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Abstract

The NASA Langley Research Center Flight Dynamics Branch has a long
history of experimental testing of aircraft and spacecraft flight dynamics. One of
the frequently used wind tunnel test methods is forced oscillation testing. This
method involves a model mounted on a specialized dynamic test rig in a tunnel and
oscillated about a body axis, typically at a fixed sinusoidal frequency and
amplitude. This report provides the derivation of two commonly used data
reduction methods and introduces one new method to extract the linear dynamic
derivatives from forced oscillation wind tunnel data.

Introduction

The NASA Langley Research Center Flight Dynamics Branch has a long history of experimental testing of
aircraft and spacecraft flight dynamics. One of the frequently used wind tunnel test methods is forced oscillation
testing. This method involves a model mounted on a specialized dynamic test rig in a tunnel and oscillated about a
body axis, typically at a fixed sinusoidal frequency and amplitude. Figure 1 shows an example of a forced oscillation
test setup in the NASA Langley 14- by 22-Foot Subsonic Tunnel for rotation about each body axis. This test rig
uses a variable frequency motor to drive a flywheel and bellcrank assembly that can be adjusted to vary the
amplitude of the oscillation. The nominal angle of attack is set by rotating the wind tunnel turntable that the
oscillation rig is mounted to. This is just one example of a forced oscillation test rig setup. Other rigs may use
different methods to change angles, frequencies of amplitudes. Some of the newer dynamic test rigs are capable of
variable frequency and amplitude motions such as Schroeder sweeps or replicating flight maneuvers. The analysis
of these types of motions are outside the scope of this report.

The fixed sinusoidal frequency and amplitude test method has existed for many years. References 1 thru 19
provide some examples of forced-oscillation test results. The data processing and analysis used for this test
technique has evolved without much supporting documentation. The purpose of this report is to provide some
background into this evolution along with a derivation of the current data reduction methods, as well as a discussion
of their practical application and considerations and as an archival reference for future researchers.
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Figure 1 — Forced oscillation test setup.



Background

The history of aircraft stability analysis extends to the very beginning of human flight. Hultberg provides a nice
review of the early work, including a history of dynamic test techniques, in the appendix of his 1998 paper (ref. 20).
The very first NACA technical report focused on aircraft stability. NACA Report #1, Part | by J.C. Hunsaker, was
entitled “Experimental Analysis of Inherent Longitudinal Stability for a Typical Biplane” (ref. 21). Much of this
early stability analysis used small perturbation theory to derive stability equations. This approach introduced the
dynamic damping and rotary coefficients to model the airplane motions. The rotary and forced oscillation testing
techniques were developed to determine these coefficients. The focus of this report is the data reduction methods
developed for the forced oscillation testing. There are three methods that will be examined: the “Integration
Method,” the “Specific Point Method” and the “Multi-point Method.”

The Specific Point method for deriving the dynamic derivatives from sinusoidal forced oscillation data has a
long, although somewhat obscure, history. Hultberg credits the first introduction of this forced-oscillation data
reduction technique to Bird, Jaquet and Cowan in 1951 (ref. 1). Campbell, Johnson, and Hewes also tried this
method and compared against the more traditional Integration Method to process forced-oscillation data (ref. 2).
This method however proved somewhat cumbersome for the measurement and data processing tools available at
that time. The Integration Method, which is described by Chambers and Grafton, proved to be easier to implement
with the analog data systems of that time and was the preferred method by NASA for many years (ref. 3). The
proliferation of digital computing in the 1980’s along with an emphasis on high-angle-of-attack aircraft
maneuverability in the 1990’s provided a renewed interest in dynamic testing and data processing techniques.
Hultberg compares the Specific Point method with the Integration Method in his 1998 paper (ref. 20). Brandon and
Foster provided a similar comparison in which they referred to the data reduction technique as the “Single Point
Method.” (ref. 12). The term “Crossing Points Method” is perhaps a better description of this method as the
technique utilizes multiple crossing point locations in the oscillation cycle. The derivation of these two methods
along with a proposed new Multi-point Method will be examined in the following sections.

Symbols and Nomenclature

A oscillation amplitude, deg
b span, ft
Cm pitching moment coefficient, qMT“C_
Cm,  nominal pitching moment coefficient
qc
Cny  0Cm /0 (;2)
qc
Cny  9Cm/0(35)
¢ %m
Mg Ja . X p L C
ac
Cma acm/a (5) Figure 2 - Axes with force and moment orientation.
c mean aerodynamic chord, ft _ ) ,
gm  gradient of standard deviation 9 tunnel dynamic pressure, Ib/ft
M,  aerodynamic pitching moment, ft-lb R coefficient of determination
M,  balance measured pitching moment, ft-lb r yaw rate about Zzbody axis, deg/s
M; inertial pitching moment, ft-Ib S reference area, ft _
n integer index SS,  sum of squares of the residual
Neye  number of cycles §Sr total sum of squares
p roll rate about X body axis, deg/s T p_erlod of multiple complete cycles, sec
q pitch rate about Y body axis, deg/s t time, sec
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selected time, sec o standard deviation
start time, sec 0 pitch angle, deg
tunnel velocity, ft/s 0 selected pitch angle, deg
angle of attack, deg 0, nominal pitch angle of oscillation, deg
nominal angle of attack of oscillation, deg w frequency, s*
sideslip angle, deg
nominal sideslip angle of oscillation, deg
Subscript Superscript
max  maximum value + positive rate value
min  minimum value - negative rate value
. d
dat
d2
ac?

Forced Oscillation Dynamic Derivative Methods

The following sections will show the derivation of three methods used to compute dynamic derivative
coefficient values from sinusoidal forced oscillation wind tunnel data. The derivations will focus on the
pitching moment coefficients derived from pitch oscillations. However, the same approach applies to the
other dynamic force and moment coefficients and oscillations about the roll and yaw axes. A complete set
of dynamic force and moment coefficient equations are provided in the Appendix. Also included in the
appendix is a step-by-step description of the implemented data processing approach for the Specific Point
method.

Linear Dynamic Derivative Model
Sinusoidal forced-motion wind tunnel testing is characterized by the tunnel velocity (V) or dynamic

pressure (g), and the amplitude (A) and frequency (w) of the oscillation about a nominal attitude angle (6,).
For example, sinusoidal oscillation in pitch (0) is:

0(t) = 6, + Asin(wt) = a(t) @
Where:
0y = nominal pitch angle about which the oscillation occurs
t = time
a = angle of attack

The pitch rate (q) and pitch acceleration (q) are the first and second derivative of the pitch angle with
respect to time.

6(t) = Aw cos(wt) = a(t) = q(t) 2

6(t) = — Aw? sin(wt) = a(t) = g (t) (3)



The balance measured pitching moment (M,,) during the oscillation is the sum of the inertial (M;) and
aerodynamic (M,) components.

My (t) = M;(t) + Mg () (4)
My, (t) = M;(t) + GScCn (2) ()

The pitching moment coefficient (C,,) about a nominal angle of attack («,) is often expressed in a linear
first-order Taylor Series expansion as:

cq(t) ca(t)

@) = Ciy (@) + G (ar)r(t) + 1

Cny (@) + 90,0 (@) + (£) 4(OCny @) (6

This linear model assumes that the coefficient values (Cy, , Cpn,,» Cmq, Crm,» and Cmq) are constant over

the oscillation cycle. Subtracting the wind-off tare measurements from the wind-on balance
measurements removes the inertial and still-air damping values yielding the desired aerodynamic effects.

My () — M;(t) =

qSc |G, (ao) + Cpy (%)Aa(t)+cq(t)c (@ 0)+Ca(t)

Cona @) + (5)” 4Oy (@) ()

Substituting equations 2 and 3 for a(t), g(t), and ¢(t), and A sin(wt) for Aa(t) yields:

My (t) — My(t) =

_ ch‘{Cmo (a,) + Asin(wt) [Cma(ao) - (;—‘;)2 Cm, (ao)] +£2 4 cos(@t) [C, (@) + Cmd(ao)]}

Equation 8 can be further simplified as:
—— My, (£) = Mi()] = Con (@) = Cn, (@) + ASIn(wE) T, (@0) + 57 A cOS() Ty (@5)  (9)

Where the in-phase term (Cy, ) is:

—_— Cw 2
Crng (€0) = Cin (@) = (52) i, () (10)

and the out-of-phase term (Cyy,_) is:
Cing (@) = Cpn (@) + Cpy (a5) (11)

Recall that the underlying assumption is that the coefficient values( e Cm and Cp, ) are constant

over the oscillation cycle. The oscillation amplitude must therefore be sufficiently small for this
approximation to hold. However, the oscillation amplitude must also be sufficiently large to provide enough
signal-to-noise ratio to discern the difference between the wind-on balance measurements and the wind-off
tare measurements. This trade between minimal oscillation amplitude and signal-to-noise is highly
dependent on the model mass properties, the model geometry, the balance range and resolution, and the test



conditions. This trade is generally done ad hoc, using engineering judgement and thus a potential source of
error or increased uncertainty.

As discussed earlier, there have historically been two different methods used to extract the linear
coefficients, Gy,  , Gy, and Cing of equation 9 from the balance measurements. The derivations of the

Integration and Specific Point methods are described in the following sections.
Integration Method

As the name implies the Integration Method integrates the balance measurements over several complete
oscillation cycles to derive the coefficient values. From equation 9 it can be observed that the C,,,  value is

the mean value about which the in-phase C,  and an out-of-phase Cin, COMponents oscillate. This mean

value can be found by integrating the difference in the balance wind-on and wind-off measurements over a
period (T) of several complete cycles, divided by that period.

1 to+T
Cmy (@) = = [, [My (8) = Mi(D)] dt (12)
where:
T = Z"nyc s Neye = 1, 2, 3, -+ number of cycles (13)

The in-phase term (C—ma) can be derived by multiplying equation 9 by Az—Tsin(wt) and then integrating over
the measurement period.

2 to+T . 2 to+T .
Tsear ftoo [M,(t) — M;(t)] sin(wt) dt = —=Cmg fto" sin(wt) dt
2 —— rto+T .
+Cn, ft0° sin?(wt) dt (14)
Cw — rto+T .
+% Crm, fto" sin(wt) cos(wt) dt
2 to+T . 2 -1
el [My(©) = Mi@©)]sin(wt) de = Ecmozcos(wt)ﬁg”
2—1Jt 1 to+T
+2-Cn, [E - Esm(Zwt)] n (15)
E = to+T
‘o Cmq sin“(wt) .
Note that: cos(wt)[>*" = sinQRwt)| 2" = sin? ()| =0 (16)
Therefore: Cm. = —— [T M, (£) — M,(0)] sin(wt) dt (17)
’ Mq ~ gSEAT Jtg b l

The out-of-phase damping term (C_mq) can be derived in a similar fashion by multiplying equation 9 by

%cos(wt) and integrating over the measurement period.



4V to+T av to+T
mfto‘) [My(®) — Mi(®)] cos(wt) dt = ——Cpn, ftoo cos(wt) dt
+ %Tﬂ ftto"” sin(wt) cos(wt) dt (18)

2 o (to+T
+2 Cm, fto cos?(wt) dt

4V to+T av 1. to+T
TSTear ftoo [M,(t) — M;(t)] cos(wt) dt = —=Cm, Zsm(wt)ltg
Pl — T
+— C,,,lgt51n2((ut)|§g+ (19)
2 —1t , 1 . to+T
+2 Cmq [E + Esm(Zwt)] .
Since: sin(wt) 2" = sinRwt)| 2" = sin?(wt)[ 27" =0 (20)
— 4V to+T
Cmg = Wftoo [My, () — M;(t)] cos(wt) dt (21)

Note that the integration intervals for all three parameters (Cp,, Cyy,,,, and Cmq) are over complete cycles

(to to ty + T). The forced oscillation time history data must be trimmed to complete cycle intervals prior
to integrating or errors will be introduced, since the integrated terms that reduce to zero over complete
intervals are non-zero over partial intervals.

As noted in the Background section, the Integration Method was easier to implement back when the
data systems were analog. The analog implementation merely required the averaging of the in-phase and
out-of-phase balance voltages (ref. 3). With digital data systems this is no longer any advantage. This
method also has some inherent limitations which will be highlighted later in the report.

Specific Point Method

The derivation of the Specific Point Method begins with the difference between the wind-on and wind-
off balance measurements of equation 8, repeated below.

My (t) — M;(t) =

cw

- qsa{cmo (a,) + A sin(wt) [Cma(ao) _ (5)2 Crmg (ao)] +22 4 cos (@) |G, (@) + g (ao)]} ®)

Recall from equations 2 and 3 that the maximum angular rate and zero angular acceleration occur when
cos(wt) = 1 and sin(wt) = 0, which corresponds to the beginning and ending of each oscillation cycle
when:

t=""n=0123,. (22)
Note that this analysis is excluding any transients that may occur during the test rig startup or stopping.

Extracting the measurements at the zero angular acceleration points yields values at the maximum angular
rate values.



2nm CAw [

My (Z5) = M; (27) = My@max) = Mi(@max) = TST{Cm, (@) + 52 Cmy (@0) + Cmy(@0)]} (23)

w

The minimum angular rate occurs when cos(wt) = —1, corresponding to the mid-cycle crossing point
when:

£ = @n+1)m

n=0123,.. (24)

Extracting the measurements at these zero angular acceleration points yields values at the minimum angular
rate.

Mb ((2n+1)7r) - Mi ((2n+1)n) = Mb (Qmin) - M'(Qmin)

) ’ =S¢ {Cmy (@00) = 5[ Cimyg (@) + Cmy (@0} )

Taking the difference between the measurements at the maximum (eg. 23) and minimum rates (eqg. 25)
yields:

Mp(Gmax) = Mi(Gmax) — Mp(Gmin) + Mi(qmin) = qSC {cAw [C (ao) + Gy (ao)]}

(26)
Gs A
=qSc¢ {C “ [Cmq(ao)]}
Solving for Cp,, (at,) yields:
2l _ Mp (Gmax) =Mi(@max) =Mp(@min) +Mi(Gmin)
Cmq (@) = CAw [ qsc 27)
= Ze [ m(Qmax) m(Qmin)]
Taking the sum of the measurements at the maximum and minimum rates yields:
My (Gmax) — Mi(@max) + Mp(@min) — Mi(@min) = qSE[ZCmO (ao)] (28)
Solving for Cp, (a,) yields:
1(M ( max)_Mi( max)"‘M ( min)_Mi( min) 1
Cmy (@5) = 7 (24 e 2 )Y = 2 [Con(Gmax) + Con(@min)] (29)

The Cp,,(a,) term can be determined in a similar manner by taking the difference of the balance

measurements at the maximum and minimum angular acceleration points. The maximum angular
acceleration occurs when sin(wt) = —1 or:

(4n+3)m
2w

t =

=0,1,23, .. (30)

M, (M) -M; (M) = Mp(Gmax) — Mi(Gmax)

20 20



The minimum angular acceleration occurs when:

t = (4n+1)m

n=0123,.. (32)

My (B2208) — M, (B220) = My (Gmin) = Mi(Gimin)

2w 2w

(33)

TS {Cm, (@) + A G, (@) - G2y’ Cm, @)}

Taking the difference between the measurements at the maximum and minimum angular acceleration
yields:

= N2
M, (Qmax) - Mi(C'Imax) - M, (Qmin) + Mi(‘?min) = —2AqSc [Cma(ao) - (;_(;)) Cmq (ao)] (34)
= —2AqS¢[Cm,,(a,)]
Solving for C,,, () yields:
a2 — __1 Mb(Qmax)_Mi(Qmax)_Mb(Qmin)*'Mi(‘?min)
Cing (@) = 24 [ asc (35)

-1

= 24 [Cm((lmax) - Cm(c.Imin)]

Note that the only required wind-off and wind-on measurements are at the angular rate and acceleration
maximum and minimum points. The other data points in the oscillation cycle are not used.

One of the byproducts of the Specific Point method is the ability to estimate the standard deviation of
the measured dynamic coefficient values using general uncertainty analysis (ref. 22). For each oscillation
cycle there will be a pair of minimum and maximum rate and acceleration measurements. The mean and
standard deviation of these measurements can be computed based on the number of measured oscillation
cycles. These values are used to estimate the standard deviation of the dynamic coefficient values.

Applying the general uncertainty analysis to equation 27 for Cing and assuming the amplitude (A) and
frequency (w) are constants and the standard deviation of the tare values are negligible, yields:

—\ 2 — |2 = \?2
ac. ac ac.
2 mq 2 mgq 2 mq 2
occ— = oy + o + o 36
Cmgq ( av ) 4 (achmax) Cmgmax (acmqmin> Cmqmin ( )
where:
Cy, 1
q__1 _
av CAw ( Mamax Cmqmin) (37)
aCf’Cmq - % (38)
Mqmax caw
OCmg _ V. (39)

0Cm,, . CAw
Amin

10



Therefore:

2 2
2. _[1 _ 2 4 ) [ 2 2 ]
g Cmq - [EAa) (CQOax Cmqmin)] v + (EA(u o CQOax to Cmqmin (40)

or
1

1 2 2
? Cmqmin ]} (41)

— -C
CAw {( Mamax MG min

2
__ 2 2 2
O-Cmq - ) oy + 4 [G CQOax

Characteristics and Limitations of Linear Dynamic Derivative Model

As aircraft have become more maneuverable and have expanded flight envelopes into higher angle of
attack and sideslip regions, the limitations of a linear dynamic derivative model have become more
apparent. This can be illustrated by comparing model and measured data at linear and non-linear angle of
attack regions. Figure 3 shows the idealized linear model hysteresis loop of the dynamic pitching moment
coefficient of equation 9 about a nominal pitch angle (6,), with an oscillation amplitude (A) and positive
values for Crng» C_ma and C_mq Also shown are the maximum and minimum pitch rate and acceleration

points used in the Specific Point method described in the previous section. The magnitude of the C_mq value
determines the vertical thickness of the linear model hysteresis loop and the sign dictates the direction of

the loop (positive is clockwise and negative is counterclockwise). The C,,, term specifies the tilt or slope
of the loop which will be negative for stable aircraft.

ConlGmin)
q=0

Cn’”

(-‘.'n((j.’nm.\') ul
q=0

o — A bo o + A
Pitch Angle

Figure 3 — Linear model hysteresis loop of the dynamic pitching moment coefficient.

Figure 4 shows an example of forced oscillation pitching moment data from a tailless aircraft
configuration as reported in reference 17. The figure includes the static pitching moment measurements
from an angle of attack sweep along with the pitching moment hysteresis loops from 30 cycles of pitch
oscillation at a frequency of 1 Hz and amplitude of 5 degrees. Also shown in the figure are arrows indicating
the direction of the oscillation. The oscillation data at the lower 5-degree nominal pitch angle show good

11



repeatability over the 30 cycles and a similar elliptical shape as the linear dynamic model shown in figure 3.
The oscillation data about the higher 15-degree nominal pitch angle shows less repeatability, indicating
some flow unsteadiness, and does not resemble the elliptical linear dynamic model shape.

0.08 :
Pitch Oscillation, 30 Cycles, A=5° f=1Hz
0.07 ——o—— Static Data
0,=5°
0.06 B, = 15°
005 ——F—TT——T T
Ut 0.04
0.03 /
0.02 :
-
0.01
0

5 0 5 10 15 20 25
0, deg.
Figure 4 — Pitching moment coefficient static and forced-oscillation hysteresis loop data example (Ref. 17).

A statistical measure of how well the forced oscillation data fits the linear dynamic model can be
obtained through the coefficient of determination (R?). In the case of this pitching moment example the
coefficient of determination is computed as:

SS,

R*=1-
SSt

(42)

Where SS,. is the sum of squares of the residual between the measured data and the model and SS7 is the
total sum of squares of the difference between the measured data and the mean of the measured data.

2
S5y = Zi (Cmdatai - Cmmodeli) (43)
—\2
SST = Zi (Cmdatai - Cm) (44)
— 1
Cm = ;Z‘{l Cmdatai (45)

Figure 5 shows a comparison of the dynamic linear model hysteresis loops generated from the
coefficient values obtained from both the Integral and Specific Point methods. Also shown in the figure are
the corresponding coefficient of determination values. The coefficient values from each method are also
listed in table 1. Both methods produce similar coefficient values and a good model fit to the lower pitch
oscillation data (Fig. 5 a).

12
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0.05 ‘
Pitch Oscillation, 30 Cycles, A=5°,f=1Hz

——&—— Static Data
0.04 —_— 90 =5°

— — — — Integral Method

————— Specific Point Method
0.03 Z//@/

o) R*=0.997
R*+=0.996_2
0.02 r—
/
“
0.01
0 0 5 10
0, deg.
(a) Oscillation about 5° nominal pitch angle.
0.08 ] T ‘
Pitch Oscillation, 30 Cycles, A=5°,f=1Hz
007 o Static Data
0,=15°

— — — — Integral Method

006 H — -—-— Specific Point Method

Ut 0.05

0.04

0.03

0.02 10 15 20

(b) Oscillation about 15° nominal pitch angle
Figure 5 — Linear model hysteresis loop comparison from Integral and Specific Point methods.



Table 1 - Linear dynamic model coefficient values from Integral and Specific Point methods.

Method 0o, deg | Amp,deg | f,Hz | Cp, Cn,, Cm, RZ |RZ@ 6,
Integral 55 53 10 0.0262 | 0.1252 | -0.9478 | 0.997 | 0.991
Specific Point | ' ' 0.0264 | 0.1239 | -0.8919 | 0.996 | 0.999
Integral 0.0471 | 0.1001 | -2.8773 | 0.450 | -0.638
Specific Point 15.6 54 10 0.0418 | 0.1119 | -0.9112 | -0.009 | 0.930

At the higher nominal pitch angle (Fig. 5 b) neither method produces a good fit to the data indicating
that the linear dynamic model is not sufficient to capture the dynamics observed over the entire oscillation
cycle. The Integral method resulted in a better R? value, but the Specific Point method matched the data at
the zero pitch acceleration points better. This is an important distinction between the two methods. The
Integral method uses all the cycle data to compute the coefficient values that best fit the measurements. It
therefore only produces relevant dynamic coefficient values when the measured data resemble the elliptical
hysteresis loop of the linear model. The Specific Point method is only using the data at the crossing points
and consequently is less dependent on the measured hysteresis data being elliptical. In other words, the
Specific Point method is not constrained to the linear coefficient model of equation 9 where the coefficient
values are assumed to be constant over the entire oscillation cycle. Another illustration of this is comparing
the coefficient of determination (R?) values of the two methods computed at the nominal pitch angle (6,)
crossing values. For the linear 5° case there is very little difference in the two methods. For the 15° non-
linear case the Specific Point method clearly provides a better match to the observed rate damping at the
nominal pitch angle.

The Specific Point method also has the flexibility to provide different damping derivative (C_mq) values

for positive and negative rates or values that are a function of the rates. Hultberg (ref. 20) concludes: “The
damping data should not be linearized, but merely associated with the actual nondimensionalized body axis
rate. This includes having separate damping values for positive and negative rates. Using this format,
damping characteristics in asymmetric conditions such as nonzero sideslip angles or control deflections can
be accurately measured.” The Specific Point method allows for this modeling flexibility.

Multi-point Method

The Multi-point method is an extension of the Specific Point method. This method is new and has yet
to be applied extensively. The Specific Point method only uses the data at the zero rate (q) and zero
acceleration (g) points to compute the C,, and Cing coefficients, respectively, for the nominal pitch angle

(6,)- The remaining off-peak hysteresis loop data are ignored. The Multi-point method is similar to the
Specific Point method, but it uses the data from all the pitch angles throughout the oscillation cycle. The
Multi-point method applies the linear model of equation 8 at each pitch angle of the oscillation cycle and

computes a Cp,,, and Cing value for that angle rather than a single value for the entire oscillation cycle. As

noted earlier, the linear model assumption used in the Specific Point and Integral methods may not be valid
over an oscillation cycle, particularly if the oscillation amplitude is large enough to include non-linear
regions. However, the linear model assumption can be valid over sufficiently small angular segments of the
oscillation cycle.
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Recall the linear Taylor Series pitching moment coefficient model of equation 6:

ca(t)

eq() c\? .
Cin(@6) = Cimy (@) + Con (@6)A() + L2 Cp (@6) + 52 Con (@0) + () 4(Cimy (@) (6)

Replacing the C,, and Cp,,, terms with Gy, (eq. 10) yields:

C(@0) = g (@) + Cing (@A) + 5 4(6) Tomy (@) + () 4(6) Comy () (46)

\ J J
I I

Static terms Dynamic terms

Note that the first two terms of the above equation represent the static aerodynamic contribution and the

last two are the dynamic components. The Multi-point method applies the above model to any pitch angle
within the oscillation cycle.

At any pitch angle (é)within the oscillation cycle there are a pair of pitching moment coefficient values

corresponding to negative (¢~) and positive (g*) pitch rates as shown in figure 6. The pitch rates are of
equal magnitude and opposite sign. The only exception is at the maximum and minimum pitch values where
the rates are zero.

15

6 =6, + Asin(wt) (47)
;. _1(0-6,
wt = sin (—A ) (48)

q*(6) = Awcos(wib)
= A wcos [sin‘1 (%)] (49)

— 42 - (6-0,)

0 (6) =~ 12— (6 -6, (50)
The corresponding pitch acceleration values are of the same magnitude and sign.
1(60) = —Aw?sin(wf
q(6) sin(w!) (51)
= -w?(0-6,)
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Figure 6 - Pitching moment coefficient hysteresis loop data example from reference 17.

The pitching moment coefficient values at the selected pitch angle (9) can be expressed as:

Cn(8) = Cnpese (0) + 50 (6) Tong (6) + () () iy (6) (52)

If static data are available from either a conventional pitch-pause sweep or from a very slow rate
oscillation (i.e. slow enough that the rate effect is not discernable) then the Cmqvalues can be determined

from the difference between the oscillation and static values at the oscillation end points where the rate
values are zero.

, , _ 2 , ,
Omax =6, +4, ¢ = _szf and Cmq (Gmax) = 71 (%) [Cm(emax) - Cmstatic(emax)]

. - 1 (22 . . (53)
Omin=0,—4, q= sz' and Cmq (gmin) = Z(a) [Cm(emin) - Cmstatic(emin)]

If no static data are available, then the Cmqvalues cannot be determined. However, the Cmq values can

be computed if it is assumed that values are the same for positive and negative rates. This is good
assumption for a symmetric airplane oscillating about the roll or yaw body axes. In the pitch axis this may
not be true. It should be noted however that this is assumed to be true for both the Integral and Specific
Point methods.

If it is assumed that the Cin, value is independent of the sign of the rates, then the value is derived in the
following manner.
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The moment coefficient values at the selected pitch angle (9) with a positive pitch rate can be expressed
as:

_ e ~\2 L ,
C(8) = Cmgage () + 570" (8) Ty (8) + (57) 4(6) Cim, (6) (54)
The negative pitch rate coefficient values are:

P

Cr(0) = e () + £ 07(0) Gy () + () 4(6) G () (55)

The difference between the positive and negative rate coefficient values is:

C(8) = Cn(8) = 35, Cmy (B)[a*(8) — a7 ()] (56)
But ¢*(6) = —q~(6) , so:

= (£) Sl (57)

Note that the maximum and minimum pitch acceleration points (where the rate value goes to zero) are
singularities.

If the static data are available, then the dynamic coefficients are derived as follows.

Substituting the pitch rate and acceleration equations 49 thru 51 into the positive and negative pitch rate
coefficient equations 54 and 55, and subtracting the static values yields:

CA0) = Cmansc (6) = [32.2 = (0= 0| €20 = ()" (0~ 8) G, (0 (50

G 6) = g (0) = |52 a2 - 0= 0, |G, @) - () 0= 0)6n, ) 9
Solving for the C,, , terms yields:

— Cﬁ(é)_cmstatic(é)"'(z_i)z (6-80) Cmil(é)

Gy (6) = 2o [ (60, ©0
v A? —(9—90)
C(8)~Cmyze (O)+(52)” (6-00) G, (6) (61)

Ty (6) = -
mq() %m

The pitch acceleration coefficient (Cmq) values are only known at the oscillation end points (eg. 53).
Therefore, some assumption about the acceleration coefficient values between the end point is required to
solve equations 60 and 61 for the Cmq+ and Cmq_ values. There are two options that will be explored here:
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a) Assume Cing is linear between the endpoint values

Cmq (é) = Cmq (émin) + i [Cmq (émax) - Cmq (émin)] (é - émin) (62)

b) Assume Cing is one endpoint value for positive accelerations and the other endpoint value for
negative accelerations

Cmq(émax) ’ é
Cmq(émin) ’

NV

. 8o
Crm, (6) = 6. (63)

D

Applying these two assumptions to the hysteresis loop data shown in figure 6 yields the dynamic
coefficient values shown in figure 7. There is a clear difference in the C_mq+ and C_mq_ values. However,
the choice of the Cing interpolation method did not have a large effect on those values.

0.5
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o
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6 7 8 9 10 11 12 13 14 15 16
0, deg
Figure 7 - C_mq values computed with different C,,,, assumptions.

o
Q71717

A comparison of the Multi-point method Cing results with those from the Specific Point method are

presented in figures 8 and 9 for the three oscillation datasets presented previously in figures 4 and 6. These
Multi-point results assumed a linear variation of the Cmq values between the oscillation end points, as shown

in figure 10 (a).
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Figure 8 — Multi-point model fit to pitch hysteresis loops.
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Figure 9 — Multi-point pitch damping coefficient comparison with Specific Point values.
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Figure 10 — Multi-point Cmq linear model comparison.

As seen in figure 10 (a), the Cmqend—point values of the three cases don’t align or follow a trend. The

end-point values were derived from equation 53 and are shown as solid symbols in the figure. This is
troubling from a modeling perspective in that the cases overlap in pitch angle and the derived model values
(Cmq, and Cmq) are expected to overlap as well. A possible explanation is that the Cing values follow one

trend line for positive rates and a different value trend for negative rates, as depicted by the black solid and
dashed lines in the figure 10 (b).

Noting that the pitch rate varies throughout the oscillation cycle, the dependence of C—mq on the pitch
rate can be explored at pitch angles where the oscillation loops overlap. For example, the variation in the

Cin, values at 8° pitch angle for the 5° and 10° cases of figure 9 are shown in figure 11. Additional pitch
rate effects can be explored by varying the amplitude and frequency of the oscillations.

0
I 0=8°
-0.5 - - ('m‘/'
. T 5° case
0O Cny
- ‘ (-/”Iv
—4_10° case ¢
L % Gy e
S
@) [ ]
m]
i o
15+
_2’AJ[IA11'IlI Lo o by by by b s
-0.2 -0.15 -0.1 -0.05 0 0.05 0.1 0.15 0.2

qc/2V

Figure 11 — Multi-point C;,,  variation with pitch rate at 8° pitch angle.

This Multi-point method looks promising in that it offers greater modeling flexibility and provides a
better fit to the non-linear hysteresis loops. However, the method has yet to be used extensively and more
experience is required to establish full confidence in this approach.
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Data Processing Practical Considerations

Most forced oscillation tests are unique in some way and must be evaluated accordingly. However, there
are in general some common considerations and potential error sources (refs. 23-25). The following section
will address these areas and provide some best practice suggestions.

Rate Gyro and Position Measurements

The ability to accurately and repeatably reproduce a desired motion (position and rates) with and without
wind loads is fundamental to dynamic wind tunnel testing. Not only does the position of the motion have
to be accurately measured but that measurement needs to be in phase with the balance measurement.
Bergmann, et al. (ref. 26), highlighted several of the important error source considerations for dynamic
testing. One of which are the errors associated with balance and position signals being out of sink or phase
shifted. Bergmann illustrates this with a C—mq measurement example that shows a 2.4% change in coefficient

value for each degree of phase shift between the balance and position measurement.

A principal assumption in the method derivations presented earlier in this report is that the test rig forced
oscillations are sinusoidal, and as a result, the midpoint of the cycle and the zero-acceleration point are
synonymous, and only position information is required. However, in general the test rig motion is not quite
a sinusoid and consequently the midpoint of the cycle and the zero-acceleration point may not be the same.
Additional instrumentation such as rate gyros or accelerometers will be required to determine the minimum,
maximum and zero-acceleration points. The accelerometers or rate gyros signals will likely require some
filtering and as noted earlier, any lags in these measurements must be corrected such that the motion and
balance measurements are in phase.

Filtering and Cutoff Frequencies

The structural dynamics of the test rig as well as the signal noise of the data acquisition system must be
considered with any dynamic forced motion test. The forced motion system must be sufficiently stiff to
avoid the structural dynamics contaminating the balance measurements and yet have the flexibility to
provide the desired motion. This is generally achieved by limiting the degrees-of-freedom and amplitude
of the motion (ref. 27).

A simple ground vibration test of the installed model prior to wind-on testing can provide some insight
into the structural dynamics and signal noise. The extent of filtering and cutoff frequencies necessary can
then be determined. An example of the effect of a low-pass cutoff filter on the balance signal is provided
in reference 16 for a forced oscillation test in the NASA Langley 12-Foot Low-Speed Tunnel and repeated
here as figure 12. The figure shows the Fast Fourier Transform results of a raw and filtered balance signal.
The filter was a digital Butterworth filter with a cut-off frequency four times the 1Hz oscillation frequency.
This 4 Hz low-pass filter clearly diminishes the 8 Hz structural vibration signal. All the data in this example
were sampled at 250 Hz with a 50 Hz analog anti-aliasing filter in the data acquisition loop. The sampling
rate must be higher than twice the maximum frequency of interest to avoid aliasing (ref. 29).
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Figure 12 — Example balance signal noise filtering (Figure 11 of AIAA 2012-4645)

Number of Cycles Required

Forced oscillation testing can be a very time-consuming and costly process depending on the frequency
and rates being tested. Heim and Brandon (refs. 24, 25) introduce a method to base the number of cycles of
data collected on satisfying a set of data accuracy and uncertainty criteria. The common practice was to
collect 40 cycles of data, independent of frequency, amplitude, or model attitude (angle of attack and
sideslip). Heim and Brandon showed that in the steady linear aerodynamic range significantly fewer cycles
could be used and in the unsteady nonlinear range more cycles maybe required. A flowchart of their method
is shown in figure 13. The stopping criterion is based on a 10-cycle moving average of the maximum cycle
to cycle gradient of the standard deviation (g,,). The maximum gradient indicates how much the uncertainty
of the cycle is changing from cycle to cycle. Once the uncertainty stops changing within a given threshold
the run is completed.

| No
- 10-pt. Moving Ave u
R - - B s e =k e o < 5089
Acquire Acquire B.ol].mg of Max. of Gradients &n < 30% of Bal. Acc. Yes
10 \-| another || Standard [ of Rolling Std. Dev., [ or Stop
cycles cycle Deviation - £n = 10% of 1nitial g,,
o For all balance components

Figure 13 - Flowchart of forced oscillation data acquisition termination process. (Figure 12 of reference 25)

Figure 14 shows an example of the cycles required to meet the terminating condition for yaw oscillations
of a fighter model. All the wind-off tares could end after the minimum 11 cycles, as well as the wind-on
oscillations at 10° angle of attack. The 38°, 40°, 50° and 60° angle of attack cases required 38, 37, 48 and
40 cycles, respectively.
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Fighter model, yaw osc., 120 total cycles, g = 1 psf, f= 0.5 Hz, Amp. = +5°
120 ‘

Number of cycles required

10 38 40 50 60
a (deg.)

Figure 14 - Cycles required for fighter model using stopping criteria (Figure 13 of reference 25).

Absent any stopping criteria such as that proposed above, the 40-cycle standard appears sufficient. In
the non-linear and unsteady aerodynamic regions, it is questionable whether the additional cycles required
to acquire a dynamic coefficient value for a linear model that doesn’t replicate aerodynamics well, is truly
warranted.

Summary

The sinusoidal forced oscillation wind tunnel test technique has been used for many years to measure the
dynamic characteristics of both aircraft and spacecraft in the atmosphere. The data processing and analysis
used for this test technique has evolved without much supporting documentation. This report has provided
some historical background into this evolution along with a derivation of the current data reduction methods
and a discussion of their practical application and considerations. This report has described two of the
primary methods used to analyze and process the forced oscillation test data and introduced a third. The
mathematical derivation of each of these methods is included along with their inherent assumptions and
limitations. The report also reviewed some common considerations, limitations and potential error sources
of the test technique and provided some best practice suggestions.
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Appendix
Integration Method Coefficient Equations
Roll Axis Coefficients

The body roll axis forced oscillation coefficient values are:

Force coefficients:
t0+T[

Cay (@0, Bo) = q?f Fpy(®) — Fp ()] dt ,a=AY,N

t0+T[

Cap(@o,Bo) = qSAT — Fppy () — Fp;(0)] sin(wt) dt ,a = A,Y,N

4v t0+T
qSbwAT to

C_ap(ao,[)’(,) = [Fa, () — Fy ()] cos(wt) dt ,a = A,Y,N

Moment coefficients:

C1y (@0, B0) = gpr Ju " [Lop(®) = Li()] dt

Ty 0,B) = Cipsina = ()", = =2 (1L (0) — Li(®)] sinCwt) dt

2v qSbAT
- . 4V to+T
Cr, (a0, Bo) = Cpy + Cipsina = o5 ftoo [Lp(8) — Li(8)] cos(wt) dt

Crmy (@0, Bo) = 5 Jo [My (&) — My(©)] dt

Cong (@01 Bo) = = [ [Mp () — My(©)] sin(wt) dt
Cony (@01 Bo) = g [ [My (8) = My(8)] cos(wt) it

Cro @1 Bo) = ™ [Np (8) = Ni(D)] dt

Cos @0, Bo) = g [T [N () = Ny(©)] sin(wt) dt

t0+T[

C—np(aw )80) == had ftO

GSbh2wAT

N, (t) — N;(t)] cos(wt) dt
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Pitch Oscillation Coefficients

The body pitch axis forced oscillation coefficient values are:

Force coefficients:

t0+T[

Cao(aongo) = qST Fab(t)_Fal(t)] dt,a=A,Y,N

to+T .

Ca, (o, Bo) = T5AT O Fy, (0) = Fy (O] sin(wt) dt ,a = A, Y,N
— w_ e +T
Cay (@0, Bo) = qSCwAT O Fyy (0) = Fy (O] cos(wt) dt ,a =AY, N

Moment coefficients:

C1y (@0, B0) = gpr Ju " [Lo(®) = Li()] dt

Cia (@0, Bo) = oo S TL () = Li(@©)] sin(wi) dt

Gy (@01 Bo) = mmm Jio TLy(8) = Li(®)] cos(wt) dt
Cmy (@01 B0) = g o™ (M (8) = My(0)] it

—_— w2 2 [ to+T .
Crna (@01 B0) = Cmg = (52) Cmy = 5z e My (6) = My(®)] sin(wt) dt

- 1’4 T
Cmq(ao' Bo) = Cmq - Cmd = qSEta)AT fti)o-'- [Mb(t) - Ml(t)] Cos(wt) dt
T
Cro (@0 B0) = =gz [ [Np (8) = Ni(D)] dt

Cra (@00 Bo) = = [ TN, (8) = Ni(®)] sin(wt) dt

Cag (@0, Bo) = g [0 N (1) = Ny(©)] cos(wt) dt
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Yaw Axis Coefficients

The body yaw axis forced oscillation coefficient values are:

Force coefficients:

t0+T[

Cao(aougo) = qST Fab(t)_Fal(t)] dt,a=A,Y,N

to+T .

(ao: ,80) = ‘2_97_[ ° [Fab(t) - Fai(t)] Sln(wt) dt,a=AY,N
— av t +T
Ca, (a0, Bo) = quwAT O Fay (0) = Fpy(®)] cos(wt) dt ,a = A, Y,N

Moment coefficients:

C1y (@0, B0) = gpr Ju " [Lo(®) = Li()] dt

Cip (@0 Bo) = g ot Ly (8) = Li(®)] sin(wt) dt

C (@0 Bo) =z [0 [Lp (©) = Li(©)] cos(wt) dt

GSb2wAT 7t

1
gser

Cmy (@01 B0) = g o™ (M (8) = My(0)] it

Cong (@01 Bo) = == [ [My (£) — My(®)] sin(wt) dt

GSCAT 7t

Con (@0, Bo) = g [0 [Mp(8) = My(©)] cos(wt) dt

t0+T[

Cno (0(0, Bo) =~

quT N, (t) — N; ()] dt

- b2 2 (totT .
Cug (@0, B) = Cngcosa +(57) Cuy = g o™ [Ny (6) = Ny(®)] sin(wt) dt

t0+T[

~ 4V
Cnr(ao' ﬁo) = Cnr - CnB cosa = - ffo

aSb2wAT Ny, (t) — N;(t)] cos(wt) dt
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Specific Point Method Coefficient Equations

Roll Axis Coefficients

1
Cao =35 [Ca (pmax) + Cq (pmin)] ,a=AY,N,Imn (100)
Tuﬁ = ;_: [Ca(zjmax) - Ca(}jmin)] ,a=A4Y,N,,mn (101)
%4
% ~ bAw [CaPmax) = CaPmin)] . a=AY,N,[,m,n (102)

Pitch Axis Coefficients

1
Cao =5 [Ca (Qmax) +C, (Qmin)] , a=AY,N,,mn (103)
Tla = ;_: [Ca(dmax) — Ca(dmin)], @ =AY,N,[,mn (104)
— v
Caq = cAw [Ca(Qmax) - Ca(Qmin)] ,a=AY,NILmn (105)

Yaw Axis Coefficients

1
Ca, = 2 [Ca(Mnax) + Ca(Tmin)l, a =AY, N, mn (106)
Cap = 22 [Calinax) = Calimin)] . @ =AY, N,Lm,n (107)
— v
Car = m [Ca (Tmax) - Ca(rmin)] 1 a= A: Y' N' l' m' n (108)

Specific Point Method Implementation

The following is a step-by-step description of the forced-oscillation data processing for the Specific
Point method.

1) Process the wind-off tare time history data.
The first step in the forced-oscillation data analysis is processing the wind-off tare data. Most of these
wind-off tare processing steps will be replicated for the wind-on data processing.
a. The balance voltage time history measurements are processed into engineering units using the
balance calibration equations. (ref. 28)
b. Itis often desired to delete a set number of time history data points at the beginning and end of the
oscillation to exclude any transients resulting from the start and stop motions. The default number
of points is 100.
c. The average sample time increment is determined from the first and last sample time divided by
one less than the number of data points (n).
At t(nr)l 2(1)
d. The balance and position measurements are passed through a digital low-pass filter to remove
unwanted signal or structural noise. The default low-pass frequency limit is 5Hz. Both the position
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and balance measurements should be passed through the filter so all will have the same filter phase
shift if any.

e. The amplitude of the oscillation is computed from the filtered position signal as half the difference
between the maximum and minimum values.

1
A= E(Gmax - emin)
f.  The nominal position signal is computed as the average of the maximum and minimum values.
1
90 = E(gmax + gmin)
g. A SIN signal is generated from position, amplitude and nominal values.
a(t) -6
sinG) = & )A o)

h. The next step is collecting the balance measurements at maximum and minimum rate points and
the maximum and minimum acceleration points. The maximum rate occurs at the positive slope
zero crossings of the SIN signal. The indices of the SIN signal at or just prior to these zero
crossings can be obtained with the Matlab command:

ixspos = find((SIN(l:end-1).* SIN(2:end) < 0 &...
gradient (SIN(l:end-1)) > 0) | (SIN(l:end-1) == 0 &...
gradient (SIN(l:end-1)) > 0) )

i.  The positive rate crossing times are determined by linear interpolation of the TIME and SIN
signals across the increment segment.
TIME(iygq + 1) — TIME(iyy + 1)

tx+(ixs+) = TIME(ixS+) - SIN(ixs+) SIN(l + 1) _ SIN(l )
xs+ XS+

j- The zero crossings indices corresponding to the minimum rate of the oscillation cycle are obtained
in a similar manner. The of the SIN signal at or just prior to zero crossing with a negative slope
can be found with the Matlab command:

ixsneg = find ((SIN(l:end-1).*SIN(2:end) < 0 &...
gradient (SIN(l:end-1)) < 0) | (SIN(l:end-1) == 0 &...
gradient (SIN(l:end-1)) < 0) )

k. The minimum rate crossing times are determined by linear interpolation of the TIME and SIN
signals similar to step (i).
TIME(iys_ + 1) — TIME(iys_ + 1)
ty_(iys—) = TIME(iys_) — SIN(iys_
X (lxs ) (lxs ) ("XS ) SIN(iXS_ + 1) _ SIN(lXS_)
I.  The positive rate crossing times are used to compute the average period and frequency.

try(nxy) =t (1)

tyeriod =
period nx, — 1
where nx, is the number of positive rate crossing points.
f=
tperiod

m. A COS signal is created to extract the maximum and minimum acceleration points.
i. Create radians values for each positive rate crossing time.
e () =2n(—-1) ,i=123,.. nx,
ii. Linear interpolate a radians value r(t) for each TIME value using the crossing time
t.. (i) and corresponding radians values 7, (i).
iii. Compute a COS signal from the interpolated radians values.
COS(t) = cos(r(t))
n. Find the positive and negative rate crossing indices and times of the COS signal in the same
manner as steps (h) thru (k). These values correspond to the minimum and maximum acceleration
crossing values, respectively.
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0.

p.
q.

ixcpos = find ((COS(l:end-1).*COS(2:end) < 0 &...
gradient (COS(l:end-1)) > 0) | (COS(l:end-1) == 0 &...
gradient (COS(l:end-1)) > 0) )

ixcneg = find ((COS(l:end-1).*COS(2:end) < 0 &...
gradient (COS(l:end-1)) < 0) | (COS(l:end-1) == 0 &...
gradient (COS(l:end-1)) < 0) )

Linearly interpolate the balance time history values at the minimum and maximum rate and
acceleration crossing times.

Compute the mean and standard deviation of the balance crossing values.

Store the crossing values as well as their mean and standard deviation values.

2) Process the wind-on time history data and compute dynamic derivatives.

@mooooTw

Repeat steps (1a) thru (1g) with the wind-on time history data.

Subtract the mean crossing values of the tare from the wind-on values for each balance signal.
Non-dimensionalize these balance deltas into coefficient form.

Non-dimensionalize these balance crossing standard deviations into coefficient form.
Compute the dynamic derivative values. (egs 27, 29 and 35).

Compute the dynamic derivative standard deviation values (eg. 41).

Store the dynamic derivatives and their standard deviation values





