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This paper focuses on the improvement of target tracking accuracy taking into account the
sensor’s reading degradation as the relative range increases. The approach is based on the
assumption that range measurement error depends on the actual range. Specifically, we model
the measurement error as a proportional to the actual range term plus a zero-mean, Gaussian
distributed, and uncorrelated process. We present two approaches to tracking a target with
constant velocity model. The first approach uses Extended Kalman Filter (EKF) framework to
estimate target’s states and the unknown proportionality coefficient with linearization on the
observationmodel on the predicted states at each time step. The second one uses ameasurement
conversion method to estimate the target’s scaled by the unknown constant term states, which
is shown to be unbiased. This conversion results in linear state and observation models, hence
the standard Kalman filter can be applied. The actual target state is computed by application
of back scaling with the estimate of unknown scale factor. We evaluate the approaches in
desktop simulations.

I. Introduction
Advanced Air Mobility (AAM) is a revolutionary air transportation system for passengers and cargo in metropolitan

areas, which is designed to support a variety of on-board, ground-piloted and increasingly autonomous flight operations
[1]. Some future concepts for on-demand mobility include fully autonomous vehicle operation using advanced sensing,
perception, and navigation algorithms capable of replacing onboard pilot’s functions. These type of operations in a
dense and highly dynamic aerospace require the air vehicles be equipped with reliable sense and avoid (SAA) capability
to maintain safe separation from terrain and other airborne objects[2, 3].

Traditionally, radio detection and ranging (radar) sensors have been used to detect obstacles such as terrains and air
vehicles. Recently, they found widespread applications in autonomous driving and driver assistive systems as they have
long ranges and are robust to atmospheric attenuation and lighting conditions. However, size, weight, power and cost
(SWAP-C) limitations create challenges in reliably achieving desired obstacle (target) detection and estimation results
for unmanned aircraft systems [4].

Radar sensors used for target tracking are conventionally modeled to provide measurements of the target’s relative to
the sensor range and angles, and in some cases also range rate, with uncertainties normally assumed to be zero-mean,
Gaussian distributed, and uncorrelated [5]. In general, range and angle measurements may have different accuracy
depending on the sensors configurations. For example, a phased array radar has more accurate range measurements than
angle measurements, which can be inferred from the analysis of the estimation error covariance ellipsoid, which looks
like a pancake normal to the range vector. In case of a continuous-wave radar, the situation is reversed, and the error
covariance ellipsoid has a cigar-shape along the range vector [6]. As it was mentioned in Ref. [1], these latter type of
radars may be suitable for small aircraft systems in terrain detection and dynamic obstacle tracking for safe and reliable
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AAM operations. From this perspective it is worth to take a second look at radar sensor’s range measurement model.
As far a the target motion is concerned, a good survey of more or less standard models can be found in Ref. [9], where
the control input for target maneuvers is consider as a random process belonging to three main groups of White, Markov
and Semi-Markov jump processes.

Usually, the tracking problem is considered in a mixed continuous-discrete time domain, where the target dynamics
are in continuous-time and the measurements are in discrete-time, which is an optimal choice in many tracking
and navigation applications. The target motion is commonly considers as a continuous time coordinate-uncoupled
white-noise acceleration model for a point object [8], which is linear in states, while the measurements are nonlinear,
hence the Extended Kalman Filter (EKF) framework is used for target tracking in many applications.

Alternatively, the measurements can be converted from spherical coordinates into Cartesian ones, thus making
the new measurements linear in states, hence suitable for the standard Kalman filter application. However, there are
several challenges in this approach, the critical ones being the conversion biases and computation of the converted
measurement error covariance, because biased measurements violate the main assumption of the Kalman filter and the
converted measurements covariance depends on the true states, which are unavailable. Several methods were reported
in the literature to overcome these challenges, which include the unbiased converted measurement (UCM) [14], the
modified unbiased converted measurement (MUCM) [15, 16], the unscented transform (UT)[17], best linear unbiased
estimator (BLUE) [18], and de-correlated unbiased converted measurement (DUCM) [19]. It has been shown that,
the performance of a converted measurement Kalman Filter (CMKF) is better than the mixed coordinate EKF, if the
conversion is unbiased [20]. Ideally, besides being unbiased the conversion should also be consistent, provide minimum
mean square error estimates and not suffer from estimation biases. In many cases, it is hard for a specific conversion
method to satisfy all this requirements, and trade-off is made usually at expense of mean square errors.

This paper focuses on the improvement of target tracking accuracy taking into account the sensor’s reading
degradation as the relative range increases. The approach is based on the assumption that range measurement error
depends on the actual range. Similar idea was used in Ref. [7] to derive estimation bounds in radar target tracking
assuming that the range measurement error upper bound is proportional to the actual range itself. Specifically, we
model the measurement error as a proportional to the actual range term plus a zero-mean, Gaussian distributed, and
uncorrelated process. We present two approaches to tracking a target with constant velocity model. The first approach
uses Extended Kalman Filter (EKF) framework to estimate target’s state and the unknown proportionality coefficient
with linearization of the observation model on the predicted states at each time step. The second one uses a measurement
conversion method similar to DUCM presented in [10] to estimate the target’s scaled by the unknown constant term
states, which is shown to be unbiased. The converted error covariance matrix is approximated at each time step using
the predicted states. This type of conversion results in linear state and observation models, hence the standard Kalman
filter can be applied. The actual target states are computed by application of back scaling with the estimate of the
unknown scale factor. We evaluate the approaches in desktop simulations using Matlab Simuink.

II. Problem Formulation
We consider a target estimation/tracking problem in continuous-discrete time domain, that is, the target dynamics are

in continuous-time and the measurements are in discrete-time with a time step XC, which is the optimal choice in many
publications for tracking and navigation application (see for example [11–13] and references therein). Let the target
motion be given by the following continuous time coordinate-uncoupled white-noise acceleration model in Cartesian
coordinate system {G, H, I}

¥G(C) = =G (C)
¥H(C) = =H (C)
¥I(C) = =I (C) , (1)

where =G (C), =H (C), =I (C) are zero-mean, Gaussian distributed, and uncorrelated processes with variances f2
G , f

2
H , f

2
I .

The observation model is given in 3� spherical coordinate system {A, \, q} as

A< (:) = A (:) + 1A (:) + =A (:)
\< (:) = \ (:) + =\ (:)
q< (:) = q(:) + =q (:) , (2)
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where subscript < indicates the measured value of the corresponding quantity, 5 (A (:)) represents a range dependent
measurement error term, =A (C), =\ (:), =q (:) are assumed to be zero-mean, Gaussian distributed, and uncorrelated
processes with variances f2

A , f
2
\
, f2

q
, and 1 is assumed to be an unknown constant.

A. Mixed Cartesian-Spherical Framework
In this case the target’s motion is in Cartesian and the observation model is in spherical coordinates, as commonly

used. We use Extended Kalman Filter (EKF) framework for the target tracking, with motion model disctretization and
observation model linearization. To this end, we employ the dicretized 7th order motion model

s(:) = Φ(: − 1)s(: − 1) + Γ(: − 1)w(: − 1) , (3)

where the vector s(:) = [G(:) ¤G(:) H(:) ¤H(:) I(:) ¤I(:) 1(:)]> represents the target states and the unknown
constant 1, w(:) = [=G (:) =H (:) =I (:) =1 (:)]> is the input noise vector, which also includes a zero-mean Gaussian
white noise =1 (:) with a variance f2

1
that drives evolution of the unknown term 1,

Φ(:) =



1 XC 0 0 0 0 0
0 1 0 0 0 0 0
0 0 1 XC 0 0 0
0 0 0 1 0 0 0
0 0 0 0 1 XC 0
0 0 0 0 0 1 0
0 0 0 0 0 0 1


, Γ(:) =



XC2/2 0 0 0
XC 0 0 0
0 XC2/2 0 0
0 XC 0 0
0 0 XC2/2 0
0 0 XC 0
0 0 0 XC


are the state transition and input matrices. The system of equations (3) and (2) is in a standard form for the EKF
application, which we outline here for completeness:

1) predict the state and covariance estimate

ŝ(: |: − 1) = Φ(:) ŝ(: − 1|: − 1)
%(: |: − 1) = Φ(:)%(: |: − 1)Φ> (:) + Γ(:)&(:)Γ> (:) , (4)

2) predict measurement estimates

Â (: |: − 1) =

√
B̂2

1 (: |: − 1) + B̂2
3 (: |: − 1) + B̂2

5 (: |: − 1)

\̂ (: |: − 1) = arctan 2 ( B̂3 (: |: − 1), B̂1 (: |: − 1))

q̂(: |: − 1) = arctan 2
(
B̂5 (: |: − 1),

√
B̂2

1 (: |: − 1) + B̂2
3 (: |: − 1)

)
û(: |: − 1) =

[
(1 + 1̂(: |: − 1))Â (: |: − 1) \̂ (: |: − 1) q̂(: |: − 1)

]>
, (5)

3) compute Jacobean of the observation model on the predicted states ŝ(: |: − 1)

� (:) =


(1 + 1̂) cos(q̂) cos(\̂) 0 (1 + 1̂) cos(q̂) sin(\) 0 (1 + 1̂) sin(q̂) 0 Â

− sin( \̂)
Â cos( q̂) 0 cos( \̂)

Â cos( q̂) 0 0 0 0

− sin( q̂) cos( \̂)
Â

0 − sin( q̂) sin( \̂)
Â

0 cos( q̂)
Â

0 0

 ,
where time dependence is omitted for the notation convenience,

4) compute Kalman Gain

 (:) = %(: |: − 1)� (:)>
[
� (:)%(: |: − 1)� (:)> + '(:)

]−1
, (6)

5) update estimates

ŝ(: |:) = ŝ(: |: − 1) +  (:) [u(:) − û(:)]
%(: |:) = [I7×7 −  (:)� (:)] %(: |: − 1) , (7)

where we denote u(:) = [A< (:) \< (:) q< (:)]>.
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B. Cartesian Framework With Measurement Conversion
In this case, the measurements are transformed from the spherical coordinate system into the Cartesian via a

nonlinear transformation, which results in linear dependency of converted measurements on the states, hence the linear
estimation is applicable with a guaranteed convergence and quantifiable error bounds. However, there are challenges
related to the conversion biases, since a fundamental assumption in the Kalman filter is that the measurement errors are
unbiased, and related to the converted measurement error covariance computation, since it depends on the unavailable
true states.

Here we follow the steps of DUCM to convert the range depended measurements in (2) to Cartesian coordinates and
express new measurements as

Ḡ< = exp

(
f2
\

2

)
exp

(
f2
q

2

)
A< cos(\<) cos(q<)

H̄< = exp

(
f2
\

2

)
exp

(
f2
q

2

)
A< sin(\<) cos(q<)

Ī< = exp

(
f2
q

2

)
A< sin(q<) . (8)

It is clear from the representation A< = A (1 + 1)A + =A that the converted measurements Ḡ<, H̄<, Ī< represent
not the target’s true but scaled Cartesian coordinates Ḡ = (1 + 1)G, H̄ = (1 + 1)H, Ī = (1 + 1)I. Therefore, the
application of standard Kalman filter to the system (3) with measurements (8) computes the estimates of the scaled
states ˆ̄G(:) = (1 + 1̂(:))Ĝ(:), ˆ̄H(:) = (1 + 1̂(:)) Ĥ(:), ˆ̄I(:) = (1 + 1̂(:)) Î(:). That is the estimates of target’s true
position can be computed by Kalman filter output scaling as

Ĝ(: |:) =
ˆ̄B1 (: |:)

1 + ˆ̄B7 (: |:)
, Ĥ(: |:) =

ˆ̄B3 (: |:)
1 + ˆ̄B7 (: |:)

, Î(: |:) =
ˆ̄B5 (: |:)

1 + ˆ̄B7 (: |:)
, (9)

where ˆ̄s(: |:) =
[ ˆ̄B1 (: |:) . . . ˆ̄B7 (: |:)

]> is the filter output at time : .
To make sure that the conversion (8) is unbiased, we show that the expected values satisfy equations of � {Ḡ<} = Ḡ,

� {H̄<} = H̄, and � {Ī<} = Ī. Since the range, azimuth and elevation measurement noise terms are uncorrelated,
zero-mean Gaussian, we can write for Ḡ<

� {Ḡ<} = exp

(
f2
\

2

)
exp

(
f2
q

2

)
�

{
(A + 1A + =A ) cos(\ + =\ ) cos(q + =q)

}
(10)

= exp

(
f2
\

2

)
exp

(
f2
q

2

)
� {(A + 1A + =A )} � {cos(\ + =\ )} �

{
cos(q + =q)

}
= (1 + 1)A cos(\) cos(q) = Ḡ . (11)

The remaining equations are shown similarly.
We notice that the process noise variances are being scaled as well, but these are design parameters. On the other

hand, the converted measurements error covariance matrix '2 is sensor depended and needs to be estimated using
representation (8). For the convenience of derivations, it is computed in terms of spherical coordinates using predicted
states for each time step.

Let at radar scan : − 1 the : − Cℎ predictions of the true values A (:), \ (:), q(:) be

Â (: |: − 1) = A (:) + EA (:), \̂ (: |: − 1) = \ (:) + E \ (:), q̂(: |: − 1) = q(:) + Eq (:) , (12)

where Â (: |: − 1), \̂ (: |: − 1), q̂(: |: − 1) are the predictions and EA (:), E \ (:), Eq (:) are corresponding errors, which
are assumed to be zero mean Gaussian with standard deviations fEA , fE\ , fEq . These predictions are expressed trough
state ˆ̄s(: |: − 1) as
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Â (: |: − 1) =
1

1 + ˆ̄B7 (: |: − 1)

√
ˆ̄B2
1 (: |: − 1) + ˆ̄B2

3 (: |: − 1) + ˆ̄B2
5 (: |: − 1)

\̂ (: |: − 1) = arctan 2
( ˆ̄B3 (: |: − 1), ˆ̄B1 (: |: − 1)

)
q̂(: |: − 1) = arctan 2

(
ˆ̄B5 (: |: − 1),

√
ˆ̄B2
1 (: |: − 1) + ˆ̄B2

3 (: |: − 1)
)

(13)

Let the prediction of the covariance matrix at time : from the standard Kalman filter be %̄(: |: − 1). Then at time :
given the scan : − 1, the range prediction variance can be expressed as (time notation (: |: − 1) is omitted for simplicity)

f2
EA

= [∇Â] %̄ [∇Â]> , (14)

where ∇Â is computed from (13) as

∇Â =
[ ˆ̄B1

[1 + ˆ̄B7]2Â
0

ˆ̄B3

[1 + ˆ̄B7]2Â
0

ˆ̄B5

[1 + ˆ̄B7]2Â
0 − Â

1 + ˆ̄B7

]
. (15)

The gradients of azimuth and elevation angles predictions with respect to state estimates are computed similarly

∇\̂ =
1

[1 + ˆ̄B7]2Â2

[
− ˆ̄B3 0 ˆ̄B1 0 0 0 0

]
∇q̂ =

1

[1 + ˆ̄B7]2Â2
√

ˆ̄B2
1 + ˆ̄B2

3

[
− ˆ̄B1 ˆ̄B5 0 − ˆ̄B3 ˆ̄B5 0 ˆ̄B2

1 + ˆ̄B2
3 0 0

]
, (16)

and are used to compute the prediction variances as

f2
E\
=

[
∇\̂

]
%̄

[
∇\̂

]>
, f2

Eq
=

[
∇q̂

]
%̄

[
∇q̂

]>
. (17)

Now we are ready compute the converted measurements error covariance. For the '2
11 we obtain

'2
11 = �

{[
Â cos(\) cos(q) − exp

(
f2
\

2

)
exp

(
f2
q

2

)
A< cos(\<) cos(q<)

]2
}

(18)

= �

{[
(Â − EA ) cos(\̂ − E \ ) cos(q̂ − Eq) − exp

(
f2
\

2

)
exp

(
f2
q

2

)
· (1 + ˆ̄B7 − =1) ((Â − EA ) + =A ) cos(\̂ − E \ + =\ ) cos(q̂ − Eq + =q)

]2
}

=
1
4

(( (
1 + ˆ̄B7

)2 + f2
1

) (
Â2 + f2

EA

)
+ f2

A

) [
1 + cos(2\̂) exp

(
−2f2

E\

)
exp

(
−2f2

\

) ]
· exp

(
f2
\

) [
1 + cos(2q̂) exp

(
−2f2

Eq

)
exp

(
−2f2

q

) ]
exp

(
f2
q

)
−

(1
4
+ ˆ̄B7

) (
Â2 + f2

EA

) [
1 + cos(2\̂) exp

(
−2f2

E\

) ] [
1 + cos(2q̂) exp

(
−2f2

Eq

) ]
.

The remaining terms are presented bellow

'2
22 =

1
4

(( (
1 + ˆ̄B7

)2 + f2
1

) (
Â2 + f2

EA

)
+ f2

A

) [
1 − cos(2\̂) exp

(
−2f2

E\

)
exp

(
−2f2

\

) ]
(19)

· exp
(
f2
\

) [
1 + cos(2q̂) exp

(
−2f2

Eq

)
exp

(
−2f2

q

) ]
exp

(
f2
q

)
−

(1
2
+ ˆ̄B7

) (
Â2 + f2

EA

) [
1 − cos(2\̂) exp

(
−2f2

E\

) ] [
1 + cos(2q̂) exp

(
−2f2

Eq

) ]
5



'2
33 =

1
2

(( (
1 + ˆ̄B7

)2 + f2
1

) (
Â2 + f2

EA

)
+ f2

A

) [
1 − cos(2q̂) exp

(
−2f2

Eq

)
exp

(
−2f2

q

) ]
(20)

· exp
(
f2
q

)
−

(1
2
+ ˆ̄B7

) (
Â2 + f2

EA

) [
1 − cos(2q̂) exp

(
−2f2

Eq

) ]

'2
12 =

1
4

(( (
1 + ˆ̄B7

)2 + f2
1

) (
Â2 + f2

EA

)
+ f2

A

) [
sin(2\̂) exp

(
−2f2

E\

)
exp

(
−2f2

\

) ]
(21)

· exp
(
f2
\

) [
1 + cos(2q̂) exp

(
−2f2

Eq

)
exp

(
−2f2

q

) ]
exp

(
f2
q

)
−

(1
2
+ ˆ̄B7

) (
Â2 + f2

EA

) [
sin(2\̂) exp

(
−2f2

E\

) ] [
1 + cos(2q̂) exp

(
−2f2

Eq

) ]

'2
13 =

1
2

(( (
1 + ˆ̄B7

)2 + f2
1

) (
Â2 + f2

EA

)
+ f2

A

)
cos(\̂) exp

(
−
f2
\

2

) [
sin(2q̂) exp

(
−2f2

Eq

)
exp

(
−2f2

q

) ]
(22)

· exp
(
f2
q

)
−

(1
2
+ ˆ̄B7

) (
Â2 + f2

EA

)
cos(\̂) exp

(
−
f2
\

2

) [
sin(2q̂) exp

(
−2f2

Eq

) ]

'2
23 =

1
2

(( (
1 + ˆ̄B7

)2 + f2
1

) (
Â2 + f2

EA

)
+ f2

A

)
sin(\̂) exp

(
−
f2
\

2

) [
sin(2q̂) exp

(
−2f2

Eq

)
exp

(
−2f2

q

) ]
(23)

· exp
(
f2
q

)
−

(1
2
+ ˆ̄B7

) (
Â2 + f2

EA

)
sin(\̂) exp

(
−
f2
\

2

) [
sin(2q̂) exp

(
−2f2

Eq

) ]
.

The estimation process follows the following steps:
1) predict the state and covariance estimate

ˆ̄s(: |: − 1) = Φ(:) ˆ̄s(: − 1|: − 1)
%̄(: |: − 1) = Φ(:)%̄(: |: − 1)Φ> (:) + Γ(:)&(:)Γ> (:) , (24)

2) compute residual as predict measurement estimates

˜̄u(:) = ū< (:) − � ˆ̄s(: |: − 1) , (25)

where ū< (:) = [Ḡ< (:) H̄< (:) Ī< (:)]>, Ḡ< (:), H̄< (:), Ī< (:) are given by (8), and matrix � has the form

� =


1 0 0 0 0 0 0
0 0 1 0 0 0 0
0 0 0 0 1 0 0

 ,
3) compute converted measurement covariance '2 (:) according to (18)-(23)
4) compute Kalman Gain

 ̄ (:) = %̄(: |: − 1)�>
[
�%̄(: |: − 1)�> + '2 (:)

]−1
, (26)

5) update estimates

ˆ̄s(: |:) = ˆ̄s(: |: − 1) +  ̄ (:) ˜̄u(:)
%̄(: |:) =

[
I7×7 −  ̄ (:)�

]
%̄(: |: − 1) . (27)
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III. Simulation Results
We evaluate the proposed sensor model in Matlab simulations for a target 2� motion. We compare three approached:

EKF with conventional sensor model in mixed Cartesian-Spherical framework, EKF with proposed sensor model
(modified EKF) in mixed Cartesian-Spherical framework, and standard KF in Cartesian framework with measurement
conversion (CM KF). Let the target moves with speed of 400 5 C/B42 in H-direction from the initial position of (0, 0) 5 C
with f2

G = f
2
H = 0.005. The measurement noise standard deviation was set to fA = 300, f\ = 0.001 and the unknown

constant is 1 = 0.1 with f2
1
= 0.005.

Fig. 1 shows target’s (G, H)-position estimation results, where green lines represent the true positions. It can be
observed that the performance of EKF with conventional sensor model is the worst, which was expected since it does
not have any information on range measurement error model. The performance of the other two filters are somewhat
close albeit CM KF produces noisier results, which were smoothed by a Gaussian filter with a window of width 9 prior
to plotting. The corresponding range estimates are displayed in Fig.2, with similar performances.

Fig. 3 displays target’s velocity estimates along with the true values (green lines). It can be observed that the
x-velocity estimates are initially almost identical for all estimation methods, but EKF performance gets worse at the end
of simulation interval. In y-direction the CM KF performance is initially the worst, but gets improved as the simulation
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progresses. This can be explained by the comparably large initialization error.
For the clarity, we also plotted the estimation errors in Fig.4 and Fig.5. It can be observed that the errors are almost

identical at the beginning of simulation, but the EKF error grows large as the simulation progresses, which was expected.
The errors of other two methods are comparable, but CM KF produces more oscillatory error. This is attributed to
division of CM KF output by 1 + 1̂(:).

Fig. 6 displays the estimation results of unknown constant 1. Initial large estimation errors of in modified EKF are
decreased as the simulation progresses, but there is no convergence to the true value of 0.1

IV. Conclusion
We have presented a framework to improve the target tracking accuracy taking into account the sensor’s reading

degradation as the relative range increases, assuming that the measurement error is represented as a proportional to the
actual range term plus a zero-mean Gaussian noise. First, we used Extended Kalman Filter (EKF) to estimate target’s
state and the unknown proportionality coefficient with linearization of the observation model on the predicted state
at each time step. Then, we used a measurement conversion method to estimate the target’s scaled by the unknown
constant term state, which is shown to be unbiased. This type of conversion results in linear state and observation models
with unbiased measurements, hence the standard Kalman filter can be applied. The actual target state is computed by
application of back scaling with the estimate of unknown scale factor. We have evaluated the approaches in desktop
simulations, and obtained comparable results.

The future research will include proposed sensor model validation with actual flight test data Monte-Carlo type
simulation analysis.
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