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This paper presents a modeling approach for dynamic aeroelastic flight dynamic analysis of the Mach
0.745 Transonic Truss-Braced Wing. The modeling approach is based on a transonic correction method to
correct the Theodorsen’s theory for transonic flow. CFD unsteady Reynolds-averaged Navier-Stokes equa-
tions (RANS) simulations are conducted using FUN3D solver for a series of wing sections from the Mach 0.745
Transonic Truss-Braced Wing in pitch and plunge oscillations. Unsteady lift and pitching moment coefficients
are obtained and used to develop the correction terms in the Theodorsen’s theory to account for transonic
aerodynamics. The unsteady lift and pitching moment derivatives with respect to the unsteady angle of attack
are obtained as functions of the reduced frequency. These derivatives are used to compute the unsteady lift and
pitching moment contributions by the angle of attack, pitch rate, and roll rate. They are then approximated
using a frequency-domain regression to obtain the dynamic stability derivatives for the Mach 0.745 Transonic
Truss-Braced Wing. The structural dynamic mode shapes of the Mach 0.745 TTBW are extracted from a NAS-
TRAN finite-element model. These mode shapes are used to compute the generalized unsteady aerodynamic
forces. The aerodynamic mass, damping, and stiffness and the aerodynamic lag states are constructed to couple
the dynamic aeroelastic contribution to the flight dynamic model of the Mach 0.745 Transonic Truss-Braced
Wing. The coupled dynamic aeroelastic flight dynamic equations of motion are formulated. The eigenvalues
of the coupled system are computed. All the flight dynamic modes and structural dynamic modes are stable
at Match 0.745. The effect of transonic aerodynamics generally causes all the dynamic modes to have lower
damping values.

I. Introduction

The Subsonic Ultra Green Aircraft Research (SUGAR) Transonic Truss-Braced Wing (TTBW) aircraft concept is
a Boeing-developed N+3 aircraft configuration funded by the NASA ARMD Advanced Air Transport Technologies
(AATT) project."> The TTBW aircraft concept is designed to be aerodynamically efficient by employing a wing
aspect ratio of about 19.55 which is significantly greater than those of cantilever wing transport configurations. For
example, the latest Boeing 777-X is reported to have a wing aspect ratio of 11. Without structural bracing, the
increase in the wing root bending moment would require a significant structural reinforcement which would lead to
an increase in the structural weight that would offset the aerodynamic benefit of the high aspect ratio wing. Thus, the
design of a truss-braced structure is a multidisciplinary design optimization process that strives to achieve a delicate
balance between aerodynamic efficiency and structural efficiency. In the SUGAR configuration, the trade between
the aerodynamic performance and structural design results in a truss-braced configuration with the wings braced at
approximately mid-span by two main struts. In addition, two jury struts, one on each wing, provide the additional
structural reinforcement. Two versions of the TTBW configurations are currently being developed by Boeing; a Mach
0.745 version and a Mach 0.8 version. Figure 1 is an illustration of the Mach 0.745 TTBW aircraft.
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Figure 1. Boeing SUGAR Transonic Truss-Braced Wing Aircraft Concept

This study examines the dynamic stability of the Mach 0.745 TTBW. To analyze dynamic stability of transonic
aircraft, capabilities for addressing transonic aerodynamics in the evaluation of both steady-state and dynamic stability
derivatives are needed. Toward this end, a transonic correction method is being proposed for addressing this need. A
new method for extending the classical Theodorsen’s theory® of unsteady aerodynamics for incompressible flow to
transonic flow is initially proposed by the author.*-® Further development has been conducted and leads to the current
method.” The method modifies the Theodorsen’s theory to correct for changes in the amplitude and phase shift of
the lift and pitching moment of an oscillating airfoil in transonic flow. The amplitude and phase shift corrections are
generally a function of the flow parameters such as the Mach number, the reduced frequency, and the instantaneous
angle of attack as well the airfoil characteristics such as the thickness and the type of airfoil. To derive the unsteady
corrections, unsteady RANS CFD simulations are performed using FUN3D for selected reduced frequencies and Mach
numbers for several transonic airfoil wing sections of the Boeing TTBW aircraft configuration.'-2

The unsteady lift and pitching moment derivatives with respect to the unsteady angle of attack are obtained as
functions of the reduced frequency. The unsteady lift and pitching moment derivatives frequency response functions
are integrated over the wing to account for the angle of attack, pitch rate, roll rate, and yaw rate contributions. The in-
tegrated frequency response functions are then approximated using Roger rational fraction approximation to obtain the
dynamic stability derivatives of lift and pitching moment due to the angle of attack and pitch rate and the dynamic sta-
bility derivative for the rolling moment and yawing moment with respect to the roll rate and yaw rate. The steady-state
stability derivatives are computed from VSPAERO solver for inviscid subsonic flow. A transonic correction is applied
to steady-state stability derivatives using transonic small disturbance code TSFOIL coupled to an integral boundary
method.8-1 The flight dynamic equations of motion are then modified to include the transonic corrected steady-state
and dynamic stability derivatives. Linearization of the equations of motion is used to extract the eigenvalues of the
flight dynamic modes for stability analysis.

II. Transonic Correction Method

The transonic correction method is developed for both unsteady lift and pitching moment. The correction functions
are obtained from unsteady RANS CFD simulations of an oscillating airfoil in a pitching and plunging motion.

A. Pitching Motion

Consider an oscillating airfoil in a pitching motion with a sinusoidal pitch angle

6=6+0 €))
6 = 6ysin wr = Oy sinkt )
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where T = is a non-dimensional time and k = 53 is the reduced frequency.

1. Unsteady Lift Correction

The unsteady lift coefficient is expressed as
c=0¢c1+¢ 3)
where ¢; = ¢, + ¢y, 0 is the steady-state lift coefficient and & denotes the unsteady lift coefficient.

We propose an unsteady transonic correction to the unsteady lift coefficient of the form

= (Up + lWe) (4)

‘i

where Ug (k,M..,0,6) and Wy (k,M..,,6)) are transonic correction functions to be applied to the Theodorsen’s
unsteady lift coefficient, denoted by ¢}, of an oscillating airfoil in incompressible flow, c;‘a = 27, and ¢y, is the
steady-state lift curve slope. The complex-valued correction provides both the amplitude and phase corrections to the
unsteady lift by the functions Uy (k,Moo, 0, 90) and Wy (k,Mm, 0, 90), respectively. These functions depend on the
reduced frequency k, Mach number M.., the mean angle of attack &, the amplitude of the alternating component of the
angle of attack 6.

The unsteady lift coefficient &} is established by the Theodorsen’s theory as

& =cp+cp (5)

where ¢; is the circulatory lift coefficient and ¢; is the non-circulatory lift coefficient established by the Theodorsen’s
theory.
The circulatory lift coefficient ¢; is given by

e CG

N N N e.do
The non-circulatory lift coefficient ¢j is due to the inertial force acting on the oscillating airfoil and is given by

. c6 en czé_ do ) e d20

=T— 42— — ="n—+27— 7
A R 53 @
For a harmonic motion with 8 = ¢*7, we have = ikf and "—2 1k”“9 = —k?0. The unsteady lift coefficient cf
is obtained as
¢ = cj, & (FisinkT + Gy coskt) €)
where e e
F=F (k) —2k=G (k) —k* = )
C C
ec k
Gy =G (k)+2k—F (k) + 7 (10)
c
The unsteady lift coefficient with the transonic correction is expressed as
¢ = ¢1,00 (FrUg — GxWp ) sinkt +¢;, 09 (GrUg + FiWp) coskt (11
The Fourier sine and cosine transforms of the unsteady lift coefficient are given by
e nm
/ ¢isinktdt = 7010560 (FUg — GyWy) (12)
Jo
2nm
s nw
¢cosktdt = TCZ'I 6o (GkUe JrFkVV@) (13)
0

where n is the number of periods of oscillation.
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Thus, the transonic amplitude and phase lift correction functions Ug and Wy are obtained as
20 2
k (Fk Jo© ésinktdt+Gy [* & coskrdr)

Up = 14
o niey, 0o (F2+G2) (19

2nm 2nm
k <Fk Jo© €icosktdt— Gy [ * ¢ sink‘L'd’L')

W = 15
0 nitc O (F2 1+ G2) ()
2. Unsteady Pitching Moment Correction
The Theodorsen’s theory establishes the pitching moment coefficient about the pitch center as
Cm = Cm~+Cm, + Cme (16)

where ¢, is the steady-state pitching moment coefficient, c,,, is the circulatory pitching moment coefficient, and c,,
is the non-circulatory pitching moment coefficient.

For incompressible flow, the aerodynamic center is at the quarter-chord point. For supersonic flow, the aerody-
namic center moves to the mid-chord point. Thus, for transonic flow, the aerodynamic center moves between the
quarter-chord and mid-chord points. The motion of the aerodynamic center may be modeled as

Xae = Xae +Xosin (@ — @) = Fue +xo5in (kT — @) a7

where ¢ is the phase delay angle between the angle of attack motion and the aerodynamic center motion. We make
an assumption that the unsteady motion of the aerodynamic center is proportional to the unsteady angle of attack such
that

5 6
oo _ Y4 4 (Ag+iBg) - (18)
c c 6
where the functions Ag (k,Mw,0,60) and By (k,M.., 0, 6)) represent the amplitude and phase angle of the motion of
the aerodynamic center.

The steady-state pitching moment coefficient about the pitch center can be expressed as

_ e _
Cm = Cmye T ECI (19)

where ¢ = x, — X, is the distance between the pitch center and mean aerodynamic center.
From the steady-state aerodynamics, we obtain

I dem,, €
96 oa ol 20)

By the definition of an aerodynamic center, ag'"dm' = 0. Therefore, we write

Cm = Emo + Cing (0] (21)

where ¢, = Cp, + SEIO is the pitching moment coefficient about the pitch center at the zero angle of attack and ¢, is
the pitching moment curve slope about the pitch center.
Using the pitching moment curve slope ¢, , the distance ¢ between the pitch center and mean aerodynamic center
can be determined as _
. 22)
c

Cly,

Then, the pitching moment coefficient about the aerodynamic center is obtained as

_ Cmg -
Cmge = Cm — p z | (23)

o
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The circulatory pitching moment coefficient about the pitch center is given by

Xe — X, e e N N
Cm, = e - aCClp — EEI = [c —(Ag +iBy) a0:| ¢, — (Ag +iBp) 9*06‘1 (24)
The circulatory lift coefficient is computed as
e, = (Ug +iWe) i
C]&
- [F (k) —2k%G (k)} c1, 00 (Up SinkT + Wp coskt)
c
+ [G (k) + 2k F (k)} c1, 08 (Ug coskT — W sink) 25)
c
Then, the circulatory pitching moment coefficient about the pitch center is obtained as
e . o .
Cm, = { —(Ag +1iBy) 060] ¢, 00 (Fesinkt + G coskt)
c
:Ec[a 0 (F,sinkt + G, coskT)
c
1 1
— Ecla 0y (F.Ag — G.Bg) + ECZO‘ 6o (F.Ag — G.Bg)cos2kt
1
— Ecla 6o (GCAQ + FCBQ) sin2kt (26)
where B B
F.= {F (k) —2k—CG(k)} Up — [G (k) +2kiF(k)] We 27)
c c
G.= [G (k) + 2k F (k)} Us + {F (k) —2k%G (k)} We 28)
c c

It is of interest to note that the circulatory pitching moment coefficient produces a steady-state component equal to
—% (F.A — G.B) due to the unsteady lift coefficient and the motion of the aerodynamic center. The second harmonic
of the frequency response of the circulatory pitching moment coefficient is a nonlinear term due to the product of the
unsteady angle of attack and unsteady lift.

We also propose a transonic correction for the non-circulatory pitching moment coefficient as

Citge = (Tg + ng) C:;,nc (29)

where c;, ~is the incompressible non-circulatory pitching moment given by the Theodorsen’s theory as

e, cO T 2\ 20 e.,d0 & €2\ d*0
D LA O PR Y 17 A kAR O T R [l
me = 7TV, T 16 ( * c2) w2~ e 16( TR ) ae
k 2
— w60k | = (143292 ) sinkt — £ coskt (30)
16 c? c
Thus,
k e, . ec .
Cmye = OO T 1—&—32? (Ty SlnkT—i—VgCOSkT)—?(Tg coskT — Vg sink7) 31

Summing all the contributions of the pitching moment coefficient, the unsteady pitching moment coefficient is
obtained as

én =1, 600 [Fm sinktT + G, coskt — % (G.Ag + F.Bg)sin2kt + % (F:Ag — G.Bg)cos 2kr] (32)
where ~ LTk 5
F, = SFC—i— Sk [16 (1 +32ec’;> T + eccve] (33)
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(34)

1
G+k

k 2
G, 1 32 - — T
The transonic pitching moment correction functions A, B, T, and V are obtained from the Fourier transforms as

(35)

2k (F fo éncos2ktdt — G, fo émsin2ktd r)
nmey, 0 (F? + G2)
(36)

Ag =

(F Jo ¥ émsin2ktdt+ G, [0 émcos2ktd ’L')
(37

nmey, 6o (FC2 + G%)

(38)

(39)

(40)

B. Plunging Motion
The motion of an airfoil in a plunging creates an angle of attack on the airfoil
__h
a=—
VOO

—hgcoskt

If the plunging motion is described by
h=—hgcoswt =
(41)

:a+v—=a+ocosmkr

Then, the airfoil sees an angle of attack
(04

(42)

where oy =
1. Unsteady Lift Correction
The unsteady lift coefficient for the plunging motion is given by the Theodorsen’s theory as
ch 1 céx
= k X —_— = k X
] cl, [C( )a+22vm] ci, {C( )oc+2 it

2h0k
ld&}

N h
C? = Cla |:C(k) Vi + m

Applying the transonic correction, the unsteady lift coefficient is expressed as
(43)

(Ua+iWg) c1, 00 {C(k) sinkt + 3 coskr}
=c, {F(k) Ug — [G(k) + k} Wa} sink‘r—l—czaao{ {G(k)—k } Uq +F(k)Wa}coskT
(44)

Using the Fourier transforms, the correction functions Uy and Wy, are obtained as
2nm 2nm
&sinktdt+ [G (k) + 5] [o* & coskrdr}
k12
')

k=

. W{Fw

ne;, o {F2 (k) + [G (k) +
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2nm 2un
k{F(k) Jo* écosktdt—[G(k)+ 5] [, & sinkrdr}
W(x =

nci, 00 {F2 (k) + [G (k) + 5]}

2. Unsteady Pitching Moment Correction

The unsteady pitching moment coefficient for the plunging motion is given by the Theodorsen’s theory as

. e h 1 enh e . leyda

Cm = Clg [CC(k) V.o 4‘4’%} = Cly Lc(k) o— ]
The transonic corrected unsteady pitching moment coefficient is expressed as
1 e,da
Zoy o
27 ar

e
=15 (A, +iB,) — —
m L (Aa+i a)hokd'c]

The expression for the unsteady pitching moment coefficient is expanded as

(U +iWe) ¢1,C (k) & — (T + Vi)

Cn = [i —(Ag +1iBy) sink’c} {c1,00 [F (k) Uq — G (k) Wy sinkt +c;, 0o [F (k) W + G (k) Ug] coskt}

k
- (Ta + lVa) Cla(x()i% COSkT

e 1 3 k
=y, 0 EFa + fke—'”Va SinkT 4+ ¢, 0 EGa — feﬂTa COSkT
c 2 ¢ c 2 c

1 1 1
= 5%l o (FgAg — GgBg) + Ecla% (FoAq — GgBg)cos2kt — 5%l 00 (GgAg + FoBg) sin2kt

where

Go = G (k) Ug + F (k) Wy

Using the Fourier transforms, we obtain the transonic correction functions Ay, By, Ty, and Vi as

2nm 2nm
2k <Fh Jo© émcos2ktdt — Gy [ " Epsin ZdeT)

A =
“ nwey, o (Fh2 + G%)

2z 2z
2k (F;, Jo© Cmsin2ktdt+ Gy, [ ¢ Epncos 2k17d‘c>

Ba =~ ntcr, oo (2 + G2)

2nm _
T fﬁfo" CmcosktdT + $Gq
o=

kem
2 ¢

2nw
k (7% x o s
:ﬁfo CmsinkTdT — CFy

k em

2°¢

Va

C. Application of Transonic Correction in Unsteady Flow Simulations

(45)

(40)

(47)

(48)

(49)
(50)

(D

(52)

(53)

(54)

A series of unsteady RANS CFD simulations of oscillating transonic airfoils are conducted in FUN3D. The airfoils
are extracted from the Boeing Mach 0.745 Transonic Truss-Braced Wing (TTBW) aircraft configuration at four wing
stations as shown in Fig. 2. The pitch center of the oscillating airfoils is at the quarter-chord location. The FUN3D
mesh has about 30 thousand grid points. The mesh domain size is about 100 times the airfoil chord length. The Roe’s
flux-difference splitting scheme and the Spalart-Allmaras turbulence model are used in the simulations. An optimized
second-order backward finite-difference scheme is used in the time integration. The simulations are conducted in
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FUN3D for Mach 0.65, 0.7, 0.75, and 0.8 at four different reduced frequencies k = 0.02, 0.1, 0.2, and k = 0.3 where

k is defined as _
wc

k=—
2V

where @ is the frequency of oscillations, ¢ is the mean aerodynamic chord (MAC), and V.. is the freestream airspeed.

(55)

ection A

Section B Section C

Section D

Figure 2. Mach 0.745 TTBW Wing Sections

Figures 3 (a) and (b) show the time history of the unsteady lift coefficient and the hysteresis loop in the lift curve
computed by FUN3D for the MAC wing section at Mach 0.8 and the reduced frequency k = 0.02. The computed
unsteady lift coefficient by the transonic correction method is in good agreement with the FUN3D results.

Figures 4(a) and (b) present the unsteady pitching moment coefficient for Mach 0.8 and the reduced frequency
k = 0.02. The amplitude of pitch oscillation is 0.5°. The unsteady pitching moment coefficient exhibits a strong
nonlinearity not seen in the unsteady lift coefficient in Figure 3. The transonic correction method is able to capture
the nonlinear pitching moment coefficient quite accurately. There is an excellent agreement in the time histories of
the unsteady pitching moment coefficients between the FUN3D results and the transonic correction. The hysteresis
loop in the pitching moment curve illustrates a strong nonlinearity. The match in the hysteresis loop is generally quite
good.

T T T T T T T T T T T

FUN3D\ Unsteady c —— FUNSD Unsteady c,
Transpnjc Correction 7  — Transonic Correction

Unsteady c

Time (sec) o (-deg)
(@) (b)

Figure 3. Mach 0.745 TTBW MAC Wing Section ¢; Time History and c; vs. ¢ for Mach 0.8 and k = 0.02

8 of 26

American Institute of Aeronautics and Astronautics



m

Unsteady ¢

T

T

T

——RUNSD Unstgady ¢
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(a)

—— FUNSD Unsteady ¢ |

—— Transonic Correction |

1 1 1

-1.5 -1.25 -1 -0.75 -0.5

« (deg)

(b)

Figure 4. Mach 0.745 TTBW MAC Wing Section c,, Time History and c,, vs. ¢ for Mach 0.8 and k = 0.02

The nonlinear effect in the unsteady pitching moment coefficient is postulated to be due to the unsteady motion
of the aerodynamic center due to the moving shock. The inclusion of a transonic correction term to capture the
unsteady motion of the aerodynamic center allows the transonic correction method to accurately model the unsteady
pitching moment coefficient. Figure 5 presents the time history of the motion of the aerodynamic center about the
mean aerodynamic center computed by the transonic correction method. The motion is about 2.3% of chord.

/c
ac

Unsteady x

Time (sec)

()

/c

ac

T T T

— Computed Unsteady x 2/C

Figure 5. Mach 0.745 TTBW MAC Wing Section x,. Time History and x,. vs. o for Mach 0.8 and £ = 0.02

To illustrate the effect of the reduced frequency, Figs. 6(a) and (b) present the unsteady lift coefficient for Mach
0.8 and the reduced frequency k = 0.3. The transonic correction method captures the unsteady lift coefficient very

accurately.
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—— FUNBD Unsteady c,
[ —— Transonic Correction

Unsteady c

0 0.1 0.2 0.3 0.4 0.5 0.6 15 1.25 -1 -0.75 0.5
Time (sec) o (deg)
(a) (b)

Figure 6. Mach 0.745 TTBW MAC Wing Section ¢; Time History and c; vs. ¢ for Mach 0.8 and k = 0.3

Figures 7(a) and (b) show the unsteady pitching moment coefficient for Mach 0.8 and the reduced frequency
k = 0.3. It is noted that the strong nonlinear effect in the unsteady pitching moment coefficient for the reduced
frequency k = 0.02 is not present in the unsteady pitching moment for the reduced frequency k = 0.3. Nonetheless,
the hysteresis loop in the unsteady pitching moment curve still indicates a slight nonlinearity in the unsteady pitching
moment coefficient. A possible explanation for the reduced nonlinearity in the unsteady pitching moment coefficient
as the reduced frequency increases could be due to the lift circulation not being able to fully establish at higher values
of the reduced frequency. At very small values of the reduced frequency, the flow is dominated by the steady-state lift
circulation which is strongly nonlinear in transonic flow. Therefore, as the flow begins to transition from a steady flow
to unsteady flow, the nonlinear effect of the steady flow diminishes as the reduced frequency increases.

— FUNBSD Unsteady o
—— Transonic Correction |

m

Unsteady ¢

-0.75 -0.5

0 0.1 0.2 0.3 0.4 0.5 0.6 -1.5 -1.25 -1
Time (sec) « (deg)
(a) (b)

Figure 7. Mach 0.745 TTBW MAC Wing Section ¢, Time History and c,, vs. & for Mach 0.8 and k = 0.3

Figures 8(a) and (b) show the unsteady motion of the aerodynamic center computed by the transonic correction
method for Mach 0.8 and the reduced frequency k = 0.3. It is noted that that the amplitude of the motion of the
aerodynamic center decreases as the reduced frequency increases when comparing the amplitudes for the reduced
frequency k = 0.02 in Fig. 5. Moreover, the phase angle of the motion of the aerodynamic center also reverses.
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Unsteady x__/c
ac
/c
ac

1 1 1

1

0 0.1 0.2 0.3 0.4 0.5 0.6 -1.5 -1.25 -1 -0.75 -0.5
Time (sec) o (deg)
(a) (b)

Figure 8. Mach 0.745 TTBW MAC Wing Section x,. Time History and x,. vs. « for Mach 0.8 and k = 0.3

To further illustrate the effect of the reduced frequency on the motion of the aerodynamic center, Figs. 9(a) and
(b) show the pressure coefficients for the reduced frequency k = 0.02 and k = 0.3 corresponding to the aftmost shock
position and mean shock position for Mach 0.8, the mean angle of attack of —1°, and the amplitude of oscillation of
0.5°. Shocks exist on both upper and lower surfaces, but the upper surface shock dominates as it causes the pressure
center to shift aft. The shock movement can be seen on the surface pressure coefficient plots. The displacement of the
upper surface shock position is greater for the reduced frequency k = 0.02 than for the reduced frequency k = 0.3. The
displacement is estimated to be about 1.6% for the reduced frequency k = 0.02 and 0.8% for the reduced frequency
k = 0.3. These estimates are close to the estimates computed from the transonic correction method. This observation
thus supports the model of the motion of the aerodynamic center.

—M_=0.8,k=0.02, a="1 ° n0=0.5°, Mean Shock Position —M_ =08 k=03, a=-1 ° no=0.5°, Mean Shock Position
—=M_=0.8k=0.02, a=-1°, a,=0.5°, Aftmost Shock Position ——M_=08,k=0.3, a=-1°, a,=0.5°, Aftmost Shock Position
x/c x/c
(@) (b)

Figure 9. TTBW MAC Wing Section ¢, for Mach 0.8, k = 0.02 and k = 0.3, & = —1°, and ¢ = 0.5°

III. Dynamic Stability Derivative Analysis

The dynamic stability analysis is performed to determine the frequency responses of the stability derivatives of
an aircraft as a function of the reduced frequency. The frequency responses of the dynamic stability derivatives can
be obtained from the transonic correction method. In the following analysis, the wing contributions to the dynamic
stability derivatives are considered. These contributions are significant with respect to the angle of attack, pitch rate,

11 of 26

American Institute of Aeronautics and Astronautics



and roll rate. The wing contributions with respect to the angle of sideslip and yaw rate are usually small.

A. Dynamic Stability Derivatives Due to Angle of Attack

The incremental lift force contribution by the wing due to the angle of attack is computed as

b

2 1 ca
M:qm[%claGa(E) {C( )a+2m] cdy (56)

where § = ik is a non-dimensional Laplace variable and G (5) is a proper transfer function obtained by a frequency-
domain regression to approximate the transonic correction function Uy (5) 4 iWy (5). G (5) represents the transonic
correction for the lift coefficient and is computed from the following equation:
b
I2, ¢ty (Ua+iWg) [C(3) + 5] cdy
Ga(3) = b
2

0. 40625 4+ 0.17775 +0.004045
52 +0.21255+0.004045

b
2

(57)
¢l [C(5) + 15] cdy

IS

Figure 10(a) shows the transonic correction function G (5). As the reduced frequency increases, the magnitude
of the transonic correction on the lift coefficient decreases.
The Theodorsen’s function C (§) is approximated by the R. T. Jones” method and is given by

0.552 4+ 0.28085 + 0.01365
52 40.34555+0.01365

C(5) ~ (58)

The lift dynamic stability derivatives due to the angle of attack are obtained by taking the partial derivatives of the
lift force with respect to o and non-dimensional 53

1 9AL 1 [3 e
Cr, = TS 90 S~/—127 ¢1,Ga (5)C (5) cdy (59)

1
Cr. —_— G d 60
Ly = qw58 S/ Cly oc C Yy (60)

Figures 11(a) and (b) show the plots of Cy and CL&’ respectively.
The drag dynamic stability derivatives can be approximated as

Cp
Cp. ~ —2Cy. 61
D CL. La (61)
_Cp
Ch. “C 62
Dy ™ Ci, Ly (62)

where Cp,, and Cp,, are the steady-state stability derivatives.
The incremental pitching moment contribution by the wing due to the angle of attack is computed as

b

2
Amzqm/b

2

e ey, CO
Cly, |:Ga (.ST)C(ST)E(X—HQ (f)ﬁm 2

dy (63)
where ¢ and ¢, are defined with respect the the aircraft center of gravity (CG), and Hy, (5) is a proper transfer function
obtained by a frequency-domain regression to approximate the transonic correction function Ty, (5) + iV (5). Hg (5)
represents the transonic correction for the non-circulatory pitching moment and is computed from the following equa-
tion:

IS

Iy ety (Ta+iVe) $25cdy  0.44025% +0.27435 4 0.01488

(
Ha (5) = —2 a
fzgcvaiﬁscdy +0.1315+0.0003419

[N

(64)
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Figure 10(b) shows the transonic correction function Hy (5). The magnitude of the transonic correction on the
non-circulatory pitching moment coefficient decreases rapidly after small values of the reduced frequency.

The pitching moment dynamic stability derivatives due to the angle of attack are obtained as

Cp,

b

1 JA 1 2 3
m_ / . €1.Ga ()€ (3) Sy

ma " 5S¢ da. SC -5

1 JdAm 1 /5 e
— / }C[aHa (s)i

_b
2

czdy

(65)

(66)

Figures 12(a) and (b) show the plots of G, and Gy, due to the wing contributions. The steady-state stability
derivative C,,, due to the wing contribution is obtained to be —3.037 at zero reduced frequency. The horizontal tail
has a significant influence on the pitching moment stability derivatives. The steady-state stability derivative C,,, for
the whole aircraft is estimated to be —5.264 from VSPAERO with steady-state transonic and integral boundary layer
corrections.®10 The difference between these two values reflects the horizontal tail contribution. To make a correction

to the steady-state stability derivative C,,, we apply the following formula:

Cma = Cma (5) - Cma (0) + szx (67)
where G, (5) is from Eq. (65) and Gy, is the steady-state stability derivative for the whole aircraft.
1 60
09F
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Figure 10. Transonic Correction Transfer Functions G, (5) and Hy, (5)
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Figure 12. Pitching Moment Dynamic Stability Derivatives Due to Angle of Attack C,,, and G,

B. Dynamic Stability Derivatives Due to Pitch Rate

The pitch rate is the time derivative of the pitch angle. The incremental lift force contribution by the wing due to the

pitch rate is computed as

s [ a6y CREGES:

2V

2

_ 2e, 1} eq

_ 2.
ém C°q
Em 9\ g
T 4V£}C Y

(68)

where é, is defined with respect to the aircraft CG and Gy (5) is a proper transfer function obtained by a frequency-

domain regression to approximate the transonic correction function Uy () + iWp (3).

following equation and is plotted in Fig.13(a):

b
2

J

Ge (5) =

b Clg (U@ + Wy
2

5 2ec llciem@
{[c6) 2+ 3|5+ 22 f cay _ 0.37145> +0.18025 +0.003724

Gy (§) is computed from the

(69)

cu{[C5) 2+ 4] 5+ 22} cay
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The lift dynamic stability derivatives due to the pitch rate is obtained as

1 AL 1 /3 28,
= L = L [ Ge ) [0 2 4 5y 10)
T geS ) (i) SJ-t
2Veo
1
. Go (5) Zcdy 71
b qua S/ffcl“ o 7

4V2

Figures 14(a) and (b) show the plots of Cy, and CL‘;. The steady-state stability derivative Cy,, is obtained to be 24.9
at zero reduced frequency. The steady-state stability derivative Cy,, for the whole aircraft computed by VSPAERO is
26.1. The small difference reflects the horizontal tail contribution. To make a correction to the steady-state stability
derivative Cp , we apply the following formula:

CLq = CL,; (.ST) - CL,; (O) +CLq (72)

where C, (3) is from Eq. (73) and Cy,, is the steady-state stability derivative for the whole aircraft.
The drag dynamic stability derivatives are approximated as

Cp

CDq ~ #CL@ (73)
q
Cp,

Cp, = ECL‘; (74)

where Cp, and Cp, are the steady-state stability derivatives.
The incremental pitching moment contribution by the wing due to the pitch rate is computed as

b

2 ee. cq é. ¢q 1 &)\ &q 5
Am = ge Gy (5)C(5)——=——H d 75
n=a /_bcla{ 0 CE) L= ov 9(s)[2czv J“(32‘L 72 73

2

where Hy (5) is a proper transfer function obtained by a frequency-domain regression to approximate the transonic
correction function Ty (5) +iVp (5). Hg (5) is computed from the following equation and is plotted in Fig. 13(b):

b
2

2y e (To +1Ve) G5t ()5 }“’y 0.41995 4 0.15495 + 0.009447

Hp (5) = - - (76)

[ . el {SZH' (%2 n em) _2} 2dy §240.15745+ 0.0006584

The pitching moment dynamic stability derivatives due to the pitch rate is obtained as
1 9AC, 1 [% ¢2é, e\
= — = Go(5)C(5)—— —Hp(5) — | c°d 77
" s () =g [y |G OO —Hy )55 | )
Ve,
1 0AC, 1 /5 1 &\,
= = —— Hy cd 78
" 452 5 (24 Sé/gc"" Ozt )od (78)
4v2

Figures 15(a) and (b) show the plots of G, and Cmé. The dynamic stability derivative Cm‘7 is generally small. The
horizontal tail contributes largely to the pitching moment stability derivative Cy,,. The wing contribution to the steady-
state stability derivative Gy, is obtained to be —0.8734. The steady-state stability derivative G, for the whole aircraft
is computed to be —122.2852. To adjust for the wing contribution to the total pitch moment stability derivative, we
use the following formula

Cing = Cm; (5) — Ci; (0) + Ciy, (79)

where Cy; (3) is from Eq. (77) and Gy, is the steady-state stability derivative for the whole aircraft.
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Figure 13. Transonic Correction Transfer Functions Gy (5) and Hyp (3)
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Figure 15. Pitching Moment Dynamic Stability Derivatives Due to Pitch Rate C,,;, and Cm[;,
C. Dynamic Stability Derivatives Due to Roll Rate
The plunge airspeed due to the roll rate is
h=yp (80)
The incremental rolling moment contribution by the wing due to the roll rate is computed as
b 2.
B 2 _ Yy bp cybp
Al = qoo/_gC[aGa (S) |:C(S)2b2‘/m+bz4‘/£:| Cydy
The rolling moment derivatives are evaluated as
1 oAl 1 [3 IS
Clﬁ = qub@ = % _gclaGa (s)C(s)ZEcydy (81)
2V
1 oAl 1 3 NG,
c, -5/ , 1G9 jzexds (82)

()

Figures 16(a) and (b) show the plots of G, and Clﬁ. The stability derivative Clﬁ is generally small.
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Figure 16. Rolling Moment Dynamic Stability Derivatives Due to Roll Rate C;; and Cl,;

D. Flight Dynamic Stability Analysis

0.15

0.2

The steady-state stability derivatives of the Mach 0.745 TTBW are computed by VSPAERO which includes the steady-
state transonic and boundary layer corrections.®19 The dynamic stability derivatives due to the wing contribution are
added to the flight dynamic model for the stability analysis.

The linearized equations of motion of flight dynamics are presented in a frequency-domain form as

where s = 2% g

Slon =

Mlorz 0 SXJon _
0 Mlat SX]ar

Slorz 0 Xion
0 Slat Xiar

-
=5 is the Laplace variable, x;,, = { qg Ao % % A6 } s Xjgr = { pr ¢ B }
o1, Con; ()& Cing, (3)C )
g5 4V2 2V, 0 00
Cr. (5)E v, | CL, ()
W2 st 0 00
M, = CD& ()¢ MVeo
0 A = 0 0
0 0 0 1 0
L 0 0 0O 0 1]
Cm~ §)C 7
g 0 Cony (5) Co, 0 0
Cr.(5)c
e — (LZ‘;VN ~C1,(5)  —Ci,—2C. —Ciafr 0
Cp-(5)¢
7quvw % _CDa (S) —CDM — ZCD —CD% —%
Voo Voo
0 -7 0 0 =
1 0 0 0 0 |
Cin . (5)b
L Iz
gSh sz T ¢S 0 0
Iz I
M, = GooSb qoS 0 0
0 0 1 0
0 0o 0 %
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Gy (5)b C,b

szmb Ve 0 Clﬁ
p Cu,b
Siu = Ve 2Veo 0 C";s
1 0 0 0
mVett | b mve | Crb W
GooS + 3z GooS + o gooS CYB

(87)

It is noted that the matrices are frequency-dependent as functions of the Laplace variable s whereupon the non-
dimensional Laplace variable § has been converted to s. Table 1 presents the eigenvalues of the flight dynamic modes
with and without the transonic-corrected dynamic stability derivatives at Mach 0.745, design lift coefficient C;, = 0.73,

and an altitude of 43,6006 ft.

Mode Eigenvalue w/o Dynamic Stability | Eigenvalue w/ Dynamic Stability
Short-Period —0.3500+0.3514i —0.3789+0.3817i
Phugoid —0.008208 + 0.07703i —0.008331+0.07692i
Plunge —0.008621 —0.008621
Dutch-Roll —0.005294 + 0.2266i —0.006793 £ 0.2280:
Roll —0.4950 —0.5264
Spiral —0.001945 —0.001945

Table 1. Eigenvalues of Flight Dynamic Modes of Mach 0.745 TTBW

IV. Generalized Aerodynamic Force Analysis

A NASTRAN finite-element model (FEM) of the Mach 0.745 TTBW is available from Boeing. The NASTRAN
FEM comprises a detail structural model of the wing and struts, a shell structural model of the fuselage section that

17.

Z X

_goooa
X

"
X

Figure 17. Boeing Mach 0.745 NASTRAN Finite-Element Model

joins with the wing, and a beam-stick model of the rest of the fuselage and the tail empennage. This is shown in Figure

The frequencies of the structural dynamic modes are shown in Table 2. The mode shapes of the first six modes are

shown in Figure 18.
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MODE EIGENVALUE
1 7.602844E+01
2 9.013939E+01
3 1.265952E+02
4 1.482324E+02
5 2.192438E+02
6 2.208044E+02
7 3.154186E+02
8 3.190327E+02
9 3.409872E+02
10 4.343747E+02
11 5.990791E+02
12 7.103877E+02
13 8.052690E+02
14 1.417630E+03
15 1.871930E+03
16 2.234587E+03
17 3.321114E+03
18 3.484454E+03
19 4.005732E+03
20 4.159567E+03

RADIANS

8.719429E+00
9.494176E+00
1.125145E+01
1.217507E+01
1.480688E+01
1.485949E+01
1.776003E+01
1.786149E+01
1.846584E+01
2.084166E+01
2.447609E+01
2.665310E+01
2.837726E+01
3.765142E+01
4.326581E+01
4.727141E+01
5.762910E+01
5.902927E+01
6.329085E+01
6.449471E+01

FRrow~NooUubbBWWNNMNNMNNMNNRRERER

CYCLES

.387740E+00
.511045E+00
.790725E+00
.937723E+00
.356589E+00
.364961E+00
.826596E+00
.842744E+00
.938930E+00
.317053E+00
.895491E+00
.241972E+00
.516381E+00
.992410E+00
.885967E+00
.523479E+00
.171957E+00
.394800E+00
.007305E+01
.026465E+01

GENERALIZED MASS GENERALIZED STIFFNESS

1.616053E+01 1.228660E+03
7.625986E+02 6.874017E+04
4.345584E+00 5.501301E+02
3.393707E+00 5.030572E+02
1.485700E+01 3.257305E+03
9.364201E+02 2.067657E+05
1.629658E+01 5.140246E+03
2.370701E+01 7.563310E+03
7.999038E+01 2.727570E+04
1.057838E+01 4.594981E+03
1.172665E+01 7.025192E+03
1.196001E+01 8.496244E+03
1.076582E+01 8.669378E+03
2.830640E+00 4.012799E+03
1.704194E+00 3.190132E+03
5.157762E+00 1.152547E+04
2.065572E-02 6.859999E+01
1.436693E-01 5.006093E+02
7.076377E+00 2.834607E+04
6.857036E+00 2.852230E+04

Table 2. Frequencies of Mach 0.745 Transonic Truss Braced-Wing
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Figure 18. Boeing Mach 0.745 NASTRAN Mode Shapes

A. Generalized Aerodynamic Force Due to Generalized Displacements

The generalized aerodynamic force is computed as

b b
2 2

F, - / @l Ldy+ [ W mdy
-2 -2

(88)

where @, and W, are the vertical displacement matrix (positive upward) and pitch rotation matrix (positive leading
edge up) of the modes, respectively. The lift force and pitching moment due to the generalized displacements are

20 of 26

American Institute of Aeronautics and Astronautics



expressed as

N ecq cq | cem I R G |
le = gooccy, Go (3) [C (%) (q—i— ‘;m) + A + 4"/”3) } Y, — gocci, Ga (%) |:C (%) A + 4V£] o,

}%

. . 2 2 .
e e e c“+32e;,) 4
me :qmczcla {Ge (5)C(5) - (‘H‘ Cq) —Hy (5) l4€/q + %

e, [GaOCO S~ Ha () 53

(89)

(90)

where ( is the generalized displacement vector of the modes, and the quantities e, e,,, and e, are defined with respect

to the elastic axis. The generalized force is expressed as

F.=-K.,q—-C.q—M,q4

where K,, C,, and M,, are the aerodynamic stiffness, damping, and mass matrices, respectively and computed as

b
3
K, = —4-Go (5)C (3) /7@ (q): +‘I‘;,re) c1, ¥yedy

2

2 e c Lo
Ca——qw/bCIJZ cl, {Gg(s")[ (§)V—C+4V ]‘Py—Ga(s)C(s")Vz}cdy
77 (<] (==} Ead
e {Go 50 <[4 o 92w, — Go (9109 <2
e [ B Go DI T |72~ Ho ) gy | W= Ga(ICE) (* [
b
2 ce, ¥ cd,
Mafqu/bd)zTcla {Ge )z~ Ga(®) 4‘/5] cdy

s 2 2
b 2 2
2 _ (" +32¢;) P _en®

_qm‘/ig\y;—cla Hg (S)( 128‘/0%) = Oc() ZV£Z‘| zdy

The dynamic aeroelastic equation is given by

(M;+M,) SZ(H‘ (Cs+Co)sq+ (Ks+Ky)q=F,

oD

92)

93)

(94)

95)

where M;, C, and K are the structural stiffness, damping, and mass matrices, respectively, and F, is the generalized
aerodynamic force due to the aircraft states x;,, and x;,,. The eigenvalues of the dynamic aeroelastic equation are

determined from
H(s) = (M;+M,) s>+ (Cs+Co)s+ (Ks +K,) =0

(96)

Figure 19 shows the root locus of the eigenvalues of the first 17 aeroelastic modes. The structural damping for
all the structural modes is assumed to be 2%. All the first 17 aeroelastic modes are stable. The transonic correction

causes a reduction in the aerodynamic damping from the ideal values computed by Theodorsen’s theory.
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Figure 19. Eigenvalues of Aeroelastic Modes of Mach 0.745 TTBW

B. Generalized Aerodynamic Force Due to Aircraft States

The lift force and pitching moment due to the aircraft states are computed as

b =ace 0o ) [€9) (432 )+ 15 (a4 2]+ gecer 60 9 { [e 22 4 25| o+ 2}

V. Vo AT L7
_J AV _pdp Ah
+ gec (c1, +281) A +q°°cclhdih? G
e e . )
. [Ga ()CE@)* (a + éi) ~ Ha (5) ;- (a + {Z)}
— - _ 2 2\
2 N €éq o | ecq (C + 32€m) q
oo -— —H, —ay
+geoccyy {Ge (3)C(5) oy, e () T 12812
AV dp Ah
+qo<,6'2 (Cmu +2C_m) E—I—qwcz@n%? (98)
The generalized aerodynamic force due to the aircraft states is computed
F, =F.x, +G,%, 99)

-
where x, = { Xbn X ] is the aircraft state vector, F, = [ F, Fo, Fy F, 0 F, 0 0 0 |,and G, =

(G, Ga 00 0 G, 00 0]
These generalized forces are computed as

b
2 T = _ 2e, 1] ¢
F, :qw/_gCDZ c1,Go (3) {C(S)CC—FZ} Rcdy
5 e2e é.) ¢
T N (s c - € 2
+qoo/;%\Py Cly {Ge (S)C(S)ET_HQ (S)Zc}z‘/wc dy (100)
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b —
2 2 e
Fo = g0 / @ 1,Ga (5)C(5) cdy+ - / W0, Ga (5)C(5) Scdy
s »

b b
3 3
szqm/deZT (clu—|—251)cdy+q.x,/b‘I’T Cmy, +2Cm) 2dy
-3 -3

3 pdp 5 pdp
F=q. | ®]¢ d /
ne Lg < Uhan “ |- hdh

3 2y b
p =4 [, ®4-,Ga()C )
2

y doCm

czdy

b
2 e2y b
——cd o Wl Gy (5)C () -2 ——c%d
b 2y, (T /J v €l G (§)C(8) 25y me
5o em 1 &\ & ,
Gq:qwlk¢z c1,Go (§) — 4V20dy qoo/ ‘I‘ ci,Ho (5) 32+ 4V2 c“dy
2
5 ém C
Gazqm/ QTclaGa (5) = cdy qm/ ‘P CloHea (5) == Ady
-5 < 22V, 2c 2V

2 N : Zmy b?
Gp—qoc/_gQ;rC[aGa (S)ﬁr‘/ogcdy—qoo/b‘PTC[a ( )bTT‘/;%C2dy
C. Aerodynamic Coefficients Due to Generalized Displacements

(101)

(102)

(103)

(104)

(105)

(106)

(107)

The generalized displacements create a lift force and a pitching moment on the wing. The aerodynamic stability
derivatives due to the generalized displacements are computed as

d (fgb ledy)
Cry=———2

2 - -
1594 =3 /127 c1,Go (5)C(5) Wycdy

(108)

(109)

(110)

(111)

(112)

(113)
b
. (fjlz, )
C, = —ashiq - %/7% c1,Go (5)C (5) Wycydy (114)
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o d (fh eydy>

2e. 1 Lo L2®, ) C
Iq / a{ {C(E) +:| Y, -Gy (3)C(5) ‘}cydy (115)
q qub(9 Sb [’ c 2 C b
P ( %, Lyd )
b eydy b -2
-3 ) e ®, | ¢
Clq = = E / b Cly |:G9 (,ST) qu‘y — Ga (ST) LZ:| b2 Cydy (1 16)
q-Sho (4v2) /=3
The coupled aircraft equation of motion is expressed as
M,sx, = S,x, + Ps>q + Qsq + Rq (117)
where -
Crg 5 Gyc 1
CLﬁ?S_)CZ CgL‘;w(S‘)E Cong (S)_
vz - 2\/(00) —Cr, (5)
Cp, (5)C Cp, (5)¢ . o
ngi ~ow €04 (5
0 0 0
P= 0 Q= 0 ;R= 0 (118)
Cig (5)b? Gy (5)P Gy (3)
4v2 Ve 0
0 0 0
0 0 0
0 L0 ) ]

V. Coupled Dynamic Aeroelastic Flight Dynamics

The coupled dynamic aeroelastic flight dynamic equations of motion of the aircraft are expressed in a frequency-

domain form by
x| |0
q 0

It is noted that all the matrices are frequency-dependent. That is, they are functions of the Laplace variable s. The
eigenvalues of the coupled equations of motion are computed. There are a total of 2355 eigenvalues all of which are
stable. Table 3 presents the eigenvalues of the dynamic aeroelastic flight dynamic modes of the Mach 0.745 TTBW.
For comparison, the eigenvalues of pure flight dynamic modes from Table 1 are shown. The dynamic aeroelasticity
causes the damping of the short-period and Dutch-roll modes to decrease while the damping of the Phugoid mode to
increase. The roll mode becomes more stable but the spiral mode becomes less stable. The plunge mode also becomes
slightly more stable.

M,s—S,
—G,s—F,

—Ps2—Qs—R

119
(M +M,) s>+ (Cs+C,) s+ (K +K,) e

Mode Eigenvalue w/ Dynamic Aeroelasticity | Eigenvalue w/o Dynamic Aeroelasticity
Short-Period —0.1539+£0.5453i —0.3789+0.3817i
Phugoid —0.01447 £0.06150i —0.008331+0.07692i
Plunge —0.008828 —0.008621
Dutch-Roll —0.02488 +0.1754i —0.006793 £+ 0.2280i
Roll —0.6192 —0.5264
Spiral —0.001249 —0.001945

Table 3. Eigenvalues of Dynamic Aeroelastic Flight Dynamic Modes of Mach 0.745 TTBW

Figures 20(a) and (b) show the partial eigenvalues of the longitudinal flight dynamic modes coupled to symmetric
structural dynamic modes and eigenvalues of the lateral-directional flight dynamic modes coupled to anti-symmetric
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structural dynamic modes. The effect of transonic aerodynamics can be seen in the two plots, especially in the plot
of the lateral-directional eigenvalues, as the eigenvalues of the dynamic aeroelastic flight dynamic modes shift to the
right, thereby indicating that the damping of the modes generally decreases due to the unsteady transonic aerodynamic
effect accounted in the model.

Longitudinal Flight Dynamics w/ Symmetric Elastic Modes 60 Lateral-Directional Flight Dynamics w/ Anti-Symmetric Elastic Modes

60
x w/o Dynamic Aeroelasticity x o x  w/o Dynamic Aeroelasticity
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Figure 20. Eigenvalues of Longitudinal and Lateral-Directional Flight Dynamic Modes with Elastic Modes

VI. Conclusion

This paper presents a modeling approach for dynamic aeroelastic flight dynamic analysis of the Mach 0.745
Transonic Truss-Braced Wing. The modeling approach is based on a transonic correction method to correct the
Theodorsen’s theory for transonic flow. CFD unsteady Reynolds-averaged Navier-Stokes equations (RANS) simula-
tions are conducted using FUN3D solver for a series of wing sections from the Mach 0.745 Transonic Truss-Braced
Wing in pitch and plunge oscillations. Unsteady lift and pitching moment coefficients are obtained and used to develop
the correction terms in the Theodorsen’s theory to account for transonic aerodynamics. The unsteady lift and pitching
moment derivatives with respect to the unsteady angle of attack are obtained as functions of the reduced frequency.
These derivatives are used to compute the unsteady lift and pitching moment contributions by the angle of attack,
pitch rate, and roll rate. They are then approximated using a frequency-domain regression to obtain the dynamic
stability derivatives for the Mach 0.745 Transonic Truss-Braced Wing. The structural dynamic mode shapes of the
Mach 0.745 TTBW are extracted from a NASTRAN finite-element model. These mode shapes are used to compute
the generalized unsteady aerodynamic forces. The aerodynamic mass, damping, and stiffness and the aerodynamic lag
states are constructed to couple the dynamic aeroelastic contribution to the flight dynamic model of the Mach 0.745
Transonic Truss-Braced Wing. The coupled dynamic aeroelastic flight dynamic equations of motion are formulated.
The eigenvalues of the coupled system are computed. All the flight dynamic modes and structural dynamic modes are
stable at Match 0.745. The effect of transonic aerodynamics generally causes all the dynamic modes to have lower
damping values.
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