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Key Points:

« Computationally efficient mascons computed from GRACE Level-2 spherical har-
monics are equivalent to those from Level-1B ranging data

» These mascons can be tailored to specific problems of interest and do not require
special orbit determination software

» A presented trade study shows the effects of spherical expansion truncation and

compares diagonal regularization to that with correlations
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Abstract

Mass concentration (mascon) solutions have become a prominent medium for investigat-
ing time-variable gravity recovered by GRACE and GRACE Follow-On. While GRACE
Level-2 spherical harmonic products require various post-processing techniques to elim-
inate correlated noise, mascon formulations employ spatial regularization strategies dur-
ing the estimation step to improve signal recovery. However, mascon estimation has tra-
ditionally required large computing resources and GRACE Level-1B processing capabil-
ities. In this study, we show that a typical mascon estimation system can be reformu-
lated to allow for the estimation of regularized mascons from Level-2 spherical harmon-
ics. Provided that spherical harmonic solution covariances are available, the computed
mascons will be mathematically equivalent to similar mascons estimated from Level-1B
observations. This method is computationally efficient, better leverages GRACE spher-
ical harmonics than past methods, and matches the performance of typical mascon so-
lutions without locking scientists into pre-determined regularization designs. We develop
a proof-of-concept solution using I'TSG-Grace2018 and compare results with traditional
mascons from JPL and NASA GSFC. We then assess the effects of spherical harmonic
truncation and use of regularization correlations on basin signal recovery. We find that
spherical expansions to degree and order 60 provide the minimum expansion necessary
to study most basins, while larger expansions help further localize signals. We also find
that diagonal regularizations (i.e., regularizations that do not contain inter-mascon cor-
relations) are adversely affected by leakage, especially across boundaries such as coast-
lines where signals are not highly correlated, whereas including inter-mascon correlations

and regional boundaries in the regularization greatly improves signal recovery.

Plain Language Summary

This study derives a new method for producing surface mass change maps in the
form of so-called “mascons” using GRACE and GRACE Follow-On data that is com-
putationally simpler but equally as rigorous as typically used methods. Using this method,
scientists no longer need specialized orbit determination and estimation software to pro-
duce these maps, and therefore this type of work is now accessible to scientists outside
of the few major centers that currently produce these maps. At the same time, centers
with these specialized software packages can incorporate the computational efficiencies

presented here to improve their own processes. As a result, this new method can be used
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to study individual problems of interest outside the scope of the globally focused solu-
tions available today (for example, to specifically study targeted river basins), and these
new studies can additionally incorporate other known information about those problems.
We provide a proof-of-concept solution showcasing the new method and apply the new
method to highlight key design decisions that must be made when producing mascon so-

lutions.

1 Introduction

The Gravity Recovery and Climate Experiment (GRACE) and GRACE Follow-
On (GRACE-FO) missions have enabled a record of Earth’s time-variable gravity and
surface mass change approaching 20 years in length, and this record has been used to
study mass changes in global ice sheets, oceans, terrestrial water storage, and more (Tapley
et al., 2004, 2019; Landerer et al., 2020). Due to the nature of the primary observable
of these missions, multiple steps are typically employed in producing data products for
scientific research and applications. The GRACE and GRACE-FO Science Data System
(SDS) team at the Jet Propulsion Lab (JPL) computes Level-1B ranging measurements
from the missions’ raw inter-satellite microwave and laser ranging observations, and these
data are then used to estimate a variety of user-focused products. In addition to these
ranging measurements, the Level-1B products also include a number of other necessary
measurements, including star tracker data, GPS orbits, and on-satellite accelerometer

measures.

Level-2 spherical harmonic solutions produced by the SDS teams at JPL, the Uni-
versity of Texas at Austin’s Center for Space Research (CSR), and the German Research
Centre for Geosciences (GFZ), and equivalent products produced at additional centers

(e.g, the ITSG-Grace2018 monthly solution (Kvas et al., 2019; Mayer-Giirr et al., 2018)),

are unconstrained representations of the gravity field. These solutions are estimated through

a data reduction and inversion process from Level-1B data using orbit propagation and
estimation software systems, requiring a great deal of computing resources and exper-
tise (Bettadpur, 2018; Yuan, 2019). These solutions are often analyzed using a variety
of post-processing techniques and filters that are required to reduce noise and system-
atic errors (e.g., correlated errors manifesting as vertical stripes in the solution), but sci-
entists must take care to not introduce excessive spatial signal leakage and must attempt

to quantify analysis errors due to signal attenuation in the filtering process (e.g., Wahr
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et al., 1998; Swenson & Wahr, 2006). For example, one common technique for comput-
ing basin mass change from spherical harmonics is the application of a properly designed
basin averaging kernel, though variations in the design of these kernels or filtering ap-

plied to the solution can greatly impact results (Swenson & Wahr, 2002).

Over the past 10 years, end user-oriented mass concentration (mascon) solutions
from JPL, CSR, and NASA Goddard Space Flight Center (GSFC) have been introduced
(Luthcke et al., 2013; Watkins et al., 2015; Save et al., 2016). These solutions estimate
sets of surface mass cells globally and enable much simpler basin and regional analysis
than with Level-2 products. Additionally, these mascon solutions are estimated directly
from Level-1B observations, much like the Level-2 spherical solutions, but they do not
have the same post-processing requirements as with spherical harmonic solutions. In-
stead, various regularization techniques are applied in the solution estimation step to im-
prove signal recovery and suppress noise and leakage, and basin analysis with mascons
is achieved with the simple summation of the mass change recovered over all mascon cells
within the basin. However, while these solutions show improvements in signal recovery
and ease of use, they restrict users to the specific regularization choices made in each so-
lution and inhibit advanced users from fine tuning analyses for investigations of specific
regions. Additionally, effort must be made to account for errors due to the imposed reg-
ularization during any analyses, such as by applying the resolution operator to estimate

biases (Luthcke et al., 2013; Loomis et al., 2019).

While post-processing with spectral filters has generally been the dominant method
of investigating the gravity field with spherical harmonic products, numerous studies have
also explored the application of regularization to spherical harmonic solutions. For ex-
ample, Save et al. (2012) included regularization constraints in the least squares inver-
sion of GRACE spherical harmonic estimates, finding that such regularization reduces
errors in the gravity field estimate compared with the unconstrained Level 2 solutions.
This and similar efforts still required particular understanding of how to properly ap-
ply a spherical harmonic solution in investigations of time-variable gravity and surface
mass change. Additionally, like the previously mentioned mascon solutions, any inves-
tigations using this or other regularized solutions are dependent on the regularization

design.



107 Swenson and Wahr (2011) discussed a method for adding regularization to an un-

108 constrained spherical harmonic solution as a post-processing measure that showed sim-
100 ilar signal characteristics to a solution where regularization was included in the estimate
110 inversion. The construction of that method was in many ways similar to the resolution

1w operator approach used in Luthcke et al. (2013) and Loomis et al. (2019) and similarly

12 showed that the method would enable GRACE data end users to construct their own

13 regularization constraints and use those to help build analysis error budgets. However,

114 while the method allows for regularization to be introduced into the estimate, the reg-

115 ularization is applied in post-processing and is not an exact match to that applied dur-

116 ing an inversion from Level-1B data.

17 To reduce computational complexity while trying to capture the same benefits of

118 traditional mascons, multiple studies have estimated simplified mascons from Level-2 spher-
119 icals to study mass change in various ice sheets and ice caps across the Earth (e.g., Ja-

120 cob et al., 2012; Velicogna et al., 2014; Schrama et al., 2014). While most such studies
121 have focused regionally on ice sheets, these methods can all be applied to any basin or

122 globally. Watkins et al. (2015) notes these and similar efforts when they define three pri-

123 mary types of GRACE mascon solutions: those estimated directly from ranging mea-

124 surements (such as the JPL mascon solution), those estimated from ranging measure-

125 ments through a finite truncation of spherical partial derivatives (such as the GSFC and
126 CSR mascon solutions), and simplified mascons fit directly from Level-2 spherical har-
127 monics. While the first two approaches are largely equivalent methods for estimating the

128 gravity field directly from GRACE ranging measurements, the third simplified mascon

129 approach is a less rigorous post-processing step that does not account for any spherical
130 harmonic error covariance information. Ran et al. (2018) improved on these simplified

131 methods by using the law of covariance propagation to optimally estimate mascons over
132 Greenland from sphericals and their full error covariances, but this study is still a post-
133 processing of Level-2 data, was conducted regionally, and did not include regularization
134 as with the more rigorous global mascon solutions.

135 We present a new method of regularized mascon estimation from spherical harmon-
136 ics that matches traditional rigorous mascons in their solution quality. This new “fast

137 mascon” approach applies equations from Sabaka et al. (2010) in a new way, relating monthly
138 spherical harmonic fields and their full error covariances to a global set of mascon cells.
139 Importantly, this method is mathematically equivalent to the approaches for comput-
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ing the GSFC and CSR mascons from Level-1B data in Luthcke et al. (2013) and Save

et al. (2016). As with these rigorous mascons, the fast mascon method can utilize the
same tools for accounting for estimate errors (e.g., the resolution operator). Further, this
method does not rely on complex orbit determination and parameter estimation systems
(e.g., GEODYN) and can be implemented on most commonly used hardware using stan-
dard scientific computing packages. As such, this new approach is comparable to a tra-
ditional rigorous mascon approach from Level-1B data - rather than to the many var-
ious Level-2 post-processing approaches - while also allowing for a customizable design
and providing large benefits in terms of computational complexity and cost. Mascon es-
timates using this approach fully incorporate all parameterization decisions made by the
center that produced the source spherical harmonic solutions and normal equations, and
results using this approach are therefore dependent on the parameterization choices made
by that processing center. This is not a restriction of the method for the processing cen-
ters themselves, and for others this restriction is no different from any other GRACE anal-

ysis technique.

2 Development of the Fast Mascon Method

Mascon solutions from GSFC and CSR use similar formulations for the determi-
nation of least squares normal equations relating GRACE Level-1B ranging observations
to mascon space. Both centers employ the same general least squares system to solve
d = Am for the best estimate h € RN *1 of N, mascons from N ranging obser-
vations using a Gauss-Newton least-squares estimator whose kth step estimates an ad-

justment Amy, to the mascon state my,

Ay, = (ATWA +AP)"' [ATW(d - f(my)) + AP(m, — my)] W

mg; = my+ Amy

where the observation vector is the difference between the ranging observations d € RV« *1
and the model prediction vector f and contains the range rate measurement residuals,

m, is the preferred mascon state, \P € RV *Nu ig the mascon regularization matrix
(i.e., \™'P~! is the signal covariance), W~ € RN« XNk ig the data noise covariance,

and A € RY<*NM contains the partial derivatives of the range rate measurements with
respect to the global set of mascons. Of particular interest in this study is the formu-
lation A = HL used by both GSFC and CSR, where H € RV *N¢ contains the par-

tial derivatives of the range rate measurements with respect to the N differential spher-
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ical harmonic coefficients and L € RNe*NM contains the partial derivatives of the dif-
ferential spherical harmonic coefficients with respect to the mascon parameters (Loomis

et al., 2019; Save et al., 2016).

We then apply the Woodbury Matrix Identity and simplify (see Appendix A for full
derivation) to obtain a new expression for the mascon estimate in terms of the spher-

ical harmonic normal equations and estimate as
m=P LT (AN +LP'LT) c 2)

In other words, this equation allows us to compute mascon solutions from Level-2 spher-
ical harmonic solutions in a single iteration that are equivalent to those computed from
Level-1B ranging observations (using Equation 1) if the normal equations or solution co-
variances are available for the Level-2 solutions. Note that Equation 2 matches Equa-

tion 14 in Sabaka et al. (2010), which is applied in a new way here.

To verify the equivalence between the developed fast mascon technique and the tra-
ditional rigorous mascon estimation method, we estimated a single month’s solution with
each method, using equivalent regularizations. For this test, we used an in-house spher-
ical harmonic estimate that is computed alongside the traditional GSFC monthly mas-
cons. This allows for us to know that the exact same processing was applied to each so-
lution. We then calculated the spatial RMS of the difference between the two solutions.
We found this RMS to be on the order of 1E-10 cm water equivalent height for a given
month (compared to a spatial RMS of the monthly signal on the order of 10 cm w.e.),

indicating that the two solutions agreed to numerical precision.

To investigate bias due to leakage in the solution, we can use the resolution oper-

ator from Loomis et al. (2019):
R = (L*NL +AP) 'L"NL. (3)
As before, we use the Woodbury Matrix Identity and simplify to re-write this as
R=P LT AN +LP'LT) 'L, (4)

As with Equation 2, the developed expression for computing the resolution operator is
mathematically equivalent to one developed for solutions from Level-1B observations.
This operator can then be applied to determine mascon and basin biases, as in Loomis

et al. (2019) and Croteau et al. (2020).



201 2.1 Conservation of mass and geocenter motion

202 GRACE spherical harmonic solutions do not usually include degree 0 and 1 terms,
203 as mass should be conserved globally and the GRACE measuring system is insensitive

204 to geocenter variations. Instead, GRACE Technical Note 13 is typically used to restore

205 surface mass change induced degree 1 signals, following Sun et al. (2016). In practice,

206 this means that the spherical harmonic solutions and normal equations that we use for

207 the fast mascon method omit the first four spherical harmonic coefficients (Cyg, Ci0, C11,

208 and S71). When estimating global mascons, it is therefore important to ensure that these

200 terms likewise remain fixed. While a direct, unconstrained transformation from spher-

210 ical harmonics to mascons will maintain these characteristics without any special atten-

2u tion, the addition of regularization into the mascon estimate can result in the unintended

212 introduction of artificial changes in global mass and the geocenter. Therefore, it is im-

213 perative that any regularized mascon estimation method properly account for these ef-

214 fects.

215 For the fast mascon method, conservation of mass and a fixed geocenter are achieved

216 through the straightforward introduction of a diagonal constraint holding these terms

217 fixed. Equations 2 and 4 use a full spherical harmonic expansion including these four terms

218 (i.e., No = 9,409 for Nypq. = 96) and the Level-2 spherical harmonic solutions and nor-

219 mal equations (which contain only 9,405 terms) are used to populate the degree 2 and

220 higher terms. The degree 0 and 1 terms in Ac are set to zero for all months, and non-

21 zero constraints « I are added into the first four diagonal terms of the normal matrix

2 N to make the matrix full rank:

Ac = 0 No | T 5)
AC 12 0 Niers

224 This differs from the method used for the traditional GSFC mascons by establishing con-

25 servation of mass and fixed geocenter constraints in spherical harmonic space rather than
226 mascon space. Assuming « is sufficiently large, the degree 0 and 1 terms will be adequately
227 constrained to zero, ensuring that mass is conserved globally and the geocenter is held

28 fixed in the resulting mascon estimate. We found a value of a = 1.0 x 103 to be suf-

229 ficiently large to ensure global conservation of mass and maintain a fixed geocenter dur-

230 ing the inversion for all GRACE and GRACE-FO months investigated in this analysis.
231 As with the other rigorous GRACE mascon solutions, geocenter motion can then be re-

232 stored to the solution post-estimation using Technical Note 13.



233 2.2 Regularization matrix design

234 Following the traditional mascon approach, the GSFC solution defines a regular-

235 ization matrix in constraint space as P (Sabaka et al., 2010; Loomis et al., 2019). Given
236 Equations 2 and 3, the fast mascon method instead defines the regularization matrix in
237 covariance space as P~!. This is perhaps a more straightforward design, as the full reg-
238 ularization covariance matrix can be defined by expected uncertainties o; for each mas-
239 con ¢ and correlations p;; for each 4, j mascon pair. Taken as a whole, the individual terms
240 in P! are then defined for each row/mascon i and column/mascon j as P;; = p;j0;0;.
241 The presented regularization matrix construction is then quite flexible, and var-

242 ious design choices can be tested for their effects. In this study, we define correlations

243 between mascons based on the distance between mascons (similar to the GSFC solution),
244 rather than using model-driven correlations (like with the JPL solution). In Section 4,

25 we present a proof of concept solution that uses the Gaussian smoothing function from

246 Wahr et al. (1998) with a radius of 300 km to populate these p;; values in the regular-

247 ization matrix. As with the GSFC mascon solution, a regional constraint for each 4, j

248 mascon pair can be defined such that p;; = 0 if mascons ¢ and j are in different regions.
249 Then, in Section 5, we present a trade study that in part explores this design choice, com-
250 paring results for various computed sets of p;; values for smoothing distances from 0 km
251 (i.e., a diagonal regularization with no correlations between mascons) to 800 km.

252 2.3 Notable method advantages

253 Before continuing, we note a few key takeaways for the developed method. First,

254 compared with the traditional mascon formulation used by GSFC and CSR, the lower

255 computational cost of the developed method allows for mascon estimation to be com-

256 puted faster and on relatively modest hardware using standard scientific computing re-

257 sources. This is both because the method allows one to start with a spherical solution

258 and normal equations rather than with Level-1B ranging observations and also because

250 the method benefits from the inversion in Equation 2 taking place in spherical space, rather
260 than in mascon space as in Equation 1. For a spherical expansion to Ny,., = 96, the

261 inverted matrix is 9,409 x 9,409, rather than a 41,168 x 41,168 matrix for the set of 1-
262 arc-degree mascons used in this paper. As a simple illustration of the reduced compu-

263 tational cost of this method, all results in this paper were computed on a 2018 MacBook
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Pro 15-inch laptop (2.6 GHz 6-Core Intel Core i7 processor, 32 GB 2400 MHz DDR4 mem-
ory) using Python’s numerical and scientific computing libraries. A computationally ef-
ficient and stable algorithm for evaluating Equation 2 is presented in Appendix Appendix
B.

Recalling the three types of mascons discussed in Section 1, an initial presumption
might be made that the method developed here best fits the third description. However,
our method should be considered more akin to the second type due to the equivalence
between Equation 1 and Equation 2, and it is therefore more rigorous than past meth-
ods using spherical harmonic solutions. In fact, while our input data is a spherical prod-
uct, the aforementioned mathematical equivalence means that this method provides an
estimate from the same information as one from Level-1B data without the added com-
putational costs involved in such solutions. Instead, this method leverages the Level-1B
processing done in creating the input data to avoid these extra computations during the
mascon estimation step. As this method results in a global solution that correctly con-
serves mass and handles geocenter motion, it further distinguishes itself from other less

rigorous Level-2 post-processing techniques.

Finally, for a given set of converged spherical harmonics and their normal equa-
tions to a maximum degree and order N,q., it is possible to truncate all parts of the
developed expressions to any smaller degree and order. This provides for a straightfor-
ward opportunity to explore the impact of high degree terms on mascon-based GRACE

basin analyses. In the trade study in Section 5, we explore this space.

3 Data

In order to test the fast mascon methodology, we use the ITSG-Grace2018 uncon-
strained monthly solutions and full normal equations (referred to simply as “ITSG” from
here) to degree and order 96 for 193 months, including the full duration of the GRACE
mission through the first 33 months of GRACE-FO (April 2002 - April 2021) (Mayer-
Giirr et al., 2018). During our investigation, we found that two months in the ITSG so-
lution at the end of the original GRACE mission (March 2017 and June 2017) yielded
particularly unstable results, and we have omitted these months from this investigation.
As our method requires a spherical harmonic solution that is provided with either as-

sociated covariances or normal equations, we chose to use the ITSG solution for our tests

—10—
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because that solution fits our data needs while also having a long history of being fully
open and available to the general public. Recently, other spherical harmonic solutions
(e.g., the GFZ solution) have begun releasing normal equations alongside their spher-

ical harmonic estimates, and these solutions could be used in place of the ITSG solution.
We use only one solution because the goal of this paper is to discuss the presented method
and explore what effects different regularization decisions have on signal recovery, not

to compare the impact of different data processing strategies. The ITSG solution is es-
timated using the same processing standards and background models as other Level 2
solutions, and in particular uses the same Atmosphere and Ocean Dealiasing (AOD) model
as these solutions, meaning that results using this solution should produce similar re-

sults as would be expected with other Level 2 solutions. We note that the ITSG solu-

tion does not include non-gravitational arc parameters in their distributed normal equa-
tions. Rather, these parameters have been eliminated before accumulating the normal
equations (Kvas et al., 2019), meaning that our resulting mascon estimates are properly
influenced by these parameters and their errors without needing to include these param-
eters in the estimation itself. At the same time, this makes our solutions dependent on

the parameterization decisions made during the development of the ITSG solution.

As a first order test of how well the developed method recovers signals globally, we
compare our results against the GSFC RL06 v1.0 (Loomis et al., 2019) and JPL RLO6M
v02 (Watkins et al., 2015) global mascon solutions. We also use the GSFC 1-arc-degree
mascon definitions and metadata to define the 41,168 mascons and various basins esti-
mated in this study; the GSFC solution includes all the necessary spatial information
to fully define the L matrix, as described in Section 2, and the comparisons between our
results and the GSFC solutions are made easier by using these definitions. We compute
partial derivatives of the spherical harmonics with respect to these mascons to degree
and order 96 to populate the L matrix and match the degree and order expansions of
the ITSG solution. Comparisons to the JPL mascons follow all the prescribed best prac-
tices for basin analysis with that solution, applying the CRI filter and model-based scal-
ing factors (Watkins et al., 2015; Wiese et al., 2016).

We use additional models and data during the investigation to provide meaning-
ful mass change result comparisons, following GRACE SDS recommended practices. Glacial
Isostatic Adjustment (GIA) is corrected for using the ICE-6G_D model prior to mascon

estimation (Peltier et al., 2018), Degree 1 terms are added to the resulting mascon es-

—11-
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timates using Technical Note 13 as described by Sun et al. (2016), and Csy and Csqg are
replaced by that determined from Satellite Laser Ranging using Technical Note 14 (Loomis
et al., 2020).

4 Proof of Concept

To demonstrate the fast mascon method, we first compute a monthly solution us-
ing a relatively straightforward regularization design. For this solution, we use the ITSG
normal equations to the full degree and order 96 expansion. We then compare basin re-

sults with those using the GSFC and JPL mascon solutions.

An important step to regularized mascon estimation is the design of the regular-
ization matrix P~!, which we design through a two-step approach. First, we estimate
a solution using a simple weighting scheme in the regularization matrix. Then, we use
the results from that first solution to build a more representative weighting scheme and
estimate a new final solution. In that first step, we set o; values for land and inland sea
locations to 20 cm (water equivalent height) and open ocean locations to 8 cm and com-
pute correlation terms using a Gaussian smoothing radius of 300 km. We use the GSFC
solution’s 11 regional boundary definitions (Listed in Appendix C) to impose regional
constraints (Loomis et al., 2019). This effectively makes our regularization matrix block-
diagonal, with each region fully populated by design variances and covariances and cross-

region off-diagonal areas equaling zero, as described in Section 2.2. We estimate monthly

solutions for 18 years of GRACE and GRACE-FO data, adjusting A to find an over-constrained

solution, greatly reducing noise while also suppressing signal. This over-constrained so-
lution is useful because it provides information on the distribution of recovered monthly
signals, from which we can build data-driven o values for a new regularization matrix
that we will use in the second step of this process. To achieve this, we compute an RMS
map from the 18 years of GRACE and GRACE-FO monthly results and accordingly re-
populate the regularization matrix P~! using those RMS values for land and inland sea
locations whose RMS is greater than 20 cm, capping individual mascon ¢; values at a
maximum of 80 cm. This maximum encompasses 99.5% of all non-ocean mascons, and
prevents the 0.5% of mascons that exceed this limit from over-influencing the solution
regularization. Figure 1 shows the determined RMS map used to define the final proof-
of-concept regularization o; values. This allows for locations with considerably larger-

than-average signals to be better recovered and localized while also reducing noise glob-

—12—
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ally. After defining this new regularization weighting, we can then re-estimate the 18 years

of monthly solutions for our proof of concept.

Regularization o Values

e S

cm w.e.

Figure 1. Spatial RMS of initially overly constrained solution, used to populate final regular-

ization matrix o values.

Having defined the regularization matrix, each monthly estimate needs to be in-
dividually tuned to determine the A that produces an optimal solution for each month.
While P! is fixed in our proof of concept, tuning A for each month ensures that the full
regularization is scaled appropriately for each month. If A is set too small, the regular-
ization matrix will have little effect and correlated errors will dominate the inversion;
setting A too high will result in an over-constrained solution with suppressed signal re-
covery. An optimal X is therefore one where correlated noise and striping are eliminated
without simultaneously over-damping real signal. For each month, we compute solutions
for 16 logarithmically spaced values of )\ spanning 3 orders of magnitude and then de-
termine the optimal lambda by examining how the recovered signals change with each
successively larger A. In order to find an optimal A\ for each month, we compute the 15
difference fields between the 16 successively more constrained solutions. These difference
fields represent the change in signal recovery given each incremental increase in A. For
under-constrained solutions, these fields are dominated by striping that is removed as
A increases, while for over-constrained solutions these fields are dominated by surface mass
signals suppressed by the regularization. To find the A where these two effects are a com-

bined minimum, we compute the correlation between the difference fields and the orig-
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inal fields and determine the location where this correlation is at a minimum. Here, only
small amounts of correlated errors remain in the solution and only small amounts of real
signal are affected by the regularization. For the fast method, we found that this pro-
cedure works best using mascons that are not dominated by large trends or seasonal vari-
ability, and for this reason we compute these correlations using ocean mascons only. An
example of this analysis for May 2002 is depicted in Figure 2. Further refinement of these
optimal A is likely by narrowing the search space around each determined A\ and test-

ing additional possible A values, though actual differences in signal recovery will be small.

Optimal A search, May 2002

X optimal A

0.80
0.75 1
0.70

0.65

Correlation Coefficient

0.60

10! 102 103

Figure 2. Results of optimal A weight search for May 2002: Example determined \ where the
correlation over the ocean between the A-weighted solution and the difference to the successively

smaller A\-weighted solution is a minimum.

To demonstrate the performance of this proof of concept, we compute basin mass
averages for a number of representative basins and compare these results with those us-
ing the latest GSFC and JPL mascon solutions. Basin mass changes for eight represen-
tative basins are depicted in Figure 3. The Antarctic Ice Sheet region definition includes
both grounded ice and the Ross and Ronne ice shelves, as these are constrained to the
continent in both the GSFC and fast mascon solutions in the regularization design. We
see strong agreement between the fast mascon solution and the others, both in terms of
trends and seasonal signals as well as inter-annual variations, as demonstrated in Table
1. Note that the presented method could potentially be improved by including a monthly-

varying regularization matrix P~! designed to optimally recover expected signals for each
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Figure 3. Basin mass averages for eight representative basins, comparing the Fast Mascon

approach with the GSFC and JPL mascon solutions.

month, but we chose to use a fixed regularization matrix for this study to improve com-

putational efficiency while reducing model-dependency of the final solution.

To determine whether the developed mascons fully capture the signal content of
the original ITSG sphericals, we can compare the signal content of each solution. We map
the fast mascons into spherical harmonics through the partial derivatives of sphericals
with respect to mascons, ¢ = Lm, then subtract the source ITSG solution from these

fast mascon harmonics. We compute the residual trend of this difference and map that
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Figure 4. Maps of the trend difference between the fast mascon solution and the I'TSG solu-
tion. The map on the left has no smoothing and is dominated by vertical striping, and the map

on the right (with 300 km smoothing applied) has virtually no remaining signal.

residual signal in Figure 4 (left). As this difference is dominated by vertical striping, we
apply 300 km Gaussian smoothing to these residuals (which matches the smoothing built
into the mascon regularization) and find that there is practically no remaining residual
signal (Figure 4, right). In other words, the developed fast mascons capture the full sig-
nal content of the source Level 2 spherical solution while greatly reducing the noise and

correlated errors in that solution.

5 Regularization Trade Study

The three widely available mascon solutions to date (CSR, GSFC, and JPL) each
use unique regularization strategies, but a straightforward comparison between these and
other strategies is challenging due to processing differences between each solution cen-
ter. The fast mascon method allows for many solutions to be estimated using similar pro-
cessing while continuously adjusting a single parameter in the regularization design across
all solutions. These solutions can then be compared to determine the impact of adjust-
ing that parameter on solution results. The fast mascon method is particularly useful
for this kind of rapid solution prototyping and trade space exploration due to the sig-
nificantly lower computational costs of the method compared to traditional mascon so-
lutions. We therefore use the developed method to conduct a trade study comparing var-
ious regularization design choices related to a few of the largest differences between the
designs of the GSFC, JPL, and CSR mascons. Results from this trade study are then

applicable in the design of any future mascon solutions, using either the presented fast
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mascon method or one of the more traditional methods. Similarly, future regularization
design studies can employ the fast mascon method to study a wide variety of other spe-

cific problems of interest.

5.1 Spherical harmonic maximum expansion

As discussed in Section 2, mascons solutions produced at CSR and GSFC and with
the fast mascon method use a truncated spherical harmonic expansion in determining
the least squares partial derivatives relating inter-satellite ranging measurements to sur-
face mascon cells. This truncation means that each mascon definition includes a small
amount of Gibbs effect ringing, where each discontinuous mascon is not quite perfectly
represented by the finite expansion. At the same time, for any set of 1-arc-degree mas-
cons, including the CSR and GSFC solutions, each mascon represents an area below the
expected minimum resolution observable with GRACE and GRACE-FO at monthly in-
tervals. Information contained in the spherical harmonic solutions at the highest degrees
and orders are increasingly contaminated by noise and the contributions of these har-
monics to a final regularized solution accordingly decrease, meaning that information re-
covered at the highest degrees and orders is dominated by the regularization parame-
terization. In the interest of minimizing computational and storage requirements, it may
then be of interest to reduce the maximum degree and order to which these partial deriva-
tives are expanded. It is therefore important to determine the extent to which lowering

the expansion maximum degree and order impacts solution recovery.

We use the same regularization design as in the proof-of-concept solution described
in Section 4 to investigate the dependence of the solution on the spherical harmonic trun-
cation degree and order. We compute solutions for expansions to Ny,q, values ranging
from 30 to 96 and compare results for various sized basins for these multiple solutions.

A least squares fit of each solution is used to determine the recovered trend and annual
amplitude for each basin at each maximum expansion. We also compute the RMS of the
residuals to each fit as a measure of additional variations recovered in each solution. Fits
are determined for the ten year period from Jan. 2005 through Dec. 2014, chosen be-
cause this period has relatively consistent long-term signals, relatively low noise, and be-
gins after the “deep repeat” period in 2004 that degraded the quality of all GRACE so-
lutions for July-October of that year (Kvas et al., 2019). Figure 5 shows a comparison

of results for smaller expansions relative to the degree and order 96 expansion (the max-
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Figure 5. Comparison of basin mass recovery with different spherical harmonic expansion
truncations; results are in terms of percent error relative to a degree and order 96 expansion for
recovered basin trend (left), annual amplitude (center), and RMS of the residuals (right) to each

trend + annual fit.

imum expansion distributed for the ITSG normal equations). Additional figures com-
paring the recovered trends and annual signal with each expansion are included in the
Supporting Information. We find that the recovered trend, annual amplitude, and RMS
signals are fairly stable for expansions at degree and order 60 and above, with differences
of 10% or less for basins across many difference sizes and shapes, though smaller basins
such as the Yucatan Peninsula show degraded signal recovery at Ny,q, = 60. At Npar =
78, we find signal differences to be smaller still. Additionally, larger basins generally per-

form better at lower expansions than smaller basins.

Interestingly, Iceland (which at only 11 mascons is one of the smallest basins ob-

servable at monthly timescales with GRACE) generally shows comparable or better sig-

,197



466

467

469

470

472

473

474

475

476

477

478

479

480

481

482

483

484

485

486

487

488

489

490

491

493

494

496

497

nal recovery than larger inland locations (e.g., the Tibetan Plateau) for expansions to
degree and order 60 or higher but worse recovery with smaller expansions. Likewise, sig-
nal recovery in the Gulf of Alaska shows comparable performance to larger basins (such
as the Danube). Both cases help illustrate a separate but notable point: the coastline
boundary constraints for Iceland and regional boundary constraints for the Gulf of Alaska
play a significant role in constraining mass loss if a sufficiently large expansion is used.
On the other hand, if the expansion is too small to observe Iceland, the Gulf of Alaska,

or any other isolated basin, then the addition of a regional constraint cannot on its own

cause the basin to be fully observable.

5.2 Inter-mascon correlation distance

Unconstrained GRACE and GRACE-FO solutions contain correlated errors that
manifest as vertical striping in gravity maps in addition to noise in the solution. In or-
der to remove these errors and best recover surface mass signals, the GSFC and JPL mas-
con solutions include off-diagonal terms (i.e. correlations) in their mascon regularization
schemes, while the CSR mascons rely on a diagonal regularization. JPL uses a model-
based approach for determining constraint correlations, while GSFC uses a statistical
approach based on inter-mascon distances. This second approach is similar in effect to
the typical approaches applied to spherical harmonic-based studies, which use filtering
to remove correlated errors. For this reason, we have used a Gaussian smoothing based

method for determining regularization correlations.

We computed mascon solutions using the Gaussian smoothing radius to define cor-
relations in the regularization matrix, testing for » = [0, 200, 300, 400, 500, 600, 800] km
(where a value r = 0 km means the regularization matrix is diagonal). Each solution
was computed using a full spherical harmonic expansion to Ny, = 96, and each so-
lution used the same relatively simple regularization weighting scheme, where ocean, land
and inland sea, and ice mascons were given o; weighting values of 4, 8, and 20 cm, re-
spectively. As in the proof of concept and first trade study, the GSFC 11 regional bound-
ary definitions are applied to define a block-diagonal regularization (for those cases where
r > 0). Note that while changes to these weights will change the recovered signals in
general, such changes will not significantly impact this trade study in particular because
the weighting scheme is fixed for all solutions in this trade study. Recovered signal is an-

alyzed for 12 basins of varying magnitudes by considering the recovered trends and an-
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nual signals in each basin. Figure 6 shows the magnitude of these recovered trends and
annual amplitude for each sample basin relative to the results for a Gaussian smooth-
ing radius of » = 400 km. For this figure, we include basins that demonstrate perfor-
mance in glaciated areas (e.g., Antarctica and Greenland), adjacent basins near regional
boundaries (e.g., Caspian Sea and East Caspian Coast), isolated regions (e.g., Iceland

and Taiwan), and other interesting individual cases.

We find that trends and annual signals recovered in large basins tend to drop off
significantly for values of r smaller than 300 to 400 km. On the other hand, smaller basins
tend to see less total signal recovery (in particular for recovered trends) for r values greater
than 300 to 400 km, indicating that excessive smoothing results in signal leakage to out-

side smaller basins. Less obviously, basins of all sizes whose boundaries are built into the

Basin Trend Basin Annual Amplitude
" ) Bl r=0km
ntarctica -

(1,185 mascons) B r=200km
Bl =300 km
Greenland EE =500 km
(198 mascons) B =600 km
Bl =800 km

Gulf of Alaska
(42 mascons)
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(162 mascons)
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Figure 6. Comparison of basin trend and annual signal recovery with different Gaussian

smoothing r built into the regularization. Results are relative to those with » = 400 km.
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regularization matrix (such as the Ocean, Antarctica, Greenland, and Iceland) see sig-
nificant decreases in signal recovery for values of r smaller than 400 km, indicating that
these boundary constraints have less impact with smaller values of r. Two instances where
adjacent basins are separated by regional boundary constraints demonstrate this depen-
dence on r particularly well: 1) Gulf of Alaska and Northern Alaska, and 2) the Caspian
Sea and Eastern Caspian Coast. In both cases, the results in Figure 6 show increased
signal differentiation as r increases and show that signals (particularly trends) are iso-
lated more over those areas where the regularization weighting was most relaxed (i.e.,
Gulf of Alaska and the Caspian Sea, see Figure 2) as r increases. This makes sense, as
smaller r values lead to smaller correlations in the off-diagonal portions of the regular-
ization matrix, reducing the effect of regional boundary cutoffs in the correlation def-
initions. At r = 0 km, the regularization becomes diagonal and boundary constraints

are eliminated, leading to increased signal leakage across these boundaries. These results
are consistent with findings in WCRP (2018) as part of an analysis of the global sea level
budget, which found that the total recovered ocean mass trend in the CSR mascon so-
lution, which uses a diagonal regularization, recovered a significantly smaller ocean mass
trend (1.76 mm/yr) than the ensemble mean of all examined GRACE mascon and spher-
ical harmonic solutions (2.3 mm/yr) for the period of 2005 through 2016. This under-
estimate almost perfectly matches the Ocean result in Figure 6 for » = 0 km, indicat-

ing that significant signal leakage remains between land and ocean mascons across un-
constrained coastal boundaries. To further illustrate this point, maps of the recovered
trends over portions of Africa, Asia, and Europe for the r = 0 km, » = 400 km, and

r = 800 km solutions are depicted in Figure 7. The figure, which includes portions of

six distinct regions defined in the regularization matrix (Land, Ocean, the Mediterranean
Sea, the Black Sea, the Red Sea, and the Caspian Sea) shows clear differences between
the solutions in terms of signal localization and smoothing as well as leakage across re-
gional boundaries. This is most obvious in the case of the Caspian Sea, where signal leaks
substantially beyond the borders of the Sea for the r = 0 km solution, as the diago-

nal regularization matrix prevents the inclusion of regional constraints. Additional fig-
ures comparing the recovered trends and annual signal globally for each smoothing ra-

dius are included in the Supporting Information.

Combined, these findings indicate that a global solution with N, = 96 shows

optimal signal recovery using smoothing between 300 and 400 km. Smaller regulariza-
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North Africa for regularizations with Gaussian smoothing for » = [0, 400, 800] km. This area
includes six distinct regions defined in the regularization: Land, Ocean, the Mediterranean Sea,

the Black Sea, the Red Sea, and the Caspian Sea.

tion correlations (and at the extreme, diagonal regularizations) will result in more sig-
nal leakage outside basin boundaries, especially where regional cutoffs such as coastlines
can be defined. Larger correlations will cause small basins to become less observable. We
note that past GRACE studies have additionally shown a significant latitudinal depen-
dence in recovered uncertainties (Wahr et al., 2006) and achievable spatial resolutions
for GRACE terrestrial water storage solutions (Croteau et al., 2020). While we have not
attempted to measure this effect in this study, it is likely that an optimal solution would

include a latitudinally dependent inter-mascon correlation constraint.

6 Discussion

User-focused GRACE and GRACE-FO data products are primarily delivered in
one of two forms: unconstrained spherical harmonics and regularized mascons. The first
requires extra care and handling in order to balance signal recovery with noise and leak-
age suppression, while the second handles these issues in an optimal way but locks users
into the regularization decisions made in developing the solution. Both solution types

are estimated from GRACE’s primary observable, Level-1B ranging measurements, but
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this requires large computational resources and specialized orbit and estimation software.
In this work, we reformulate the traditional mascon estimation equations to develop a
method for rigorously estimating regularized mascons from unconstrained spherical har-
monics. This new method does not require sophisticated orbital dynamics software or
large computer resources and can be implemented to run quickly on consumer hardware

with standard scientific computing tools.

The developed method can be useful for targeting specific cryospheric, hydrologic,
and solid earth signals of interest that have not been a specific focus of a global prod-
uct like the three main mascon solutions. A proof-of-concept estimate using the ITSG-
Grace2018 spherical harmonic solution and normal equations shows excellent agreement
with more traditional mascons from GSFC and JPL. Using a relatively simple regular-
ization scheme, we show that strong signal recovery and optimal leakage control can be

achieved matching the quality of the JPL and GSFC mascon solutions.

The low computational costs of this method are also useful in regularization de-
sign and development, allowing for a wide variety of regularization strategies to be rapidly
tested and compared. We used this advantage to investigate two regularization param-
eters of interest: the maximum spherical harmonic truncation used and the scale of off-
diagonal inter-mascon correlations. Findings from these studies can be applied to any
future mascon studies and showcase the usefulness of the fast mascon method in explor-
ing specific problems of interest. By using fully open datasets and carefully document-
ing our full methodology, this study should open the door to further investigations into
more specialized regularization methods and targeted surface mass signal investigations

in difficult-to-isolate basins of interest.

The developed method allows scientists to quickly estimate regularized mascons
from unconstrained sphericals in a robust and rigorous way. This can be useful in tar-
geting specific science problems or in the development cycle of a more traditional global
mascon solution like those at JPL, CSR, and GSFC. Importantly, the developed fast mas-
con approach is mathematically equivalent to traditional methods for estimating global
mascons from Level-1B observations and is superior to less rigorous Level-2 spherical har-
monic post-processing methods. It is this equivalence that makes this method useful, and
also highlights a further application. While this study shows the usefulness of the fast

mascon technique for users that do not have Level-1B processing capabilities to construct
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mascons through a single additional iteration of a Level-2 solution, the method is also
useful for centers that do have Level-1B processing capabilities. A stated restriction of
the technique is that it relies on the non-gravitational arc parameterization built into
Level-2 solutions, but this is not a limitation for the Level-1B processing centers them-
selves. This means that the fast mascon technique can also be incorporated into the pro-
cessing systems that develop Level-2 products from Level-1B data to construct iterative

methods that combined these capabilities with the fast mascon technique.

Finally, we have demonstrated the application of the fast mascon method to an un-
constrained monthly spherical harmonic solution. However, there is nothing specific to
the method that would suggest this technique could not be applied to a spherical har-
monic solution that already contains regularization. It is a straightforward extension of
the method to develop mascons from a regularized spherical solution, where the fast mas-
con technique could add an additional level of regularization (for example, to build re-

gional boundaries into a new mascon solution).

7 Conclusions

We have developed a new method for computing regularized GRACE mascons from
Level-2 spherical harmonic solutions and their covariances. This fast mascon method han-
dles leakage and correlated errors more effectively than previous spherical harmonic in-
vestigations of surface mass change, and resulting estimates are equivalent to traditional
rigorous mascons estimated from Level-1B ranging observations while also being less com-
putationally expensive. This method can be readily used by scientists to incorporate ad-
ditional local knowledge into the mascon regularization scheme and develop specialized
mascon solutions focused on individual problems and basins of interest. We use a proof-
of-concept study to demonstrate the effectiveness and efficiency of the fast mascon method,
comparing results generated using standard scientific computing tools and hardware to
mascon solutions from JPL and GSFC produced using specialized software and systems.
We then use the developed method in a trade study to demonstrate the importance of
including cross-mascon spatial correlations in the mascon regularization and establish
a minimum effective spherical harmonic expansion needed to produce rigorous scientific
results. We found that basin-scale analyses are relatively consistent for any expansion
above Ny, = 60, but larger expansions better localize signal within basins. Testing

the application of Gaussian smoothing within pre-defined regions, we found smoothing
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between 300 and 400 km best balanced signal recovery and noise suppression for a set

of 1-arc-degree mascons.

Appendix A Derivation of Equation 2

The traditional method for estimating rigorous mascons, as employed by GSFC and
CSR, uses a Gauss-Newton least-squares estimator whose kth step estimates an adjust-

ment Amy to the mascon state my, (with a prefered mascon state m,) as

Ariy, (LTHTWHL + A\P) ' [LTHTW(d — f(my)) + AP(m, — m,)]

(A1)
my = my+Amy

where the observation vector is the difference between the ranging observations d and

the model prediction vector f.

We derive the fast mascon method from this formulation as follows. Letting N =

HTWH, we use the Woodbury Matrix Identity to reformulate Equation Al

Ari, (LTNL + AP) ' [LTHTW (d — f (m})) + AP (m, — my)]

_ [A_lp_l —ATPOILT (N 4 AP ILT) A—lLPﬂ (A2)

[LTHTW (d—f(myg)) + AP (m, — mk)}
Now, let Z = LP7'LT and simplify:

Ary, = [A‘lP‘l —ATIPILT (N4 A1) A—lLP‘l}

[LTHTW (d £ (my)) + AP (m, — my)]

= m,—my + A 'PILTATW (d - f (my)) —
ATIPILT (N1 4 A1Z) T A 1ZATW (d — £ (my)) —
ATTPILT (N1 4+ A12) 7' L (m, — my)

= m, —m;+AT'PILT [(1 —(N"laiz) )\—1Z> ATW (d — f (my)) —
(N +27'2) "' L (m, — my)|

= m, —my+APILT [(N*l +A71Z) T NTTATW (d — £ (my)) —
(N"1+2712) 7 L (m, — my)]

= m, —my +APILT (N1 A 12Z) 7 [NLATW (d — f (my)) — L (m, — my)]

(A3)

For the GSFC mascons, the preferred mascon state is defined as m, = 0. We can

simplify the result from Equation A3 and develop a new expression for the new mascon
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state my41 to be

my; = Aty +my, = AT PTILT (N 4 A 1Z) T [NTIATW (d — £ (my)) + Limy]

(A4)
By definition,
Acp, = NTTATW (d — f (my)) (A5)
and
Cr = Lmk. (AG)
Therefore, we can finally write Equation A4 as:
my =P ILT AN + LP'LT) 7 [Ack + ¢ (A7)

The ITSG-Grace2018 spherical harmonic solution is computed as monthly estimates
relative to a time-variable background field that contains a secular trend and annual vari-
ations for each harmonic coefficient. In other words, the time-variable background model
corresponds to ¢ and the estimated monthly deviations from that model correspond to
Acy. The sum of these two pieces make up the final monthly solution, which can be ex-
pressed as

Ciy1 = Acy + ¢y, (AS)

and this can be substituted into Equation A9 to get
my 1 =P 'LT AN+ LP'LT) ¢y (A9)
which matches Equation 2 presented in Section 2.

Here we note a few facts. First, this equation applies regardless of whether a time-
variable starting model is used for determining the time-variable spherical estimate (i.e.,
if no starting model is used, ¢, = 0). Second, as with all other mascon solutions, the
added regularization is applied to the full time-variable estimate (including the trend +
annual starting model) but not the GRACE RL06 background models (e.g., the AOD
or solid earth tide models). Finally, Equation A6 implies that there is a mascon solu-
tion my, (as in Equation Al) that corresponds to the spherical starting model ¢, but
this method does not require ever actually determining this intermediate solution. In fact,
neither my nor Amy, from Equation Al are ever determined separately, and only the sum

of these two components, my.1, is ever explicitly determined.
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Appendix B Computationally stable and efficient algorithm

In order to promote a stable inversion and maintain a computationally efficient mas-
con estimation algorithm, we perform a Cholesky decomposition of the normal matrix
N and simplify Equation 2. Let N = UTU and Q = P~'LT. Then,

Am=Q[U'(M+ULQUT)U "] Ac. (B1)

Now, letting K=Q UT and M=U LK,
Ah =K[MN+ULK] 'UAc
—K[M+M] 'U Ac.
Noting that M, and therefore AI + M, is symmetric (M = U L P~! LT UT), a sym-
metric linear algebra solver can be used to optimally solve for Am. Specifically, our im-

plementation uses SciPy’s linalg.solve symmetric solver.

Appendix C Regional Boundaries used in Regularization Matrix

The regions included in our regularization design, from (Loomis et al., 2019), are:

+ Greenland Ice Sheet, low elevations (< 2000 m)

« Greenland Ice Sheet, high elevations (> 2000 m)

 Antarctic Ice Sheet including the Ronne and Ross ice shelves
» Gulf of Alaska

+ Land

e Ocean, including smaller ice shelves

+ Mediterranean Sea

 Black Sea

* Red Sea

» Caspian Sea

« Hudson Bay
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