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Data Association

Given sets of data

Dk = {dk,i | 1 ≤ i ≤ Nk}

associate each dk,i with a
vehicle “track"

Example:
• Four vehicles, traveling
over time

• Noisy position/velocity
measurements

• Which measurements
come from which vehicle?
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Formalization of Data Association

One approach:
1. For xk ∈ Rn, Pk ∈ Rn×n, state and
covariance approximation, estimate
next state:

x̂k+1 = F ∗ xk +Bk ∗ uk

P̂k+1 = F ∗ PkF> +Qk

2. Find “closest" data point to x̂k+1 using
Mahalanobis distance

dk+1 = argmin
i
||x̂k − di,k+1||P̂−1

k+1

3. Use x̂k+1 and dk+1 to get xk+1 using
Kalman filter

Formalization requires:
• Kalman filters

• Executable implementation
• Properties of Matrix/Vector Arithmetic
• Matrix Inverse formulas

• Sherman-Woodbury
• Sherman-Morrison

• Statistical theory (derivation of Kalman Filters)
• Outer product of vectors

• Mahalanobis distance
• Covariance/Positive definite matrices

• Symmetric Matrices
• Matrix weighted inner-products
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Outline

• Introduction to Formalization to Data Association
• Mahalanobis Distance
• Kalman Filters
• Numerical Validation of Kalman Filter
• Conclusions and Future Work
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Mahalanobis Distance

The Mahalanobis distance of an observation ~x ∈ Rn from a set observations with mean
Rn and covariance matrix S ∈ Rn×n is defined as

DS,µ(~x) =
√
(~x− ~u)TS−1(~x− ~u)

= ||~x− ~µ||S−1

• In the directions that have larger variance, the distance is weighted less heavily. In the
directions that have smaller variance the distances are weighted more heavily.
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Mahalanobis Distance Example

!𝑥!

𝑑!,#
𝑑!,$

!𝑥! ∈ ℝ$ : Model prediction of location of vehicle 𝑥 at time 𝑘

𝑑!,# , 𝑑!,$ ∈ ℝ$: Sensor location data, one comes from 𝑥, one doesn’t 

argmin
'

!𝑥! − 𝑑!,' $ = 𝑑!,#

Idea #1, use Euclidian distance:

1𝐶! ∈ ℝ$($ : Model prediction of covariance of !𝑥! at time
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Mahalanobis Distance in PVS
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Kalman Filter

Given
• Fk ∈ Rn×n: Forward Model
• Bk ∈ Rn×n, uk ∈ Rn: Control
model/input

• Qk ∈ Rn×n: Covariance of model
• Hk ∈ Rp×n state to observation space
model

• zk ∈ Rp sensor measurement
• Rk ∈ Rp×p: Covariance of sensor noise

Predict next state:
• x̂k = Fkxk−1 +BkUk
• P̂k = FkPk−1F

T
k +Qk

Update prediction: Using data zk, arrive at
‘optimal’ state approximation:

xk = x̂k +Kkỹk

Pk = (In −KkHk)P̂k−1

where
• Kk = P̂kH

>
k S
−1
k

• Sk = HkP̂kH
>
k +Rk
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Pk = (In −KkHk)P̂k−1

where
• Kk = P̂kH

>
k S
−1
k

• Sk = HkP̂kH
>
k +Rk

Kalman filters in PVS
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Kalman Filter Example
• Want positions and velocities

xk =


px
py
vx
vy

 ∈ R4

for vehicle with true path in
figure
• Forward model

F =


1 0 1 0
0 1 0 1
0 0 1 0
0 0 0 1


Covariance of model

Q = .1I4,

I4 is identity matrix

• No control inputs Bk = 04×4

• State space is observation space, i.e. Hk = I4
• Covariance of noise

R =W


.1 0 0 0
0 .01 0 0
0 0 .01 0
0 0 0 .01

W>
where

W =


1√
2

−1√
2

0 0
1√
2

1√
2

0 0

0 0 1 0
0 0 0 1


Note: Most noise uncertainty is in the[

1√
2

1√
2

0 0
]>

direction
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Kalman Filter Example
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Kalman Filter Example
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Kalman Filter Example

22/1 hrk9@txstate.edu



Specification of Kalman filters in PVS

Kalman Filter
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Kalman Filter Results Matlab and PVS
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Kalman Filter Results Matlab and PVS

Implemented Kalman filter example in PVS:
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Conclusion and Future work

Conclusions
• Started a PVS library to support formal verification and validation of Data Association
algorithms

• Specified kalman filters in PVS, compared numerical experiment with MATLAB
• Developed Mahalanobis distance and other topics from linear Algebra

Future work
• Develop theory of Kalman filters in PVS
• Implement extended (nonlinear) Kalman filters
• Implementing Matrix inversion formulas into the Kalman filter process (where
appropriate)

• Automatically reading .csv files into PVSio (in progress, Mariano)
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Thank you for listening! Questions?
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Temporary page!

LATEX was unable to guess the total number of pages correctly. As there was some
unprocessed data that should have been added to the final page this extra page has been
added to receive it.
If you rerun the document (without altering it) this surplus page will go away, because LATEX
now knows how many pages to expect for this document.


