the influence of noise. We assume a system composed out
of N  qubits subsystems and enforce a particle number
conservation, or fixed Hamming weight H, in each sub-
system. For example, in the H = 1 subspace, each sub-
system is only allowed to have a single excitation, which
could represent the one-hot encoding of a qudit with in-
ternal dimension . The subsystem states with Hamming
weight H span a subspace, which we refer to as Hamming
weight subspace HH. The tensor product of all N Ham-
ming weight subspaces defines the feasible subspace on
all N subsystems, Hfeas = H1

H ⌦ H2
H ⌦ · · · ⌦ HN

H . We
moreover define a family of one- and two-qubit unitaries
G = {Ul} acting on Hfeas and demand that each member
preserves the Hamming weight, i.e. Ul : Hfeas ! Hfeas .
We also define the local noise channel on each qubit as

E(⇢) : ⇢ !
X
i

Ki⇢K
†
i with

X
i

KiK
†
i  1 (1)

with the single-qubit state ⇢ and Ki the Kraus operators.
For this analysis, we assume that each qubit is a↵ected

by the same local depolarizing channel ED, defined by the
Kraus operators
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where 1 and �x,y,z are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one
of the possible errors occurs. This channel is a popu-
lar choice in quantum information theory to study the
performance of quantum algorithms under noise [] and
mimics the symmetric decay of a single qubit into the
center of its Bloch sphere []. Later, in Sec. II A, we show
that the here made arguments also hold for more general
classes of noise channels, in particular for any local self-
dual channel. To mimic a quantum circuit with particle
number symmetry, we first initialize the system in an ar-
bitrary state ofHfeas and subsequently apply a set of one-
and two-qubit unitaries drawn from G. For convenience,
we apply the unitaries such that they can be executed
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FIG. 1: A circuit illustrating our setup. After
initializing the system in a state of Hfeas, randomly

drawn one- and two-qubit unitaries from G are applied,
followed by local depolarizing channels.

in parallel, i.e. they always generate a layer of depth 1.
We repeat this procedure up to a total circuit depth d.
To build the noisy version of this circuit, we apply the
depolarizing channel ED to all qubits after each layer of
the noise-less circuit, as pictured in Fig. 1.
To calculate the probability to escape the feasible sub-

space, we define the projection operator onto the feasi-
ble subspace Pfeas = P1

H ⌦ P2
H ⌦ · · · ⌦ PN

H with Pi
H the

projector on the Hamming weight subspace on subsys-
tem i. The expectation value pfeas = hPi

feasi w.r.t. the
output state of the quantum computation then gives the
probability of sampling a valid bitstring, while the ex-
pectation value hPi

Hi gives the probability to sample a
valid sub-bitstring of the i-th subsystem. As the noise
channel defined in Eq. (2) acts locally on each qubit and
therefore does not change the correlation between di↵er-
ent projection operators, hPfeasi can be reformulated as
the product hPfeasi =

Q
i hPi

Hi.
By construction, gates from G map states with Ham-

ming weight H to states of the same Hamming weight.
Therefore, in the absence of noise, the whole circuit pre-
serves the Hamming weight at any point of the compu-
tation, thus there is no population transfer between dif-
ferent Hamming weight subspaces, i.e. pfeas = 1. This
changes in the presence of noise, where the expectation
value,

hPi
Hi = Tr[⇢0U

†
1E(U †

2E(U †
3 · · · E(U†

dE(Pi
H)Ud) · · ·U3)U2)U1],

(3)

includes noise channels after each (noise-free) layer of the
circuit. We used the self-duality of the depolarizing chan-
nel, E# = E , to write this expression in a Heisenberg-like
fashion. As a starting point, we first recognize that the
action of depolarizing channel on the projector generates
a superposition of projection operators,

E(Pi
H) =

X
h=0

chPh , (4)

with ch as weight of the projector on the subspaces with
Hamming weight h. We note that the action of the depo-
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In Sec. II, we benchmark the performance of XY-QAOA
applied to the Max--Colorable-Subgraph problem with
k = 3 under the influence of noise. In Sec. IVA, we
discuss the e↵ect of choosing the encoding of the problem
on the performance and introduce first error mitigation
techniques. In Sec. V, we conclude this work and give an
outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with particle number symmetries and calculate the leak-
age rates out of a fixed particle number subspace under
the influence of noise. We assume a system composed out
of N  qubits subsystems and enforce a particle number
conservation, or fixed Hamming weight H, in each sub-
system. For example, in the H = 1 subspace, each sub-
system is only allowed to have a single excitation, which
could represent the one-hot encoding of a qudit with in-
ternal dimension . The subsystem states with Hamming
weight H span a subspace, which we refer to as Hamming
weight subspace HH. The tensor product of all N Ham-
ming weight subspaces defines the feasible subspace on
all N subsystems, Hfeas = H1

H ⌦ H2
H ⌦ · · · ⌦ HN

H . We
moreover define a family of one- and two-qubit unitaries
G = {Ul} acting on Hfeas and demand that each member
preserves the Hamming weight, i.e. Ul : Hfeas ! Hfeas .
We also define the local noise channel on each qubit as

E(⇢) : ⇢ !
X
i

Ki⇢K
†
i with

X
i

KiK
†
i  1 (1)

with the single-qubit state ⇢ and Ki the Kraus operators.
For this analysis, we assume that each qubit is a↵ected

by the same local depolarizing channel ED, defined by the
Kraus operators

K1 =
p
1� ⌘1, K2 =

r
⌘

3
�x,

K3 =

r
⌘

3
�y, K4 =

r
⌘

3
�z, (2)

where 1 and �x,y,z are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one
of the possible errors occurs. This channel is a popu-
lar choice in quantum information theory to study the
performance of quantum algorithms under noise [] and
mimics the symmetric decay of a single qubit into the
center of its Bloch sphere []. Later, in Sec. II A, we show
that the here made arguments also hold for more general
classes of noise channels, in particular for any local self-
dual channel. To mimic a quantum circuit with particle
number symmetry, we first initialize the system in an ar-
bitrary state ofHfeas and subsequently apply a set of one-
and two-qubit unitaries drawn from G. For convenience,
we apply the unitaries such that they can be executed
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FIG. 1: A circuit illustrating our setup. After
initializing the system in a state of Hfeas, randomly

drawn one- and two-qubit unitaries from G are applied,
followed by local depolarizing channels.

in parallel, i.e. they always generate a layer of depth 1.
We repeat this procedure up to a total circuit depth d.
To build the noisy version of this circuit, we apply the
depolarizing channel ED to all qubits after each layer of
the noise-less circuit, as pictured in Fig. 1.
To calculate the probability to escape the feasible sub-

space, we define the projection operator onto the feasi-
ble subspace Pfeas = P1

H ⌦ P2
H ⌦ · · · ⌦ PN

H with Pi
H the

projector on the Hamming weight subspace on subsys-
tem i. The expectation value pfeas = hPi

feasi w.r.t. the
output state of the quantum computation then gives the
probability of sampling a valid bitstring, while the ex-
pectation value hPi

Hi gives the probability to sample a
valid sub-bitstring of the i-th subsystem. As the noise
channel defined in Eq. (2) acts locally on each qubit and
therefore does not change the correlation between di↵er-
ent projection operators, hPfeasi can be reformulated as
the product hPfeasi =

Q
i hPi

Hi.
By construction, gates from G map states with Ham-

ming weight H to states of the same Hamming weight.
Therefore, in the absence of noise, the whole circuit pre-
serves the Hamming weight at any point of the compu-
tation, thus there is no population transfer between dif-
ferent Hamming weight subspaces, i.e. pfeas = 1. This
changes in the presence of noise, where the expectation
value,

hPi
Hi = Tr[⇢0U

†
1E(U †

2E(U †
3 · · · E(U†

dE(Pi
H)Ud) · · ·U3)U2)U1],

(3)

includes noise channels after each (noise-free) layer of the
circuit. We used the self-duality of the depolarizing chan-
nel, E# = E , to write this expression in a Heisenberg-like
fashion. As a starting point, we first recognize that the
action of depolarizing channel on the projector generates
a superposition of projection operators,

E(Pi
H) =

X
h=0

chPh , (4)

with ch as weight of the projector on the subspaces with
Hamming weight h. We note that the action of the depo-

3

larizing channel does not drive transitions between states
in the same Hamming weight if all states have same prob-
ability. This behaviour remains the same for a cascade
of k applications of noise channels,

E(. . . (E(Pi
H) . . . ) =

X
h=0

c
(k)
h Ph. (5)

Moreover, we know that the unitaries drawn from G pre-
serve any Hamming weight, i.e. [Ul,PH ] = 0. We thus
have U †

l E(Pi
H)Ul = E(Pi

H), that is, E(Pi
H) stays invariant

under the unitaries in G. Thus, for d layers, the expec-
tation value reads

hPi
Hi = Tr

�
⇢0E(E(· · · E(Pi

H)) · · · )
�

(6)

= Tr

 X
h

c
(d)
h Pi

h⇢0

!
= Tr

⇣
c
(d)
H Pi

H

⌘
= c

(d)
H (7)

We observe that this expression is independent of the

unitaries Ul, and that the exact coe�cients c
(d)
h are de-

termined solely by the noise level p, the circuit depth d
and the Hamming weight H. As the projection operator
is symmetric in exchange of qubits, we only have to cal-
culate the e↵ect of the noise on a single qubit and the first
question simplifies to the combinatorial question of how
likely it is to find the state of a (classical) spin unchanged
after d independent random processes. This probability
is given by

pcorrect =
dX

k22N

✓
d

d� k

◆
⌘̃d�k(1� ⌘̃)k,

where ⌘̃ = (1� 2/3⌘) only takes into account the Kraus
operators a↵ecting the population in the computational
basis and therewith changes in the Hamming weight. Due
to the the spatial independence of the noise channels, the
probability that all  qubits of the subsystem are found
in their correct states is given by pcorrect. However, we
also have to include the possibility that single qubits are
found in incorrect states but that the state on all  qubits
is feasible, i.e. symmetric transition from one feasible
state into another. This can be included by counting the
possible di↵erent paths of these events, resulting in the
probability

piH =
X

j22N

✓
H

j/2

◆✓
�H

j/2

◆
p�j
correct(1� pcorrect)

j . (8)

For a system with N logical subsystems, the overall prob-
ability to stay in the feasible subspace reads

pfeas = (piH)
N , (9)

which only depends on the number of qubits, the Ham-
ming weight, the noise level and the circuit depth. Ev-
idently, if ⌘ 6= 0, piH < 1 and pfeas decays exponentially
in the number of subsystems. In Fig. 2, we show the de-
pendence of piH on the total circuit depth d for H = 1

FIG. 2: The probability of staying in the H = 1
subspace of a single subsystem with  = 3 qubits for
various noise levels in dependence of the circuit depth.

The dashed line shows the probability w.r.t. to a
completely mixed state, 1/23.

and  = 3 for various noise levels. The horizontal dashed
line shows the expectation value w.r.t. to a completely
mixed state, Tr

�
1/2Pi

H

�
. For applications in the NISQ

era, where the system size N is rather small and circuits
rather shallow, pfeas might be still reasonably large for
computations. In Sec. III we benchmark the performance
XY-QAOA for relevant system sizes.

A. More general noise models and non-local noise

In the previous section, we have calculated the prob-
ability of staying in the particle number subspace under
the influence of local depolarizing noise. However, noise
in realistic quantum hardware often is correlated, or non-
local. In the following we argue that similar arguments
as in the previous section can also be made for such more
general noise models, in particular for all self-dual chan-
nels, i.e. for channels for which a representation with
Hermitian Kraus operators exists. In this case, we can
use the Heisenberg-like picture and write the action of
the Kraus maps onto the projection operator asX

i

O
j

Kj
i PKj†

i . (10)

If all qubit are subject to the same noise channel, the re-
sult of the noise looks locally the same for each qubit,P

i

N
j K

j
i |xi hx|K†

i =
P

x cx |xi hx| with x = {0, 1}.
Thus, for any Ki, the e↵ect of the noise channels onto
the projection operator can be written in the form of
Eq. (4) and Eq. (7) can be used to calculate the proba-
bility of staying in the subspace. This feature even holds
for time-dependent and non-Markovian noise channels.

Quantum algorithms with local particle number conservation: noise effects and 
error correction, Streif, Leib, Wudarski, Rieffel, Wang, arXiv:2011.06873
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FIG. 2. (a) The probability of staying in the N = 1-subspace of  = 3 qubits for various noise levels as function of the circuit
depth. The dashed line shows the probability w.r.t. to a completely mixed state, ⇢

mixed

= 1/23. (b) The monotonically
decreasing probability of staying in the N = 1-subspace as a function of the level of noise ⌘, shown for four di↵erent numbers
of colors  for a circuit of depth d = 10.

III. QUANTIFYING THE ROBUSTNESS OF
XY-QAOA UNDER DEPOLARIZING NOISE

In this section, we use our findings to analyze
the robustness of the Quantum Alternating Operator
Ansatz, [13], in particular XY-QAOA [15], an adaption
of the Quantum Approximate Optimization Algorithm
(QAOA) [14] to solve classical optimization problems
subject to hard constraints, under the influence of noise.

A. Review of the Quantum Alternating Operator
Ansatz (QAOA)

The Quantum Approximate Optimization Algorithm
(QAOA) [14], and the extension of its framework to the
general class of Quantum Alternating Operator Ansätze,
are leading quantum metaheuristics for exact or approx-
imate solutions of classical optimization problems. Low
depth versions of these algorithms are suitable for NISQ
devices. While in some cases good parameters can be
found analytically [16], or through decomposition tech-
niques that make use of light or causal cones to obtain
analytical formulas for the parameters that can be op-
timized numerically [14, 17–20], variational approaches
remain popular.

Early experiments on real quantum devices have been
realized [21, 22]. Despite all this progress, only little is
known about its performance in comparison to classical
algorithms or its robustness against noise [19, 23–28].

In QAOA, the first step is to map the cost function to a
classical spin Hamiltonian commonly referred to as prob-
lem Hamiltonian H

P

. This mapping has to be chosen
such that the eigenstates of the Hamiltonian and their
corresponding energies are in direct relationship to the
solutions and their classical costs of the classical prob-
lem respectively.

The problem Hamiltonian generates, together with a

second Hamiltonian, often HX =
P

i

�
(i)
x

, the mixing and
phase separation unitaries, UM(�

i

) = exp[�i�
i

HM] and
UPS(�i) = exp[�i�

i

HP] respectively, which define the
QAOA ansatz state

| ({�
i

, �
i

})i =
pY

i

UM(�
i

)UP(�i) |+i⌦n

, (12)

with p the number of iterations of both unitaries,
or QAOA blocks, and the initial state, |+i⌦n =N

n

i

1/
p
2 (|0i

i

+ |1i
i

), the superposition of all compu-
tational states. The variational parameters {�

i

, �
i

} are
then optimized aiming to minimize the expected energy
of the problem Hamiltonian,

E
g

= min
{�i,�i}

h ({�
i

, �
i

})|HP| ({�i

, �
i

})i . (13)

Most optimization problems are however subject to con-
straints, which shrink the state space of valid solutions.
A common approach to include constraints into quantum
algorithms, e.g. quantum annealing or QAOA [29], is to
penalize all states not fulfilling the constraints by adding
an energy term to the problem Hamiltonian.
In this setup however, the algorithm still accesses the

whole state space, including non-valid solutions.
In [13, 15], an alternative approach was introduced. In-

stead of penalizing the constraint-violating states in the
cost Hamiltonian, the mixing Hamiltonian H

M

in the
QAOA ansatz state was adapted to respect the under-
lying symmetry of the constraints and thereby restricts
the algorithm’s evolution to valid states only. Generally,
the feasible subspace, the subspace of valid states, while
still exponentially large, is exponentially smaller than the
full search space. For example, to preserve the particle
number on qubits in a subset S, a possible choice of the
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In Sec. II, we benchmark the performance of XY-QAOA
applied to the Max--Colorable-Subgraph problem with
k = 3 under the influence of noise. In Sec. IVA, we
discuss the e↵ect of choosing the encoding of the problem
on the performance and introduce first error mitigation
techniques. In Sec. V, we conclude this work and give an
outlook.

II. QUANTUM ALGORITHMS WITH
PARTICLE NUMBER SYMMETRIES UNDER

NOISE

In this first section, we analyze quantum algorithms
with particle number symmetries and calculate the leak-
age rates out of a fixed particle number subspace under
the influence of noise. We assume a system composed out
of N  qubits subsystems and enforce a particle number
conservation, or fixed Hamming weight H, in each sub-
system. For example, in the H = 1 subspace, each sub-
system is only allowed to have a single excitation, which
could represent the one-hot encoding of a qudit with in-
ternal dimension . The subsystem states with Hamming
weight H span a subspace, which we refer to as Hamming
weight subspace HH. The tensor product of all N Ham-
ming weight subspaces defines the feasible subspace on
all N subsystems, Hfeas = H1

H ⌦ H2
H ⌦ · · · ⌦ HN

H . We
moreover define a family of one- and two-qubit unitaries
G = {Ul} acting on Hfeas and demand that each member
preserves the Hamming weight, i.e. Ul : Hfeas ! Hfeas .
We also define the local noise channel on each qubit as

E(⇢) : ⇢ !
X
i

Ki⇢K
†
i with

X
i

KiK
†
i  1 (1)

with the single-qubit state ⇢ and Ki the Kraus operators.
For this analysis, we assume that each qubit is a↵ected

by the same local depolarizing channel ED, defined by the
Kraus operators

K1 =
p
1� ⌘1, K2 =

r
⌘

3
�x,

K3 =

r
⌘

3
�y, K4 =

r
⌘

3
�z, (2)

where 1 and �x,y,z are the identity and the three Pauli
matrices respectively and ⌘ is the probability that one
of the possible errors occurs. This channel is a popu-
lar choice in quantum information theory to study the
performance of quantum algorithms under noise [] and
mimics the symmetric decay of a single qubit into the
center of its Bloch sphere []. Later, in Sec. II A, we show
that the here made arguments also hold for more general
classes of noise channels, in particular for any local self-
dual channel. To mimic a quantum circuit with particle
number symmetry, we first initialize the system in an ar-
bitrary state ofHfeas and subsequently apply a set of one-
and two-qubit unitaries drawn from G. For convenience,
we apply the unitaries such that they can be executed
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FIG. 1: A circuit illustrating our setup. After
initializing the system in a state of Hfeas, randomly

drawn one- and two-qubit unitaries from G are applied,
followed by local depolarizing channels.

in parallel, i.e. they always generate a layer of depth 1.
We repeat this procedure up to a total circuit depth d.
To build the noisy version of this circuit, we apply the
depolarizing channel ED to all qubits after each layer of
the noise-less circuit, as pictured in Fig. 1.
To calculate the probability to escape the feasible sub-

space, we define the projection operator onto the feasi-
ble subspace Pfeas = P1

H ⌦ P2
H ⌦ · · · ⌦ PN

H with Pi
H the

projector on the Hamming weight subspace on subsys-
tem i. The expectation value pfeas = hPi

feasi w.r.t. the
output state of the quantum computation then gives the
probability of sampling a valid bitstring, while the ex-
pectation value hPi

Hi gives the probability to sample a
valid sub-bitstring of the i-th subsystem. As the noise
channel defined in Eq. (2) acts locally on each qubit and
therefore does not change the correlation between di↵er-
ent projection operators, hPfeasi can be reformulated as
the product hPfeasi =

Q
i hPi

Hi.
By construction, gates from G map states with Ham-

ming weight H to states of the same Hamming weight.
Therefore, in the absence of noise, the whole circuit pre-
serves the Hamming weight at any point of the compu-
tation, thus there is no population transfer between dif-
ferent Hamming weight subspaces, i.e. pfeas = 1. This
changes in the presence of noise, where the expectation
value,

hPi
Hi = Tr[⇢0U

†
1E(U †

2E(U †
3 · · · E(U†

dE(Pi
H)Ud) · · ·U3)U2)U1],

(3)

includes noise channels after each (noise-free) layer of the
circuit. We used the self-duality of the depolarizing chan-
nel, E# = E , to write this expression in a Heisenberg-like
fashion. As a starting point, we first recognize that the
action of depolarizing channel on the projector generates
a superposition of projection operators,

E(Pi
H) =

X
h=0

chPh , (4)

with ch as weight of the projector on the subspaces with
Hamming weight h. We note that the action of the depo-
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FIG. 5. The probability to stay in the N = 1-subspace of
 = 3 qubits for 4 layers of XY-QAOA and X-QAOA. For
XY-QAOA (red), the choice of the parameters does not af-
fect the probability, while for X-QAOA, the following pa-
rameters combinations were used: ~�

1

= (1.5, 0.2, 0.9, 3.8)

and ~�
1

= (1.5, 3.2, 0.9) (blue), ~�
2

= (1.5, 1.7, 1.9, 0.8) and

~�
2

= (0.4, 1.2, 1.7) (orange), ~�
3

= (2.2, 3.7, 2.9, 2.8) and
~�
3

= (1.4, 0.9, 3.1) (green). Parameters are given in the form
~� = (�

1

,�
2

,�
3

,�
4

) and ~� = (�
2

, �
3

, �
4

). The angles were se-
lected such that the sum of all � is close to a multiple of 2⇡; if
selected di↵erently (e.g. the sum close to the odd multiples of
⇡), one would observe even worse performance. Since the first
application of the penalty Hamiltonian (see Eq. 18) does not
a↵ect the probability, �

1

is omitted. Our investigation sug-
gests that the selected angles represent the general behavior
that is in accordance with Eq. (19).

ber, which typically is a larger subspace than the N = 1
subspace, and examine how this encoding a↵ects the
probability of staying in the feasible subspace. In
Sec. IVB, we introduce a bit-flip quantum error correc-
tion code adapted to specifically preserving a particle
number preserving subspace and evaluate its e�ciency.
This code demonstrates the potential gains in resource
e�ciency through symmetry-aware quantum error cor-
rection techniques.

A. Encoding in larger particle number subspaces

Utilizing a larger fraction of the full Hilbert space as
feasible subspace increases the number of valid solutions
over unwanted solutions.

On the other hand, encoding in a di↵erent subspace
will also change the expression of the cost function, in-
curring a di↵erent circuit depth and therewith changing
the amount of noise in the computation.

In this section, we explore if such an approach can be
helpful to uphold the probability of sampling valid solu-
tions. We again focus on the Max--Colorable-Subgraph
problem. The cost function given in Eq. (16), can be
easily adapted to other particle number subspaces by in-
cluding higher-order interactions. The particle number

N states of n
q

qubits can be used to implement the Max-�
nq

N

�
-Colorable-Subgraph problem with cost function

fN
C =

X

(v,v0)2E

1

N !

nqX

i1,...,iN
i1 6=... 6=iN

x
v,i1xv

0
,i1 · · ·xv,iNxv

0
,iN , (20)

which includes up to 2N-local terms.

As example, for  = 6 colors, we could, as before, use
the 6 states with single particle of 6 qubits. Alternatively
the 6 states with two particles of 4 qubits could be used.
While the first approach uses a fraction of 6/26 ⇡ 9%
of the respective full Hilbert space, the latter approach
uses 6/24 ⇡ 38% of all states. To see whether this gain in
fraction yields also a gain in robustness against noise, we
have to calculate the circuit depth required to implement
the di↵erent cost function.

The cost function with N = 2 particles reads

fN=2
C =

X

(v,v0)2E

1

2

nq=4X

i,j

i 6=j

x
v,i

x
v,j

x
v

0
,i

x
v

0
,j

, (21)

and includes a product of 4 binary variables. To con-
struct the corresponding problem Hamiltonian we again
replace the binary variables x

a,b

with Pauli operators,
which results in a Hamiltonian HN=2

P with up to 4-local
terms. We recognize that not all terms in the Hamilto-
nian are needed to represent the problem faithfully. For
example, as in Sec. III B, the sum over the 1-local terms
on each vertex is proportional to the particle number op-
erator N

v

of that vertex in the feasible subspace,

Ñ
v

=
X

i

�(v,i)
z

= 2N
v

� 4 = 0 , (22)

and thus not needed to encode the problem faithfully. To
make the circuit as short as possible, we next show how
to reduce the number of terms in the Hamiltonian, when
restricted to the feasible subspace. For example, the 2-

local terms of the form
P

�
(v,i)
z

�
(v0

,j)
z

can be simplified
in the following way:

X

i,j

i 6=j

�(v,i)
z

�(v0
,j)

z

=
X

i

�(v,i)
z

X

j

�(v0
,j)

z

�
X

i

�(v,i)
z

�(v0
,i)

z

= Ñ
v

Ñ
v

0 �
X

i

�(v,i)
z

�(v0
,i)

z

= �
X

i

�(v,i)
z

�(v0
,i)

z

(23)

We thus only have to consider the second term, which is
a sum of 2-local interactions between the same qubits of
vertex v and v0. For the other 2-local terms, the calcula-
tion is analogous. Similarly, we can show that all 3-local

Cost Hamiltonian
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terms are vanishing,

X

i,j

i 6=j

�(v,j)
z

�(v,j)
z

�(v0
,i)

z

=
X

i

�(v,j)
z

X

i

�(v,i)
z

�(v0
,i)

z

�
X

i

�(v,i)
z

�(v,i)
z

�(v0
,i)

z

= Ñ
v

X

i

�(v,i)
z

�(v0
,i)

z

�
X

i

�(v0
,i)

z

= Ñ
v

X

i

�(v,i)
z

�(v0
,i)

z

� Ñ
v

0 = 0 (24)

For the 4-local terms, we cannot easily extract the parti-
cle number operator, but when restricted to the feasible
subspace, we recognize that only 4 terms are necessary
to represent the sum distinctly. Careful collection of all
remaining terms yield the Hamiltonian
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where the last expression for 4-qubit interactions is in-
variant under qubit permutation for each node. For each
connection (v, v0) 2 E in the problem graph G, we thus
have 4 two- and 4 four-qubit interactions. The two-qubit
interactions can be executed in one layer. The 4-qubit
interactions, cf. Eq. (25), can be executed in 3 layers, as-
suming that we can carry out any 2- or 4-qubit gates as
a single gate, i.e. without decomposing them into native
1- and 2-qubit gates. For a k-regular graph, the problem
Hamiltonian then requires depth dN=2

P = 4(k + 1) to be
implemented. Independent from the cost function, the
same version of the mixing Hamiltonian, cf. Eq. (15),
can be used as it preserves any particle number and in
analogy to before, results in a circuit of depth dN=2

XY = 4.
In Fig. 6, we show the probability of staying in the

feasible subspaces for both encodings as function of the
number of QAOA blocks. As clearly visible in the plot,
in the regime of interest, i.e., where pfeas is fairly high,
the overhead of implementing the more complex prob-
lem Hamiltonian obliterates any possible advantage of
the larger subspace. For very deep circuits, the higher
particle number shows advantage. However, at this level,
due to the low value of pfeas, we would mostly see non-
valid samples. We note again that these numbers would
look even worse in a real experiment, as we would have to
account for decomposing the gates into a native gate set
and for the routing of the circuit to a restricted hardware

FIG. 6. Comparison of the probability to stay in the feasible
subspace of N = 1 states of 6 qubits and N = 2 states of 4
qubits for a system size of |V | = 20 (main plot) and |V | = 1
(inset) logical vertices with a noise level of ⌘ = 10�3.

graph. As the encoding into the higher particle number
subspace results in a higher gate count with more com-
plex gates, taking these e↵ects into account would make
the di↵erence in both encodings even more visible. How-
ever, this first result highlights that the way of encoding
the problem has significant influence on the robustness of
the quantum algorithm. Whether schemes with higher-
order terms pose an alternative to the one-hot encoding
also depends on the availability of complex many-qubits
gates in the next generations of NISQ devices.

B. Correction of symmetry-breaking errors

In the previous section we have analyzed the probabil-
ity of sampling valid solutions when encoding the Max--
Colorable-Subgraph problem in a higher particle number
subspace than the N = 1 particle number subspace. Due
to the overhead in the circuit depth when implement-
ing the di↵erent cost function, we did not encounter an
advantage over the common one-hot encoding. In this
section, we discuss a possibility to correct the symmetry-
breaking errors for the example of encoding  = 3 colors
into the N = 1 subspace. We design an adaption of the
bit flip code [38, 39] that requires fewer ancillary qubits
by exploiting the system’s particle number symmetry, as
shown in Fig. 7(a), and analyze its e↵ect. The reduction
in resources is possible because we aim only to correct
states in the N = 1 particle number subspace.

In the original bit flip code, two copies of each qubit
are needed to be able to identify a single bit flip through a
majority vote on the three qubits. The present adaption
benefits from the additional information on the LPNC of
the data qubits, which reduces the number of necessary

Extra 4-local terms
require depth-3

two vertices of the same color = same bit string

<latexit sha1_base64="DYsqGRZg6M0sMxTyuOdBRfospwI="></latexit>

H(v,v0) =
6X

j=1

�v,j
z �v0,j

z

Quantum algorithms with local particle number conservation: noise effects and 
error correction, Streif, Leib, Wudarski, Rieffel, Wang, arXiv:2011.06873



Encoding into a larger subspace?

 XX + YY

Mixer

N = 1,      nq = 6

Encoding into  
Subspace

N = 2,      nq = 4  XX + YY

Ratio of 
feasible
subspace

<latexit sha1_base64="znGCRW1HFrTjWvmETRFJhwhhPkU=">AAACKXicbVDLSgNBEJz1GddX1KOXwSCISNyNEPUW9OIxgkmEbAyzs504ZHZmmZkVw5Kf8Df8Aa/6B97Uq+B3OHkIvgoaiqpuurvChDNtPO/VmZqemZ2bzy24i0vLK6v5tfW6lqmiUKOSS3UZEg2cCagZZjhcJgpIHHJohL3Tod+4AaWZFBemn0ArJl3BOowSY6V2fi8IoctERjjrit2BW94vXZUDkiRK3uLjYNsNQERfbjtf8IreCPgv8SekgCaotvMfQSRpGoMwlBOtm76XmFZGlGGUw8ANUg0JoT3ShaalgsSgW9noqwHetkqEO1LZEgaP1O8TGYm17seh7YyJuda/vaH4n9dMTeeolTGRpAYEHS/qpBwbiYcR4YgpoIb3LSFUMXsrptdEEWpskD+2hKHk0cB1bTD+7xj+knqp6JeLB+elQuVkElEObaIttIN8dIgq6AxVUQ1RdIce0CN6cu6dZ+fFeRu3TjmTmQ30A877J457pcI=</latexit>

6/26 ⇡ 9%

<latexit sha1_base64="XhuPiTR7eHSp1i3i49+B7NGZhZM="></latexit>

4/26 ⇡ 38%

8

FIG. 5. The probability to stay in the N = 1-subspace of
 = 3 qubits for 4 layers of XY-QAOA and X-QAOA. For
XY-QAOA (red), the choice of the parameters does not af-
fect the probability, while for X-QAOA, the following pa-
rameters combinations were used: ~�

1

= (1.5, 0.2, 0.9, 3.8)

and ~�
1

= (1.5, 3.2, 0.9) (blue), ~�
2

= (1.5, 1.7, 1.9, 0.8) and

~�
2

= (0.4, 1.2, 1.7) (orange), ~�
3

= (2.2, 3.7, 2.9, 2.8) and
~�
3

= (1.4, 0.9, 3.1) (green). Parameters are given in the form
~� = (�

1

,�
2

,�
3

,�
4

) and ~� = (�
2

, �
3

, �
4

). The angles were se-
lected such that the sum of all � is close to a multiple of 2⇡; if
selected di↵erently (e.g. the sum close to the odd multiples of
⇡), one would observe even worse performance. Since the first
application of the penalty Hamiltonian (see Eq. 18) does not
a↵ect the probability, �

1

is omitted. Our investigation sug-
gests that the selected angles represent the general behavior
that is in accordance with Eq. (19).

ber, which typically is a larger subspace than the N = 1
subspace, and examine how this encoding a↵ects the
probability of staying in the feasible subspace. In
Sec. IVB, we introduce a bit-flip quantum error correc-
tion code adapted to specifically preserving a particle
number preserving subspace and evaluate its e�ciency.
This code demonstrates the potential gains in resource
e�ciency through symmetry-aware quantum error cor-
rection techniques.

A. Encoding in larger particle number subspaces

Utilizing a larger fraction of the full Hilbert space as
feasible subspace increases the number of valid solutions
over unwanted solutions.

On the other hand, encoding in a di↵erent subspace
will also change the expression of the cost function, in-
curring a di↵erent circuit depth and therewith changing
the amount of noise in the computation.

In this section, we explore if such an approach can be
helpful to uphold the probability of sampling valid solu-
tions. We again focus on the Max--Colorable-Subgraph
problem. The cost function given in Eq. (16), can be
easily adapted to other particle number subspaces by in-
cluding higher-order interactions. The particle number

N states of n
q

qubits can be used to implement the Max-�
nq

N

�
-Colorable-Subgraph problem with cost function

fN
C =

X

(v,v0)2E

1

N !

nqX

i1,...,iN
i1 6=... 6=iN

x
v,i1xv

0
,i1 · · ·xv,iNxv

0
,iN , (20)

which includes up to 2N-local terms.

As example, for  = 6 colors, we could, as before, use
the 6 states with single particle of 6 qubits. Alternatively
the 6 states with two particles of 4 qubits could be used.
While the first approach uses a fraction of 6/26 ⇡ 9%
of the respective full Hilbert space, the latter approach
uses 6/24 ⇡ 38% of all states. To see whether this gain in
fraction yields also a gain in robustness against noise, we
have to calculate the circuit depth required to implement
the di↵erent cost function.

The cost function with N = 2 particles reads

fN=2
C =

X

(v,v0)2E

1

2

nq=4X

i,j

i 6=j

x
v,i

x
v,j

x
v

0
,i

x
v

0
,j

, (21)

and includes a product of 4 binary variables. To con-
struct the corresponding problem Hamiltonian we again
replace the binary variables x

a,b

with Pauli operators,
which results in a Hamiltonian HN=2

P with up to 4-local
terms. We recognize that not all terms in the Hamilto-
nian are needed to represent the problem faithfully. For
example, as in Sec. III B, the sum over the 1-local terms
on each vertex is proportional to the particle number op-
erator N

v

of that vertex in the feasible subspace,

Ñ
v

=
X

i

�(v,i)
z

= 2N
v

� 4 = 0 , (22)

and thus not needed to encode the problem faithfully. To
make the circuit as short as possible, we next show how
to reduce the number of terms in the Hamiltonian, when
restricted to the feasible subspace. For example, the 2-

local terms of the form
P

�
(v,i)
z
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(v0

,j)
z

can be simplified
in the following way:
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(23)

We thus only have to consider the second term, which is
a sum of 2-local interactions between the same qubits of
vertex v and v0. For the other 2-local terms, the calcula-
tion is analogous. Similarly, we can show that all 3-local

Cost Hamiltonian
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v

X

i

�(v,i)
z

�(v0
,i)

z

�
X

i

�(v0
,i)

z

= Ñ
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For the 4-local terms, we cannot easily extract the parti-
cle number operator, but when restricted to the feasible
subspace, we recognize that only 4 terms are necessary
to represent the sum distinctly. Careful collection of all
remaining terms yield the Hamiltonian

HN=2
P =

X

(v,v0)2E

H(v,v0) with
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where the last expression for 4-qubit interactions is in-
variant under qubit permutation for each node. For each
connection (v, v0) 2 E in the problem graph G, we thus
have 4 two- and 4 four-qubit interactions. The two-qubit
interactions can be executed in one layer. The 4-qubit
interactions, cf. Eq. (25), can be executed in 3 layers, as-
suming that we can carry out any 2- or 4-qubit gates as
a single gate, i.e. without decomposing them into native
1- and 2-qubit gates. For a k-regular graph, the problem
Hamiltonian then requires depth dN=2

P = 4(k + 1) to be
implemented. Independent from the cost function, the
same version of the mixing Hamiltonian, cf. Eq. (15),
can be used as it preserves any particle number and in
analogy to before, results in a circuit of depth dN=2

XY = 4.
In Fig. 6, we show the probability of staying in the

feasible subspaces for both encodings as function of the
number of QAOA blocks. As clearly visible in the plot,
in the regime of interest, i.e., where pfeas is fairly high,
the overhead of implementing the more complex prob-
lem Hamiltonian obliterates any possible advantage of
the larger subspace. For very deep circuits, the higher
particle number shows advantage. However, at this level,
due to the low value of pfeas, we would mostly see non-
valid samples. We note again that these numbers would
look even worse in a real experiment, as we would have to
account for decomposing the gates into a native gate set
and for the routing of the circuit to a restricted hardware

FIG. 6. Comparison of the probability to stay in the feasible
subspace of N = 1 states of 6 qubits and N = 2 states of 4
qubits for a system size of |V | = 20 (main plot) and |V | = 1
(inset) logical vertices with a noise level of ⌘ = 10�3.

graph. As the encoding into the higher particle number
subspace results in a higher gate count with more com-
plex gates, taking these e↵ects into account would make
the di↵erence in both encodings even more visible. How-
ever, this first result highlights that the way of encoding
the problem has significant influence on the robustness of
the quantum algorithm. Whether schemes with higher-
order terms pose an alternative to the one-hot encoding
also depends on the availability of complex many-qubits
gates in the next generations of NISQ devices.

B. Correction of symmetry-breaking errors

In the previous section we have analyzed the probabil-
ity of sampling valid solutions when encoding the Max--
Colorable-Subgraph problem in a higher particle number
subspace than the N = 1 particle number subspace. Due
to the overhead in the circuit depth when implement-
ing the di↵erent cost function, we did not encounter an
advantage over the common one-hot encoding. In this
section, we discuss a possibility to correct the symmetry-
breaking errors for the example of encoding  = 3 colors
into the N = 1 subspace. We design an adaption of the
bit flip code [38, 39] that requires fewer ancillary qubits
by exploiting the system’s particle number symmetry, as
shown in Fig. 7(a), and analyze its e↵ect. The reduction
in resources is possible because we aim only to correct
states in the N = 1 particle number subspace.

In the original bit flip code, two copies of each qubit
are needed to be able to identify a single bit flip through a
majority vote on the three qubits. The present adaption
benefits from the additional information on the LPNC of
the data qubits, which reduces the number of necessary

Extra 4-local terms
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For the 4-local terms, we cannot easily extract the parti-
cle number operator, but when restricted to the feasible
subspace, we recognize that only 4 terms are necessary
to represent the sum distinctly. Careful collection of all
remaining terms yield the Hamiltonian
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where the last expression for 4-qubit interactions is in-
variant under qubit permutation for each node. For each
connection (v, v0) 2 E in the problem graph G, we thus
have 4 two- and 4 four-qubit interactions. The two-qubit
interactions can be executed in one layer. The 4-qubit
interactions, cf. Eq. (25), can be executed in 3 layers, as-
suming that we can carry out any 2- or 4-qubit gates as
a single gate, i.e. without decomposing them into native
1- and 2-qubit gates. For a k-regular graph, the problem
Hamiltonian then requires depth dN=2

P = 4(k + 1) to be
implemented. Independent from the cost function, the
same version of the mixing Hamiltonian, cf. Eq. (15),
can be used as it preserves any particle number and in
analogy to before, results in a circuit of depth dN=2

XY = 4.
In Fig. 6, we show the probability of staying in the

feasible subspaces for both encodings as function of the
number of QAOA blocks. As clearly visible in the plot,
in the regime of interest, i.e., where pfeas is fairly high,
the overhead of implementing the more complex prob-
lem Hamiltonian obliterates any possible advantage of
the larger subspace. For very deep circuits, the higher
particle number shows advantage. However, at this level,
due to the low value of pfeas, we would mostly see non-
valid samples. We note again that these numbers would
look even worse in a real experiment, as we would have to
account for decomposing the gates into a native gate set
and for the routing of the circuit to a restricted hardware

FIG. 6. Comparison of the probability to stay in the feasible
subspace of N = 1 states of 6 qubits and N = 2 states of 4
qubits for a system size of |V | = 20 (main plot) and |V | = 1
(inset) logical vertices with a noise level of ⌘ = 10�3.

graph. As the encoding into the higher particle number
subspace results in a higher gate count with more com-
plex gates, taking these e↵ects into account would make
the di↵erence in both encodings even more visible. How-
ever, this first result highlights that the way of encoding
the problem has significant influence on the robustness of
the quantum algorithm. Whether schemes with higher-
order terms pose an alternative to the one-hot encoding
also depends on the availability of complex many-qubits
gates in the next generations of NISQ devices.

B. Correction of symmetry-breaking errors

In the previous section we have analyzed the probabil-
ity of sampling valid solutions when encoding the Max--
Colorable-Subgraph problem in a higher particle number
subspace than the N = 1 particle number subspace. Due
to the overhead in the circuit depth when implement-
ing the di↵erent cost function, we did not encounter an
advantage over the common one-hot encoding. In this
section, we discuss a possibility to correct the symmetry-
breaking errors for the example of encoding  = 3 colors
into the N = 1 subspace. We design an adaption of the
bit flip code [38, 39] that requires fewer ancillary qubits
by exploiting the system’s particle number symmetry, as
shown in Fig. 7(a), and analyze its e↵ect. The reduction
in resources is possible because we aim only to correct
states in the N = 1 particle number subspace.

In the original bit flip code, two copies of each qubit
are needed to be able to identify a single bit flip through a
majority vote on the three qubits. The present adaption
benefits from the additional information on the LPNC of
the data qubits, which reduces the number of necessary
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FIG. 7. (a) Error correction circuit correcting for a single bit flip error on the data qubits with the syndromes given in Eq. (26).
The colors highlight the gates which can be carried out in one layer on a fully-connected quantum computer. According to the
syndrome measurements, one of the recovery actions given in (b) is carried out where X

i

defines the local bit flip operation

�(i)

x
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with the subscripts {1, 3, 5} and {2, 4, 6} labeling the
original qubits and their copies respectively, are able to
detect a single bit flip error on the data qubits. To read-
out the syndromes non-invasively, i.e. without destroy-
ing the quantum state, three additional ancilla qubits
are needed. As in all quantum error correction schemes,
measurements of the ancillas do not provide us with any
additional information about the data qubits’ quantum
state. After measuring the ancillas, the recovery actions,
summarized in Fig. 7(b), correct the error by applying
a local bit flip operation. The e↵ectiveness of this error
correction procedure depends on the probability of errors

in the input state, the noise in the correction circuit it-
self and the readout error of the ancillas. We note that
this kind of error correction scheme does not correct for
errors inside the feasible subspace.

To discuss how this scheme performs under realistic
noise levels, we have to decide how often we want to ap-
ply it during the quantum computation. Under the as-
sumption that the error correction circuit is perfect and
noiseless, we could apply it after each layer of the cir-
cuit and would always see an improvement of the results.
However, in realistic scenarios, the error correction cir-
cuit itself is subject to noise. To analyze how often we
can apply the scheme without worsening the results, we
look at the following setup: we initialize the system in a
feasible state, subsequently apply d layers of QAOA with
noise and afterwards apply the syndrome circuit with the
ancilla qubits initialized in the |0i state. We use the same
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On 3 data qubits



Kaleidoscope of Open Problems and Research Topics

Choice of “Cost Hamiltonian”: Role of energy in QAOA?

Benchmarking problem sets: where are small and hard problems?

Sample vs expectation value: What can we infer from the expected 
value / average performance?

Choice of initial states
Parameter setting: what we learn from analysis

Landscape and search methods

Effect of noise, error mitigation/correction

Quantum Advantage / Speedup

Choice of Mixer: mixing efficiency vs implementation complexity

Compilation and Routing

Underlying physics: Role of entanglement
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