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Notes

• This lecture is based on previous research work 
collaborated with many colleagues over the past 
decades

– I’d like to acknowledge Mujeeb Malik, Fei Li, Meelan
Choudhari, Heather Kline, and Pedro Paredes

• In many places, the focus is on the theory or flow 
physics without mentioning origins/authors of the 
research, interested readers can trace them with 
references provided in the slides

• Theoretical formulation follows NASA’s LASTRAC 
software manual (NASA TM 2004-213233)
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– Nonmodal, transient growth

4. Absolute amplitude methods and DNS
1. Nonlinear PSE
2. Biglobal stability (2D eigenvalue problems)

5. 3D boundary layer
6. Chemical/thermal nonequilibrium flows
7. Summary
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Transition Prediction in CFD Computations

• NASA’s CFD Vision 2030 study and the Revolutionary Computational Aerosciences
(RCA) subproject under T3 identify physics-based transition prediction and modeling as 
one of the technical challenges and areas for further development

• Transition modeling in CFD solvers

– RANS-based approach
• Solving additional transport equations for modeled quantities to predict transition onset and turn on 

turbulent eddy viscosity accordingly

• Popular due to ease of integration to existing CFD codes

– Physics-based approach (non-RANS)
• Using either Linear Stability Theory (LST) or parabolized stability equations (PSE) approach

– Solving a separate set of perturbation equations on a body-fitted coordinate system and perform N 
factor integration

– NASA’s LASTRAC transition prediction software

• Stringent meanflow grid requirement and higher-level of expertise required

• More compliant to transition flow physics but harder to integrate with existing CFD solvers

• On the way to be integrated into structured or unstructured mesh CFD solvers

• Transition prediction/control important for hypersonic propulsion

https://www.nasa.gov/aeroresearch/programs/tacp/ttt/cfd-vision-2030-study/
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Laminar-Turbulent Transition (I)

https://commons.wikimedia.org/wiki/File:Path_to_transition.png

Morkovin 1994
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• Under very noisy environment like in turbomachines, bypass transition more 
likely to happen

• Receptivity process leads to the internalization of environmental disturbances 
into the boundary layer, will not be discussed in this lecture due to time limitation



Laminar to Turbulent Transition (II)
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Navier-Stokes Equations in 2D Body-fitted 
Curvilinear Coordinates

s = Stokes parameter
R = Reynolds Number
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Navier-Stokes Perturbation Equations

• Assume steady-state mean flow exists, dependent variables expressed as

• Navier-Stokes equations in perturbation form:

– Direct numerical simulations (DNS) equations in perturbation form
– Better accuracy for small perturbations as compared to total flow variables in conservative form 

in most CFD codes

• All coefficient matrices are functions of both mean and perturbed quantities
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• Assume small perturbations, !" ≪ $!, &" ≪ $&, '().
• Neglect all nonlinear terms (such as !"&" or +"!",′)

– Solution requires accurate integration in time until a quasi steady-state is reached
– Instability waves asymptote to a temporal-spatial wave solution at large time

• Consider large-time wave solution for a single disturbance mode with a distinct 
frequency in time and wave number in at least one (spanwise, or z-) direction

– Steady-state equations, no time iteration required
– Direct solution possible but requires solution of a large sparse matrix  linear equation . χ = 1
– Iterative solution possible if matrix L is diagonally dominant
– Governs all disturbances, acoustic, entropy, or vorticity waves

Linearized Navier-Stokes (LNS) Equations
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Linear Stability Theory (LST)

Subcritical 
Region, stable

Unstable region

• Quasi-parallel assumption

• Spatial eigenvalue problems ! = ! #$, & = !$ + (!)

B.L. Edge

ℓ ≈ ⁄2. !$
/ = 01 = 02 = 34 = 56 = 0
01 = 02 = 34 = 56 = 0,   y→ ∞ :; = 0 (ODE)

!) < 0
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*Approximation through mode shape, not omitting terms in LNS  

Substitute into (LNS2)
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Tollmien-Schlichting (TS) Wave over 
Incompressible Flat Plate

2D mode most unstable

ℓ = #$%
&$

' = &$ℓ/#$

) = 2+#$,
&$-
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PSE with boundary-layer similarity solution

subcritical



Parabolized Stability Equations (PSE)

Subcritical 
Region

Unstable region

B.L. Edge

ℓ ≈ ⁄2% &'

&( < 0

ò=
x

di
eyxyx 0

)(
),(),(

xxa
yc

• Boundary layer is growing, +(,- does not represent the instability wave

14*Mode shape accounts for growing BL, no approximation 

Substitute into (LNS2)



Parabolized Stability Equations (Cont’d)

• Discretized solutions still require solving large sparse matrix equations
• For convective instabilities, disturbances only propagate downstream, a 

marching solution is much more efficient than LNS solvers
• To this end, first drop second derivatives of shapefunctions (only) in x

• Still non-parabolic because all inviscid terms are retained
– For locally supersonic flows, equation is parabolic, can march downstream
– For locally subsonic flows, there is a minimal step size to maintain numerical stability

• Parabolize the inviscid terms for locally subsonic flows by modifying !" such 
that

• Resulting PSE have numerically stable marching (non-upstream mode) 
solutions for any streamwise step sizes with a given initial solution at # = #%

ò=
x

di
eyxyx 0

)(
),(),(

xxa
yc

),1( 2
xp MMins=W
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*second derivative of the wave part retained

*dropping pressure shapefunction x gradient



Discretized PSE Solutions

• Wall normal grid similar to LST, but scale with local boundary-layer thickness, 
streamwise grid is either constant increment or scale with local Reynolds 
number

• Streamwise derivatives by first- or second-order backward difference, wall-
normal by 4th-order finite difference

• Determination of !
– As much in ! as possible
– Local iteration at each x via

– When converged, ! corresponds to wave number measured by total kinetic energy

• Non-eigenvalue problems, must provide initial conditions by
– Using LST eigenvalue solutions, but results in transient behavior

– Modal solution from other solvers or from Fourier decomposed solutions
– Local nonparallel eigenvalue approximations formed by consecutive discretized PSE

• Details in LASTRAC manual

ò=
x

di
eyxyx 0

)(
),(),(

xxa
yc
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Common Myths about PSE

• PSE has a minimum step size restriction
– Not so, with parabolization by dropping pressure shapefunction gradient, 

there is none
• PSE always traces the most unstable mode

– No, when initializing PSE with a stable eigenmode, it remains stable all the 
way through

– ”Locking” on to most unstable mode only takes place if the initial 
disturbance structure warrants such transition physically

– Agreement of LPSE and DNS for supersonic modes (shown later) proves 
that

• PSE cannot calculate acoustic modes
– See the supersonic modes case shown later

• PSE cannot be used for transient growth (results shown later)
– Nonlinear PSE tracks streamwise vortices all the time

• PSE cannot track upstream propagating modes or dual modal structure 
at the same frequency and wavenumber due to a single ! used
– Such situations unlikely to happen for realistic problems
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Initiation of PSE Marching
(Transient Effect)
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Nonparallel Effects on TS Waves

• Effective streamwise wave number for a nonparallel boundary layer
• For a given flow quantity ! in the shapefunction

• Disturbance growth rate depends on what is used to measure it

"#$$ = " − ' 1!
)!
)*

19
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Instability Wave and Transition Prediction

• Small disturbances inside the boundary layer begins to grow beyond the neutral 
point !"

#$ !, &, ', ( = *# !, & +,(./0123∫56
5 789)

;(!) = −=
>6

>
?,@A

• Overall strength of any instability wave measured by the N factor, larger N value 
means larger overall amplification

• When the overall amplification reaches a preset threshold value (say N = 10), 
flow is transitional – the +B method
– Works for boundary layers with a significant linear growth region
– Both LST and PSE are commonly used for N factor correlation

• N-factor methods are empirical but also predictive
– Instability mechanism known
– Unstable range in frequency or spatial extent also predicted
– A “physics based” empirical method
– In the absence of receptivity and disturbance environment information, N-

factor method is the only feasible way to get transition location by far
21



Relevant Transition Mechanisms 

• TS wave (subsonic)
• First-mode instability (low supersonic)
• Mack’s second-mode instability (M > 4 or so)
• Görtler instability over concave wall (all speed)
• Crossflow instability (3D boundary layer)

22

N=10
N=10Incompressible flat plate

N-factor envelope



TS Waves over 2D Airfoils 

23

• Wall cooling stabilizes and negative pressure gradient destabilizes TS 
waves

N-factor envelopes



First-Mode Dominant Transition
• Most unstable when oblique with about 50° − 70° wave angle
• Cooling stabilizes first-mode waves
• Mach 2 flat plate

– Oblique waves with different spanwise wavelengths
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Transition in a 2D/axisymmetric Boundary 
Layer
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• Second mode dominant transition
• Wall cooling destabilzing



Mach 6 Flared Cone Görtler Instability 
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Crossflow Instability
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Malik et al. AIAA 2011-3525
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Stationary vs. Traveling Crossflow 
Instability

28

• Traveling crossflow more unstable
• More attention to stationary crossflow instability due to the 

assumption of quiet environments in flight/quiet tunnels and surface 
roughness could induce stationary crossflow instability naturally

• Traveling crossflow observed in quiet tunnel experiments
• Should consider both for transition prediction
• More experiments needed

Crossflow instability in subsonic swept-wing boundary layers

Mach 6 elliptic Cone
Purdue quiet tunnel exp.

(LST) 



Nonmodal Transient Growth

29

• Disturbances consist of linear combinations of stable eigenmodes can grow 

algebraically at subcritical Reynolds numbers and even in the absence of unstable 

eigenmodes

• Streamwise vortices due to transient growth can be predicted by optimizing 

disturbances with the PSE approach

• Shown to grow to large amplitudes that cause strong secondary instability

• Could be major actor under a noisy environment

PSE computed streamwise vortices in incompressible flat plate

Optimized transient growth
Paredes et al. AIAA 2016-0051
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Nonlinear PSE

• Disturbance initial amplitudes known from either measurements or 
receptivity computations

• Fourier decomposition in time and spanwise coordinate
– Assume periodic in z

31

Amplitude

NPSE for 
Mode (m, n)

All modes interact through !"



Nonlinear PSE (cont’d)

• Initialize all known Fourier modes with mode shapes and 
amplitudes at x0

• Solve PSE for each Fourier mode ("#$, &'$) at a given x
location for fundamental frequency #$ and fundamental 
spanwise wavenumber '$ (domain size)

• Iterate until convergence of all Fourier modes, then march 
on to next x
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Subharmonic Breakdown to Turbulence

• Experiment done by Kachanov & Levchenko (K&L) (1984)
• Primary mode (2, 0) is a TS wave, and subharmonic (1, 1) is an oblique wave 

that is linearly stable with given amplitudes at an upstream location

33

Comparison with DNS Comparison with experiments
Theoret. Comput. Fluid Dynamics (1993) 4: 271-288



Oblique-Mode Breakdown in Supersonic 
Boundary Layer

• A pair of unstable oblique first-mode waves 1,±1 with a finite amplitude can nonlinearly 
interact to form a growing streamwise vortex mode (0, 2); in turn, the triad interaction 
eventually leads to transition

– Likely to happen at low supersonic Mach numbers ( less than 4)

34Meyers et al. AIAA J, Vol. 52, No. 4, pp. 882-885, 2014

Symbols:NPSE, lines:DNS (U. Arizona)



Nonlinear Development of Stationary 
Crossflow Instability

• One or more unstable crossflow modes with finite amplitudes can interact and 
grow to a large-amplitude, saturated state with many energetic harmonics

• Fundamental crossflow vortex mode with !" = ⁄2& 40 ))
– Two equal-amplitude modes with wavelength of 8 mm ((0, 5) mode) and 10 mm ((0, 4) mode)
– Lead to very unstable (0, 1), (0, 2), and (0, 3) modes with wavelength of 40 mm, 20 mm, and 

40/3 mm in addition to meanflow distortion (0, 0) 
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Secondary Instability of ASU Swept-Wing 
Boundary Layer

• Incompressible ASU experiments (1996)
• Comparison with nonlinear PSE computations for different initial amplitudes
• When saturation occurs, vortex is rolled-up, resulting in strong variation on the 

y-z plane, causing potential secondary instability

36Malik et al. J. Fluid Mech. Vol. 399, pp. 85-115, 19999



2D Eigenvalue or Biglobal Stability Analysis

• Disturbance structure is strongly two-dimensional on the cross-plane to the 
instability wave evolution direction

• Must use a different disturbance wave form

• Quasiparellel assumption (dropping all superscripts !)

• Apply 4th-order finite difference in both y and z directions and homogeneous 
boundary conditions

• 2D eigenvalue problem in ", $

– Temporal: $ real and  " complex
– Spatial: " real and  $ complex
– Large block pentadiagonal matrix due to 2D discretized points 37
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2D Eigenvalue Solution Procedure

• In general, solve as a temporal eigenvalue problem, i.e., given !, compute "
using inverse Rayleigh method

– $% is a diagonal matrix, $& block penta-diagonal 5Nz by 5Nz block size and a length of Ny

– Intel MKL library quite efficient for solving such banded matrices
– QR method generates all eigenvalues but work increases as (5NzNy)3 for a full matrix
– Given initial guess of "' and ('

– Iterate until convergence

• Use Arnoldi’s method to accelerate eigenvalue search for larger dimensions
• Spatial stability problem can be solved by iterations until ") = 0 while setting !

complex according to !) = −")/./ ( ./ = "//!/)

38
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Secondary Instability of Stationary 
Crossflow Vortices

• Mach 6 flow over a sharp cone at 6° angle of attack (vortex 10)

39Li et al. NASA TM 2015-218997 (2015)



Secondary Instability of Second-Mode 
Waves over HIFiRE-1 Cone

• Under Purdue Mach 6 Quiet Tunnel conditions

• Subharmonic instability computed by nonlinear PSE

• Excellent agreement with linear biglobal theory

40

Lines: NPSE, symbols: biglobal theory

Li et al. RTO AVT-200 RSM-030 Specialists Meeting on Hypersonic 
Laminar-Turbulent Transition, San Diego, CA, April, 2012 

Comparison with nonlinear PSE prediction
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Extension of Biglobal Stability Theory to 
Plane-Marching PSE

• To fully account for boundary-layer growth in the streamwise direction
• Can also handle finite-amplitude disturbances if nonlinear terms kept

• Given initial disturbance field on the initial y-z plane ! = !# and corresponding 
$, discretize the plane using 4th-order finite difference

• Comute % at new ! by solving the banded matrix discretized equations and 
iterate until the norm in $ is converged

• Only one $ is assumed, must focus on a window of distinct instability 
mechanism such as crossflow vortex, etc. to ensure convergence

42
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Plane-Marching PSE for Hypersonic Streak 
Instability

• Mach 7.8 flow over HIFiRE-5b elliptic 
cone under flight conditions

43Choudhari et al. AIAA 2020-0828

Unstable mode at 200 kHz
Comparison with DNS



Tri-global Stability Analysis

• Disturbance form (and no further assumptions other than linear perturbations)

• Discretization along all three directions over the entire domain results in a very 
large system of equations in the eigenvalue problem

• Usually solved by Arnoldi’s method or a variant of it to save time
• Example: incompressible flow over a sphere at Re=300, showing most 

unstable mode

44

!(#, %, &, ') = * #, %, & +,-./

0* = 1*

He et al. AIAA 2019-1386

Steady-state mean with Q=0.005

Amplitudes of the eigenmode
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Efficient Alternatives for 3D Boundary 
Layers

• Plane-marching PSE can become costly for complex disturbance 
structures or when multiple instability modes are present over the 
entire configuration

– Lower fidelity methods are more suitable for engineering type of applications
– Physics-based transition prediction models often require multiple iterations between 

CFD solvers and transition prediction tools

• Two groups of methods have been used
– Local line marching along a physics-compliant, pre-determined path
– Surface marching

• Similar to 3D boundary-layer solvers
• Marching solution over the 3D surface at each surface vertex consecutively 

based on the concept of domain of influence in boundary-layer theory
• Wave numbers ! and " along x and z directions, respectively
• Governing equations similar to plane-marching PSE

45

# $, &, ' = ) $, &, ' *+(∫./
.
0 1 213∫4/

4
5 6 26)

89 :;

:<
+ >? :;

:@
+ 8A :;

:B
+ CD) = E

F/
(
G.H
IJ

:K;

:<:@
+ G.4

IJIL

:K;

:<:B
+ M@@

:K;

:@K
+

GH4
IL

:K;

:@:B
+ G44

IL
K
:K;

:BK
) 



Y X
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(x0, z0)

(x0, z0)

x

z

x

z

Non-orthogonal Domain

Orthogonal Domain

• How to determine a and b dynamically?
– Irrotational condition suggested in 1990s

• Derived by assuming wave fronts follow irrotational condition, which is only valid if 
the boundary layer is truly parallel in both x and z

• Often diverge during PSE marching
– Only working relation found is to assume ! real and apply PSE normalization 

(based on kinetic energy) along x and z separately to update " and !
– Initial conditions must be known at both # = #% and & = &%

Surface-Marching PSE
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Transition in 3D Boundary Layers
How to integrate N factors?

N = 10

Streamline pattern 
from stagnation point

LST along group velocity lines

Incompressible flow 
over a spheroid

Spall & Malik AIAA J. 
Vol. 30, No. 4,1991
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• Needed for any local line marching LST/PSE 
transition predictions

• Commonly-used options for LST computations
– Group velocity lines (maximized growth rates, saddle point method)
– Streamlines (single wave length or maximized growth)
– Generalized inflection-point paths (for stationary modes only)
– Vortex Lines (for both traveling and stationary crossflow modes)

• For PSE computations
– Must follow individual modes with a fixed spanwise wave number 

(no growth-rate maximization)
– Streamlines or generalized inflection-point lines
– Predetermined (from LST or other met) paths including group 

velocity or vortex lines
– Grid lines for wing-like configurations

N-factor Integration Paths over 3D Boundary 
Layers
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Local & Nonlocal Line Marching PSE 
Methods

Comparison of Surface-Marching and
Local Line-Marching PSE

X

Z

Y X

Z

Y

XY

Z

Surface-Marching (by solving 
PDE over all surface points 
sequentially)

Line-Marching with
Spanwise Correction

Line-Marching without
Spanwise Correction

Most widely used
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Local Line-Marching PSE

• Must follow individual modes at each point along the 
marching path
– Past experiences show better correlation than maximized growth-

rate options
– Each mode normally has a unique spanwise wave number (real, or 

integer for a conical body)
– N-factor integration to comply with physics requires a non-

orthogonal spanwise axis that varies along the path
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Orthogonal spanwise axis Non-orthogonal spanwise axis
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Navier-Stokes Equations in Non-orthogonal 
Coordinate System

Frame 002 ½ 27 Oct 2003 ½ No Data Set
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Governing PDEs can be cast in the same form as before



Validation with an Infinite Swept Wing

• Infinite swept wing solved as a 3D boundary layer
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PSE predictions with various methods
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Transonic Tapered Wing (Mach 0.8, f=1.5 
kHz, ! = #$ mm)

• Leading and trailing edge sweep angles are 28° and 14°, respectively
• Spanwise conical directions

Surface Marching
N-factor contours

PSE LST 53



Transonic Tapered Wing (Mach 0.8, f=1.5 
kHz, ! = #$ mm)

• Comparison of local-line and surface marching 
PSE
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Surface marching N-factor contours Comparison with local-line marching
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Pegasus Supersonic Finite Swept Wing
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• Tufts et al. J. Spacecraft & Rockets (Vol. 55, No. 6, 2018)

• All stability (PSE) calculations by LASTRAC

transitioned to an oblique shockwave; they should thus be considered
as a mean flow feature, although the two phenomena are difficult to
separate, especially downstream on the cone. Poggie et al. [3]
reported a similar phenomena occurring for in-flight conditions.
Work is underway to identify the specific causes of this change in the
mean flow features.

IV. Second-Mode Stability Characteristics
N-factor results shown for second-mode instabilities are calculated

using the LSTwithout curvature effects. For the secondmode, LSTN
factors are not expected to deviate much from those calculated from
LPSE. Because the wall is highly cooled, first-mode instabilities are
not expected to play a strong role in the transition process. Therefore,
along the attachment lines, the second mode is expected to dominate
transition in flight. Consistent with the results reported by Choudhari
et al. [10], there exists a region of high second-mode growth along the
attachment line. For the flight conditions examined in this study, the
maximum N factor for any frequency based on the LST is 23.1 with
Re 0 ! 8.9 × 106∕m. For comparison, Choudhari et al. [10] reported
a maximum N of approximately 36 with Re 0 ! 18.5 × 106∕m. For
these conditions, the most unstable frequency is 1300 kHz.
By comparing the experimental transition locations with the

calculated N factors seen in Fig. 11, one can find a correlating
transitionN for theHIFiRE-5 geometry for use in an amplitude-based
method, e.g., the eN method. Note that Fig. 11 and the other figures in
this section show a side view of the vehicle. For second-mode
instabilities, this method has worked reasonably well for predicting
the transition location when the nose tip is reasonably sharp. For the
in-flight cases, the transition N is estimated by simply examining
the transition locations given by Juliano et al. [5] and setting the
transition N threshold to produce a similar contour. For this case, it
appears that the best correlating transition is around N ! 18. This is
somewhat higher than what was found for the axisymmetric
transition atM ≈ 5.3 HIFiRE-1 flights, which correlated well with a
transitional N of about 14 [19].
In Fig. 12, the flow expected to remain laminar according to the eN

criteria is shown in blue, whereas transitional and turbulent flows are
shown in red. Figure 12 shows that, with this envelope set, transition
is predicted in a narrow band surrounding the attachment line that
appears to widen as one moves further back along the cone, which is

Fig. 7 Contours of wall temperature: computational in-flight conditions.

Fig. 8 Contours of Mach Numbers: flight conditions, α ! −1.2 deg,
and β ! 0 deg.

Fig. 9 Contours of Mach Numbers: wind-tunnel conditions,
α ! 0 deg, and β ! 0 deg.

Fig. 10 Contours ofMachNumbers:wind-tunnel conditions,α ! 0 deg,
and β ! 0 deg.

TUFTS, GOSSE, AND KIMMEL 1373

D
ow

nl
oa

de
d 

by
 N

A
SA

 L
A

N
G

LE
Y

 R
ES

EA
RC

H
 C

EN
TE

R 
on

 M
ar

ch
 1

7,
 2

02
1 

| h
ttp

://
ar

c.
ai

aa
.o

rg
 | 

D
O

I: 
10

.2
51

4/
1.

A
34

14
9 

HiFiRE5b Fight Test by Local Line Marchig

model at α ! 2 deg. Note that Figs. 14 and 15, as well as the other
figures in this section, show a top-down view of the vehicle.
N factors for acreage transition due to stationary crossflow were

difficult to assess because several complications exist. In low-speed
flows, it is believed that transition due to crossflow is not
directly caused by the crossflow vortices themselves but rather by a
secondary instability that arises in themean flow after being distorted
by the stationary waves [23,24]. By extension, if transition in
hypersonic flows is caused by this same mechanism, as was
suggested by Saric and Reed [25,26], this precludes the use of a
simple eN amplitudemethod correlatedwith the primary instability [8].
Calculations of secondary instabilities and comparisons with
experimental results in high-speed flows are ongoing with promising
results [27,28], but knowledge in this area is still incomplete. Rather
than a general case method to predict transition, these N-factor
correlations are therefore intended to provide a measure of the
relative strength of crossflow growth whenmoving between scales of
geometry and between flight and wind-tunnel facilities. For this
reason, transition estimates made using a simple threshold N-factor
method based on the primary instability, as done here, should
be considered preliminary.
Second, only a beginning (first departure from the laminar heating

rate) and end of transition (convergence to the fully turbulent heating
rate) have been extracted from flight data at this time. N-factor
values were based on the beginning of transition (first experimental
departure from the laminar heating rate); thus, in this sense, they
represent a lower bound on the correlating N factor.
The third complication to be discussed is that crossflow transition

proved very sensitive to yaw angle. Crossflow transition, both in
flight and in the wind tunnel, was destabilized when that side of the
payload was yawed into the wind, and it was stabilized when that
side was yawed away from the wind. The slight time-varying yaw
angles encountered in flight thus created multiple transition events
at a given transducer. Transition onset at a transducer was defined as
the first departure from laminar heating levels. Transition end was
defined as the time after which heating levels remained turbulent for
the rest of data collection. Between these times, heating rates
oscillated between laminar and turbulent levels, depending on the
payload orientation. Flight transition fronts represented transition
onset, and therefore represented the most unstable payload attitude.
Further discussion on the extraction of experimental data was given
by Juliano et al. [5].
With these caveats in mind, one may compare the experimental

transition front to computational N factors to find a correlating
transitional N factor. Figure 16 shows a transition front for stationary
crossflow based on N ! 10 for the envelope of crossflow
wavelengths. As before, the flow expected to remain laminar is

shown in blue, whereas transitional and turbulent flows are shown in
red. The shape and location of this transition front are similar to the
flight crossflow transition front shown in Fig. 17a. Examination of
the crossflow N factors as well as Figs. 14 and 17 shows that the
expected location of maximum crossflow development corresponds
well with the observed “middle lobe” of the transition front.
Similar to the second mode, the stationary crossflow correlating N

factor was produced by examining the experimentally measured
transition locations and finding a threshold N that produced similar
transition fronts. Given the uncertainties in the experimental data
discussed in the previous section, no attempt was made otherwise to
tailor the front to the experimentally observed front (e.g., the threshold
N was a constant).
The preliminary crossflow transition locations can be combined

with the second-mode transition locations to produce an overall
transition front. Figures 17 and18compare themeasuredandpredicted
transition fronts. Most notably, the computed transition front is
multilobed, which is similar to the front observed in flight. Although
the N-factor correlations used to derive the Fig. 17 transition fronts
are ad hoc, it is clear that the stability-based prediction captures the
qualitative behavior of the transition front and, by extension, the
physical processes leading to transition in the flight case.
Extrapolating the threshold N to the wind-tunnel results produces

good agreement as well. At these conditions, experimental infrared
thermography indicates strong crossflow growth; however, at a 0 deg
angle of attack, no boundary-layer transition is observed in the
regions dominated by the crossflow instability, although centerline

Fig. 14 Flight conditions: α ! −1.2 deg, β ! 0 deg, and stationary crossflow N-factor envelopes.

Fig. 15 Wind-tunnel conditions: stationary crossflow N-factor envelopes.

Fig. 16 Flight conditions: α ! −1.2 deg, β ! 0 deg, and preliminary
estimated leeward transition locations for stationary crossflow
envelope only.
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consistent with the outboard lobe observed in the flight experiment
[5]. This leading-edge transitional lobe is not observed in quiet tunnel
ground tests, due to a combination of factors. First, the wind-tunnel
tests have a higher Tw∕T0 ratio than the flight experiments, which
is stabilizing to second-mode instabilities. Second, the quiet
Reynolds number based on cone length in the wind tunnel is limited.
The combination of these two effects precludes the examination of
leading-edge transition under quiet flow. Leading-edge transition
occurs under noisy flow conditions in several tests, but it is different
in nature than that observed in flight. In most noisy wind-tunnel
tests, leading-edge transition is the most downstream point in the
transitional front, and it appears to be due to contamination from
acreage transition. The only known ground tests, noisy or quiet, in
which a distinct leading-edge transition lobewas observed were tests
performed atCUBRC [21],whereTw∕T0more closely approximated
flight conditions. In the sense that distinct leading-edge (attachment
line) transition is visible in flight but not observed under wind-tunnel
conditions, the HIFiRE-5b leading-edge transition behavior is
somewhat analogous to the attachment line transition for HIFiRE-1
with a non-zero angle of attack (AOA) [22].

For the wind-tunnel cases examined, the maximum N factor for
any given second-mode frequency was aboutN ! 6, seen in Fig. 13.
Assuming that theBAM6QToperating quietly had similar freestream
noise levels to those experienced in flight (i.e., the transition N factor
was the same for both cases), one would not expect to see second-
mode transition appear on the model, which was consistent with the
experimental observations [6].

V. Stationary Crossflow Stability Characteristics
The N factors calculated for stationary crossflow were calculated

using LPSE methods. Stationary crossflow instabilities experienced
relatively strong growth over much of the HIFiRE-5b acreage.
The most unstable wavelength calculated, based on LPSE with fixed
wavelengths, was 3.5 mm for the lee side of the flight vehicle and the
wind-tunnel cases; whereas it was 3.25 mm for the windward side of
the flight vehicle. As seen in Figs. 14 and 15, themaximum stationary
crossflow N factor based on LPSE was 14.8 for the lee side of the
flight vehicle, 13.1 on the windward side of the flight vehicle, 9.5 for
the wind-tunnel model at α ! 0 deg, and 9.9 for the wind-tunnel

Fig. 11 Second-mode N-factor envelope: flight conditions, α ! −1.2 deg, and β ! 0 deg.

Fig. 12 Flight conditions: α ! −1.2 deg, β ! 0 deg, and estimated second-mode transition location.

Fig. 13 Second-mode N-factor envelope: wind-tunnel conditions, α ! 0 deg, and β ! 0 deg.
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transition is observed.However, once themodel is given a slightAOA
such that the observed side is slightly leeward (destabilizing to
crossflow), boundary-layer transition becomes visible near the back
of the cone in the crossflow-dominated region. This implies that the
model at a 0 deg angle of attack is near the threshold for crossflow-
induced transition. Fordiscussion, see theworkofBorg andKimmel [6].
Computationally, the envelope for stationary crossflow has a

maximum of just under 10 for both cases. For illustration, one can set
the transition N at a value of 9.5, as compared to the 10 set for the
flight conditions. Applying this threshold produces results consistent
with experimental observations, as can be seen in Fig. 19. For this
case at least, N ! 10 appears to be a satisfactory correlating value
for crossflow transition under these conditions.
The details of hypersonic crossflow vortex development, aswell as

the breakdown and transition to turbulence, comprise an ongoing
area of research. Examination of secondary instabilities, as well as
nonlinear effects, would be expected to producemore accurate results
with regard to the transition location. In addition, the method used
to account for the variation of the spanwise wave number in
nonaxisymmetric flows during the stages of linear development is
known to have an effect on the final amplification ratio. The paper by
Moyes et al. [7] provided further discussion on this topic.
As stated in Sec. III, crossflow instabilities are not thought to be

present in the center of the vehicle due to the centerline rollup flow
feature. However, both the flight vehicle and wind-tunnel model
show transition in this area. Centerline transition was not examined
computationally as part of this study. The rapid changes in the
spanwise direction suggest that the assumption of spanwise-invariant
flow that goes into LST calculations would render such results
invalid. Recent studies [13,29] suggested that they LSTmight be able
to recover qualitatively accurate growth rates for centerline modes.
Choudhari et al. [10] as well as Paredes et al. [13] provided
discussions on possible transitional modes in this area.

Fig. 17 Flight conditions: α ! −1.2 deg, β ! 0 deg, and preliminary estimated leeward transition locations.

Fig. 18 Flight conditions: α ! −1.2 deg, β ! 0 deg, and preliminary
estimated leeward transition locations, with experimental in green.
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Stationary crossflow

Second mode Comparison with flight
56



Incompressible Flow over a Prolate Sphere 
at Angle of Attack (Linear PSE)

57

Meanflow computed by OVERFLOW using SST-2003-LM2015 transition model 

LASTRAC predictions using converted unstructured quad surface mesh

Experiment extracted from Krimmelbein et al. 2018.



CRM-NLF Transonic Wing
• NTF tunnel measurements (Mach 0.86)
• PSE calculations with NTS – NCF correlations

(a) (b)

Fig. 9 #-factor contours of (a) stationary CF waves ( 5 = 0) and (b) TS waves (V = 0) calculated with

nonorthogonal PSE for configuration I ('4"�⇠ = 15.0 ⇥ 106
, �>� = 1.45�).

to H = 0.9 m. For H > 0.9 m, the experimental transition front is located close to the shocks.
The dual #) ( �#⇠� criterion of Eq. (13) is evaluated by using the present nonorthogonal PSE results in Fig. 12. The

pairs of #⇠� and #) ( values are plotted for each spanwise grid location along the experimental transition front, except
for the portions that appear to be influenced by flow separation. A large scatter in the #) ( and #⇠� pairs is observed.
As previously observed in the #-factor contours in Figs. 9, 10, and 11, the #) ( values reached for configuration II
are lower than those for the other two configurations due to the significantly shorter laminar acreage across the wing
span. The #⇠� � #) ( curves plotted in Fig. 12 use #⇠� ,2 = 6, 0) ( = 3, and 0⇠� = 3, while #) (,2 = 6 is used for
the solid line and #) (,2 = 3.2 is used for the dashed line. The #) (,2 = 6 is the value used by Crouch et al. [43] to
correlate measured transition locations on a wing body configuration tested in the same facility. Although the results for
configuration II seem to cluster around the dashed line, such a large decrease in #) (,2 is not expected for this small
variation in the Reynolds number with respect to the Reynolds number of the other configurations. The large number of
wedges observed in the TSP image for configuration II (Fig. 1(b), '4"�⇠ = 17.5 ⇥ 106, �>� = 1.45�) was deemed to
indicate early transition due to particulate contamination [29]. On the other hand, the results for configurations I and
III ('4"�⇠ = 15.0 ⇥ 106) show large scatter around the solid line with #) (,2 = 6. The predicted transition locations
where the critical #) ( (#⇠� ) value defined by Eq. (13) with #) (,2 = #⇠� ,2 = 6, and 0) ( = 0⇠� = 3 are shown in
Figs. 13(a) and 13(c) for configurations I and III. Figure 13(b) shows the predicted transition locations for configuration
II with the same constants but the lower critical #) ( value of #) (,2 = 3.2. Note that predicted transition locations are
available only at the span locations where the data reach the critical value within the laminar region of the solution. In
general, the predicted transition locations show an acceptable agreement with the experimental transition fronts.

IV. Summary and Concluding Remarks

Linear stability analysis of the three-dimensional boundary layer flow over the CRM-NLF aircraft configuration
is presented. Flow conditions are selected to match those from a recent wind tunnel experiment in the National
Transonic Facility at the NASA Langley Research Center [28–30]. Three configurations are selected to study
the e�ect of the Reynolds number and of the angle of attack, namely, ('4"�⇠ , �>�)� = (15.0 ⇥ 106

, 1.45�),
('4"�⇠ , �>�)� � = (17.5 ⇥ 106

, 1.45�), and ('4"�⇠ , �>�)� � � = (15.0 ⇥ 106
, 1.98�). The mean flow solutions are

calculated with the OVERFLOW 2.3b solver as having fully turbulent flow or also as partly laminar flow with an
imposed transition front on the upper surface of the wing along with the Spalart-Allmaras turbulence model in the fully
turbulent portion of the flow. The pressure coe�cients are found to agree well with the measured values at selected
wingspan stations, although the imposed transition front solutions show a consistent downstream shift of the shock
location with respect to the fully turbulent solutions and with respect to the experimental measurements. This shift
indicates that the solution is sensitive to the e�ects of viscous-inviscid interaction, although the agreement along the
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Fig. 13 Predicted transition locations using the dual #) ( � #⇠� criteria at available span locations over the

TSP images shown along with experimental transition front and shock fronts from imposed transition front

solutions for configurations (a) I (#) (,2 = 6), (b) II (#) (,2 = 3.2), and (c) III (#) (,2 = 6).
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From Paredes et al., AIAA Paper 2021-1431
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Linear PSE Transition Prediction of BOLT-1 
Flight Experiment

• BOLT-1 flight conditions at descent phase 488.0 s
• Mach number around 7.8

59

Second Mode

Crossflow Instability



Roughness Induced Transition in 3D 
Boundary Layers

• Roughness heights h and corresponding best analysis tools, let ! be 
boundary-layer thickness
– ⁄ℎ ! ≪ 1 : receptivity + LST/LPSE + NPSE/DNS
– ⁄ℎ ! < 0.5 : meanflow resolved + biglobal LST/plane-marching PSE in the wake
– ⁄ℎ ! > 0.5 : DNS starting from upstream of the roughness

60Subsonic flow over protuberance/cavity

Supersonic flow over a tall protuberance

Chang et al. AIAA 2011-3245



Jets and Shear Layers

• Predicting jet and shear-layer instability is relevant in hypersonic 
propulsion

• Not a focus in the transition research community

• Mach 2.5 round jet

61

CHAPTER 6. CASE STUDY I: LINEAR CALCULATIONS 78
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Figure 24: Velocity and temperature eigenfunctions of unstable mode for compressible shear layer at
Hz
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Figure 25: Growth rates versus disturbance frequency at m for different azimuthal wave numbers.

Disturbance growth rates vs. frequency for various azimuthal wave numbers 
computed by LASTRAC (from NASA TM 2004-213233)



Outline of the Lecture

1. Introduction
2. Boundary-layer stability theory and computations

– Linear stability theory
– Linear parabolized stability equations

3. Transition prediction using N-factor method
– Transition mechanisms and modal instability
– Nonmodal, transient growth

4. Absolute amplitude methods and DNS
1. Nonlinear PSE
2. Biglobal stability (2D eigenvalue problems)

5. 3D boundary layer
6. Chemical/thermal nonequilibrium flows
7. Summary
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Chemically Reacting Hypersonic Boundary 
Layer

63

• Chemically reacting boundary-layer flows take place in 
hypersonic configurations either on vehicle surfaces or at 
engine inlets when high temperatures cause gas molecules to 
dissociate

• Instability waves and transition analyses of such high-enthalpy 
flows must account for full effects of the nonequilibrium gases

• Implemented nonequilibrium chemistry modules in the popular 
NASA transition prediction software LASTRAC to allow 
transition prediction of hypersonic high-enthalpy flows over 
general 3D configurations using the suite of LST/LPSE/NPSE 
tools to enable/enhance transition prediction capabilities in 
hypersonic vehicles



LASTRAC 3.x

• Extends publicly released LASTRAC software for transition predictions 
of multicomponent chemically reacting hypersonic flows over general 
3D boundary layers

• New features
– Hypersonic reacting flow (equilibrium or nonequilibrium) over 

general 3D bodies with practically all transition mechanisms
• Mack modes, crossflow, Görtler, and shear-layer/jet instability

– User input chemistry models (e.g., can handle Mars or any other 
combination of gases)

– Nonlinear, absolute amplitude transition prediction using nonlinear 
PSE under development

Mach 10 supersonic modes 
over a cone

64



Supersonic Modes in High-Enthalpy 
Hypersonic Boundary Layers

65

• Mach 10 flow over a 7° cone under high-enthalpy conditions
• Chemical and thermal nonequilibrium chemistry models used
• Supersonic modes are present

Comparison of PSE and DNS predictions using 
two different meanflows

Effects of wall cooling on supersonic 
modes overall growth

Chang et al. AIAA J. online 
https://doi.org/10.2514/1.J060161



Summary

• We have reached a stage of “maturing” prediction tools at various 
fidelity levels 

– All tools compliment each other at different regions of applications based on flow 
physics

– High fidelity tools need to be more efficient for parametric studies
– Overall, PSE predictions are very accurate and should be used in lieu of DNS until 

near the onset of transition

• Areas that need further development
– Receptivity models and disturbance environment characterizations
– DNS tools that can handle interactions of strong shocks with disturbances or even 

the presence of shocklets for many hypersonic applications
– Improvements of various line-marching methods in 3D boundary layers with the help 

of validations against experimental transition front measurements
– Coupling physics-based N-factor transition prediction tools/models to CFD solvers 

for more accurate laminar-transitional-turbulent CFD predictions
– Nonequilibrium chemistry models need to be further developed along with high-

enthalpy transition experiments either via wind tunnel or flight tests
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