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This paper develops and evaluate a technique to estimate the speed and unknown load torque
of a permanent magnet synchronous motor (PMSM). An interval unknown input observer
(UIO) for linear time-invariant (LTI) systems is designed and utilized to estimate the PMSM
parameters. Interval UIOs are advantageous as they allow for the estimation of both states
and unknown inputs, while accounting for varying uncertainty sources, such as model and
measurement uncertainties inherent in dynamic systems and processes. First, the nonlinear
PMSM model is linearized to transform it to a suitable form for application of the linear interval
UIO. Then, the interval UIO is applied to jointly estimate the motor speed and the unknown
load torque disturbance. Assuming that the measurement noise and disturbances are bounded,
lower and upper bounds are first computed for the unmeasured state (motor speed) and then for
the unknown input (load torque). The proposed approach and its limitations are demonstrated
for the nonlinear PMSM model derived from its equivalent electrical circuit.

I. Introduction
Emerging Urban Air Mobility (UAM) operations are expected to revolutionize transportation in moderate to densely

populated urban areas by providing an air transportation system that can safely, efficiently, and autonomously move
people and cargo 1, 2. These operations, in rural and urban metropolitan regions, will vary from aerial medical services
for patients and/or medical supplies, large package delivery, and personal taxi services using a variety of autonomous
aircraft types.

With this widespread interest stemming from the vast potential of UAM vehicles and operations, electric propulsion
powered aircraft are under investigation as their vertical takeoff and landing capabilities can enable UAM operations in
constrained spaces. Furthermore, electric propulsion systems provide the added benefits of reduced noise and pollution
levels associated with the usage of jet fuel required for conventional fixed-wing aircraft 3. On the other hand, the
propulsion systems of electric aircraft have significantly reduced energy capabilities in comparison to their jet fuel
counterparts, thus limiting their range and endurance. This will pose a unique set of safety challenges that necessitate
accurate characterization of UAM propulsion systems to enable prediction and mitigation of hazards that could arise
from their use.

With the goal of diagnosing, predicting, and mitigating risks to safe UAM operations by first developing accurate
models that represent critical UAM components, this paper investigates a technique to estimate the parameters of the
permanent magnet synchronous motor (PMSM), an electric motor with significant potential for use in UAM vehicle
design. The PMSM is gaining interest in the UAM industry because it has high efficiency and high power density while
remaining a relatively small motor with reduced noise levels 4, 5.

The implementation of a diagnostic technique that can enable fault detection, identification, and isolation, can be
achieved using the speed and load torque of the PMSM. However, mechanical sensors that can provide these necessary
parameters may not always be included in the design by the original equipment manufacturer (OEM). Thus, estimating
the speed and load torque of the PMSM reduces reliance on these sensors and enables the overall diagnostics of the
electric power train that depends on electro-mechanical components including the motor and battery.

Although there are varying techniques of motor speed and load torque estimation, this work utilizes an observer-based
approach that can handle parameter uncertainties in the motor model to improve accuracy and provide robustness.
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Specifically, the interval Unknown Input Observer (UIO) technique for linear time-invariant (LTI) systems is chosen for
its capability to estimate both state and unknown inputs in the presence of disturbances that cannot be measured.

This paper is organized as follows. First we give an overview of the PMSM in Section II along with its nonlinear
and linearized equations. This is followed by a description of the interval UIO design in Section III. Then, we describe
the application of the interval UIO to the estimation of the PMSM speed and load torque disturbance in IV, after which
we give a discussion and analysis of results. Finally, a conclusion and guide to future work is presented in Section V.

II. Permanent Magnet Synchronous Motor Model
In this section, the nonlinear equations of the PMSM model are described in two reference frames - the three-phase

𝑎𝑏𝑐 frame and a simplified, two-phase synchronous reference frame called the 𝑑 − 𝑞 frame. This is followed by the
linear equations utilized in the UIO design.

A. Nonlinear PMSM motor equations
The PMSM model, derived from its equivalent circuit model, has been widely studied and used in the literature [6].

It has been established under the following assumptions:
• Stator windings are symmetrical, three-phase.
• Rotors have non-salient poles with surface-mounted magnets.
• Saturation and hysteresis losses in the magnetic circuit, as well as eddy currents in the armature are neglected.
• The induced electromagnetic force (EMF) is sinusoidal.

1. Electrical equation
Under the defined assumptions, the voltage equation of the PMSM in the 𝑎𝑏𝑐 reference frame is given by:

v𝑎𝑏𝑐 =


𝑅𝑠 0 0
0 𝑅𝑠 0
0 0 𝑅𝑠

 i𝑎𝑏𝑐 +
𝑑𝝀𝑎𝑏𝑐

𝑑𝑡
(1)

where v𝑎𝑏𝑐 , i𝑎𝑏𝑐 and 𝝀𝑎𝑏𝑐 are the voltage, current and flux linkage vectors of the three phases, respectively, and 𝑅𝑠

is the phase resistance.
The flux linkage vector is expressed as

𝝀𝑎𝑏𝑐 =


𝐿𝑠 𝑀 𝑀

𝑀 𝐿𝑠 𝑀

𝑀 𝑀 𝐿𝑠

 i𝑎𝑏𝑐 + 𝜆𝑀


cos(𝜃𝑟 )

cos(𝜃𝑟 − 2𝜋
3 )

cos(𝜃𝑟 + 2𝜋
3 )

 (2)

where 𝐿𝑠 is the phase self inductance, 𝑀 is the mutual inductance, 𝜆𝑀 is the peak strength of the flux linkage due to the
magnets, and 𝜃𝑟 is the electrical position of the rotor. This electrical position is defined by the angle between the rotor
flux and the stator phase 𝑎. It is a function of the rotor mechanical angle 𝜃𝑚, and can be expressed as 𝜃𝑟 = 𝑛𝑝𝜃𝑚, where
𝑛𝑝 is the number of poles.

After substituting Eq. 2 into Eq. 1, the electrical equation of the PMSM in the 𝑎𝑏𝑐 frame becomes

v𝑎𝑏𝑐 =


𝑅𝑠 0 0
0 𝑅𝑠 0
0 0 𝑅𝑠

 i𝑎𝑏𝑐 +

𝐿𝑠 𝑀 𝑀

𝑀 𝐿𝑠 𝑀

𝑀 𝑀 𝐿𝑠


𝑑i𝑎𝑏𝑐
𝑑𝑡

− 𝜆𝑀𝜔𝑟


sin(𝜃𝑟 )

sin(𝜃𝑟 − 2𝜋
3 )

sin(𝜃𝑟 + 2𝜋
3 )

 (3)

where 𝜔𝑟 is the electrical angular velocity of the PMSM (𝜔𝑟 = 𝑛𝑝𝜔𝑚).

2. Mechanical equation
A complete description of the PMSM behavior that depends on the rotor position and angular speed, requires that

the mechanical equation of the PMSM, derived from Newton’s second law, is included in the model:

𝑑𝜔𝑟

𝑑𝑡
=
𝑛𝑝

𝐽
(𝑇𝑒 − 𝑇𝑙 − 𝐵 𝑓 𝜔𝑟 ) (4)
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where 𝑛𝑝 is the number of pole pairs, 𝐽 is the inertia of the rotor, 𝐵 𝑓 is the viscous friction coefficient, 𝑇𝑒 is the
electromagnetic torque, and 𝑇𝑙 is the load torque of the motor.

The electromagnetic torque 𝑇𝑒 is given by

𝑇𝑒 = −𝑛𝑝i>𝑎𝑏𝑐𝜆𝑀𝜔𝑟


sin(𝜃𝑟 )

sin(𝜃𝑟 − 2𝜋
3 )

sin(𝜃𝑟 + 2𝜋
3 )

 (5)

3. PMSM equations in 𝑑 − 𝑞 frame
The previous equations describing the PMSM behavior in the 𝑎𝑏𝑐 stationary frame attached to the stator depend on

the rotor position 𝜃𝑟 . To remove this dependency and thus simplify the equations, the Park transform is used to obtain a
set of equations in the 𝑑 − 𝑞 rotating frame attached to the rotor, where the voltage, current and flux vectors have two
DC components instead of three AC components [7].

The Park transform to convert from the three-axis stationary frame 𝑎𝑏𝑐 to the rotating frame 𝑑 − 𝑞 and inversely,
can be written as

f𝑑𝑞 = 𝑃𝑎𝑏𝑐→𝑑𝑞f𝑎𝑏𝑐
f𝑎𝑏𝑐 = 𝑃𝑑𝑞→𝑎𝑏𝑐f𝑑𝑞

where f𝑑𝑞 and f𝑎𝑏𝑐 describe the PMSM equations in the 𝑑 − 𝑞 and 𝑎𝑏𝑐 frames, respectively. The Park transform
matrices are given by

𝑃𝑎𝑏𝑐→𝑑𝑞 =

[
cos(𝜃𝑒) sin(𝜃𝑒)
− sin(𝜃𝑒) cos(𝜃𝑒)

]
and 𝑃𝑑𝑞→𝑎𝑏𝑐 =

[
cos(𝜃𝑒) − sin(𝜃𝑒)
sin(𝜃𝑒) cos(𝜃𝑒)

]
(6)

After applying the Park transform to the variables in the 𝑎𝑏𝑐 frame, the following equations of the PMSM in the
𝑑 − 𝑞 frame are obtained:

𝑣𝑑 = 𝑅𝑠𝑖𝑑 − 𝐿𝑞𝑖𝑞𝜔𝑟 + 𝐿𝑑

𝑑𝑖𝑑

𝑑𝑡
(7)

𝑣𝑞 = 𝐿𝑑𝜔𝑟 𝑖𝑑 + 𝑅𝑠𝑖𝑞 + 𝐿𝑞
𝑑𝑖𝑞

𝑑𝑡
+ 𝜆𝑀𝜔𝑟 (8)

𝑇𝑒 =
3
2
𝑛𝑝𝜆𝑀 𝑖𝑞 (9)

𝑑𝜔𝑟

𝑑𝑡
=
𝑛𝑝

𝐽
(𝑇𝑒 − 𝑇𝑙 − 𝐵 𝑓 𝜔𝑟 ) (10)

where 𝑣𝑑 ,𝑣𝑞 and 𝑖𝑑 , 𝑖𝑞 are the voltage and current components, respectively, in the 𝑑 − 𝑞 axis, and 𝐿𝑑 ,𝐿𝑞 are the direct
and quadrature inductances, respectively. Note that for a surface-mounted PMSM, the synchronous inductances, 𝐿𝑑

and 𝐿𝑞 , are equal since the permanent magnets are mounted on the surface, causing equal reluctance in every position.
Thus, 𝐿𝑑 = 𝐿𝑞 = 𝐿𝑠 [8], where 𝐿𝑠 is simply the synchronous inductance of the surface-mounted PMSM.

By denoting the state vector by x = [𝑖𝑑 𝑖𝑞 𝜔𝑟 ]𝑇 , the input vector by u = [𝑣𝑑 𝑣𝑞]𝑇 , and the unknown load torque
by 𝑑 = 𝑇𝐿 , the state-space representation of the non-linear PMSM in the 𝑑 − 𝑞 frame is

¤x = 𝑓 (x, u) + 𝐷𝑑 (11)

with

𝑓 (x, u) =


−𝑅𝑠

𝐿𝑠
𝑖𝑑 + 𝑖𝑞𝜔𝑟 + 1

𝐿𝑠
𝑣𝑑

−𝜔𝑟 𝑖𝑑 − 𝑅𝑠

𝐿𝑠
𝑖𝑞 − 𝜆𝑀

𝐿𝑠
𝜔𝑟 + 1

𝐿𝑠
𝑣𝑞

3𝑛2
𝑝

2𝐽 𝜆𝑀 𝑖𝑞 − 𝐵 𝑓

𝐽
𝜔𝑟

 and 𝐷 =


0
0
𝑛𝑝

𝐽

 (12)
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B. Linearization of the PMSM model
To apply a linear interval UIO to estimate the PMSM speed and unknown load torque, the Jacobian linearization of

the non-linear PMSM model in Eq. (11) around an operating point x0 = [𝑖𝑑0 𝑖𝑞0 𝜔𝑟0 ] is used:

Δ¤x =


−𝑅𝑠

𝐿𝑠
𝜔𝑟0 𝑖𝑞0

−𝜔𝑟0 −𝑅𝑠

𝐿𝑠
−𝜆𝑀

𝐿𝑠
− 𝑖𝑑0

0 3𝑛2
𝑝

2𝐽 𝜆𝑀 − 𝐵 𝑓

𝐽

︸                                 ︷︷                                 ︸
𝐴𝐽

Δx +


1
𝐿𝑠

0
0 1

𝐿𝑠

0 0

︸      ︷︷      ︸
𝐵𝐽

Δu −


0
0
𝑛𝑝

𝐽

 𝑑 (13)

where Δx and Δu are deviation variables from the operating/linearization point, and 𝐴𝐽 =
𝜕 𝑓

𝜕x

���x=x0u=u0

and 𝐵𝐽 =
𝜕 𝑓

𝜕u

���x=x0u=u0
are the Jacobian matrices derived from 𝑓 (x, u) and evaluated at the operating/linearization point.

The resulting linearized model in Eq. (13), can now be used to estimate the bounds of the state and unknown inputs
using the linear interval UIO described in the next section. In this case, x is the state vector and 𝑑 is the unknown input
associated with the load torque disturbance.

III. Unknown Input Interval Observer Design

A. Problem Statement and Methodology
The complete design procedure of the interval UIO is described in Ref. [9], and this interval UIO design has been

successfully applied to the prognosis of a suspension system degradation in Ref.[10]. The unknown input interval
observer designed in this paper is based on the UIO proposed in Ref. [11], whose methodology is extended to systems
with bounded disturbances and noise.

In the context of an LTI system for which a linear UIO can be designed, consider the following LTI discrete-time
system: {

𝑥(𝑘 + 1) = 𝐴𝑥(𝑘) + 𝐵𝑢(𝑘) + 𝐷𝑑 (𝑘) + 𝜔(𝑘)
𝑦(𝑘) = 𝐶𝑥(𝑘) + 𝛿(𝑘)

(14)

where 𝑥 ∈ R𝑛, 𝑢 ∈ R𝑚 and 𝑦 ∈ R𝑝 are the state, the input and the measurement vectors, respectively and 𝑑 ∈ R𝑞 is
the unknown input vector, which does not affect the outputs. 𝐴, 𝐵, 𝐶 and 𝐷 are the linear time invariant matrices of
appropriate dimensions. Finally, 𝜔 ∈ R𝑛 and 𝛿 ∈ R𝑝 are the state and measurement noises which are assumed to be
bounded with a priori known bounds 𝜔 and 𝛿, respectively. Thus, |𝜔 | ≤ 𝜔 and |𝛿 | ≤ 𝛿 where 𝜔 ∈ R𝑛 and 𝛿 ∈ R𝑝 are
constant component-wise positive vectors and | · | is the component-wise absolute value for vectors. Moreover, it is
assumed that 𝑛 ≥ 𝑞 and 𝑝 ≥ 𝑞.

Following a change of coordinates, the state of the system can be divided into two subsystems, one dependent on
the unknown input and the other having no dependence on the unknown input. This allows the design of an interval
observer in the new coordinate basis to estimate the upper and lower bounds of the state. Then, by returning into the
initial coordinates, the upper and lower bounds of the unknown input can be computed. First of all, the following
assumptions are required:

Assumption 1 𝐶 is a full row rank matrix and 𝐷 is a full column rank matrix.

Under Assumption 1, there exists an orthogonal matrix 𝐻 ∈ R𝑛×𝑛 and matrices 𝑅0 ∈ R𝑞×𝑞 and 𝐾 ∈ R𝑞×𝑞 such that:

𝐷 = 𝐻

[
𝑅0

0

]
𝐾𝑇 (15)

This leads to the transformation of system in Eq. (14) into an equivalent one:
𝑧(𝑘 + 1) = 𝐴̃𝑧(𝑘) + 𝐵̃𝑢(𝑘) +

[
𝑅0

0

]
𝑑 (𝑘) + 𝜔̃(𝑘)

𝑦(𝑘) = 𝐶̃𝑧(𝑘) + 𝛿(𝑘)
(16)
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where:

𝐻 =

[
𝐻11 𝐻12

𝐻21 𝐻22

]
, 𝐴̃ = 𝐻𝑇 𝐴𝐻 =

[
𝐴̃11 𝐴̃12

𝐴̃21 𝐴̃22

]
𝐵̃ = 𝐻𝑇 𝐵 =

[
𝐵̃1

𝐵̃2

]
, 𝐶̃ = 𝐶𝐻 =

[
𝐶̃1 𝐶̃2

]
𝑧(𝑘) = 𝐻𝑇 𝑥(𝑘) =

[
𝑧1 (𝑘)
𝑧2 (𝑘)

]
, 𝑑 (𝑘) = 𝐾𝑇 𝑑 (𝑘)

𝜔̃(𝑘) = 𝐻𝑇𝜔 =

[
𝜔̃1 (𝑘)
𝜔̃2 (𝑘)

]
𝐻𝑇 is supposed to be bounded, therefore |𝜔̃ | ≤ 𝜔̃ where 𝜔̃ is a constant positive vector. The system in Eq. (16) is
decomposed into an unknown input dependent subsystem and an unknown input-free subsystem described by:

𝑧1 (𝑘 + 1) = 𝐴̃11𝑧1 (𝑘) + 𝐴̃12𝑧2 (𝑘) + 𝐵̃1𝑢(𝑘) + 𝑅0𝑑 (𝑘) + 𝜔̃1 (𝑘)
𝑧2 (𝑘 + 1) = 𝐴̃21𝑧1 (𝑘) + 𝐴̃22𝑧2 (𝑘) + 𝐵̃2𝑢(𝑘) + 𝜔̃2 (𝑘)
𝑦(𝑘) = 𝐶̃1𝑧1 (𝑘) + 𝐶̃2𝑧2 (𝑘) + 𝛿(𝑘)

(17)

where 𝐶̃1 ∈ R𝑝×𝑞 and 𝐶̃2 ∈ R𝑝×(𝑛−𝑞) .
𝐶̃1 is supposed to be a full column rank matrix [12] and can be decomposed as:

𝐶̃1 = 𝐻1

[
𝑅1

0

]
𝐾𝑇

1 (18)

where 𝐻1 =

[
𝐻011 𝐻012

]
(𝐻011 ∈ R𝑝×𝑞 and 𝐻012 ∈ R𝑝×(𝑝−𝑞) ) and 𝑦̃(𝑘) = 𝐻𝑇

1 𝑦(𝑘); the measurements equation can
be decomposed as {

𝑦̃1 (𝑘) = 𝑅1𝐾
𝑇
1 𝑧1 (𝑘) + 𝐻

𝑇
011𝐶̃2𝑧2 (𝑘) + 𝐻𝑇

011𝛿(𝑘)
𝑦̃2 (𝑘) = 𝐻𝑇

012𝐶̃2𝑧2 (𝑘) + 𝐻𝑇
012𝛿(𝑘) = 𝐶2𝑧2 (𝑘) + 𝐻𝑇

012𝛿(𝑘)
(19)

As 𝑦̃1 (𝑘) = 𝐺𝑇
𝑠 𝑦̃(𝑘) with 𝐺𝑇

𝑠 =

[
𝐼𝑞 𝑂𝑞×(𝑝−𝑞)

]
, 𝑧1 can be obtained from Eq. (19):

𝑧1 (𝑘) = 𝐸 (𝑦(𝑘) − 𝐶̃2𝑧2 (𝑘) − 𝛿(𝑘)) (20)

where 𝐸 = 𝐾1𝑅
−1
1 𝐺𝑇

𝑠 𝐻
𝑇
1 .

By replacing this expression of 𝑧1 (𝑘) in the second equation of (17) we obtain:

𝑧2 (𝑘 + 1) = 𝐴̃21𝐸 [𝑦(𝑘) − 𝐶̃2𝑧2 (𝑘) − 𝛿(𝑘)] + 𝐴̃22𝑧2 (𝑘) + 𝐵̃2𝑢(𝑘) + 𝜔̃2 (𝑘) (21)

Finally we have the following dynamical system:

{
𝑧2 (𝑘 + 1) = 𝐴2𝑧2 (𝑘) + 𝐵2𝑢(𝑘) + 𝐷2𝑦(𝑘) − 𝐷2𝛿(𝑘) + 𝜔̃2 (𝑘)
𝑦̃2 (𝑘) = 𝐶2𝑧2(𝑘) + 𝐻𝑇

012𝛿(𝑘)
(22)

where 𝐴2 = 𝐴̃22 − 𝐴̃21𝐸𝐶̃2 , 𝐵2 = 𝐵̃2, 𝐶2 = 𝐻𝑇
012𝐶̃2 and 𝐷2 = 𝐴̃21𝐸 .

Assumption 2 The pair (𝐴2, 𝐶2) is detectable.

To successfully design an interval observer for the discrete-time system in Eq. (22), the above assumption, which is
standard in the field of observer design, is required [12]. Based on Assumption 2, the following lemma allows the
transformation of system in Eq. (22) into a suitable form for interval observer design [13].
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Lemma 1 There exists a gain 𝐿 ∈ R(𝑛−𝑞)×(𝑝−𝑞) and a transformation matrix 𝑃 of appropriate dimensions such that
(𝐴2 − 𝐿𝐶2) is Schur stable and 𝑅 = 𝑃(𝐴2 − 𝐿𝐶2)𝑃−1 is nonnegative.

Such a transformation always exists, and in the case where the eigenvalues of (𝐴2 − 𝐿𝐶2) are real, 𝑅 can be chosen
as diagonal or as Jordan form of 𝐴2 − 𝐿𝐶2 [13]. After the change of coordinates 𝑟2 = 𝑃𝑧2, the system in Eq. (22) is
described in the new coordinates by:{

𝑟2 (𝑘 + 1) = 𝑅𝑟2 (𝑘) + 𝑃𝐵2𝑢(𝑘) + 𝑀𝑦(𝑘) − 𝑀𝛿(𝑘) + 𝑃𝜔̃2 (𝑘)
𝑦̃2 (𝑘) = 𝐶2𝑃

−1𝑟2(𝑘) + 𝐻𝑇
012𝛿(𝑘)

(23)

where 𝑀 = 𝑃(𝐷2 + 𝐿𝐻𝑇
012).

B. Design of the interval observer
In this section, an interval observer is first designed for state estimation and then for unknown input estimation.

1. State estimation
The state estimation is first performed in the coordinates 𝑟2. In the sequel, we define Δ

𝑇
=

[
𝛿 −𝛿

]
, Δ𝑇 =

[
−𝛿 𝛿

]
and Ω

𝑇
=

[
𝜔 −𝜔

]
, Ω𝑇 =

[
−𝜔 𝜔

]
.

The following theorem allows us to carry out an interval state estimation in the coordinates 𝑟2.

Theorem 1 Assume that 𝑟2 (0) ≤ 𝑟2 (0) ≤ 𝑟2 (0). Then, for all 𝑘 ∈ Z+ the estimates 𝑟2 (𝑘) and 𝑟2 (𝑘) given by{
𝑟2 (𝑘 + 1) = 𝑅𝑟2 (𝑘) + 𝑃𝐵2𝑢(𝑘) + 𝑀𝑦(𝑘) + (−𝑀)∗Δ + 𝑃∗Ω̃2

𝑟2 (𝑘 + 1) = 𝑅𝑟2 (𝑘) + 𝑃𝐵2𝑢(𝑘) + 𝑀𝑦(𝑘) + (−𝑀)∗Δ + 𝑃∗Ω̃2
(24)

are bounded and verify
𝑟2 (𝑘) ≤ 𝑟2 (𝑘) ≤ 𝑟2 (𝑘) (25)

In addition, if the gain 𝐿 is chosen such that (𝐴2 − 𝐿𝐶2) is Schur stable, then 𝑟2 and 𝑟2 are bounded.

Furthermore, since 𝑟2 = 𝑃𝑧2, the bounds of 𝑧2 (𝑘) are given by the following corollary.

Corollary 1 Under the conditions of Theorem 1, we have 𝑧2 (𝑘) ≤ 𝑧2 (𝑘) ≤ 𝑧2 (𝑘) with{
𝑧2 (𝑘) = (𝑃−1)+𝑟2 (𝑘) + (𝑃−1)−𝑟2 (𝑘)
𝑧2 (𝑘) = (𝑃−1)+𝑟2 (𝑘) + (𝑃−1)−𝑟2 (𝑘)

(26)

The last step consists of computing the bounds for the entire state in the original coordinates 𝑥𝑇 =

[
𝑥1 𝑥2

]
and

𝑥𝑇 =

[
𝑥1 𝑥2

]
. Based on Theorem 1 and Corollary 1, the following theorem ensures the interval estimation of the state

𝑥.

Theorem 2 Assume that the conditions of Theorem 1 are satisfied and 𝑥(0) ≤ 𝑥(0) ≤ 𝑥(0). Then, for all 𝑘 ∈ Z+ the
estimates 𝑥(𝑘) and 𝑥(𝑘) given by

𝑥1 (𝑘) = 𝐻11𝐸𝑦 + (𝐻12)∗𝑍2 (𝑘) + (−𝐸1)∗𝑍2 (𝑘) + (−𝐻11𝐸)∗Δ
𝑥1 (𝑘) = 𝐻11𝐸𝑦 + (𝐻12)∗𝑍2 (𝑘) + (−𝐸1)∗𝑍2 (𝑘) + (−𝐻11𝐸)∗Δ
𝑥2 (𝑘) = 𝐻21𝐸𝑦 + (𝐻22)∗𝑍2 (𝑘) + (−𝐸2)∗𝑍2 (𝑘) + (−𝐻21𝐸)∗Δ
𝑥2 (𝑘) = 𝐻21𝐸𝑦 + (𝐻22)∗𝑍2 (𝑘) + (−𝐸2)∗𝑍2 (𝑘) + (−𝐻21𝐸)∗Δ

(27)

are bounded and verify
𝑥(𝑘) ≤ 𝑥(𝑘) ≤ 𝑥(𝑘) (28)

with 𝐸1 = 𝐻11𝐸𝐶̃2 and 𝐸2 = 𝐻21𝐸𝐶̃2.
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2. Unknown input estimation
In this subsection, the upper and lower bounds of the unknown input 𝑑 will be estimated. The expression of 𝑑 is

obtained from the first equation in Eq. (17):

𝑑 (𝑘) = 𝐾𝑅−1
0 [𝑧1 (𝑘 + 1) − 𝐴̃11𝑧1 (𝑘) − 𝐴̃12𝑧2 (𝑘) − 𝐵̃1𝑢(𝑘) − 𝜔̃1 (𝑘)] (29)

By replacing 𝑧1 with its expression in Eq. (20), Eq. (29) becomes:

𝑑 (𝑘) = 𝐾𝑅−1
0 [𝐸𝑦(𝑘 +1) −𝐸𝐶̃2𝑧2 (𝑘 +1) −𝐸𝛿(𝑘 +1) − 𝐴̃11 (𝐸𝑦(𝑘) −𝐸𝐶̃2𝑧2 (𝑘) −𝐸𝛿(𝑘)) − 𝐴̃12𝑧2 (𝑘) − 𝐵̃1𝑢(𝑘) − 𝜔̃1 (𝑘)]

(30)
The following theorem ensures the interval estimation of the unknown input 𝑑.

Theorem 3 Assume that the conditions of Theorem 1 are satisfied. Then, for all 𝑘 ∈ Z+ the estimates 𝑑 (𝑘) and 𝑑 (𝑘)
given by{

𝑑 (𝑘) = 𝑄𝑦(𝑘 + 1) −𝑄𝐴̃11𝐸𝑦(𝑘) −𝑄𝐵̃1𝑢(𝑘) + 𝐺∗
1𝑍2 (𝑘 + 1) + 𝐺∗

2𝑍2 (𝑘) + 𝐺∗
3Δ + 𝐺∗

4Δ + 𝐺∗
5Ω̃1

𝑑 (𝑘) = 𝑄𝐸𝑦(𝑘 + 1) −𝑄𝐴̃11𝐸𝑦(𝑘) −𝑄𝐵̃1𝑢(𝑘) + 𝐺∗
1𝑍2 (𝑘 + 1) + 𝐺∗

2𝑍2 (𝑘) + 𝐺∗
3Δ + 𝐺∗

4Δ + 𝐺∗
5Ω̃1

(31)

are bounded and verify
𝑑 (𝑘) ≤ 𝑑 (𝑘) ≤ 𝑑 (𝑘) (32)

With 𝑄 = 𝐾𝑅−1
0 , 𝐺1 = −𝑄𝐸𝐶̃2, 𝐺2 = 𝑄( 𝐴̃11𝐸𝐶̃2 − 𝐴̃12), 𝐺3 = −𝑄𝐸 , 𝐺4 = 𝑄𝐴̃11𝐸 and 𝐺5 = −𝑄.

IV. Interval UIO for PMSM Speed and Unknown Load Torque Disturbance Estimation
In this section, the interval UIO presented in Section III.A is used to estimate the interval that contains the uncertainty

on the PMSM speed and load torque. For this purpose, the linearized PMSM model in Eq. 13 is considered, and only
the current measurements are assumed to be available. Moreover, modeling and measurement uncertainties are taken
into account in the form of additive process and measurement noises that are respectively denoted as 𝜔 and 𝛿. Finally,
the discrete-time form of the continuous-time model is used for the interval UIO implementation.

A. Simulation parameters
The parameters of the PMSM under consideration were taken from Ref. [14] and are listed in Table 1. All simulations

were conducted using a MATLAB simulation environment. The model and measurement noises are assumed to be
uniformly distributed and bounded by

𝜔 = 10−2
[
1 1 1

]>
and 𝛿 = 10−2

[
1 1 1

]>
.

Finally, the bounds of the initial state vector are chosen as
𝑥0 = 10−2

[
1 1 1

]>
and 𝑥0 = 10−2

[
1 1 1

]>
.

The motor speed and unknown load torque bounds were computed under different scenarios to demonstrate the
impact of operating conditions on the estimations:

1) Step load torque from 0 to 2 𝑁𝑚 is applied at 0.25 sec.
2) Initial constant load torque of 2 𝑁𝑚, then sinusoidal disturbance is applied at 0.25 sec.
3) Ramp speed variation

Table 1 PMSM parameters

Parameter Symbol Value
Number of pole pairs 𝑛𝑝 1
Stator resistance 𝑅𝑠 1.4 Ω

Stator inductance 𝐿𝑠 0.73 𝑚𝐻
Stator mutual inductance 𝑀𝑠 73 𝜇𝐻
Permanent magnet flux 𝜆𝑀 0.1546𝑊𝑏
Rotor inertia J 60 · 10−6 𝑘𝑔𝑚2
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B. Results and Discussion
In this section, we present and discuss the results of the interval estimations of the motor speed and unknown load

torque under the three different scenarios described in Section IV.A.
The results obtained for the first scenario (step load torque from 0 to 2 𝑁𝑚 at 0.25 sec) are shown in Fig. 1 for the

load torque and in Fig. 2 for the speed. The upper and lower bounds of the load torque are well estimated and they
always bound the reference unknown load torque despite the step perturbation applied at 0.25 sec. As for the speed
interval estimation in Fig. 2, the estimated bounds are very close to the reference speed but do not always bound it.
However, it is shown in Fig. 3 that even when a perturbation in the load torque is applied, the interval UIO is still able to
estimate the corresponding perturbation in the speed.
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Fig. 1 Step load torque estimation
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Fig. 2 Speed estimation with step load torque
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Fig. 3 Speed estimation: Centered at step load torque application

In Fig. 4 and Fig. 5, we present the estimation results of the load torque and speed bounds, respectively, for the
second scenario in which a constant then sinusoidal load torque is applied. Fig. 4 shows that the interval UIO is
successfully able to estimate the constant and subsequently sinusoidal shape of the unknown load torque.The estimated
bounds of the speed are very close to the reference speed (Fig. 5), even after the sinusoidal disturbance was applied (Fig.
6).

0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
0

0.5

1

1.5

2

2.5

3

3.5

Fig. 4 Sinusoidal load torque estimation

9



0 0.05 0.1 0.15 0.2 0.25 0.3 0.35 0.4 0.45 0.5
-50

0

50

100

150

200

250

300

350

0.2246 0.2247 0.2248 0.2249
314.98

315

315.02

Fig. 5 Speed estimation for sinusoidal load torque
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Fig. 6 Speed estimation (zoomed in) for sinusoidal load torque

Finally, Fig. 7 depicts the simulation results for the third scenario in which the motor speed is changed. The motor
speed is initially accelerated according to a ramp shape, and after running at a constant speed until 0.35 sec, the motor
velocity is decreased. Fig. 7 demonstrates that the interval UIO successfully estimates and reproduces the variations of
the speed.
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Fig. 7 Variable speed

In the three different scenarios, the interval UIO managed to reconstruct the bounds of both the changing speed and
load torque for the PMSM. Their variations were also well captured by the observer. However, for the reference speed,
although very close to the reference, the estimated upper and lower bounds did not always contain/bound the speeds and
contained slight errors, less than one percent. The nonlinear PMSM model utilized was linearized using a first order
Taylor series expansion, possibly inducing model errors that affect the estimation process with the linear interval UIO.
To circumvent this error in estimating the speed bounds, a non linear interval UIO could be synthesized. However, the
system has to be transformed into a canonical form, which may be difficult in practice. For this reason, we may choose
to represent the system by a Linear Parameter Varying (LPV) model. Using the LPV form will reduce the linearization
errors while allowing the use of tools developed in the context of linear systems.

V. Conclusion
In this paper, an interval unknown input observer (UIO) has been utilized to jointly estimate the speed and unknown

load torque of a permanent magnet synchronous motor (PMSM). The estimation of these two variables is required for
fault detection and failure prediction of PMSM components that will enable safety of emerging operations, such as
Urban Air Mobility (UAM). Employing an interval UIO allows the joint estimation of both the speed and unknown load
torque while accounting for uncertainties related to model and measurements errors. The simulation results showed
that the linear interval UIO accurately estimates the upper and lower bounds of the unknown load torque but does not
estimate the speed bounds as accurately. Due to errors inherently associated with linearization and loss of the nonlinear
system characteristics, the interval estimation is not always guaranteed. Thus, further work should be done to develop a
Linear Parameter Varying form of the PMSM model to reduce the model errors. This will enable future utilization of
the various estimation frameworks developed for linear systems.
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