Logical shadow tomography: Efficient estimation of error-mitigated observables

Hong-Ye Hu,»»23 * Ryan LaRose,? * Yi-Zhuang You,! Eleanor Rieffel,? and Zhihui Wang? 3

! Department of Physics, University of California San Diego, La Jolla, CA 92093, USA
2 Quantum Artificial Intelligence Laboratory (QuAlIL),
NASA Ames Research Center, Moffett Field, CA, 94085, USA
3USRA Research Institute for Advanced Computer Science (RIACS), Mountain View, CA, 94043, USA
4 Department of Computational Mathematics, Science, and Engineering, Michigan State University

We introduce a technique to estimate error-mitigated expectation values on noisy quantum com-
puters. Our technique performs shadow tomography on a logical state to produce a memory-efficient
classical reconstruction of the noisy density matrix. Using efficient classical post-processing, one can
mitigate errors by projecting into the codespace as in subspace expansion and taking powers of the

density matrix as in virtual distillation. Relative to subspace expansion which requires €2 (2("_1>k)

samples to estimate a Pauli observable with an [[n, k]] stabilizer code, our technique requires only
O (2’“) samples. Relative to virtual distillation, our technique can compute powers of the den-
sity matrix without implementing additional copies of quantum states the quantum computer. We
present numerical results using logical states encoded with up to sixty physical qubits and show fast
convergence to error-free expectation values with only 10° samples under 1% depolarizing noise.

I. INTRODUCTION

Recent advances in experimental quantum information
processing have enabled complex simulations of interest-
ing physical systems [1-4]. A common and crucial ele-
ment of each experiment is mitigating the effect of er-
rors, a task which is generally referred to as quantum
error mitigation (QEM) [5].

A relatively large number of QEM techniques have
been proposed in recent literature [6—10]. Some au-
thors have defined common frameworks which encapsu-
late one or more of these techniques [11, 12]. At its core,
any QEM technique uses additional quantum resources
(qubits, gates, and/or samples) in a clever way to ap-
proximate what would happen in an ideal device.

In this work we present a conceptually simple and prac-
tical QEM technique. The only step which happens on
a quantum computer is repeatedly sampling from an en-
coded state to perform shadow tomography [13, 14]. Af-
ter this, one can use classical post-processing to project
out errors as in subspace expansion [8] and calculate pow-
ers of the density matrix as in virtual distillation [10]. In
addition to enabling both of these methods, out tech-
nique requires significantly fewer resources and can be
practical for relatively large systems.

II. LOGICAL SHADOW TOMOGRAPHY
A. Setup

We wish to estimate the expectation value of an ob-
servable I' with respect to a pure state [¢):

(T) == (@IT]¢) = Tr[ly) (PT]. (1)
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If we use a quantum computer, the resulting state is noisy
and we instead evaluate

(Dhnoisy = Tr[E([¥) (YT (2)

where £ is an unknown quantum channel which depends
on the quantum computer being used. The goal of quan-
tum error mitigation is to compute a quantity (I')qrwm
such that

(D) qem — ()] < [(D)noisy — (D) - 3)

B. Procedure

Let us now introduce our technique which we will refer
to as logical shadow tomography (LST). LST consists of
the following steps' (see Fig. 1 for a graphical overview):

1. Given a k-qubit state |¢)) and an [[n, k,d]] stabi-
lizer code & = (S, ..., Sp—k), construct an n-qubit
circuit that prepares the logical state p = [1)(¢)].

2. Append a randomly sampled unitary U from uni-
tary ensemble &y to the logical state preparation
circuit and measure all qubits in the computational
basis to obtain a bitstring b € {0,1}". Store U and

b.
3. Repeat step 2 N times to obtain Uy,...,Uy and
bi,...,bN.

One then uses a classical computer to form the classical
shadow of £(p)

SER), N) = {pi = M (Ul )0l ) @)

1=

1 Steps 2 and 3 can be aptly summarized by “perform shadow
tomography [14] on the logical state,” whence logical shadow
tomography. We explain these steps in detail for completeness.
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FIG. 1. Schematic workflow of the main steps of logical shadow tomography (LST). (a) Given an n-qubit circuit preparing
the state |¢), an [[n, k, d]] stabilizer code is used to construct a k-qubit circuit that prepares the logical state |¢). (b) For a
unitary ensemble U and an integer N, an element U, is randomly sampled from U and appended to the circuit. All qubits are
measured in the computational basis to get a bitstring b; € {0, 1}’“, This process is repeated N times to form the classical

N

shadow S(E(p), N) := {ﬁl =M1 (Uﬂbi><b,‘|Ui)} . The map M™" is determined by U, for example M~'(A) = 2"A — T
=1

if U is a n-qubit global Clifford ensemble. The channel £ characterizes the noisy quantum computer from which samples are

drawn. (c) Classical postprocessing is used to estimate two quantities from the shadow S(£(p), N); the final LST output is the

ratio of the two. The projector II is defined by the chosen stabilizer code, f is an arbitrary function, and I" is the observable
we wish to compute the expectation value of decomposed in the Pauli basis.

where the map M~! depends on the unitary ensemble /.
There are a few proposals for the random unitary ensem-
bles, for example using random Clifford circuits and using Tr[Pf(p)P'T] <+ median {ﬂ[ﬁ(l)PF], ey Tr[ﬁ(K)PF]} )
chaotic dynamics[HYH:ref]. In our paper, with out loss (8)
of generality, we will consider random unitary ensemble
consisting of Clifford gates.

...TBC...

for example M~1(A) = (2" +1)A—T if U is an n-qubit
Clifford ensemble and M~1(A) = A if U is an ensemble
of n-fold tensor products of single-qubit Cliffords [14].
In either case, note that each U] |b;) is a stabilizer state
and so the classical shadow can be stored efficiently in
classical memory. The final output of LST is an estimate
of the quantity

5. Estimate the numerator of (5) via

6. Estimate the denominator of (5) via

Te[Pf(p)P'] + median {Tr[p(1) P, ..., Tr[p) P} . (9)

7. Output the ratio Tr[Pf(p)PTT]/ Tx[Pf(p) PT].

C. Analysis

Tr [Hf(é’(ﬁ))HTF} 5) 1. Error mitigation capability
Tr [ILf(£(p))I1T]

where f is an arbitrary matrix function, for example
f(E(p)) = &(p)?, and II is the projection onto the

(Drst =

Let S be the stabilizer code used in LST. For any cor-
rectable error F, there exists a stabilizer generator S such
that SE = —ES and so

codespace
nk HE)) o< (I +S)E[Y) = |) —[¢) =0.  (10)
=[] +5:)/2 (6)
i=1 Analogously, if no error has occurred then [¢) is a code-

The LST output (5) is computed via a median of means word and

estimate as in [14]. For simplicity we present linear case

f(E(p)) = E(p). The steps are as follows: M) = [4)- (11)

4. Split the shadow (4) into K equally-sized parts and

set
1 kEN/K
ﬁ(k)zm Z pi (7)
i=kN/K+1

where for simplicity we assumed N/K is integral.

Thus the projector II discards results in which cor-
rectable errors have occurred [8]. The set of correctable
errors is determined by the chosen code.

Suppose now that the noisy state £(p) has spectral
decomposition

E(p) = polto) (ol + pilin) (1] + -+ - + paltbn) (Yul (12)



where [thg) = |¢) is the noiseless state, pg > -+ > pp,
and (1;|¥;) = d;;. In this case, for any observable O and
positive integer m we have [10, 11]

Tr[E(p)™ O] _ i (¥olOltbo) + 32, pi" (¥l Ol¢s)
Tr[E(p)™] pg + 22
= (Y|O1Y) [1 4 O([p1/po]™)] - (14)

Thus, computing the expectation value with the mth
power of the state suppresses errors exponentially in m, a
phenomenon which can also be interpreted as artificially
cooling the system [15]. Here we allow for an arbitrary
function f acting on the noisy state via its Taylor expan-
sion

(13)

flz) =aox+ -+ ama™ (15)

Including sums of powers up to m (instead of just the
highest power m) was shown to improve results of nu-
merical experiments in [11].

2. Quantum resources

LST requires additional qubits and gates to encode the
logical state, the exact number of which depends on the
chosen code. Independent of the code, an element from
a unitary ensemble U/ is appended to the logical circuit
before measuring all qubits in the computational basis.
If U is chosen to be a tensor-product Pauli ensemble,
the added circuit depth is O(1)[14]. If U is chosen to
be a global Clifford ensemble, the added circuit depth is
O(n) [16].

The other quantum resource is measurements to pro-
duce samples (bitstrings). From the result of classical
shadow tomography [14], we have the following theorem
which dictates the sample complexity of LST.

Theorem 1 Let p be a quantum state and (O) := Tr[pO]
be the expectation value we wish to estimate. Then, clas-
sical shadow tomography can produce an estimate (O)
such that

Pr(|(0) - (0)| 2 6) < (16)

using O(4/€5?) independent copies of p.

The result (16) applies to the numerator (O = PITP)
and denominator (O = P!P) of the LST estimate (5)
separately. We emphasize that the number of samples
does not depend on the number of qubits and so does
not depend on the chosen [[n, k,d]] code.

8. Classical resources

After sampling, we have the classical shadow (4) con-
sisting of N stabilizer states, the observable I'; and the
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FIG. 2. LST with the [[5,1,3]] code. Here, |¢) is taken to
be the ground state of the code and the observable is taken
to be T' = |[¢)(¢)|. The dashed black line shows the physical
infidelity, i.e., the noisy expectation value. The green points
show the LST estimate (5) with f(£(p)) = £(p) and the blue
points show the LST estimate with f(£(p)) = £(p)?. Solid
lines show the corresponding analytic values, i.e., the values
computed exactly without sampling.

projector II. We need to estimate the numerator and
denominator of (5), both of which can be written

Tr[f(£(p))O] (17)

where O = TI'll for the numerator and O = II for the
denominator.

Let m be the highest degree of the Taylor expansion of
f. Asin [], we can evaluate the expectation of this term
via

ETr[p;, @ -+ ® pi,, SO (18)

where S is a permutation of the indices i1, ..., i,,. A single
snapshot p; requires O(2n) classical memory to store, so
the argument inside the trace in (18) requires O((2n)™)
classical memory. Evaluating the expectation requires m
summations over N snapshots and so has time O(N™).

III. NUMERICAL RESULTS

In Sec. IIC1 we discussed the error mitigation capa-
bilities of LST. We now show two numerical experiments
to demonstrate the performance in practice.

In both experiments we consider a single-qubit state
|t)) and take T' = |¢)(¢)| as the observable, i.e., we es-
timate the overlap of the LST estimate with the true
noiseless state.

A. Pseudo-threshold with the [[5,1, 3]] code

We first consider a single-qubit depolarizing noise
model for various noise strengths 0 < p < 1/2 and per-
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FIG. 3. LST estimated fidelity vs. number of samples ranging
from 102 - 10° with various code sizes. The noiseless fidelity
value of 1.0 is shown with the dashed black line. For all
code sizes up to n = 60 physical qubits, the LST estimate
converges to the true noiseless value. Codes used are the
minimum distance constructions from [].

form LST using the [[5,1, 3]] code
S=(XZZXI,IXZZX,XIXZZ, ZXIXZ). (19)

We evaluate (5) with f(x) = x and f(x) = x2. The
results are shown in Fig. 2. Here, the dashed black
line shows the infidelity without any error mitigation
(the “physical” curve), and the solid colored lines/points
show the infidelity using LST. We see that the LST esti-
mates have lower infidelity than the physical curve, show-
ing that errors are indeed being mitigated. LST with
f(z) = 2? outperforms LST with f(x) =  showing that
the combination of projecting into the codespace and vir-
tually cooling the system outperforms only projecting
into the codespace. We expect higher powers f(z) = 2™
with m > 2 to mitigate errors even further as in [10]. In
both cases, the LST estimates evaluated by sampling are
shown with points, and the solid colored lines show the
exact (“analytic”) value without sampling.

B. Convergence vs. code size

We now consider [[n, 1, d]] codes and vary the number
of physical qubits ranges from n = 10 to n = 60. The
LST estimated fidelity (using f(x) = x for all code sizes)
vs. number of samples is shown in Fig. 3. Using a rel-
atively small number of samples (at most 10°), all LST
values converge to the noiseless fidelity. Note that the di-
rect implementation of subspace expansion with the full
projection IT as used here would require at least 259 sam-

ples, a number infeasible to implement in any practical
experiment.

IV. DISCUSSION

We have presented a procedure for estimating error-
mitigated observables on noisy quantum computers. Our
procedure is flexible enough to be performed on virtually
any quantum computer: the only additional quantum re-
sources needed are qubits and gates for encoding the log-
ical state. After sampling from the logical state, a clas-
sical computer processes the obtained classical shadow
to return the error-mitigated expectation value. This
classical processing is efficient in the complexity-theoretic
sense. Further, it can be easily parallelized for practical
efficiency in real-world experiments.

With respect to error mitigation, our procedure pro-
vides an experimentally simple procedure to carry out
proposed error mitigation techniques at scale. In par-
ticular, we have demonstrated subspace expansion with
up to n = 60 physical qubits encoding a single logical
qubit, i.e., a stabilizer group with 2°° elements, an ex-
periment which would be practically infeasible with the
direct or stochastic sampling schemes of [8, 11]. We have
also demonstrated virtual distillation [10] without expen-
sive swap operations to compute powers of the density
matrix. Rather, our procedure uses the same quantum
circuit to evaluate the error-mitigated expectation with
any function f(€(p)) of the noisy state; the only differ-
ence is in classical postprocessing. Further, beyond mak-
ing both of these techniques significantly more practical
to implement, our procedure enables them to be com-
posed with one another. We have shown numerically the
composition of both techniques results in further reduc-
tion of errors.

Our procedure can also be seen as an application of
shadow tomography [14]. Beyond the multiple applica-
tions presented in the original work, additional applica-
tions have emerged in recent literature, for example per-
forming process tomography [17]. This work constitutes
another application, namely error mitigation.

We are optimistic our procedure will be useful on cur-
rent and near-term quantum computers for a large vari-
ety of experiments on relatively large systems. We plan
to investigate this in future work.
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Appendix A: Details on shadow tomography and proof of results

1. Mean and variance of a ratio of two random variables

Consider random variables P and @ and let G = g(P, Q) = P/Q. In general, there is no close form expression for
E[G(P,Q)], and Var[G(P,Q)]. Here, we find approximations for the mean and variance using Taylor expansions of

9(P, Q).

The approximation for the mean value is

Elg(P, Q)] = E[g(ur, 1) + gp(1p, Q) (P — pp) + 9o (1p, 1Q)(Q — @) + R
~ Elg(up, 1Q)] + gp(1p, 1Q)E[(P — pp)] + 9o (1p, 1Q)E[(Q — 11q))] (A1)
=g(np, 1q),
where R is the higher order reminders of the Taylor expansion. For keeping the Taylor expansion to the first order,
we ignore higher order reminders.

For the variance, we have

Var[g(P,Q)] = E {[g(P,Q) — E(9(P,Q))]*}
~ E{ 9(P,Q) — g(up, 1o)*}
~E{ gp(up,uQ)(P 1p) + 96 (1np, 1Q)(Q — 1)1}
= g (np, @) Var(P) + g5 (np, nq) Var(Q) + 29 (1p, 1Q) 9o (1p, 1o) Cov(P, Q).

For our case, g(P, Q) = P/Q, therefore gl (jip, 1) = 1/1q; g (ip 1) = —pup /i, and

Var(P) Var(Q) Cov(P,Q)
Var(PIQ) = (427 | S+ = -2 (43)

2. Proof of sample complexities

Suppose we want to predict a linear properties of the underlying quantum state,

o = Tr(pO). (A4)



We simply replace the unknown quantum state p with the classical shadows p = M~1(5). This yield a stochastic
number 6 = Tr(pO), and it will converge to correct answer with sufficient amount of classical shadows,

E6 = Tr(pO). (A5)

In practice, the expectation E¢; is replaced by a sample mean estimator, 0ays = ﬁ Zf\il 0; = ﬁ Zﬁl Tr(Op;). Based
on Chebyshev’s inequality, the probability of the estimation 0,y to deviate from its expectation value o is bounded
by its variance Var(oayg) as Pr(|oavg — 0| > &) < Var(oag)/62. To control the deviation within a desired statistial
accuracy €, we require Var(oayg)/d% = Var(6)/(M§?) < €, where M is the number of classical shadows. In other
words, the number of experiments needed to achieve the statistical error € is given by

M > Var(6)/e5?. (A6)

Therefore, the sample complexity is directly related to the variance of single-shot estimation Var(6). We can further
bound the variance by

Var(6) = E[6*] — E[0]* < E[6?]

= Evu {Z} (UaTT B BUM ™ (O)UT|B)* (A7)
be{0,1}»

< ||O|‘§hadow’

where the shadow norm of an observable is defined as

1/2
10llshadow = max | Evnee Y BUTT ) BIUM T (O)UT|p)?
' be{0,1}n
1/2 (AS)
= max | Eyy > Te(aUT o) (b|U (b[UMH(O)UT[B)?)
o:state be{o’l}n
= max (TroVy[O])Y?,

o:state

where we define a new operator Vy[O] = Eyyy S UT|D)(|U (BJUM~1(O)UT|b)? that depends both on the unitary
be{0,1}n
ensemble U and observable O. If the unitary ensemble U satisfies unitary 3-design, it can be simplified as

VulO] =Ey~yy Y, UTD)0IUGIUM(0)UT|b)?
be{0,1}»

= Z ZWg[aTﬁlgo]A[U]B[T]a

be{0,1}n0o,7ES3

(A9)

where o, 7 are permutations from permutation group S3, Wg|g] is the Weingarten function of the permutation group
element g, go = (2,3) is a fixed permutation to match the tensor network connection, and A[o], B[r] are defined as:

F T T T T
< wlor o BY®L D)0 D)

:
1 il

In the following, we will mainly focus on the analysis of V3([O] operator and ||O||%,, 4., With respect to different
unitary ensembles U.

3. Sample complexity of single logical qubit

Suppose a logical qubit is encoded using a [n, k, ] stabilizer code, and P =[] €S 114591- is the projection associated

with the code. We choose the unitary ensemble used in shadow tomography to be & ~ C£(2"), which we dub the




global Clifford ensemble for logical qubits. The reconstruction channel of this ensemble is well-known,
MTHA = (2" + 1)A — Tr(A)1L. (A11)
To get the corrected expectation of some observable O:

_ Tr(PpPO)  Tr(pPO)

(0= Tr(PpP)  Tr(pP)’ (Al2)

we need to estimate Tr(pPO) and Tr(pP) accurately. In other words, we need to use classical shadows to predict
observable PO and P.

For projection operator P, M~1(P) = (d+ 1)P — 21, where d = 2" is the Hilbert space dimension associated with
one logical qubit. We can calculate Eq. (A9) for the projection operator and get

2d — 2
Vi Pl = P+1). Al13
cuwPl = g (P+ 1) (A13)
Therefore, the associated shadow norm is
2d — 2 2d — 2
1P/ Buon = max 2 TH(P) + 25— Tr(o) <4 (A14)

If O is a pure state fidelity operator, i.e. O = p' = |[¢){¢|, we have PO = O = p/, Tr(PO) = Tr(p’) = 1, and
M™L(PO) = (d+1)p’ — 1. With these, we can calculate

d
Veuay o' = a2 (20" +1). (A15)

Therefore, the shadow norm for fidelity operator is

d
Hp/”Shadow = HanX d+2 (2 Tr(p’a) + ’I‘I(O‘)) < 3. (A16)

If O is a non-trivial Pauli operator for the logical qubit, then Tr(PO) = 0, M~1(PO) = (d + 1) PO, and

2d +2
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