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Abstract18

We present a method to determine local gravity fields for the Moon using Gravity Re-19

covery and Interior Laboratory (GRAIL) data. We express gravity as gridded gravity20

anomalies on a sphere, and we estimate adjustments to a background global start model21

expressed in spherical harmonics. We processed GRAIL Ka-band range-rate data with22

a short-arc approach, using only data over the area of interest. We determine our grav-23

ity solutions using neighbor smoothing constraints. We divided the entire Moon into twelve24

regions and two polar caps, with a resolution of 0.15◦ × 0.15◦ (which is equivalent to25

degree and order 1199 in spherical harmonics), and determined the optimal smoothing26

parameter for each area by comparing localized correlations between gravity and topog-27

raphy for each solution set. Our selected areas share nodes with surrounding areas and28

they are overlapping. To mitigate boundary effects, we patch the solutions together by29

symmetrically omitting the boundary parts of overlapping solutions. Our new solution30

has been iterated, and it has improved correlations with topography when compared to31

a fully iterated global model. Our method requires fewer resources, and can easily han-32

dle regionally varying resolution or constraints. The smooth model describes small-scale33

features clearly, and can be used in local studies of the structure of the lunar crust.34

Plain Language Summary35

The gravity field of a planet depends on the density distribution in its interior, and as36

such, improved knowledge of the gravity field can help in determining the interior struc-37

ture of the planet. Here, we have analyzed the data from the Gravity Recovery and In-38

terior Laboratory (GRAIL) mission to make local maps of the Moon’s gravity field. Stan-39

dard analysis of GRAIL data have focused on determining global models of the Moon’s40

gravity field, partly because the tools of geophysics that are used to study the Moon’s41

interior make use of such models, which are expressed in what are called spherical har-42

monics. However, if the data coverage is varying geographically, spherical harmonics are43

more difficult to determine precisely. We have applied a local method that can more read-44

ily handle variations in data coverage. We divided the Moon into 14 separate regions,45

and determined the optimal solution for each. We evaluated each solution by compar-46

ing it with the Moon’s topography. GRAIL found that gravity and topography are highly47

correlated on the Moon, which we will leverage to independently evaluate our solution.48

We then patched together our separate maps into one global map. Our new model has49

improved correlations with topography when compared with a standard global model,50

but it takes fewer computational resources to make. Together with the easy way to han-51

dle geographically varying data coverage, this makes our method and model a good al-52

ternative to standard models. Our new model is smooth and has a resolution of 0.15◦×53

0.15◦ (which is 4.5 km by 4.5 km at the equator) and can be used to study the struc-54

ture of the Moon’s crust at small scales.55

1 Introduction56

The gravitational field of a planet depends on its internal density distribution, and57

can thus be used to constrain models of its interior structure. Gravity field models are58

often expressed in global spherical harmonics because these functions are a solution to59

Laplace’s equation that describes the gravitational potential outside a sphere that en-60

compasses the entire planet(e.g., Kaula, 1966; Heiskanen & Moritz, 1984). In general,61

models of a planet’s gravity field are determined with some combination of radiomet-62

ric tracking, for example using the Deep Space Network (DSN) in the case of NASA mis-63

sions, and other data such as camera and altimetry data. Historically, the determina-64

tion of the Moon’s gravity field has been hampered by the fact that the Earth and Moon65

are in a 1:1 spin-orbit resonance which means that spacecraft cannot be tracked from66

Earth when they are over the Moon’s farside. Nonetheless, global gravity field models67
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expressed in spherical harmonics have been determined from nearside spacecraft track-68

ing data by applying a constraint that suppresses the power in the solution, which would69

otherwise be unreasonably large due to the gap in data coverage over the farside (e.g.,70

Lemoine et al., 1997; Floberghagen, 2001; Konopliv et al., 2001). This constraint is called71

a Kaula law, after the observation that the variance in gravity coefficients follows a power72

law (Kaula, 1966).73

This all changed with two recent lunar missions: the Japanese Selenological and74

Engineering Explorer (SELENE, also called Kaguya) mission (Kato et al., 2010), and75

NASA’s Gravity and Interior Laboratory (GRAIL) mission (Zuber, Smith, Lehman, et76

al., 2013). SELENE consisted of three spacecraft in total: a main satellite in a circular77

lunar orbit, and two sub-satellites in elliptical orbits. The mission applied the technique78

of high-low satellite-to-satellite tracking, where a relay satellite in an elliptical orbit was79

simultaneously visible from Earth and from the main satellite that was in a lower orbit.80

By tracking the main satellite while it was over the farside through the relay satellite,81

SELENE provided the first global lunar gravity measurements (Namiki et al., 2009; Mat-82

sumoto et al., 2010). In addition, SELENE’s other sub-satellite was used to provide Very83

Long Baseline Interferometry (VLBI) measurements (Kikuchi et al., 2009; Liu et al., 2010)84

that were also used to further improve the gravity field model (Goossens et al., 2011).85

The GRAIL mission applied the technique of low-low satellite-to-satellite tracking. It86

consisted of two identical spacecraft in identical low lunar orbits separated by a relatively87

short distance. Its single science instrument was a system that measured the changes in88

the distance between the satellites using precise Ka-band ranging (Asmar et al., 2013;89

Klipstein et al., 2013). This was a modified version of the system on the Gravity Recov-90

ery and Climate Experiment (GRACE) mission (Tapley, Bettadpur, et al., 2004) that91

mapped the Earth’s gravity field. This system provided the basic GRAIL observable, Ka-92

band Range Rate (KBRR), which is the difference between the spacecraft velocities pro-93

jected along the line-of-sight vector connecting the two spacecraft. The noise level for94

KBRR data was reported to be between 0.03–0.05 µm/s (Konopliv et al., 2014; Lemoine95

et al., 2014), see also Section 5.96

The GRAIL mission was split into two phases: a Primary Mission (PM) that lasted97

from March 1, 2012 until May 30, 2012, and an Extended Mission (XM) that lasted from98

August 1 until December 14, 2012. During the PM the satellites had an average altitude99

of 50 km above lunar surface, and the distance between the two spacecraft varied from100

80 to 220 km. During the XM, the altitude was lowered, first to about 23 km, and to101

11-20 km after November 11, 2012 until the end of the mission. The distance between102

the spacecraft did not vary as much as during the PM, and was kept to 40-60 km. The103

GRAIL mission exceeded all its requirements, and has provided the highest resolution104

gravity field models from spacecraft data only, by virtue of the low altitudes that are pos-105

sible at the Moon. During its PM, its original requirement of delivering a gravity field106

model of degree and order 180 in spherical harmonics (which is roughly equal to a spa-107

tial resolution of 1◦ by 1◦, or 30 km by 30 km, at the lunar equator) was easily surpassed,108

with the presentation of a degree and order 420 model (Zuber, Smith, Watkins, et al.,109

2013). After the PM this was followed by models of degree and order 660 (Konopliv et110

al., 2013; Lemoine et al., 2013). The low-altitude data from the XM meant that the res-111

olution of the models could be extended even further, up to degree and order 900 (Konopliv112

et al., 2014; Lemoine et al., 2014). Finally, the most recent models, based on GRAIL data113

only, have a maximum resolution of degree and order 1200 (Goossens et al., 2020) or 1500 (Park114

et al., 2015).115

However, the altitude of the spacecraft above the surface during the GRAIL mis-116

sion varied considerably, as shown in Figure 1. For the global gravity field models, this117

means that their effective resolution varies spatially. This is best exemplified by maps118

of degree strength, which is the degree value where the model has a signal-to-noise ra-119

tio of 1. This can be computed from the covariance of the solutions by comparing the120
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Figure 1. Minimum altitude above topography during the entire GRAIL mission. Variations

in minimum altitude translate into varying sensitivity to small-scale surface features. The map

projection is an equidistant cylindrical projection centered on the nearside.

anomaly error at a location (for different maximum degrees of the model) with the ex-121

pected signal from a Kaula law. The degree strength is then the degree at which this er-122

ror matches the expected signal. This was first used for Venus by Konopliv et al. (1999)123

and this has proven to be a useful indicator of model resolution. Recent results for global124

models using GRAIL data show a varying degree strength and thus a varying effective125

resolution (Konopliv et al., 2014; Lemoine et al., 2014; Goossens et al., 2020). The smooth-126

ness constraints that global models require are often applied spectrally and uniformly,127

which can lead to an underestimation of peak amplitudes (e.g., Konopliv et al., 1999;128

Floberghagen, 2002). Global spherical harmonics are thus not optimal when the spatial129

data coverage is not homogeneous. In such instances, local methods can be advantageous.130

In satellite geodesy, local methods have long since been applied to different data131

types from satellites orbiting various bodies. Some examples include analysis for Venus (e.g.,132

Kaula, 1996; Barriot et al., 1998), Mars (e.g., Beuthe et al., 2006), and Jupiter’s moon133

Ganymede (Anderson et al., 2004; Palguta et al., 2006), without listing the many ap-134

plications to Earth-orbiting satellites. The determination of the Moon’s gravity field was135

especially suitable for local methods because of the farside gap prior to the GRAIL and136

SELENE missions. Examples include the discovery of the prominent mass concentra-137

tions (mascons) on the nearside of the Moon from the analysis of Doppler residuals from138

the Lunar Orbiter V spacecraft using a short-arc line-of-sight analysis (Muller & Sjogren,139

1968), and recent results using Lunar Prospector or SELENE data (e.g., Sugano & Heki,140

2004a; Goossens, Visser, & Ambrosius, 2005; Goossens, Visser, Heki, & Ambrosius, 2005;141

Han, 2008; Han et al., 2011; Goossens et al., 2012). Local analysis has also been used142

for estimating lithospheric thickness and addressing isostasy of various craters and basins143

on the Moon (e.g., Sugano & Heki, 2004b; Crosby & McKenzie, 2005).144

GRAIL KBRR data are ideally suited for estimating local parameters: each KBRR145

measurement is approximately directly proportional to the difference in gravity poten-146

tial at the two satellite locations, making them well-suited to estimate local parameters (Rowlands147

et al., 2005). Several analyses have thus used GRAIL data for regional gravity field es-148

timation (e.g., Han, 2013; Han et al., 2014; Šprlák et al., 2020). In Goossens et al. (2014)149
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we utilized this and produced a local map of gravity at the south pole of the Moon us-150

ing GRAIL extended mission data. That local model improved the data fit, extended151

the resolution of the background global model, and it improved the correlations with to-152

pography, thus showing it is a viable method to extract high-resolution information from153

the data. Higher correlations between gravity and topography are indicative of an im-154

proved gravity model because at small scales (higher spherical harmonic degrees) grav-155

ity is expected to closely follow topography (e.g., Wieczorek, 2015). Here, we extend that156

analysis to cover the entire Moon. We determine 14 separate solutions that cover the Moon,157

with overlap at the boundaries to mitigate boundary effects. We will show that this re-158

sults in a seamless map of lunar gravity anomalies, that has improved correlations with159

topography when compared to a standard analysis using spherical harmonics, at lower160

computational costs. For lunar topography we use the results of the Lunar Orbiter Laser161

Altimeter (LOLA) instrument (Smith, Zuber, Jackson, et al., 2010; Smith, Zuber, Neu-162

mann, et al., 2010; Smith et al., 2016) onboard the Lunar Reconnaissance Orbiter (LRO)163

spacecraft (Chin et al., 2007).164

This paper is structured as follows: in Section 2, we will introduce the local grav-165

ity representation. We discuss the estimation method, including the constraint used in166

our analysis, in Section 3. In Section 4, we will discuss the optimal processing of short167

arcs, and in Section 5, we will discuss determining the optimal solution for each area.168

We present the method of combination of these maps in Section 6. We will discuss the169

results in Section 7 and present the conclusions in Section 8.170

2 Local Gravity Representation171

In our earlier local effort with GRAIL data (Goossens et al., 2014) we represented172

gravity in terms of gridded gravity anomalies. While many other local representations173

exist, we again choose anomalies for several reasons. They can easily be connected to174

global spherical harmonics, which will make comparisons with topography in terms of175

correlations between the two easier. They are also well-suited for the spatial neighbor176

constraint that we apply. In addition, they are relatively straightforward to implement177

and estimate in our processing software. Here, we first introduce the gravity anomaly,178

and then we discuss the discretization of the anomaly equation and the constraint we179

apply. In Appendix A we provide more details about the gravity anomalies, the expres-180

sions used to compute the partial derivatives of measurements with respect to the anoma-181

lies, and their relationship with respect to spherical harmonics.182

2.1 Gravity Anomalies183

Following Heiskanen and Moritz (1984), the full gravitational potential W can be184

expressed as the sum of the normal potential U on a reference surface (for example, a185

sphere or ellipsoid), and the disturbing potential T . The geoid is defined as a surface with186

constant potential, say W0, and the reference surface can then be chosen with the same187

potential W0. The geoid and reference surface will not be the same. A point P on the188

geoid will have a point Q on the reference surface projected along the normal direction189

n of the reference surface (see Appendix A for a depiction of the relationship between190

points P and Q). Normal gravity γ at the reference surface can be defined as γ = −∂U/∂n,191

and a gravity anomaly ∆g is defined as the difference between gravity gP at point P and192

normal gravity γQ at point Q (Heiskanen & Moritz, 1984; Sjöberg & Bagherbandi, 2017):193

∆g = gP − γQ. (1)194

In spherical approximation (where normal gravity at Q is simply GM/r2, with GM the195

gravitational constant times mass, and r the reference sphere radius), this becomes (Heiskanen196

& Moritz, 1984):197

∆g = −∂T
∂r
− 2

T

r
. (2)198
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A gravity anomaly in this sense thus refers to the geoid surface, and is equal to the ra-199

dial derivative of the disturbing potential, with a correction for the difference in refer-200

ence surfaces used. This is the definition of gravity anomaly often used in geodesy, and201

we also apply it here. In geophysics, the radial derivative of the disturbing potential, −∂T/∂r,202

is often used, and it is the difference between gravity and normal gravity both at P . In203

geodesy this is called the gravity disturbance.There is some confusion about these terms204

between the disciplines of geodesy and geophysics because of the difference in reference205

surface used, and what is called a disturbance here would be called an anomaly in geo-206

physics (Li & Götze, 2001; Hackney & Featherstone, 2003). Our anomalies correspond207

to a spherical reference surface, which has a radius of 1738 km.208

Equation (2) relates the gravity anomaly to the disturbing potential T . Conversely,209

the disturbing potential T can, of course, also be expressed as a function of the gravity210

anomaly, and this is what is eventually needed in order to estimate the anomalies. We211

only repeat the result here as the derivation can be found in, for example, Heiskanen and212

Moritz (1984):213

T (P ) =
ae
4π

∫∫
σ(Q)

S(P,Q) ∆g(Q) dσ(Q), (3)214

where P is the point where the disturbing potential T is to be computed, Q is the point215

on the reference surface σQ, ae is the reference radius (here, we use a value of 1738 km),216

and S(P,Q) is the kernel function in this integral equation (see Appendix A for details).217

Finally, because the integral is over the entire surface, and the functions are har-218

monic outside of the Brillouin sphere (the circumscribing sphere that fits the entire mass219

of the body), spherical harmonic equivalents exist. Using the standard expression for the220

potential in spherical harmonics (see Kaula (1966), and additional explanations in Ap-221

pendix A) and equation (2), ∆g can be expressed as222

∆g(r, λ, φ) =
GM

r2

∞∑
l=2

(l − 1)
(ae
r

)l l∑
m=0

(
C̄lm cos(mλ) + S̄lm sin(mλ)

)
P̄lm(sinφ), (4)223

where r, λ, φ are the spherical coordinates radius, longitude and latitude, respectively,224

C̄lm and S̄lm are the normalized harmonic coefficients of the expansion of degree l and225

order m, and P̄lm are the normalized associated Legendre functions. Normalization here226

is the standard 4π normalization used in geodesy (see Appendix A). In practice, this ex-227

pansion is evaluated up to a maximum degree, Lmax. Because of this equivalency, a global228

anomaly grid can easily be expressed in spherical harmonics. A local grid can also be229

expressed in spherical harmonics by using spherical harmonic transformations. We will230

use this frequently, because we can then also apply localized spectral analysis (Wieczorek231

& Simons, 2005, 2007) to compute correlations between gravity and topography for the232

selected area only. This will serve as an independent evaluation of the resulting local grav-233

ity model. Correlations γ(l) per degree between two quantities expressed in spherical har-234

monics with coefficients (C̄Alm, S̄
A
lm) and (C̄Blm, S̄

B
lm) are computed using the cross-power235

SAB(l) following (e.g., Wieczorek, 2015)236

SAB(l) =

l∑
m=0

(
C̄AlmC̄

B
lm + S̄AlmS̄

B
lm

)
,

γ(l) =
SAB(l)√

SAA(l)SBB(l)
.

(5)237

2.2 Discretization238

Equation (3) is the basis of our analysis because it expresses the potential as a func-239

tion of the anomaly. From the potential, the acceleration on the spacecraft can be com-240

puted, and this is how, through variational equations (e.g., Montenbruck & Gill, 2000;241
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Tapley, Schutz, & Born, 2004), we can estimate the anomalies from tracking data. See242

Section 3 for more details. Here, we take the radial derivative of the potential, δr(P ) =243

∂T/∂r, as an example, and we show results for additional directions in Appendix A. The244

radial derivative of T expressed as a function of anomalies ∆g is:245

δr(P ) =
ae
4π

∫∫
σ(Q)

∂S(r, ψ)

∂r
∆g(Q) dσ(Q). (6)246

.247

We discretize the integral equations by replacing the integral with a sum over grid-248

ded gravity anomalies. The expression for the radial acceleration would then be:249

δr(P ) =
ae
4π

M∑
i=1

∂S(P,Qi)

∂r
∆g(Qi) dσ(Qi), (7)250

where M is the number of anomalies. In this representation, the kernel function would251

for example be evaluated at the mid-point of a grid cell of n by n degrees (although it252

does not necessarily have to be a regular grid), and dσ(Qi) would be the area of that par-253

ticular grid cell. The anomaly ∆g(Qi) would be the anomaly for the entire grid cell, and254

in this way, partials with respect to each anomaly can be easily obtained from equation255

(7).256

In our earlier work, we divided each grid cell into 4 smaller, equal parts, evaluated257

the kernel at the center point of each sub-cell, and computed the contribution of one anomaly258

in that way. However, this midpoint approach can result in discretization errors, as pointed259

out by Hirt et al. (2011). Here, instead of discretization by subdivision using the mid-260

points, we follow Hirt et al. (2011) and compute the integral over each n by n cell us-261

ing Gauss-Legendre quadrature. For each cell, we determine the Gauss-Legendre nodes262

(4 nodes for each cell, just like we subdivided the cell into 4 parts before), and then eval-263

uate the analytical expression for the kernel at that node. This is then multiplied by the264

quadrature weight, and this is how we integrate the kernel function for each anomaly.265

We tested using more nodes but that did not change the results. Using this new inte-266

gration method, we compared solutions for a test area with our earlier midpoint method,267

and found small improvements, in terms of correlations with topography. We also tested268

defining the entire grid on Gauss-Legendre node points (each cell would then have only269

one Gauss-Legendre point, instead of 4), but found a slight degradation for this grid. Fi-270

nally, for the pole anomaly we define a cap with a radius of n/2 degrees, and we use 36271

nodes for the integration of the cap.272

The integral in equation (3) is in principle over the entire surface, and as explained273

above, the formulation using anomalies is then entirely equivalent to one in global spher-274

ical harmonics. However, for our local analysis we will limit ourselves to areas on the Moon.275

The discretization in equation (7) will thus only have a limited number of anomalies. This276

will reduce the number of estimation parameters, but it will also need to be shown that277

the solutions are not deteriorated by limiting ourselves to an area. The kernels in the278

integral equations (see equations (A12)–(A14) in Appendix A) determine the influence279

of one anomaly on the acceleration on the spacecraft: for what angle ψc (the angle be-280

tween the location of an anomaly at the reference surface and the computation point)281

will the kernel value be small enough? This means that an anomaly at an angle ψc away282

from the computation point will hardly contribute to the acceleration on the spacecraft,283

and this can thus be used to limit the number of anomalies considered. Rather than show-284

ing the kernel functions, we show a more direct result on the actual GRAIL KBRR data285

in Figure 2. We computed the effect of one gravity anomaly with an amplitude of 1 mGal286

(1 mGal = 10−5 m/s2) and a spatial size of 1/6◦ by 1/6◦ on a KBRR measurement at287

two different altitudes: at 55 km (the PM altitude) and at 23 km (the XM altitude). We288

computed this effect by processing actual GRAIL KBRR data with and without this anomaly289
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Figure 2. Effect of a 1/6◦ by 1/6◦ anomaly with an amplitude of 1 mGal on GRAIL KBRR

data at the PM and XM altitude.

in the force model. We then plot the difference in KBRR residuals, which thus show some290

noise. Figure 2 shows that the influence quickly diminishes away from the center point291

of the anomaly, and for the XM data is limited to about 5◦ from the anomaly center.292

Smaller anomaly sizes will have an even more limited effect. When the midpoint of the293

two spacecraft is directly over the center of the anomaly, the two spacecraft essentially294

experience the same effect, and the KBRR value is zero. The PM altitude is higher and295

so the effect is smaller. The maximum KBRR value of about 0.25 µm/s is roughly five296

to eight times the noise level of the KBRR data (e.g., Konopliv et al., 2014; Lemoine et297

al., 2014). These results confirm that the effects of anomalies on the spacecraft are lim-298

ited, and that we can thus estimate only the anomalies in a given area without estimat-299

ing anomalies over the entire globe. We will discuss boundary effects on the solutions300

in detail in Section 6.301

3 Anomaly Estimation and Neighbor Constraint302

We start of with the general model that relates a data vector d to a vector of model303

parameters x through a functional relationship a:304

d = a(x) + ε, (8)305

where ε is the noise vector, which will be assumed to be a zero-mean, Gaussian process306

with covariance P. This is in general a non-linear equation. We apply a Gauss-Newton307

method (e.g., Seber & Wild, 1989) that linearizes this equation, and then solves it through308

iterations. For the k-th iteration, the updated gravity anomaly vector ∆gk+1 = ∆gk+309

∆xk, where ∆xk is the k-th adjustment to the anomalies from the linearized equation.310

This could also be expressed as an adjustment to ∆gk and would thus be ∆ ∆gk, but311

for clarity we will use ∆xk.312
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The discretization described in Section 2.2 allows for the generation of measure-313

ment partial derivatives with respect to the gravity anomalies in our data processing soft-314

ware, GEODYN II (Pavlis & Nicholas, 2017). We describe the data processing itself in315

detail in Section 4. We consider the k-th iteration of the Gauss-Newton method, and sub-316

scripts k refer to this iteration. If the partial derivatives of KBRR data residuals rd,k317

(a vector with dimension N × 1, where N is the number of data points) with respect318

to gravity anomalies ∆gk (a vector of dimension M×1, with M the number of estimated319

parameters) are given as Ak (an N×M matrix), then the linearized observation equa-320

tion that relates gravity anomalies to KBRR data residuals reads in standard form:321

rd,k = Ak ∆xk + ε, (9)

where ∆xk is the k-th anomaly adjustment, and ∆gk+1 = ∆gk + ∆xk. The matrix322

Ak is called the sensitivity matrix and it relates the observables to the estimated param-323

eters — equation (9) thus establishes the link between the two. This matrix is obtained324

from numerical integration of the variational equations, which describe the sensitivity325

of the state vector with respect to the estimated parameters. The variational equations326

are derived from the basic equations of motion, and this can be found in standard works327

on orbit determination such as Montenbruck and Gill (2000) and Tapley, Schutz, and328

Born (2004). In addition, examples of works that relate KBRR data to the gravitational329

potential can be found in Han (2004) and Han (2013).330

The construction of equation (9) is based on equation (3) which is an integral equa-331

tion of the first kind, and these are known to be ill-posed (e.g., Groetsch, 1993). This332

requires regularization: the use of additional, a priori information. In our earlier work333

we followed Rowlands et al. (2010) and Sabaka et al. (2010) who applied neighbor smooth-334

ing in their analysis of mascon estimation using GRACE data, and here we do the same.335

Each anomaly in the grid ∆gi is assumed to be equal to any other anomaly ∆gj . There-336

fore, the constraint reads ∆gi - ∆gj = 0 with i 6= j. Each constraint pair between anoma-337

lies ∆gi and ∆gj is weighted depending on the distance between the anomalies on the338

sphere, dij , with a weight Wc,ij = exp (1− dij/D), where D is the correlation distance.339

We set the latter equal to the latitudinal size of the anomaly ∆gi (Rowlands et al., 2010).340

Note that this is a natural choice: larger values for D may lead to over-smoothing be-341

cause the constraint would still be relatively strong for anomalies further away. By choos-342

ing the latitudinal size, variations between anomalies clustered relatively close together343

can still be obtained. Expressions for the covariance of anomalies expressed in spheri-344

cal harmonics also exist (e.g., Tscherning & Rapp, 1974; Bills & Ferrari, 1980), most of-345

ten used in least-squares collocation estimation techniques (e.g., Moritz, 1978). These346

can also be used to determine the correlation distance, but we did not pursue this be-347

cause we use discrete anomalies. This results in a constraint weight matrix Wc, and the348

use of weights between pairs based on their distance prevents the solution from having349

one uniform value where all anomalies would be the same.350

Our gravity anomalies ∆gk are themselves perturbations to an underlying global351

gravity field model that is used in the analysis of GRAIL data. This global model stays352

fixed as the anomalies are updated. We use one of our recent models, GRGM1200A (Goossens353

et al., 2016, 2020), which is a model in spherical harmonics of degree and order 1200.354

Finally, instead of applying the smoothing to the gravity anomalies ∆gk only, we355

apply the smoothing to the entire gravity field. Since the anomalies we estimate are ad-356

ditional anomalies to the underlying background model, this means that the smoothing357

will be applied to ∆gk+∆gglobal, where ∆gglobal are the anomalies from the global model,358

GRGM1200A, computed from equation (4). This results in the following constrained so-359

lution for the adjustments ∆x̃k:360

∆x̃k =
(
AT
kWd,kAk + µDTWcD

)−1 (
AT
kWd,krd,k + µDTWcrc

)
, (10)

where Wd,k is the data weight matrix, which is diagonal with entries (1/σ2
i ) where σi361

is the data weight for a data point i, D is the matrix with the constraint partial deriva-362
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tives, µ is a scale factor applied to the constraint (in addition to the weight matrix Wc),363

and rc is the vector with constraint residuals which is expressed as rc = −D∆gglobal.364

The constraint between two anomalies ∆gi and ∆gj is written as ∆gi −∆gj = 0 and365

thus the partial entries for ∆gi are one, those for ∆gj are negative 1, and those for all366

other anomalies in a row of the partial matrix are zero. We note that parameters other367

than gravity parameters (such as those related to the GRAIL spacecraft orbits as explained368

in Section 4) are not included in ∆xk. Instead, they are taken into account through their369

Schur complement (Sabaka et al., 2010). For each k-th iteration, the entries Ak, Wd,k,370

and rd,k are updated, although in general, Wd,k will stay the same (see Section 4 for the371

data weights used). The entries D, Wc, and rc remain the same, but we note that on372

the constraint matrix, we update information on ∆gk so that the data matrix Ak and373

the constraint matrix have the same start state.374

On a final note, we remark that our neighbor constraints are isotropic in their weight-375

ing by using one value for D for each anomaly in Wc,ij as defined above. This can eas-376

ily be changed by varying D, to account for, for example, more smoothing in the east-377

west direction than in the north-south direction. The latter can be desirable because of378

the polar orbit of the GRAIL spacecraft that results in striping in the solutions that the379

neighbor constraint can overcome (Goossens et al., 2014). We tested this by computing380

the azimuth between two anomalies, and by defining an ellipse where the correlation dis-381

tance is larger in east-west direction. Test results did not show improvements and so we382

did not pursue this further.383

4 Determining the Optimal Short-Arc Processing384

We will process the data and estimate the GRAIL orbits over continuous time spans,385

which are called arcs. In standard processing for the global models, these are several days386

long. A trade-off for arc length exists between balancing sensitivity with respect to long-387

wavelength features of the gravity field on one hand, and limiting the build-up of errors388

due to mis-modeling of for example non-conservative forces on the other hand. Because389

we will estimate anomalies in a selected area, we will also only select data over that se-390

lected area, and our arcs have the length of the time it takes for the spacecraft to cross391

this area. This means that our arcs will be short. We can do this by the virtue of us-392

ing a different parametrization for the GRAIL orbits, and by using results from our global393

analysis. The arc lengths depend on the size of the solution patches, which we list be-394

low in Table 1. In our analysis the areas are of similar size in latitude, which results in395

arcs of typically 22 minutes long for the rectangular patches, and 18 minutes for the po-396

lar caps.397

We base our analysis of the KBRR data on the approach in Rowlands et al. (2002).398

There it was shown, in the framework of the GRACE mission, that it is possible to es-399

timate the gravity field using short arcs. Instead of the 12 Cartesian positions and ve-400

locities, they used a baseline formulation for the two spacecraft, transforming the Carte-401

sian coordinates into a spherical representation. In Rowlands et al. (2002) it was shown402

that it is sufficient to adjust 3 parameters instead of 12, as these parameters are the most403

sensitive to the KBRR data. These 3 parameters are: the pitch of the baseline vector404

between the two satellites, the baseline velocity vector’s magnitude, and the baseline ve-405

locity vector’s pitch. This has been applied successfully to the analysis of GRACE data (e.g.,406

Rowlands et al., 2005; Luthcke et al., 2006, 2013; Loomis et al., 2019), and we also ap-407

plied it in our earlier local GRAIL analysis (Goossens et al., 2014). Our global analy-408

sis also estimates empirical accelerations, as detailed in Goossens et al. (2020). Here, we409

tested the effects of these accelerations, and of using either long arcs or short arcs.410

First, we tested three different scenarios with respect to the accelerations, using411

short arcs: not including them, including them but not estimating them, and including412

and (re-)estimating them. We use the values for the start orbit and empirical acceler-413
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Figure 3. A comparison in terms of localized correlations with topography of various so-

lutions for the test area of Mare Orientale based on different parametrizations of the orbit de-

termination process (A), and on different arc lengths (B). For comparison we also include the

correlations with the global start model.

ations that were determined from the longer arc. We show results in Figure 3. The test414

area was that for Mare Orientale, following a similar analysis as presented in Zuber et415

al. (2016). For this test, the background global model was a degree and order 1080 model,416

a predecessor to our later GRGM1200 series (Goossens et al., 2016, 2020). We generated417

local solutions for this area, with a grid size of 0.15◦ by 0.15◦, which is equivalent to de-418

gree and order 1200 in spherical harmonics. We then compute localized correlations be-419

tween gravity and topography using one taper for a spherical cap centered on 270◦E, 25◦S420

with a radius of 25◦ and a windowing bandwidth of Lwin = 16 such that the taper has421

a concentration factor better than 99.99%. The solution based on orbits where the ac-422

celerations are not included has slightly worse correlations than the other two solutions,423

as can be seen in Figure 3A. The difference between solutions that include and either424

estimate or not estimate the accelerations is small (not shown). We decide to include and425

estimate the accelerations in our analysis, especially since the use of these accelerations426

can act to absorb mis-modeling effects, and the results show that their inclusion does427

not adversely affect the solution.428

Our analysis so far is based on short arcs using data selected over the area of in-429

terest. One other way of processing would be to use the longer arcs from the global anal-430

ysis with the same baseline formulation and data selection. We would then use KBRR431

data only, again start from the previously determined orbit, and re-adjust the 3 base-432

line parameters and selected accelerations. This is how GRACE data are processed for433

mascons or monthly spherical harmonic models at Goddard Space Flight Center (GSFC) (e.g.,434

Luthcke et al., 2006). The advantage of this processing would be fewer arc parameters:435

each short-arc has 3 baseline parameters. The number of empirical accelerations would436

not change: we estimate multiple sets of empirical accelerations per orbit (Goossens et437

al., 2020) and each passage over an area is separated by one orbit by definition. How-438

ever, the results in Figure 3B show that the long-arc solution has lower correlations than439

the short-arc solution. Again, the differences are not big, and the figure also indicates440

that the long-arc solution performs much better than the global start model. Nonethe-441

less, we decided to process the GRAIL data using short arcs, where we include and es-442

timate the empirical accelerations.443
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5 Determining the Optimal Local Solution per Area444

For each area, we will determine the gravity solution using equation (10). We pro-445

cess the GRAIL data using short arcs as explained above with only data over the selected446

area. This results in a partial derivative matrix A and residuals rd for each short arc.447

The entries for the data weight matrix Wd are straightforward: this is a diagonal ma-448

trix with elements 1/σ2
i on the diagonal, where σi is the data weight applied in orbit de-449

termination. We used a weight of 0.03 µm/s for PM data and 0.05 µm/s for XM data,450

following the reported noise levels (Konopliv et al., 2014; Lemoine et al., 2014). We can451

then form the normal matrix system, and the neighbor smoothing constraint matrix (and452

its accompanying right hand side). We form separate matrices for the PM data, for early453

XM data (before December 2012) and for late XM data (after December). We make the454

distinction so that we have the option to apply different weights to each system when455

combining the normal systems. Late December data are taken at a lower altitude, and456

while they contain more information about the small scale gravity field, our earlier anal-457

ysis found that down-weighting the December data improved the solutions (Goossens et458

al., 2014).459
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Figure 4. A comparison in terms of localized correlations with topography of various solu-

tions for a test area focused on the nearside (-5.1◦E to 49.95◦E, and 9.9◦S to 65.1 ◦N) based on

different constraint weights (A), and on different weights for the late XM data (B). For compari-

son we also include the correlations with the global start model.

We will determine the optimal local solution for each area by varying the remain-460

ing input parameters: the weights on the data matrices, and the constraint scale factor461

µ. For each solution, we will then transform the anomalies into spherical harmonics, and462

compute localized correlations with topography. We will select the combination of weights463

that results in the best overall correlations. We will keep the PM and early XM data weights464

at 1 and will choose the late XM data weights to be 0.1, 0.5, or 1. For µ, following our465

earlier analysis results (Goossens et al., 2014), we will choose values of 10−3, 10−4, and466

10−5. We did not find that fine-tuning these values further made any appreciable dif-467

ference in the solutions. We also found that using a technique such as variance compo-468

nent estimation (e.g., Kusche, 2003) does not result in solutions with improved corre-469

lations over the solutions already obtained. Eventually, this means that we compute nine470

separate solutions for each area, and then evaluate each solution in terms of localized471

correlations with topography.472

We demonstrate this with the results shown in Figure 4. For one of our areas (see473

Section 7.1 for further details), focused on the nearside with bounds -5.1◦E to 49.95◦E,474

and 9.9◦S to 65.1 ◦N, we determined nine solutions, and computed localized correlations.475

The localized correlations are again computed with one taper, centered on the center point476
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of the area under consideration. The cap radius is computed such that the cap fits en-477

tirely inside the area. For the example under consideration here, the center points are478

22.4256◦E, 27.6◦N, and the cap radius is 27.525◦. The concentration factor of the ta-479

per is again chosen to be larger than 99.99%, resulting in Lwin = 14. In Figure 4A we480

show solutions with varying constraint weights µ (while the late XM weight was kept at481

0.1). For this area µ = 10−3 gives the best overall correlations, but the difference with482

the solution using µ = 10−4 is small. Figure 4B shows the results when we vary the late483

XM weight, this time using µ = 10−3 for all the solutions. The differences between the484

solutions are minimal, with a weight of 0.1 for the late XM data having marginally bet-485

ter correlations. For this solution, we thus select the combination µ = 10−3 with a late486

XM weight of 0.1. In Section 7.1 we will introduce our chosen areas and show the results487

for the resulting constraint and data weight factors.488

6 Combining the Local Solutions489

After we determine the set of local solutions, we need to consider how to combine490

them into one map. As discussed in Section 2.2, and shown in Figure 2, the effects of491

one anomaly are limited to about 5◦ away from that anomaly, depending on the anomaly492

size and data altitude. We limit our analysis to selected areas on the Moon using data493

from when the spacecraft are over that area. Invariably, this means that anomalies at494

the boundaries of the area will be affected because data points close to them would also495

have effects from anomalies just outside of the area. In addition, longer wavelengths (larger496

than the area size) can also not be recovered well. Such boundary effects are well known497

in local studies. The standard remedy for this is to discard the solution at the edges be-498

cause the cells there are most affected. We apply the same method here. From Figure 2,499

we determine that an overlap of at least 5◦ between solutions should exist. Longer wave-500

lengths will be less of an issue since our analysis uses a background global spherical har-501

monics model and we estimate only adjustments to this model.502

Next, we consider how to patch the overlapping solutions together. One of the most503

natural ways to patch the solutions is to split the overlap from two regions symmetri-504

cally, and take for each part of the overlap the solution whose boundary is not contained505

in that part. That way, boundary effects would vanish. For the sake of completeness, we506

also consider patching solutions where the overlap is taken fully from either the origi-507

nal (central) solution or the added patched solution. In addition, a solution where both508

sets of anomalies from the overlapping solutions are blended to obtain a solution in the509

overlap is also computed. Such a blend gives zero weight outside the regions, a weight510

of 1 in the interior of each region (but not in the overlap) and a 2-D cosine tapered weight511

in the overlap. We illustrate these different patching methods in Figure 5, where we have512

two solutions with different, constant anomaly values (10 mGal and -10 mGal, to clearly513

note the difference between the two) that we patch according to the different methods.514

The overlapping area is in the middle of the maps in Figure 5, and indicated with white515

lines. The dash-dot line indicates the central overlapping meridian. For the symmetri-516

cal overlap in Figure 5C it is clear that half of the overlap comes from the central (10517

mGal) solution, and the other half from the -10 mGal solution, such that their respec-518

tive boundary parts are not included. For the solutions where we either keep the cen-519

tral part (Figure 5A) or the added part (Figure 5B) it is clear we only have those val-520

ues in the overlapping part. The blend method (Figure 5D) clearly mixes the two smoothly.521

To evaluate the patching, we again compute localized correlations, this time centered on522

the overlapping region. We focus on patching the east-west borders and the north-south523

borders.524

Before investigating the various patch methods, we stress the importance of select-525

ing the grids carefully. If the grid is not selected such that overlapping regions have the526

same nodes, interpolation is required to patch them, which modifies the solution. The527

effects of this interpolation were tested, and we show the results in Figure 6. When no528
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Figure 5. Examples of different patching methods. We patch one anomaly field (in this case

with a constant value of 10 mGal) with another field (with a value of -10 mGal) on the eastern

border of the former. The overlapping area is indicated with lines, and the central meridian of

the overlapping are is indicated with a dash-dot line. We can keep the entire central solution

(A), or the added eastern solution (B), or we can do a symmetrical overlap where the boundaries

of each solution are excluded (C), or we can blend the solutions with a taper (D).

−0.2

0.0

0.2

0.4

0.6

0.8

1.0

C
o
rr

e
la

ti
o
n

500 600 700 800 900 1000 1100 1200

Degree

Grid nodes match

Grid interpolated

Start global model

Figure 6. Localized correlations with topography for a solution where the grid nodes in two

neighboring grids match for patching, and for a solution where interpolation is required. For

comparison we also include the correlations with the global start model.

interpolation is required, we obtained the best correlations. While the correlations for529

the grids where interpolation was required are still better than those for the global start530

model, the difference here are considerable, unlike in earlier cases in Figures 3 and 4. We531
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will thus match our grids such that the overlapping parts share the same nodes (which532

comes down to selecting one global regular grid that is divided into overlapping regions),533

as we show in Section 7.1.534
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Figure 7. Localized correlations with topography for solutions with different patching strate-

gies for the south border (A) and for the east border (B). For comparison we also include the

correlations with the global start model.

In Figure 7 we show localized correlations with topography for solutions with the535

different patching methods. The central area under consideration in this example extends536

from 44.85◦E to 110.1◦E, and 9.9◦S to 65.1 ◦N. We evaluate correlations on the south537

(Figure 7A) and east (Figure 7B) borders for this solution. These neighboring areas (see538

also Section 7.1) extend from 61.95◦S to 9.9◦N for the area to the south (the longitude539

extent is the same as for the area under consideration) and from 105◦E to 169.95◦E for540

the area to the east (here, the latitude extent is the same). This means that the over-541

lap in the east direction is 5.1◦ and that in the southern direction is 19.8◦. For the cor-542

relations on the southern part, the spherical cap is centered at 77.475◦E, 0◦N, with a ra-543

dius of 32.625◦. Using one taper with a concentration factor of 99.99% this results in Lwin =544

12. For the eastern part, the cap is centered at 107.55◦E, 27.6◦E, with a radius of 37.5◦545

and Lwin = 10. Solutions where we keep either the central part or the additional (south,546

or east) part in the overlapping region do not take the boundary effect into account, and547

as expected they have slightly worse correlations than the symmetrical or blend patch548

method. The difference between the latter two is very small. The smaller overlapping549

region at the eastern border also does not appear to pose an issue for the patched so-550

lution as the correlations in Figure 7B do not show any deterioration. We also note that551

north-south boundary effects could potentially be larger, because of the polar orbits of552

the GRAIL satellites: the short-arcs will start or stop at a north-south border to state-553

vector effects could also be present at those borders. However, our patched solution here554

and its evaluation using correlations show no signs of adverse effects, indicating that our555

selection of the size of the overlap is appropriate. We will also show in Section 7.2 that556

the entire patched solution does not have any remaining boundary effects. In conclusion,557

because the differences between the symmetrical and blending method are small, we choose558

the symmetrical patching method for all regions. Our software script that patches the559

solutions would allow for a different patching type for each area and border.560

7 Results and Discussion561

In this section, we will show and discuss the resulting global map of lunar gravity,562

consisting of a set of patched local solutions. We will first introduce the chosen grid and563

areas, together with the solution parameters. We will then show and discuss the results.564
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Table 1. Summary of Solution Values

Parameters Used in Local Gravity Field Determination.

Area # Longitude Latitude Constraint Late XM Cap radius Lwin

extent extent weight µ weight [degrees]

1 [-5.1,49.95] [-9.9,65.1] 10−3 0.1 27.525 14
2 [-5.1,49.95] [-61.95,9.9] 10−4 0.1 27.525 14
3 [44.85,110.1] [-9.9,65.1] 10−3 0.1 32.625 12
4 [44.85,110.1] [-61.95,9.9] 10−3 0.1 32.625 12
5 [105,169.95] [-9.9,65.1] 10−4 0.1 32.475 12
6 [105,169.95] [-61.95,9.9] 10−4 1.0 32.475 12
7 [164.85,219.9] [-9.9,65.1] 10−5 1.0 27.525 14
8 [164.85,219.9] [-61.95,9.9] 10−5 0.1 27.525 14
9 [214.8,289.95] [-9.9,65.1] 10−4 1.0 37.5 10
10 [214.8,289.95] [-61.95,9.9] 10−5 0.1 35.925 11
11 [284.85,360] [-9.9,65.1] 10−3 0.1 37.5 10
12 [284.85,360] [-61.95,9.9] 10−3 0.1 35.925 11

13 (north pole) [0,360] [60,90] 10−4 0.1 30.0 13
14 (south pole) [0,360] [-90,-56.85] 10−4 0.1 30.0 13

7.1 Local Areas: Bounds and Solution Parameters565

As explained in Section 6, care has to be taken to define the grids of different so-566

lutions to avoid interpolation when patching them. Here, we list the chosen grids, with567

overlaps, which are the result of a global, regular 0.15◦×0.15◦ grid. When transform-568

ing this into spherical harmonics, this is equivalent to a model of degree and order 1199569

(we use 1199 instead of 1200 because our grid spacing uses Lmax+1 for its spacing: 180/(Lmax+570

1)). Our start global model is the degree and order 1200 model GRGM1200A (Goossens571

et al., 2016, 2020). This will also allow us to compare our new global map with the stan-572

dard start model and its global iterated version, GRGM1200B.573
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Figure 8. We indicate the areas on a map of gravity anomalies from the global start model

GRGM1200 (A), and the constraint weight factors for each area, shown on lunar topography

from LOLA (B). The map projection is a Mollweide projection centered on the nearside.

In Table 1 we show the boundaries of our chosen areas, and the selected constraint574

and data weight parameters from our solution analysis. These parameter values are the575

final values used in our solution, which we iterated. We explain this in more detail be-576

low. The table also includes the values for the cap radius and windowing bandwidth value577

Lwin that were used in the localized correlation computations to determine the optimal578

constraint weight and data weight. In order to get a better sense of the overlaps for the579

areas, we show the areas on a map of gravity anomalies from the global start model in580
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the background in Figure 8A. We also show the constraint weights, with topography in581

the background, in Figure 8B.582

7.2 Combined Solution583
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Figure 9. The global map of lunar gravity anomalies generated from our local solutions, at its

full resolution of 0.15◦ × 0.15◦ (top, A), and Bouguer disturbances for the local solution, for the

degree range l = 7–700, using a constant crustal density of 2,500 kg m−3 (bottom, B). The map

projection is a Mollweide projection centered on the nearside.

We present our combined solution in Figure 9, where we show the global map of584

lunar gravity that is the result of our determination of 14 separate local solutions. We585

applied regionally varying constraint weights as given in Table 1 and as shown in Fig-586

ure 8B. We patched the solutions together using the symmetrical method for all bound-587

aries on all regions. The map in Figure 9 is at the full resolution of the model, 0.15◦×588

0.15◦. We plot the discrete gravity anomalies at this resolution, but it also means that589

the maximum degree Lmax that would be used in equation (4) is 1199, the spherical har-590

monics resolution of our local models as explained above. We discuss this resolution fur-591

ther below. We also include Bouguer disturbances, computed by subtracting the con-592
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tribution of gravity from topography using a constant crustal density of 2,500 kg m−3.593

We use the formulation of Wieczorek and Phillips (1998) that accounts for finite ampli-594

tude relief, and we raise topography to the 20th power, which for the Moon results in neg-595

ligible errors for the Bouguer correction (Wieczorek, 2015). We compute the Bouguer596

disturbances between degrees 7 and 700, in order to exclude signals from the deep in-597

terior, and noise in the higher degrees. These Bouguer disturbances can be used to in-598

fer density variations in the crust (e.g., Besserer et al., 2014; Han et al., 2014; Goossens599

et al., 2020).600

We iterated our local solutions twice (i.e., k=2, following the Gauss-Newton method601

as introduced in Section 3), to obtain the map presented in Figure 9. For clarity, that602

means that in Figure 9, we show ∆gglobal + ∆g2 = ∆gglobal + ∆x2 + ∆x1, in the for-603

mulation of equation (10). Iterating the solutions assures that one can test whether the604

solution has converged. This is often assumed in inverse problems, but not always shown.605

Even if the initial adjustments are relatively small, iterated solutions can still show im-606

provements. For example, Luthcke et al. (2013) showed that their iterated mascon so-607

lutions improved significantly, particularly in the ability to restore more signal strength.608

For our iterated solution, after determining an initial set of gravity anomalies (k=1), we609

reprocessed the GRAIL data by using this initial set of anomalies in the spacecraft force610

model (in addition, of course, to the fixed background global model). We again deter-611

mined 9 solutions for each area, using different constraint scale factors and data weights.612

As stated in Section 3, we updated the constraint matrix with a start value for the anoma-613

lies that is now different from zero, i.e., for k=1, ∆g0 = 0, and for k=2, we have ∆g1614

from equation (10). We evaluated these new 9 solutions again by investigating localized615

correlations. While we mostly expected to use the same constraint weights and data weights616

as in the initial adjustment, we found that we could relax the constraints over the poles,617

from a factor of 10−3 to 10−4. All other factors stayed the same. The initial factors for618

the poles could probably have been chosen at 10−4 already when the initial solution was619

determined.620

In Figure 10 we show the adjustments to the global model for both iterations. This621

map shows best that there are no boundary effects or seams visible in the solution. We622

also highlight that both maps use a different color scale, because the adjustments for the623

iterated solution are smaller than those for the initial solution: the RMS of the initial624

adjustment is 30.85 mGal, with values ranging from -1003 mGal to 741 mGal. The RMS625

of the iterated adjustment is much smaller, at 5.75 mGal with values ranging from -237626

mGal to 239 mGal. For comparison, the anomalies at full resolution from GRGM1200A627

have an RMS of 137 mGal with values ranging from -1746 mGal to 2622 mGal. This shows628

that indeed the iterated solution produces only small, additional adjustments. We illus-629

trate this point further in Figure 11, where we show histograms of anomaly adjustments630

for both solutions. This figure clearly shows the difference between the solutions, with631

the iterated solution showing a much narrower peak centered around 0 mGal. Because632

we did not find large improvements locally for the solutions, we did not do an additional633

iteration. In Figure 10 the largest additional adjustments in the iterated solution can634

be seen over the poles because we used a looser constraint there. Additional individual635

tracks can also be seen to have been adjusted in the iterated solution, but overall, as the636

histogram from Figure 11 also indicates, the additional adjustments are small.637

7.3 Discussion638

We now evaluate the local solutions by again computing correlations with topog-639

raphy. In Figure 12 we show both global correlations, and correlations localized over the640

south pole (with a cap radius of 30◦ and Lwin = 13), as well as the power spectrum and641
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Figure 10. Adjustments for all the 14 local solutions, for the initial local model (top, A), and

the iterated local model (bottom, B). In the formulation of equation (10), this means we show

the adjustments ∆xk (k=1, top, and k=2, bottom), and not the anomalies ∆gk. As such, the

iterated adjustments are additional to the first adjustments. We note that both figures have a

different color scale. The RMS of the first adjustments is 30.85 mGal, and the additional adjust-

ments have an RMS of 5.75 mGal. The map projections are Mollweide projections centered on

the nearside.

effective density spectrum. The power spectrum σ(l) is defined as642

σ(l) =

√√√√√√
l∑

m=0

(
C̄2
lm + S̄2

lm

)
2l + 1

. (11)
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Figure 11. Histograms of the anomaly adjustments for the initial (k=1) and iterated (k=2)

solutions.

The effective density spectrum ρeff(l) is a measure of crustal density at all scales, and643

it is computed following Wieczorek et al. (2013) and Besserer et al. (2014) as644

ρeff(l) = Sgobs gtopo
(l)/Sgtopo gtopo

(l), (12)

where S is the cross-power as defined in equation (5), gobs is the estimated gravity (i.e.,645

our local solution expressed in spherical harmonics), and gtopo is gravity from topogra-646

phy computed using the formulation of Wieczorek and Phillips (1998), with a constant647

density for the crust. We include two global models in Figure 12: the start model GRGM1200A,648

and its iterated variant, GRGM1200B (Goossens et al., 2020). This allows us to com-649

pare our local model with both, and Figure 12A clearly shows that the local model has650

improved correlations over both the global start and global iterated model. This indi-651

cates that our local approach has an advantage over processing the data into a global652

model. This is by virtue of being able to easily choose regionally varying constraints, as653

shown in Figure 8. For the global model, while not impossible (see for example the re-654

gionally varying constraint that was applied by Konopliv et al. (1999) for gravity mod-655

els of Venus), this is not as straightforward to implement. This was also one of the drivers656

behind the development of mascon solutions using GRACE data at GSFC (e.g., Row-657

lands et al., 2005).658

The power spectrum in Figure 12C shows that up to degree l ∼700, the spectra659

for the three models shown are very close. After this, the local model has less power, but660
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Figure 12. Global correlations between gravity and topography (A), a close-up that also

includes correlations localized over the south pole (B), the power spectrum of several solutions,

including an inset with a close-up of the higher degrees (using a linear horizontal scale, C), and

the effective density spectrum (D).

it still shows improved correlations compared to the global models (see the inset of Fig-661

ure 12C for a close-up of the higher degrees). While the decrease in power could indi-662

cate that less smoothing might have been applied, we note that for each area, we selected663

the solution parameters with the best localized correlations, and increasing the power664

could thus adversely affect these. However, the effective density spectra in Figure 12D665

are all close. This spectrum expresses the per-degree ratio of estimated gravity and grav-666

ity from topography, and does not deteriorate with the lower power of the local model.667

From Figure 8 it can be seen that the areas with less smoothing are over the far-668

side highlands, where the topography signal is strong. Additionally, the spacecraft al-669

titude was low because of the higher topography (Figure 1). Relatively more smooth-670

ing (µ = 10−3) is required over the nearside. Correlations with topography are gener-671

ally lower there due to the presence of mare deposits, which make interpretation of the672

gravity field in terms of the density structure more difficult (e.g., Wieczorek et al., 2013;673

Besserer et al., 2014; Goossens et al., 2020). This may also indicate that despite a much674

better data coverage than pre-GRAIL data, a nearside/farside difference in constraints,675

as advocated in Han et al. (2009), could be useful.676

However, inversions at this global resolution are not trivial. Our global solutions677

required the extensive use of the supercomputers of the NASA Center for Climate Sim-678

ulation (NCCS) (Goossens et al., 2020). While we also used the same supercomputers679

for this analysis, we needed fewer resources per solution than the global solution, as well680
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Figure 13. The local solution in terms of gravity anomalies for the Mare Orientale area (left,

A), and localized correlations for various models (right, B). The map projection is an equidistant

cylindrical projection centered on 260◦E. Localized correlations were centered on 270◦E, 25◦S,

using one taper with a cap radius of 30◦ and Lwin = 13.

as less CPU time. The full matrix for a global degree and order 1200 model requires 7.6681

TB, and since we apply direct inversion methods, this is also the minimum memory re-682

quirement. In our local approach, the polar grids have the most parameters, and each683

requires about 1 TB. The other areas, being smaller, typically required several hundreds684

of GB. This makes the local solutions faster to compute and evaluate, which can help685

with determining whether the data support higher resolution models, for example, be-686

fore investing the resources into determining a global model.687

The correlations as shown in Figure 12A are all close together and do not appear688

to show substantial improvements, which can be quantified for example as the maximum689

degree to which the model can be used globally. The latter can be determined from when690

the correlations are below a certain threshold value, where the correlations can be used691

to derive a signal-to-noise ratio under the assumption that correlations smaller than unity692

are due to unmodeled signals uncorrelated with topography (Wieczorek, 2008). In Fig-693

ure 12A the difference between the initial and iterated solution is not clear, because for694

most of the local solutions, the correlations were very close. As explained, the biggest695

differences occur for the polar solutions because we used less smoothing there for the it-696

erated solution. In Figure 12B we show localized correlations for the south pole (with697

a cap radius of 30◦ and Lwin = 13), and it is clear that the iterated solution has ap-698

preciable improved correlations with topography over the south pole (and north pole as699

well, which are not shown).700

We further illustrate our local solution in Figure 13, where we show the local grav-701

ity anomalies for the Mare Orientale area, including localized correlations. The corre-702

lations here are markedly better than those of the global start model, showing the im-703

provements that the local method is capable of. If we use correlations to indicate a signal-704

to-noise ratio as mentioned above, then at a correlation value of 0.9 the signal-to-noise705

ratio is 4.3. For the global start model this occurs at (localized) degree 725 whereas this706

happens at degree 764 for the local model. This increase in resolution may help local stud-707
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ies of the upper structure of the lunar crust, which depend mostly on the high-degree708

terms of the models (Besserer et al., 2014; Goossens et al., 2020).709

The Mare Orientale area was also the subject of study of Zuber et al. (2016), where710

our analysis was applied using a mixed-resolution grid. We did not pursue this in this711

analysis, but we note that in a way this is similar to the varying smoothing that we ap-712

plied. Less smoothing can easily be seen as increasing the resolution of the model which713

then may require relatively more smoothing to maintain high correlations with topog-714

raphy.715

The increase in resolution of the local models may also help in other modeling of716

crustal structures (e.g., Deutsch et al., 2019). The maps presented in this work are gen-717

erated at the full 0.15◦ × 0.15◦ resolution. If the same were to be done for the global718

models, they would show much more noise. The local models may thus help in delineat-719

ing gravity features at the surface to a better extent, which may help their modeling.720
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Figure 14. Similar as in Figure 2, we show the effect of a 1/6◦ by 1/6◦ anomaly with an am-

plitude of 1 mGal on GRAIL KBRR data, and now also include range-accelerations, for the XM

altitude.

However, we note that we cannot readily expand the spherical harmonics to its full721

resolution for our local model. While using the maximum degree when computing and722

plotting the maps of the anomalies results in much smoother maps than would be the723

case for an equivalent (in resolution) global model, the global and localized correlations724

presented here indicate that also for the local model, correlations decrease as the degrees725

increase. This especially would be an issue when computing the Bouguer disturbances,726

as shown in Figure 9B. For this, care has to be taken when determining the maximum727

degree to be used. If the maximum degree is used but the power in the gravity anomaly728

is much smaller than that for topography, the Bouguer disturbance will likely be biased729

by the contribution from topography (negatively, since the Bouguer disturbance equals730

gravity disturbance minus the topography contribution). So while the gravity anomaly731
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maps can be used at high resolution to map out features on the Moon, care has to be732

taken when converting this to Bouguer disturbances.733

Several high-resolution gravity models based on GRAIL data now exist. Each has734

its own characteristics and advantages for use in geophysical analysis. Our local grav-735

ity model presented here has the advantage of showing smooth gravity anomalies at its736

full resolution, which make it suitable to study small-scale structures by better delineat-737

ing gravity features, as explained above. Recently, another high-resolution gravity model738

was presented in Goossens et al. (2020), by applying a constraint that uses information739

from topography. While enforcing high correlations between gravity and topography, it740

was shown that this model can be used to derive lateral density variations in the lunar741

crust using spectral methods. We thus foresee that the local model presented in this pa-742

per is useful in analysis of structures where clear delineations of features are desired, whereas743

the model from Goossens et al. (2020) is useful in (localized) spectral analysis.744

We did not include a full error analysis of the anomaly solutions. The covariance745

can readily be obtained using equation (10), and we did investigate this for several test746

solutions. We found that the formal errors were generally small, with striped patterns747

along the tracks. However, the underlying global model has its own error and should also748

be included when investigating the total error for the area. In our case however, we do749

not take into account the full covariance of the underlying global model, as this is com-750

putationally prohibitive due to the size of the global models. With respect to the global751

model errors, the formal errors for the adjustments were found to be small and the to-752

tal error would still be dominated by the errors for the background model. We did not753

further pursue this error analysis. Instead, we suggest to use covariance results from the754

global model GRGM1200A, which are available at https://pds-geosciences.wustl755

.edu/grail/grail-l-lgrs-5-rdr-v1/grail 1001/extras/clones/. These clone mod-756

els describe deviations from the base model, GRGM1200A, computed from its covari-757

ance. These clones can be added in this case to the coefficients of the base local model758

instead of to GRGM1200A to create clone models for the local model. However, care should759

be taken when using these clone models, as they do not contain covariance information760

from the local models. The resulting constructed clone models will have a behavior sim-761

ilar to those of the GRGM1200A clones, which is counter-intuitive because correlations762

with topography are improved for the local model and this would suggest smaller errors763

for the new map of gravity.764

Finally, we mention an additional analysis that we performed. GRAIL data, like765

GRACE data, originally are range measurements that have been processed into range-766

rate measurements. One additional processing step would make them range-accelerations,767

and these are even more directly related to gravity signals, per the equations of motion768

that describe the acceleration due to forces. We implemented a straightforward fit us-769

ing splines on the time series of residuals which were then differentiated numerically to770

obtain accelerations. While originally applied to Doppler data of another mission (Goossens771

et al., 2015, 2019), we also applied this to GRAIL KBRR data, resulting in what we call772

range-acceleration data (KBACC). In Figure 14, we show the effect of a 1 mGal 1/6◦×773

1/6◦ anomaly on KBRR data, the same as in Figure 2, and now we also include the range-774

accelerations. From this figure it can be seen that the KBACC signal is even narrower775

than that of the KBRR data, which means that the KBACC data type is even more suited776

to localize the gravity signal, and that boundary effects might be smaller. Our fit and777

differentiation however does not apply additional filters, which makes the KBACC data778

noisier, as is easily seen. We note again that we performed this analysis using actual GRAIL779

data, as explained when introducing Figure 2, which leaves noise in the residuals. A sim-780

ilar approach, with more filtering on the data, has been reported for GRACE data as781

well (e.g., Tregoning et al., 2017). While analyzing GRAIL data, we also investigated782

solutions based on KBACC data, and found that in certain instances, these solutions out-783

performed the standard local solutions based on KBRR data. This was especially the784
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case for a solution where the farside was estimated from KBACC data. We also found785

we could use smaller smoothing factors, although this is of course related to the ampli-786

tude of KBACC data which is smaller as Figure 14 indicates, and is thus only relative.787

However, when putting together our initial local solution, we repeated this analysis but788

found no discernible improvements (nor deterioration) compared to the standard solu-789

tion. A future analysis using these data would likely benefit from investigating the fil-790

tering of the accelerations.791

8 Conclusions and Outlook792

We have analyzed GRAIL inter-satellite KBRR data to determine local gravity field793

models on the Moon. We have applied a short-arc analysis where we transform the co-794

ordinates of the two spacecraft into coordinates describing the baseline between the two.795

We only adjust 3 from the 12 components in this representation as they are most sen-796

sitive to KBRR data: the pitch of the baseline vector between the two satellites, the base-797

line velocity vector’s magnitude, and the baseline velocity vector’s pitch. We also include798

and estimate any empirical accelerations acting on the spacecraft that were included in799

longer arc analysis for global gravity field determination, as we found that this produces800

the best results, where solutions were evaluated using localized correlations between grav-801

ity and topography. We divided the Moon into 12 regions and 2 caps for the poles, and802

determined local solutions for each. Our solution strategy uses a global start model (a803

spherical harmonics expansion of degree and order 1200), and we estimate adjustments804

to this model, which are expressed as gridded gravity anomalies. We apply neighbor smooth-805

ing on the combination of adjustment and anomalies from the global model. For each806

region, we determine the optimal smoothing parameter, and an additional weight fac-807

tor on December data, again by comparing localized correlations. Our regions were cho-808

sen such that they share nodes and are overlapping, in order to minimize boundary ef-809

fects. We patched our solutions together using a symmetrical patching method where810

for each part of the overlap the solution whose boundary is not contained in that part811

is taken. In this way, solution boundaries are not included. Analysis found that a bound-812

ary of about 5◦ is sufficient.813

Our patched solution shows no boundary effects. Global correlations with topog-814

raphy are improved when compared to the global start model, and when compared to815

a full iteration of our global start model. Our local solution was also iterated and we found816

that the iterated adjustments were much smaller and have less spread than the initial817

adjustments. We applied different smoothing factors for each region, and found that ar-818

eas with more topography, such as the farside highlands, require less smoothing and still819

have high correlations with topography. While also partly related to satellite altitude820

above the surface, this also indicates dominance of the farside on the entire gravity sig-821

nal, which is also clear from global models, when comparing nearside and farside power822

and correlation spectra (e.g., Lemoine et al., 2013).823

Local correlations over areas such as the south pole or Mare Orientale indicate clearly824

that the local solution presents a substantial increase in resolution. For example, our Mare825

Orientale solution crosses correlations with topography of 0.9 at a (localized) degree of826

764 whereas the start model does this at the lower value of 725. The maps we generated827

and showed are also at their full resolution of 0.15◦×0.15◦. They show a mostly smooth828

and clear gravity signal, delineating feature boundaries clearly and with less noise than829

a global model at the same resolution would. The local model can be used in detailed830

analyses of the lunar crust. We do stress however that spectral analysis of the local so-831

lution should still be undertaken with care, as correlations with topography show decreas-832

ing values with increasing degree.833

One other advantage of our local approach is that it requires fewer resources. While834

our number of parameters for each solution is still substantial, and while we still needed835
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to resort to the use of supercomputers to estimate the solutions, they do require less mem-836

ory and computational nodes (and as a consequence, less CPU time) than a standard837

global model estimation does.838

We briefly discussed the use of range-accelerations instead of the standard Ka-band839

range-rate data. While initial results were promising, we found that there was no fur-840

ther improvement for our final analysis. However, additional research into filtering these841

accelerations may improve the solutions, because accelerations are more directly related842

to gravity and should thus be able to describe small-scale features well, as our test re-843

sults showed. In addition, we also briefly explored the use of different correlation dis-844

tances in the neighbor constraints, to obtain more smoothing in the east-west direction845

compared to the north-south. The latter can be desirable because of striping in the so-846

lutions as a result of the polar orbits of the spacecraft. We did not investigate this be-847

yond initial tests, and this could be a future topic of research.848

The presented local method is versatile: the constraint (or resolution of the model)849

can easily be varied regionally. In addition, the method requires in general fewer com-850

putational resources. This gives this localized method several advantages. With improved851

global correlations for our local solution, this method can be an alternative to a global852

approach.853

Appendix A Equations for Gravity Anomalies and Gravity Disturbances854

In Section 2 we introduced the gravity anomaly. Its relationship to the disturbing855

potential T is given in equation (3). Here, we provide additional equations that we used856

to compute the acceleration on a spacecraft from gravity anomalies. We also provide ad-857

ditional details on the equivalence between anomalies and global spherical harmonics.858

P

gP

geoid

N

W = W0

reference

ellipsoid

U = W0γQ

Q

Figure A1. The geoid, the reference surface, and the points P and Q used in the definition of

the gravity anomaly as given in equation (1).

First, in Figure A1 we clarify the relationship between the different points that are859

used to define the gravity anomaly as in equation (1). The point P is at the geoid, and860

it has a projection Q on the reference surface along the normal n of the reference sur-861

face. Then, the gravity anomaly ∆g is defined as the difference in gravity at P and nor-862

mal gravity at Q, ∆g = gP − γQ. In the spherical approximation this results in equa-863

tion (2) that relates the anomaly to the disturbing potential T (e.g., Heiskanen & Moritz,864

1984; Sjöberg & Bagherbandi, 2017).865
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Conversely, the potential can also be expressed as a function of the anomalies. We866

repeat equation (3) here for clarity:867

T (P ) =
ae
4π

∫∫
σ(Q)

S(P,Q) ∆g(Q) dσ(Q). (A1)868

The kernel in this expression, S(P,Q), is called the Stokes-Pizetti kernel, where the point869

P is outside of the reference surface, which is the case when processing spacecraft data870

at altitude. This kernel is defined as (Heiskanen & Moritz, 1984):871

S(r, ψ) =
2ae
l(r, ψ)

+
ae
r
− 3

ae l(r, ψ)

r2
− a2

e

r2
cosψ

(
5 + 3 ln

r − ae cosψ + l(r, ψ)

2r

)
, (A2)872

with873

l(r, ψ) =
√
r2 + a2

e − 2 r ae cosψ (A3)874

describing the distance between two points at distance r and ae (the reference radius)875

from the center, separated by a spherical angle ψ. We also note that this kernel has a876

spectral equivalent, expressed in Legendre functions Pl (see also below):877

S(r, ψ) =

∞∑
l=2

2l + 1

l − 1

(
R

r

)l+1

Pl(cosψ). (A4)878

This will allow a comparison between the anomaly expression for T and an expression879

in global spherical harmonics.880

Because the integral in equation (A1) is over the entire surface, and the functions881

are harmonic outside of the Brillouin sphere (the circumscribing sphere that fits the en-882

tire mass of the body), spherical harmonic equivalents exist. First, we express the dis-883

turbing potential in spherical harmonics:884

T (r, λ, φ) =
GM

r

∞∑
l=0

(ae
r

)l l∑
m=0

(
C̄lm cos(mλ) + S̄lm sin(mλ)

)
P̄lm(sinφ), (A5)885

where r, λ, φ are the spherical coordinates radius, longitude and latitude, respectively,886

C̄lm and S̄lm are the normalized harmonic coefficients of the expansion of degree l and887

order m, and P̄lm are the normalized associated Legendre functions. Normalization here888

is the standard 4π normalization used in geodesy, which is given as:889

P̄lm(sinφ) =

√
(2− δ0m)(2l + 1)

(l −m)!

(l +m)!
Plm(sinφ), (A6)890

where δ0m is the Kronecker delta which is 1 when m = 0 and 0 when m 6= 0. For nor-891

malization of the spherical harmonic coefficients C̄lm and S̄lm we note that C̄lmP̄lm =892

ClmPlm (and the same for the S coefficients). Then, combining equations (2) and (A5)893

gives the spherical harmonics expression for the gravity anomaly, which we repeat here894

from equation (4):895

∆g(r, λ, φ) =
GM

r2

∞∑
l=2

(l − 1)
(ae
r

)l l∑
m=0

(
C̄lm cos(mλ) + S̄lm sin(mλ)

)
P̄lm(sinφ). (A7)896

Equivalency of the expressions as given in equations (A1) and (A5) can be shown by us-897

ing the orthonormality relationships and addition theorem for (associated) Legendre func-898

tions.899

For completeness, we also include expressions for the gravity disturbance δg = −∂T/∂r.900

In spherical harmonics, the disturbance can be expressed as:901

δg(r, λ, φ) =
GM

r2

∞∑
l=2

(l + 1)
(ae
r

)l l∑
m=0

(
C̄lm cos(mλ) + S̄lm sin(mλ)

)
P̄lm(sinφ). (A8)902
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As indicated in equation (A7), the anomaly has a factor of (l−1) in the spherical har-903

monics expression, and as can be seen from equation (A8), the disturbance has a fac-904

tor of (l+1). An expression similar to equation (A1) can also be found to express the905

potential as a function of the disturbance:906

T (P ) =
ae
4π

∫∫
σ(Q)

H(r, ψ) δg(Q) dσ(Q), (A9)907

where the kernel has now become the Hotine kernel H(r, ψ):908

H(r, ψ) =
2ae
l(r, ψ)

− ln

(
l(r, ψ) + ae − r cosψ

r(1− cosψ)

)
. (A10)909

The next step is to compute accelerations on the spacecraft from the expression910

of the potential as given in equation (A1). The accelerations in three orthogonal direc-911

tions (radial, denoted with δr, east-west, denoted with δλ, and north-south, denoted with912

δφ), can be obtained from:913

δr =
∂T

∂r
; δφ =

1

r

∂T

∂φ
; δλ =

1

r cosφ

∂T

∂λ
. (A11)914

Applying this to equation (A1) results in:915

δr(P ) =
ae
4π

∫∫
σ(Q)

∂S(r, ψ)

∂r
∆g(Q) dσ(Q), (A12)916

δφ(P ) =
ae

4πr

∫∫
σ(Q)

∂S(r, ψ)

∂φ
∆g(Q) dσ(Q), (A13)917

δλ(P ) =
ae

4πr cosφ

∫∫
σ(Q)

∂S(r, ψ)

∂λ
∆g(Q) dσ(Q). (A14)918

919

The derivatives of the Stokes-Pizetti kernel with respect to r and ψ can be found from920

equation (A2):921

∂S(r, ψ)

∂r
=− ae(r

2 − a2
e)

rl3
− 4ae

rl
− ae
r2

+
6 ae l

r3
+

a2
e

r3
cosψ

[
13 + 6 ln

(
r − ae cosψ + l

2r

)]
,

(A15)922

923

∂S(r, ψ)

∂ψ
= sinψ

[
−2a2

er

l3
− 6a2

e

rl
+

8a2
e

r2
+

3a2
e

r2

(
r − ae cosψ − l

l sin2 ψ
+

+ ln

(
r − ae cosψ + l

2r

))]
,

(A16)924

where l is given by equation (A3). In order to express derivatives of the kernel with re-925

spect to the λ and φ directions, as required in equations (A12)–(A14), we use the def-926

inition of the angle ψPQ between two points P (λ, φ) and Q(λ′, φ′) :927

cosψPQ = sinφ sinφ′ + cosφ cosφ′ cos(λ′ − λ). (A17)928

Using the chain rule, the derivatives of S(r, ψ) can be written as:929

∂S(r, ψ)

∂φ
=
∂S(r, ψ)

∂ψ

∂ψ

∂φ
,

∂S(r, ψ)

∂λ
=
∂S(r, ψ)

∂ψ

∂ψ

∂λ
.

(A18)930
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With the definition of ψ as in equation (A17), the derivatives of ψ with respect to λ and931

φ can be obtained as:932

− sinψ
∂ψ

∂φ
= cosφ sinφ′ − sinφ cosφ′ cos(λ′ − λ)

− sinψ
∂ψ

∂λ
= cosφ cosφ′ sin(λ′ − λ).

(A19)933

This set of equations allows the computation of the acceleration on the spacecraft through934

equations (A12)–(A14).935

As stated in Section 2.2, we discretize the integral equations by replacing the in-936

tegral with a sum over gridded gravity anomalies. The expression for the radial accel-937

eration is given in equation (7), and the expressions for the other directions are similar.938
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. . . van Hoolst, T. (2006). Assessment of the Martian gravity field at short974

wavelength with Mars Express. Geophysical Research Letters, 33(L03203). doi:975

10.1029/2005GL024317976

–29–



manuscript submitted to Earth and Space Science

Bills, B. G., & Ferrari, A. J. (1980). A Harmonic Analysis of Lunar Gravity. Journal977

of Geophysical Research, 85(B2), 1013-1025. doi: 10.1029/JB085iB02p01013978

Chin, G., Brylow, S., Foote, M., Garvin, J., Kasper, J., Keller, J., . . . Zuber,979

M. (2007). Lunar Reconnaissance Orbiter Overview: The Instrument980

Suite and Mission. Space Science Reviews, 129, 391-419. doi: 10.1007/981

s11214-007-9153-y982

Crosby, A., & McKenzie, D. (2005). Measurements of the elastic thickness under an-983

cient lunar terrain. Icarus, 173, 100-107. doi: 10.1016/j.icarus.2004.07.017984

Deutsch, A. N., Neumann, G. A., Head, J. W., & Wilson, L. (2019). GRAIL-985

identified gravity anomalies in Oceanus Procellarum: Insight into subsurface986

impact and magmatic structures on the Moon. Icarus, 331, 192-208. doi:987

10.1016/j.icarus.2019.05.027988

Floberghagen, R. (2001). The Far Side - Lunar Gravimetry Into the Third989

Millenium (Unpublished doctoral dissertation). Delft University of Tech-990

nology.991

Floberghagen, R. (2002). Lunar Gravimetry (Vol. 273). Dordrecht, The Netherlands:992

Kluwer Academic Publishers.993

Goossens, S., Ishihara, Y., Matsumoto, K., & Sasaki, S. (2012). Local lunar gravity994

analysis over the South Pole-Aitken basin from SELENE farside tracking data.995

Journal of Geophysical Research, 117(E02005). doi: 10.1029/2011JE003831996

Goossens, S., James, P. B., Mazarico, E., & Genova, A. (2019). Estimation of Crust997

and Lithospheric Properties for Mercury from High-Resolution Gravity Field998

Models. In 50th lunar and planetary science conference, abstract 2202. The999

Woodlands, Texas, USA.1000

Goossens, S., Lemoine, F. G., Sabaka, T. J., Nicholas, J. B., Mazarico, E., Row-1001

lands, D. D., . . . Zuber, M. T. (2016). A Global Degree and Order 1200 Model1002

of the Lunar Gravity Field Using GRAIL Mission Data. In 47th lunar and1003

planetary science conference, abstract 1484. The Woodlands, Texas, USA.1004

Goossens, S., Matsumoto, K., Liu, Q., Kikuchi, F., Sato, K., Hanada, H., . . . Chen,1005

M. (2011). Lunar gravity field determination using SELENE same-beam1006

differential VLBI tracking data. Journal of Geodesy, 85, 205-228. doi:1007

10.1007/s00190-010-0430-21008

Goossens, S., Mazarico, E., Genova, A., Lemoine, F. G., Neumann, G. A., Zuber,1009

M. T., . . . Solomon, S. C. (2015). High-resolution gravity models for Mercury1010

from MESSENGER tracking data. In American geophysical union fall meeting.1011

(abstract P41C-2077)1012

Goossens, S., Sabaka, T. J., Nicholas, J. B., Lemoine, F. G., Rowlands, D. D.,1013

Mazarico, E., . . . Zuber, M. T. (2014). High-resolution local gravity model of1014

the south pole of the Moon from GRAIL extended mission data. Geophysical1015

Research Letters, 41(10), 3367–3374. doi: 10.1002/2014GL0601781016

Goossens, S., Sabaka, T. J., Wieczorek, M. A., Neumann, G. A., Mazarico, E.,1017

Lemoine, F. G., . . . Zuber, M. T. (2020). High-resolution gravity field mod-1018

els from grail data and implications for models of the density structure of the1019

moon’s crust. Journal of Geophysical Research: Planets, 125. (e2019JE006086)1020

doi: 10.1029/2019JE0060861021

Goossens, S., Visser, P. N. A. M., & Ambrosius, B. A. C. (2005). A method to1022

determine regional lunar gravity fields from earth-based satellite tracking data.1023

Planetary and Space Science, 53, 1331-1340. doi: 10.1016/j.pss.2005.06.0091024

Goossens, S., Visser, P. N. A. M., Heki, K., & Ambrosius, B. A. C. (2005). Local1025

gravity from Lunar Prospector tracking data: Results for Mare Serenitatis.1026

Earth, Planets and Space, 57(11), 1127-1132. doi: 10.1186/BF033518931027

Groetsch, C. (1993). Inverse problems in the mathematical sciences. Braun-1028

schweig/Wiesbaden: Friedrich Vieweg & Sohn Verlagsgesellschaft.1029

Hackney, R., & Featherstone, W. (2003). Geodetic versus geophysical perspectives of1030

the ’gravity anomaly’. Geophysical Journal International, 154, 35-43.1031

–30–



manuscript submitted to Earth and Space Science

Han, S.-C. (2004). Efficient determination of global gravity field from satellite-to-1032

satellite tracking mission. Celestial Mechanics and Dynamical Astronomy, 88,1033

69-102. doi: 10.1023/B:CELE.0000009383.07092.1f1034

Han, S.-C. (2008). Improved regional gravity fields on the Moon from Lunar1035

Prospector tracking data by means of localized spherical harmonic functions.1036

Journal of Geophysical Research, 113, E11012. doi: 10.1029/2008JE0031661037

Han, S.-C. (2013). Determination and localized analysis of intersatellite line of1038

sight gravity difference: Results from the GRAIL primary mission. Journal of1039

Geophysical Research, 118, 2323-2337. doi: 10.1002/2013JE0044021040

Han, S.-C., Mazarico, E., & Lemoine, F. G. (2009). Improved nearside gravity field1041

of the Moon by localizing the power law constraint. Geophysical Research1042

Letters, 36, L11203. doi: 10.1029/2009GL0385561043

Han, S.-C., Mazarico, E., Rowlands, D. D., Lemoine, F. G., & Goossens, S. (2011).1044

New analysis of Lunar Prospector radio tracking data brings the nearside1045

gravity field of the Moon with an unprecedented resolution. Icarus, 215(2),1046

455-459. doi: 10.1016/j.icarus.2011.07.0201047

Han, S.-C., Schmerr, N., Neumann, G., & Holmes, S. (2014). Global characteristics1048

of porosity and density stratification within the lunar crust from GRAIL grav-1049

ity and LOLA topography data. Geophysical Research Letters, 41, 1882–1889.1050

doi: 10.1002/2014GL0593781051

Heiskanen, W. A., & Moritz, H. (1984). Physical Geodesy. Graz, Austria: In-1052

stitute of Physical Geodesy. (Original edition by W.H. Freeman and Company,1053

San Francisco, 1967)1054

Hirt, C., Featherstone, W. E., & Claessens, S. J. (2011). On the accurate numerical1055

evaluation of geodetic convolution integrals. Journal of Geodesy, 519-538. doi:1056

10.1007/s00190-011-0451-51057

Kato, M., Sasaki, S., Takizawa, Y., & the Kaguya project team. (2010). The kaguya1058

mission overview. Space Science Reviews, 154(1), 3-19. doi: 10.1007/s112141059

-010-9678-31060

Kaula, W. M. (1966). Theory of Satellite Geodesy, applications of satellites to1061

Geodesy. Waltham, MA., USA: Blaisdell Publishing Company.1062

Kaula, W. M. (1996). Regional gravity fields on Venus from tracking of Magellan cy-1063

cles 5 and 6. Journal of Geophysical Research, 101(E2), 4683-4690.1064

Kikuchi, F., Liu, Q., Hanada, H., Kawano, N., Matsumoto, K., Iwata, T., . . . Sasaki,1065

S. (2009). Pico-second accuracy VLBI of the two sub-satellites of SELENE1066

(KAGUYA) using multi-frequency and same-beam methods. Radio Science,1067

44(RS2008). doi: 10.1029/2008RS0039971068

Klipstein, W., Arnold, B., Enzer, D., Ruiz, A., Tien, J., Wang, R., & Dunn, C.1069

(2013). The Lunar Gravity Ranging System for the Gravity Recovery and1070

Interior Laboratory (GRAIL) Mission. Space Science Reviews, 178(1), 57-76.1071

doi: 10.1007/s11214-013-9973-x1072

Konopliv, A. S., Asmar, S. W., Carranza, E., Sjogren, W. L., & Yuan, D. N. (2001).1073

Recent Gravity Models as a Result of the Lunar Prospector Mission. Icarus,1074

150, 1-18. doi: 10.1006/icar.2000.65731075

Konopliv, A. S., Banerdt, W. B., & Sjogren, W. L. (1999). Venus Gravity: 180th1076

Degree and Order Model. Icarus, 139, 3-18. doi: 10.1006/icar.1999.60861077

Konopliv, A. S., Park, R. S., Yuan, D.-N., Asmar, S. W., Watkins, M. M., Williams,1078

J. G., . . . Zuber, M. T. (2013). The JPL lunar gravity field to spherical har-1079

monic degree 660 from the GRAIL Primary Mission. Journal of Geophysical1080

Research, 118(7), 1415-1434. doi: 10.1002/jgre.200971081

Konopliv, A. S., Park, R. S., Yuan, D.-N., Asmar, S. W., Watkins, M. M., Williams,1082

J. G., . . . Zuber, M. T. (2014). High-resolution lunar gravity fields from the1083

GRAIL Primary and Extended Missions. Geophysical Research Letters, 41.1084

doi: 10.1002/2013GL0590661085

Kusche, J. (2003). Noise variance estimation and optimal weight determination for1086

–31–



manuscript submitted to Earth and Space Science

GOCE gravity recovery. Advances in Geosciences, 1, 81-85. doi: 10.5194/adgeo1087

-1-81-20031088

Lemoine, F. G., Goossens, S., Sabaka, T. J., Nicholas, J. B., Mazarico, E., Row-1089

lands, D. D., . . . Zuber, M. T. (2013). High-degree gravity models from1090

GRAIL primary mission data. Journal of Geophysical Research, 118(8), 1676–1091

1698. doi: 10.1002/jgre.201181092

Lemoine, F. G., Goossens, S., Sabaka, T. J., Nicholas, J. B., Mazarico, E., Row-1093

lands, D. D., . . . Zuber, M. T. (2014). GRGM900C: A degree-900 lunar1094

gravity model from GRAIL primary and extended mission data. Geophysical1095

Research Letters, 41(10), 3382–3389. doi: 10.1002/2014GL0600271096

Lemoine, F. G. R., Smith, D. E., Zuber, M. T., Neumann, G. A., & Rowlands, D. D.1097

(1997). A 70th degree lunar gravity model (GLGM-2) from Clementine and1098

other tracking data. Journal of Geophysical Research, 102(E7), 16,339-16,359.1099

doi: 10.1029/97JE014181100

Li, X., & Götze, H.-J. (2001). Tutorial: Ellipsoid, geoid, gravity, geodesy and geo-1101

physics. Geophysics, 66(6), 1660-1668.1102

Liu, Q., Kikuchi, F., Matsumoto, K., Goossens, S., Hanada, H., Harada, Y., . . .1103
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