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Abstract 
The purpose of this document is to explore the use of adaptive routines in battery modeling. 

The adaptive routines consist of real-time state estimators combined with battery parameter 

model components that are adjusted in real-time as battery data becomes available. Several 

aspects are explored. It is shown that model parameter identification is possible for simple 

battery models using available input/output data measurements. The online system 

identification used is recursive least squares. Model identification may be combined with a state 

observer such as the extended Kalman filter or the unscented Kalman filter to form an adaptive 

model combined with state estimation. However, such a combination is found to be problematic 

due to uncertainty, observability, and stability issues. This paper is organized as follows. Section 

1 introduces adaptive routines and possible roles they play in battery modeling. In Section 2 

real-time parameter identification is described with results based on battery data. Section 3 

reviews various state estimators and results using a simple battery model. In Section 4 

parameter identification and state estimation are combined to form an adaptive routine. Finally, 

in Section 5 conclusions are drawn and future work is suggested.  

1. Introduction 
There exists a need to estimate the useable charge of a battery to predict the time to 

exhaustion under expected load demand. State of Charge (SoC) is an estimate of the internal 

charge state. Since SoC is not directly measurable, it must be estimated using measurements 

of battery current and voltage. Several methods to model the dependence of the voltage on the 

current and battery’s internal state include electrochemistry models, equivalent circuit models, 

and models using some type of input/output mapping such as neural networks. Each type of 

modeling method has advantages and disadvantages. The electrochemistry model is the most 

detailed we considered and relates most closely to the battery physics. However, it has the most 

tuning challenges and is the most complex model and therefore might offer tuning challenges 

and trouble with robustness. Neural network models could offer accurate input/output mapping 

but are not suitable for real-time adaptation due to their reliance on a-priori data. The equivalent 

circuit model is simple, robust, and easily relates basic battery dynamics to a small set of 

parameters for possible tuning. A disadvantage of the equivalent circuit model is that it is not as 

accurate as more complex models so the battery state estimates and predictions can be inferior 

and suffers as the battery’s internal parameters shift with battery age. However, this loss of 

accuracy may be tolerated due to the advantages gained in robustness and potential use in 

adaptive routines due to the model’s mathematical simplicity, intuitive appeal, and ease of 

accommodation of real-time parameter updates. Both battery parameter estimation and model 

state observation are obtained through correlation techniques, such as Kalman filtering.  

 

Kalman filtering is an established technology used since the Apollo program [1] for the 

estimation of states within a dynamic system. For linear systems, this method of state 

estimation is optimal. The Kalman filter consists of a set of recursive equations that are 

evaluated repeatedly and updated using input/output measurements as the system operates. 

The mathematical model of the system consists of two noise sources: process and 

measurement noise. Process noise is noise in the state estimate due to inaccuracies and model 

parameter errors. Measurement noise consists of sensor errors and electrical noise. For linear 

observable systems with known process and measurement noise variances, the Kalman filter 

has been widely employed as the optimal state estimator. However, many systems are 

nonlinear. In our case, the battery discharge voltage profile is a nonlinear function of the input 
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current demand. To approximate an application of the Kalman filter to nonlinear systems, the 

Extended Kalman Filter (EKF) has been developed. The EKF is derived from the nonlinear 

system equations by representation of the nonlinear system using the first term of the nonlinear 

equation’s Taylor series expansion. This makes development of the Kalman filter possible for 

nonlinear systems but sacrifices system representation by employing an approximate (linear) 

model. For battery modeling, the EKF has been used as a state observer of the underlying 

nonlinear battery behavior [2]. 

State observers are used to update battery state estimates of internal state values based on 

observations of current and voltage at the battery output terminals. An equivalent circuit battery 

model in [3] [4] is used to represent battery terminal voltage dynamics as a function of battery 

current. The model is based on Thevenin’s theorem used to model the current and voltage 

profile of the battery as a black box input-output device. A first-approximation assumption is 

made such that the battery state can match a linear electrical network consisting of only voltage 

and current sources and resistances and capacitors. Thevenin states that the black box can be 

replaced at the input output terminals by an equivalent voltage source in series connection with 

an equivalent resistance and capacitance. The correspondence of the resistor capacitor (RC) 

circuit to actual battery chemical phenomena is only notional. To extend the equivalent circuit 

model, some of the components were made to vary according to the bulk charge stored in the 

battery. The SoC is an estimate of the battery bulk charge. The battery input-output voltage 

dynamics will change as a function of this bulk charge estimate. Battery SoC is defined as: 

𝑆𝑜𝐶 =
𝐶𝑡

𝐶𝑀𝑎𝑥
= 𝑆0 −

∫ 𝜂𝐼(𝜁)𝑑𝜁
𝑡

𝑡0

𝐶𝑀𝑎𝑥
 

Where 𝐶𝑡 represents the charge stored in the battery, 𝐶𝑀𝑎𝑥 is the maximum charge that the 

battery can hold. 𝐼 is the current drawn during discharge, 𝜂 is the coulombic efficiency assumed 

to be one, and 𝑆0 is the initial SoC at time 𝑡0. 𝜁 is a dummy variable of integration.  

Model-based battery SoC estimation has been developed here using an equivalent circuit 

representation [3]. The equivalent circuit model is chosen due to its simplicity, robustness, and 

ability to be formulated into a linear representation for adaptive linear techniques such as 

recursive least squares. Various methods of performance analyses and conditions under which 

the model state is observable have been proposed and demonstrated using simulated and 

experimental battery data [5]. The EKF has been analyzed and demonstrated in tutorials 

including detail development and discussion [2]. In addition to the EKF, the Unscented Kalman 

Filter (UKF) has been used extensively for state estimation of battery models [6], [7]. In this 

paper, investigation is made into the practicality of combining existing state estimators with 

adaptive routines for online battery parameter tuning with the goal of tracking some of the aging 

effects that occur due to battery charge and discharge cycling. There is an ongoing need to 

update the battery model parameters as the battery ages. Present and past data collected 

during battery usage may provide information either in real-time or post operational to perform 

parameter updates, resulting in a battery model that will more accurately predict SoC.  This in 

turn enables better predictions of the time of depletion, End of Discharge (EOD) and the closely 

related time remaining known as Remaining Useful Life (RUL). 

2. Battery Model and Parameter Estimation 
In this section the open circuit battery model is developed using a nonlinear equation that 

captures the near-equilibrium slow discharge and the open circuit voltage characteristics of the 

battery. The data set used to identify the equation coefficients is described in Appendix B, 

Figure B.1. Figure 1 shows the equivalent circuit model. The dashed arrows represent potential 

differences with the arrowhead at the assumed more positive potential. Here Uoc is the open 
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circuit voltage, I(t) is the discharge current, Ud is the total voltage across the resistor and 

resistor-capacitor pair, Up is the voltage across the parallel resistor-capacitor pair, R0 is the 

battery internal resistance, and UL is the battery terminal voltage. The RC network characterizes 

the battery electrode polarization phenomenon. 

2.1 Estimation of Uoc 

For the equilibrium Uoc identification process, it is assumed that the resistors and capacitor 

do not play a significant role in modeling the battery behavior since the current draw is very low 

and electrode polarization effects may be neglected since the discharge is very slow and over a 

long time period. The equation for Uoc as a function of SoC St at time t is given in equation (1).  

 

 𝑈𝑜𝑐,𝑡(𝑆𝑡) = 𝐾0 − 𝐾1𝑆𝑡 −
𝐾2

𝑆𝑡
⁄ + 𝐾3 ln 𝑆𝑡 + 𝐾4ln(1 − 𝑆𝑡) 

(1) 

 

The data as described in Appendix B is used to fit the coefficients K0 through K4 to the battery 

discharge curve of Figure B.1. The resulting fit is shown in Figure 2 along with the parameter 

values presented in Table 1. As can be seen in Figure 2, equation (1) provides a close fit for the 

open circuit voltage Uoc. Using equation (1), the battery can be modeled during low current, slow 

discharge. However, for larger currents and faster discharge, additional equivalent circuit 

components must be added to account for battery behavior. The fit values shown in Table 1 

were obtained using the Nelder-Mead method. Here the initial values were taken from [8]. It was 

assumed that the charge St started with the battery fully charged with 𝑆𝑡 = 1 and that the battery 

was fully discharged with 𝑆𝑡 = 0 at the end of the data set. However, equation (1) has 

singularities at these end points, so 𝑆𝑡 was restricted to vary between 0.01 and 0.99. 

 

 

Figure 1 Equivalent Circuit Model 
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Table 1 Equation (1) parameters 

 

 

 

 

 

2.2 Estimation of Ud Components Using RLS 

In this section the values of R0, Rp, and Cp are estimated using Recursive Least Squares, 

RLS [9]. RLS is like batch least squares but updates parameter estimates as data becomes 

available. Since the circuit producing Ud of Figure 1 is linear, linear techniques such as RLS 

may be used. Using circuit theory, the equation for Figure 1 is first derived in continuous time. 

The discrete time model is then derived, and the transfer function is used to find expressions for 

the component values. 

Consider the circuit shown in Figure 1. Using Kirchhoff's voltage and current laws, the 

equation for this circuit is shown in equation (2). 

 Initial Final 

K0 25.960 21.9696 

K1 -1.4346 -1.7180 

K2 0.0450 0.0368 

K3 -0.4602 0.0043 

K4 -0.0043 -0.3821 

Figure 2 Plot of measured voltage and Uoc 
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𝑈𝐿(𝑡) − 𝑈𝑜𝑐(𝑆𝑡) + 𝑅0𝐼(𝑡) + 𝑈𝑝(𝑡) = 0 (2) 

 
𝐼(𝑡) =

𝑈𝑝(𝑡)

𝑅𝑝
+ 𝐶𝑝

𝑑𝑈𝑝(𝑡)

𝑑𝑡
 

 

Combining equation set (2) with the expression for St, the continuous time state equation may 

be written as shown in equation (3) where the time constant is 𝜏 =  𝑅𝑝𝐶𝑝. 

 

[
𝑆𝑡̇

𝑈̇𝑝(𝑡)
] = [

0 0

0 −1
𝜏⁄
] [

𝑆𝑡

𝑈𝑝(𝑡)
] + [

−1
𝐶𝑀𝑎𝑥

⁄

1
𝐶𝑝

⁄
] 𝐼(𝑡) 

(3) 

We convert equation (3) to discrete time as shown in equation (4) where Ts is the sample period 

and k is the time step. The output equation 𝑈𝐿(𝑘) is shown for completeness. 

 

[
𝑆(𝑘)

𝑈𝑝(𝑘)
] = [

1 0

0 𝑒
−𝑇𝑠

𝜏⁄
] [

𝑆(𝑘 − 1)

𝑈𝑝(𝑘 − 1)
] + [

−𝑇𝑠
𝐶𝑀𝑎𝑥

⁄

𝑅𝑝 (1 − 𝑒
−𝑇𝑠

𝜏⁄ )
] 𝐼(𝑘) 

(4) 

 𝑈𝐿(𝑘) = 𝑈𝑜𝑐(𝑆(𝑘)) − 𝑈𝑝(𝑘) − 𝑅0𝐼(𝑘)  

 𝑈𝑜𝑐(𝑆(𝑘)) = 𝐾0 − 𝐾1𝑆(𝑘) −
𝐾2

𝑆(𝑘)⁄ + 𝐾3 ln 𝑆(𝑘) + 𝐾4ln(1 − 𝑆(𝑘)) 
 

The goal of the adaptive routine is to adjust the circuit parameters as data becomes available to 

closely match the battery behavior. To aid in the formulation of the adaptive routine, the Laplace 

transform is taken using Figure 1 and shown in equation (5). From the circuit equation, the 

transfer function G(s) is found. Here the output is the voltage developed across the circuit 

components, Ud, and the input is the current during discharge, I(t). Polarities are as shown in 

Figure 1 and the symbol // means “parallel with.” 

 𝑈𝐿(𝑠) − 𝑈𝑜𝑐(𝑠) + 𝑅0𝐼(𝑠) + 𝑅𝑝  //  (1 (𝐶𝑝𝑠))⁄ 𝐼(𝑠) = 0 (5) 

 
𝐺(𝑠) ≡

𝑈𝑑(𝑠)

𝐼(𝑠)
=

𝑈𝑜𝑐(𝑠) − 𝑈𝐿(𝑠)

𝐼(𝑠)
= 𝑅0 +

𝑅𝑝

1 + 𝑅𝑝𝐶𝑝𝑠
 

 

Equation (5) needs to be expressed in the discrete time frequency domain. The bilinear 

transform is used here. The bilinear transform essentially uses the first order approximation and 

substitutes into the continuous time transfer function: 𝑠 ←
2

𝑇𝑠

𝑧−1

𝑧+1
 where 𝑇𝑠 is the sample period. 

After doing the substitution and performing algebraic manipulations, we get the discrete time 

transfer function of equation (6). 

 
𝐺(𝑧) = 𝑅0 +

𝑅𝑝

1 + 𝑅𝑝𝐶𝑝
2
𝑇𝑠

(
𝑧 − 1
𝑧 + 1)

=
𝑎2 + 𝑎3𝑧

−1

1 + 𝑎1𝑧−1
 

(6) 

𝑎1 =
𝑇𝑠 − 2𝑅𝑝𝐶𝑝

𝑇𝑠 + 2𝑅𝑝𝐶𝑝
    𝑎2 =

𝑅0𝑇𝑠 + 𝑅𝑝𝑇𝑠 + 2𝑅0𝑅𝑝𝐶𝑝

𝑇𝑠 + 2𝑅𝑝𝐶𝑝
 𝑎3 =

𝑅0𝑇𝑠 + 𝑅𝑝𝑇𝑠 − 2𝑅0𝑅𝑝𝐶𝑝

𝑇𝑠 + 2𝑅𝑝𝐶𝑝
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The values 𝑎1, 𝑎2, and 𝑎3 are solved for using RLS. To do this, the inverse z transform is used 

to express the relationship between the voltage 𝑈𝑑(𝑘) and the current 𝐼(𝑘) as shown in 

equation (7). 

 
𝐺(𝑧) =

𝑈𝑑(𝑧)

𝐼(𝑧)
=

𝑈𝑜𝑐(𝑧) − 𝑈𝐿(𝑧)

𝐼(𝑧)
=

𝑎2 + 𝑎3𝑧
−1

1 + 𝑎1𝑧
−1

 
(7) 

 𝑈𝑑(𝑘) = −𝑎1𝑈𝑑(𝑘 − 1) + 𝑎2𝐼(𝑘) + 𝑎3𝐼(𝑘 − 1)  

We can now define the needed vectors for the RLS algorithm as shown in equation (8). Here 

the error for updating the parameter estimates err(k) is computed based on the difference of 

measured battery terminal voltage 𝑈𝐿 and the estimated open circuit voltage 𝑈𝑜𝑐(𝑘) minus the 

estimate 𝑈𝑑(𝑘).  

 𝜃 = [𝑎1 𝑎2 𝑎3]𝑇 (8) 

 𝜙 = [−𝑈̃𝑑(𝑘 − 1) 𝐼(𝑘) 𝐼(𝑘 − 1)]  

 𝑈̃𝑑(𝑘) = 𝜙𝜃  

 𝑒𝑟𝑟(𝑘) = 𝑈𝑑(𝑘) − 𝑈̃𝑑(𝑘) = 𝑈𝑜𝑐(𝑘) − 𝑈𝐿(𝑘) − 𝑈̃𝑑(𝑘)  

 The recursive least squares estimate for 𝜃 is shown in equation set (9). Here 𝜆 is the forgetting 

factor set to 0.97, P is the correlation matrix initialized to one across the diagonal and zero 

elsewhere, and 𝜃 was initialized to zero. 

 

The RLS routine was applied to data set two as shown in Figure B.3. This data set was chosen 

because it exercises the battery the most due to the variations in current draw. Results are 

shown in Figures 3 through 7. The average value for each parameter was found by averaging 

the values after one hundred seconds, giving the adaptive routine time to settle. 

  

 
𝐿 =

𝑃𝜙𝑇

𝜆 + 𝜙𝑃𝜙𝑇
 

(9) 

 𝑃 = (𝑃 − 𝐿𝜙𝑃) 𝜆⁄   

 𝜃(𝑘 + 1) = 𝜃(𝑘) + 𝐿(𝑒𝑟𝑟(𝑘))  
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Figure 5 Internal Resistance R0 Figure 6 Polarization Resistance Rp 

Figure 3 Load Voltage UL 
Figure 4 Component Voltage Ud 
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In Figure 3 we see the battery terminal voltage and estimates, UL. Here we see that the 

estimated terminal voltage and measured terminal voltage closely match as one would expect 

during system identification. The voltage Uoc is the open circuit voltage. That this value is larger 

and does not reflect the load variations during discharge is not surprising since for Uoc the 

battery internal resistance and polarization effects are taken to be zero; that is, unmodeled. 

Figure 4 shows the component voltage Ud.. Here we see a close fit between the constructed 

measured voltage (the difference between the terminal voltage and Uoc) and the estimated 

component values based on the estimates of R0, Rp, and Cp. The plots shown in Figures 5, 6, 

and 7 are the values for R0, Rp, and Cp as the RLS routine adjusts during adaptation. The black 

line shown in each plot is the average value after one hundred seconds. Convergence can be 

seen in these plots to reasonable component values [8]. Once the RLS routine has developed 

estimates for a1, a2, and a3, the component values may be obtained by solving equation set (6) 

for R0, Rp, and Cp. The result is shown in equation set (10).  

 
𝑅0 =

(𝑎2 − 𝑎3)

1 − 𝑎1
 

(10) 

 
𝜏 =

𝑇𝑠(1 − 𝑎1)

2𝑎1 + 2
 

 

 
𝑅𝑝 = (1 +

2𝜏

𝑇𝑠
)𝑎2 − 𝑅0 −

2𝑅0𝜏

𝑇𝑠
 

 

 𝐶𝑝 =
𝜏

𝑅𝑝
  

3. State Estimation 
In this section, state estimation is presented. For a given battery model, the state may be 

estimated in real-time as input/output data becomes available. State estimation may be 

Figure 7 Polarization Capacitance Cp 
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performed as model adaptation takes place, or the estimated state may be extended to include 

adaptation of selected model parameters [2]. Here, we investigate state estimation first in the 

fixed parameter model after convergence of the RLS solution. State estimation is developed for 

the Extended Kalman Filter, EKF, first followed by the Unscented Kalman Filter, UKF. These 

two estimators are chosen due to their applicability to nonlinear systems. State observability is 

addressed in Appendix C.  

3.1 Extended Kalman Filter 

The EKF requires that we determine the Jacobians of the state and output equations [2]. 

From equation (4), we can determine the needed expressions as shown in equation (11) where 

f is the set of state equations, h is the output equation, and x is the state. 

 

𝐹 =
𝜕𝑓

𝜕𝑥
=

[
 
 
 
𝜕𝑓1
𝜕𝑥1

𝜕𝑓1
𝜕𝑥2

𝜕𝑓2
𝜕𝑥1

𝜕𝑓2
𝜕𝑥2]

 
 
 

= [
1 0

0 𝑒
−𝑇𝑠

𝜏⁄
] 

(11) 

 
𝐻 = 

𝛿ℎ

𝛿𝑥
= [

𝛿ℎ

𝛿𝑥1

𝛿ℎ

𝛿𝑥2
] = [−𝐾1 +

𝐾2

𝑆2(𝑘)
+

𝐾3

𝑆(𝑘)
−

𝐾4

1 − 𝑆(𝑘)
       −1] 

 

The EKF may be implemented using the equations for F and H.  

 

Prediction (Time Update) 𝑥̃(𝑘) = 𝑓(𝑥̃(𝑘 − 1), 𝐼(𝑘)) (12) 

 𝑃 = 𝐹𝑃𝐹𝑇 + 𝑄  

 𝑈̃𝐿(𝑘) = ℎ(𝑥(𝑘))  

Update (Measurement) 𝑥̃(𝑘) = 𝑥̃(𝑘) + 𝑃𝐻𝑇(𝐻𝑃𝐻𝑇 + 𝑅)−1 (𝑈𝐿(𝑘) − 𝑈̃𝐿(𝑘))  

 𝑃 = 𝑃 −  𝑃𝐻𝑇(𝐻𝑃𝐻𝑇 + 𝑅)−1𝐻𝑃  

Equation set (12) may be used to estimate the state x for the given battery model. Here we have 

voltage measurements 𝑈𝐿(𝑘), estimated voltages 𝑈𝐿(𝑘), system process noise covariance Q, 

measurement noise R, and state covariance P. Good performance was observed with Q set to 

the identity matrix and R set to 25.  

The observed state is the state of charge SoC and the parallel voltage Up as given in Figure 

1. These voltages are shown in Figure 10 and Figure 9 respectively. The voltage Ud shown in 

Figure 8 is the difference between the measured battery terminal voltage and the open circuit 

voltage Uoc. Figure 11 is the battery terminal voltage. As can be seen from these figures, the 

observer tracks the states well and the difference between the estimated and measured battery 

output voltage is minimized as can be seen in Figure 11. Also shown in Figure 11 is the model 

voltage estimates without the observer.  
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3.2 Unscented Kalman Filter 

In this section the Unscented Kalman Filter (UKF) is developed for state estimation. The 

UKF is presented in equation set (13). A derivation of the unscented transform is presented in 

Appendix A.  

The Unscented Kalman Filter is used for nonlinear state estimation. The equations are 

given below and can be found in reference [7]. First, the weights w and sigma points 𝜒 are 

calculated. Here 𝑛𝑥 is the system order, 𝜅 is a tuning constant, 𝑥 is the mean, and 𝑃𝑥𝑥 is the 

state autocorrelation. The superscript i is the ith matrix column.  

Figure 8 Voltage difference Figure 9 Voltage across parallel components 

Figure 10 State of Charge Figure 11 Terminal voltage UL 
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 𝑤0 =
𝜅

𝑛𝑥 + 𝜅
  

 
𝑤𝑖 =

1

2(𝑛𝑥 + 𝜅)
, 𝑖 = 1,2, … ,2𝑛𝑥 

 

 𝜒0 = 𝑥𝑘−1|𝑘−1  

 
𝜒𝑖 = 𝑥𝑘−1|𝑘−1 + (√(𝑛𝑥 + 𝜅)𝑃𝑘−1|𝑘−1)

𝑖

, 𝑖 = 1,2,… , 𝑛𝑥 
 

 
𝜒𝑖 = 𝑥𝑘−1|𝑘−1 − (√(𝑛𝑥 + 𝜅)𝑃𝑘−1|𝑘−1)

𝑖

, 𝑖 = 𝑛𝑥 + 1,𝑛𝑥 + 2,… ,2𝑛𝑥 
 

The prediction step involves passing the sigma points through the nonlinear system model. 

The state equation is 𝑓(∙) and the measurement equation is 𝑔(∙). Both the state and 

measurement equations are determined from the equivalent circuit model of equation set (2). 

The input is the battery current 𝐼(𝑘) and k is the current time step. The output y is the measured 

load voltage.  

 𝜒̂𝑖 = 𝑓 (𝜒𝑖, 𝐼(𝑘)) , 𝑖 = 1,2,… , 𝑛𝑠  

 𝑌̂
𝑖
= 𝑔(𝜒𝑖), 𝑖 = 1,2,… , 𝑛𝑠 

 

 

𝑥 = ∑𝑤𝑖𝜒̂𝑖

𝑛𝑠

𝑖

 
 

 

𝑦̂
𝑘|𝑘−1

= ∑𝑤𝑖𝑌̂
𝑖

𝑛𝑠

𝑖

 
 

 

𝑃𝑘|𝑘−1 = 𝑄 + ∑𝑤𝑖 (𝜒̂𝑖 − 𝑥𝑘|𝑘−1)

𝑛𝑠

𝑖

(𝜒̂𝑖 − 𝑥𝑘|𝑘−1)
𝑇
 

 

The update steps are shown below; 𝑛𝑠 is the number of sigma points. The subscript notation               

𝑘|𝑘 − 1 means the current time step k given measurement data up to time 𝑘 − 1. The update 

occurs by using the new voltage measurement 𝑦𝑘 = 𝑈𝐿 to update the state estimate.   

 

𝑃𝑦𝑦 = 𝑅 + ∑𝑤𝑖 (𝑌̂
𝑖
− 𝑦̂

𝑘|𝑘−1
)

𝑛𝑠

𝑖

(𝑌̂
𝑖
− 𝑦̂

𝑘|𝑘−1
)
𝑇

 
 

 

𝑃𝑥𝑦 = ∑𝑤𝑖 (𝜒̂𝑖 − 𝑥𝑘|𝑘−1)

𝑛𝑠

𝑖

(𝑌̂
𝑖
− 𝑦̂

𝑘|𝑘−1
)
𝑇

 
 

 𝐾𝑘 = 𝑃𝑥𝑦𝑃𝑦𝑦
−1  

 𝑥𝑘|𝑘 = 𝑥𝑘|𝑘−1 + 𝐾𝑘 (𝑦
𝑘
− 𝑦̂

𝑘|𝑘−1
)  
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 𝑃𝑘|𝑘 = 𝑃𝑘|𝑘−1 − 𝐾𝑘𝑃𝑦𝑦𝐾𝑘
𝑇 (13) 

In the above algorithm, Q is the process noise covariance matrix and R is the measurement 

noise covariance matrix. As with the EKF, the UKF may be used to estimate the states SoC and 

Ud. The results are shown in Figures 12-14. 

4. Combined Parameter Adaptation and State Estimation 
 In this section the real-time RLS routine will be combined with the EKF state observer to 

form the adaptive battery model. The EKF is chosen over the UKF in order to avoid the potential 

problem in computing the matrix square root. When combining the RLS with the EKF, the 

battery parameter values are updated first and then the updated model is used for EKF state 

estimation. The results are shown in Figures 15-18 where the variables are as previously 

defined. 

 It was observed that with both the system identification and state estimation occurring at 

the same time, a stable realization was rarely achievable for the data set used in this 

Figure 12 Voltage across parallel components 

Figure 14 State of Charge 

Figure 13 Terminal voltage UL 
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implementation. This is most likely due to too many variations occurring at the same time with 

uncertainty in both the system state and model parameters. To resolve this, the system 

identification was performed first followed by state estimation once a stable model was 

identified. For linear systems with persistence excitation across the frequency domain of 

interest, model identification and state estimation are possible given that observability and 

controllability conditions are met. However, battery models are inherently nonlinear and for the 

implementation considered persistent system excitation for both model parameter identification 

and state identification was probably not achieved.  

 

5. Conclusions 
Nonlinear models must be used to accurately capture battery discharge behavior. The 

parameters for these models are time varying due to aging and environmental effects such as 

temperature and discharge history, making adaptive routines possible candidates for modeling 

these characteristics. However, due to the nonlinearity and possible instability of the battery 

models, adaptive routines often behave in unpredictable ways which make them of limited use 

for real world implementation. One possible solution would be to use supervised updates and 

constrain the range of parameter variation. By using a supervisor to govern updates and place 

bounds on parameter and state estimate variation it may be possible to update battery 

parameters to account for environmental and aging effects. This would only be possible if 

system excitation was sufficiently frequency-rich to capture variations in the dynamical 

Figure 15 Voltage difference 
Figure 16 Voltage across parallel components 

Figure 17 State of Charge Figure 18 Terminal voltage UL 
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response, which will occur if the current draw from the battery has enough signal content to 

excite the battery internal dynamics. A possible future use of adaptive routines might be found in 

offline battery model identification. Here a battery cycler may be used to charge/discharge the 

battery in a temperature-controlled environment. With this arrangement, the battery dynamics 

would be properly excited making model parameter identification possible and containing the 

impact of model instability on mission objectives.  
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Appendix A 
The purpose of this appendix is to give the reader a sense of the development of the Unscented 

Kalman Filter, UKF. Presented here is the basic general Gaussian filter with descriptions of both 

quadrature and cubature integration used in implementing the UKF [10]. While the provided 

explanations do not serve as mathematical proofs, they do give the reader a sense for how the 

various methods were developed along with applications. 

The system model is assumed to be nonlinear and Markovian. Here we have that 

𝑥𝑘 = 𝑓(𝑥𝑘−1) + 𝑞𝑘−1 

𝑦𝑘 = ℎ(𝑥𝑘−1) + 𝑟𝑘 

where 𝑞𝑘−1 and 𝑟𝑘 are independent Gaussian noise. The variable k is the time step and 𝑓(∙) and 

ℎ(∙) are nonlinear transforms. The measurement at k is 𝑦𝑘 and the n dimensional state to be 

estimated is 𝑥𝑘. It is the goal of the Bayesian filter to return state estimates given past output 

measures. The state and measurement probability density functions may be expressed as 

𝑥𝑘  ~ 𝑝(𝑥𝑘|𝑥𝑘−1) 

𝑦𝑘  ~ 𝑝(𝑦𝑘|𝑥𝑘) 

The Bayesian filter estimates the state density given all past measurements up to k; that is 

estimate 𝑝(𝑥𝑘|𝑦1:𝑘). Per Bayes’ rule, we may write the probability density function conditioned 

on 𝑦1:𝑘−1 as follows 

𝑝(𝑥𝑘|𝑦𝑘, 𝑦1:𝑘−1) =
𝑝(𝑦𝑘|𝑥𝑘 , 𝑦1:𝑘−1)𝑝(𝑥𝑘|𝑦1:𝑘−1)

𝑝(𝑦𝑘|𝑦1:𝑘−1)
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Because of the Markovian assumption and application of the Chapman-Kolmogorov equation to 

the denominator, we may write 

𝑝(𝑥𝑘|𝑦1:𝑘) =
𝑝(𝑦𝑘|𝑥𝑘)𝑝(𝑥𝑘|𝑦1:𝑘−1)

∫ 𝑝(𝑦𝑘|𝑥𝑘)𝑝(𝑥𝑘|𝑦1:𝑘−1)𝑑𝑥𝑘
 

The above expression may be used in the Bayesian filter algorithm. The filter consists of three 

basic steps: initialization, prediction, and update. We start with some initial estimate of the state 

density to be estimated 𝑝(𝑥0). Given measurements up to and including time step k-1, we can 

predict state 𝑥𝑘 before measurement 𝑦𝑘 with the Chapman-Kolmogorov equation 

𝑝(𝑥𝑘|𝑦1:𝑘−1) = ∫ 𝑝(𝑥𝑘|𝑥𝑘−1)𝑝(𝑥𝑘−1|𝑦1:𝑘−1)𝑑𝑥𝑘−1 

To update the estimate at time step k, we use the measurement 𝑦𝑘 and Bayes rule to 

evaluate 𝑝(𝑥𝑘|𝑦1:𝑘). In general, a closed form solution does not exist for the Bayesian filter. 

However, if both 𝑓(∙) and ℎ(∙) are linear functions, the Kalman filter may be used.  

To use the Bayesian filter for nonlinear state estimation, some assumptions and approximations 

must be made. First, we assume that the system output of the nonlinear transform is 

approximately Gaussian. In general, this is not the case; but the Gaussian approximation may 

provide a close enough fit to meet filtering requirements. There is also a need to solve integrals 

in real time that in general do not have closed form solutions. To do this, numerical solutions are 

used to approximate the integral. To lay out the filter algorithm, consider the following matrix 

relation for Gaussian random variables: 𝑥~𝑁(𝑥|𝜇, 𝑃) where x is a Gaussian vector with mean 𝜇 

and covariance matrix P. The vector x can be partitioned into two sections. 

𝑥 = [
𝑥𝑎

𝑥𝑏
]     𝜇 = [

𝜇𝑎

𝜇𝑏
]     𝑃 =  [

𝑃𝑎 𝑃𝑐

𝑃𝑐
𝑇 𝑃𝑏

] 

The conditional probabilities of the joint random variables 𝑥𝑎 and 𝑥𝑏 are given by  

𝑝(𝑥𝑎|𝑥𝑏) = 𝑁(𝑥𝑎| 𝜇𝑎 + 𝑃𝑐𝑃𝑏
−1(𝑥𝑏 − 𝜇𝑏),  𝑃𝑎 − 𝑃𝑐𝑃𝑏

−1𝑃𝑐
𝑇) 

𝑝(𝑥𝑏|𝑥𝑎) = 𝑁(𝑥𝑏| 𝜇𝑏 + 𝑃𝑐
𝑇𝑃𝑎

−1(𝑥𝑎 − 𝜇𝑎),  𝑃𝑏 − 𝑃𝑐
𝑇𝑃𝑎

−1𝑃𝑐) 

The above identity may be used to determine the Bayesian filter algorithm through moment 

matching. We can define the joint probability density function for 𝑥𝑘 and 𝑦𝑘 and next determine 

the conditional density of 𝑥𝑘 given the new measure 𝑦𝑘 has occurred in the update step. Using 

the templet above to stage our construction, we have the following. 

𝑝(𝑥𝑘  , 𝑦𝑘) = 𝑁(𝑥|𝜇 , 𝑃)      𝑥 = [
𝑥𝑘

𝑦𝑘
]     𝜇 = [

𝑚𝑘
−

𝜇𝑘
]     𝑃 = [

𝑃𝑘
− 𝐶𝑘

𝐶𝑘
𝑇 𝑆𝑘

] 

𝑝(𝑥𝑘  | 𝑦𝑘)  = 𝑁(𝑥𝑘|𝑚𝑘  , 𝑃𝑘) 

𝑚𝑘 = 𝑚𝑘
− + 𝐶𝑘𝑆𝑘

−1(𝑦𝑘 − 𝜇𝑘)      𝑃𝑘 = 𝑃𝑘
− − 𝐶𝑘𝑆𝑘

−1𝐶𝑘
𝑇 

The algorithm is shown below for the case of additive noise and nonlinear system model 𝑓(∙) 

and measurement model ℎ(∙).  
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Algorithm for General Gaussian Filter 

Prediction: We first need to predict the mean and covariance of the state 𝑥𝑘 before a 

measurement occurs. We do this by using the state model along with our best estimate of the 

density function, assumed to be Gaussian. Of the mean and covariance, we have 

𝑚𝑘
− = ∫𝑓(𝑥𝑘−1)𝑁(𝑥𝑘−1|𝑚𝑘−1 , 𝑃𝑘−1)𝑑𝑥𝑘−1 

𝑃𝑘
− = ∫{𝑓(𝑥𝑘−1) − 𝑚𝑘

−} {𝑓(𝑥𝑘−1) − 𝑚𝑘
−}𝑇 𝑁(𝑥𝑘−1|𝑚𝑘−1 , 𝑃𝑘−1)𝑑𝑥𝑘−1 + 𝑄𝑘−1 

Update: To update our estimate of the state 𝑥𝑘 given the recent measurement 𝑦𝑘, we use the 

conditional density relationship 𝑝(𝑥𝑘  | 𝑦𝑘) as derived above using moment matching as well as 

the definitions of mean and covariance for a random variable given its probability density 

function. We assume a Gaussian distribution. Although in general the output of a nonlinear 

system given a Gaussian input is not Gaussian, we make this assumption as an approximation 

to design a filter realizable in real time.  

𝜇𝑘 = ∫ℎ(𝑥𝑘)𝑁(𝑥𝑘| 𝑚𝑘
− ,  𝑃𝑘

−)𝑑𝑥𝑘  

𝑆𝑘 = ∫{ℎ(𝑥𝑘) − 𝜇𝑘} {ℎ(𝑥𝑘) − 𝜇𝑘}
𝑇𝑁(𝑥𝑘| 𝑚𝑘

− ,  𝑃𝑘
−) 𝑑𝑥𝑘−1 + 𝑅𝑘 

𝐶𝑘 = ∫(𝑥𝑘 − 𝑚𝑘
−) {ℎ(𝑥𝑘) − 𝜇𝑘}𝑇𝑁(𝑥𝑘| 𝑚𝑘

− ,  𝑃𝑘
−) 𝑑𝑥𝑘−1 + 𝑅𝑘 

With solutions to the above integrals, we can finish the recursion using the results from moment 

matching. 

𝑚𝑘 = 𝑚𝑘
− + 𝐶𝑘𝑆𝑘

−1(𝑦𝑘 − 𝜇𝑘)      𝑃𝑘 = 𝑃𝑘
− − 𝐶𝑘𝑆𝑘

−1𝐶𝑘
𝑇 

In general, closed form solutions to the integrals are not possible. Numerical integration 

techniques are used to approximate the integrals for real time implementation. Two techniques 

are considered here: Gauss-Hermite and Spherical cubature.  

For Gauss-Hermite integration, consider the definition of the mean given that x is a Gaussian 

random vector and 𝑔(∙) is some transform.  

∫𝑔(𝑥)𝑁(𝑥|𝑚, 𝑃)𝑑𝑥 =
1

(2𝜋)
𝑛

2⁄ |𝑃|
1

2⁄
∫𝑔(𝑥)𝑒𝑥𝑝 {−

1

2
(𝑥 − 𝑚)𝑇𝑃−1(𝑥 − 𝑚)}𝑑𝑥 

To use Gauss-Hermite integration, we must use a change of variables to make the distribution 

zero mean and unit covariance. Let 𝑥 = 𝑚 + √𝑃𝜉 and recalling that we must take the 

determinant of the Jacobean for multivariable change of variables we have  

1

(2𝜋)
𝑛

2⁄ |𝑃|
1

2⁄
∫𝑔(𝑚 + √𝑃𝜉)𝑒𝑥𝑝 {−

1

2
(𝑚 + √𝑃𝜉 − 𝑚)

𝑇
𝑃−1(𝑚 + √𝑃𝜉 − 𝑚)} |√𝑃|𝑑𝜉 

Since the covariance matrix is positive semi-definite, we have |√𝑃| = |𝑃|
1

2⁄ . We now have the 

desired form. 
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∫𝑔(𝑥)𝑁(𝑥|𝑚, 𝑃)𝑑𝑥 =∫𝑔(𝑚 + √𝑃𝜉)𝑁(𝜉|0, 𝐼)𝑑𝜉 

One way to approximate this integral is to use Hermite polynomials. This approximation comes 

from the mathematics and physics communities and is simply stated here without derivation.  

∫𝑔(𝑥)𝑁(𝑥|𝑚, 𝑃)𝑑𝑥 ≈ ∑ 𝑊𝑖1,…,𝑖𝑛𝑔(𝑚 + √𝑃𝜉(𝑖1,…𝑖𝑛))

𝑖1,…,𝑖𝑛

 

The sigma points 𝜉 are the roots of the 𝑝𝑡ℎ order Hermite polynomial and the weights W are 

given by  

𝑊𝑖1,…𝑖𝑛 =
𝑝!

𝑝2{𝐻𝑝−1𝜉
𝑖1}

2 × … ×
𝑝!

𝑝2{𝐻𝑝−1𝜉
𝑖𝑛}

2 

Since this integration method takes an n dimensional integral and breaks it down to n one 

dimensional integrals, the number of sigma points grows on order 𝑝𝑛.  

To reduce the computational burden of numerical iteration, spherical cubature integration is 

used. The algorithm is presented here without development. 

Consider the 2n-point approximation to the multi-dimensional Gaussian integral 

∫𝐠(𝝃)𝑁(𝝃 | 𝟎, 𝑰)𝑑𝝃 ≈ 𝑊 ∑𝑔(𝑐𝒖(𝑖))

2𝑛

𝑖=1

 

Here W and c are scalar constants to be determined. There are 2n symmetric vectors, each of 

length n. As an example, consider the case for 𝑛 = 3. 

𝑢 = {𝑢(1), 𝑢(2), 𝑢(3), 𝑢(4), 𝑢(5), 𝑢(6)} = {[
1
0
0
] , [

0
1
0
] , [

0
0
1
] , [

−1
0
0

] , [
0

−1
0

] , [
0
0

−1
]} 

We can determine the constants W and c by considering two exact solutions; one for 𝑔𝑗(𝝃) =

1 and one for 𝑔𝑗(𝝃) = 𝜉𝑗
2. The subscript j here is for the jth element of a given vector from the set 

of 2n vector set u. For the case of 𝑔𝑗(𝝃) = 1 we have that 

∫(1)𝑁(𝝃 | 𝟎, 𝑰)𝑑𝝃 = 1 = 𝑊 ∑ 1

2𝑛

𝑖=1

= 𝑊2𝑛            𝑊 =
1

2𝑛
 

For the case of 𝑔𝑗(𝝃) = 𝜉𝑗
2 we have that  

∫𝜉𝑗
2𝑁(𝝃 | 𝟎, 𝑰)𝑑𝝃 = 1 = 𝑊 ∑ {𝑐𝑢𝑗

(𝑖)
}
2

2𝑛

𝑖=1

= 𝑊2𝑐2            𝑐 = √𝑛 

For example, consider the case of 𝑛 = 3 as described above. If we choose the second element, 

for example, we can write 
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𝑊 ∑{𝑐𝑢2
(𝑖)

}
2

2𝑛

𝑖=1

= 𝑊{𝑐202 + 𝑐212 + 𝑐202 + 𝑐202 + 𝑐2(−1)2 + 𝑐202} = 𝑊2𝑐2 =
1

2𝑛
2𝑐2     𝑐 = √𝑛 

As we did with Gauss-Hermite integration, we can do a change of variables to generalize the 

spherical cubature integration. 

∫𝑔(𝒙)𝑁(𝒙|𝒎,𝑷)𝑑𝑥 ≈
1

2𝑛
∑𝑔(𝒎 + √𝑷𝝃(𝑖))

2𝑛

𝑖=1

    𝝃(𝒊) = √𝑛𝒖𝒊 

The approximation above is very like the unscented transform. If we include a zero-vector sigma 

point and an additional parameter for tuning, we can obtain the unscented transform.  

By using either the Gauss-Hermite or spherical cubature integration to solve the integrals of the 

Kalman filter algorithm, one obtains a realizable implementation for nonlinear state estimation.  

 

Appendix B 
This appendix describes the battery data used for parameter identification and modeling 

analysis. Four data sets were created using a Maccor 4000 battery cycler. The first data set was 
found to have corrupted data and data set two is presented in Figure B.1, Figure B.2, and 
Figure B.3. In these figures blue is the battery voltage and red the current. Data set two is 
presented here because it is the one used in the battery model simulations. For the flight data, 

battery four was used.  

The red lines in the figures are the current values labeled on the right axis. For the slow 
discharge, the current was held at around 0.44 amperes; for the 1 C discharge the current was 
held around 22 amperes, and for the variable discharge case the current went through 

quantized steps as can be seen in the red line shown in Figure B.3.  

Figure B.1. Slow Discharge. Figure B.2. One-C Discharge. 
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Appendix C 
 The purpose of this appendix is to investigate observability of the battery model. 

Observability for this nonlinear system is demonstrated by forming the observability coordinates, 

taking the Jacobean of the observability coordinates to form the observability matrix, and finally 

computing the condition number of the observability matrix to check for observability. Consider 

the continuous time battery model for Figure 1 shown below.  

𝑥̇ = 𝑓(𝑥) = [
𝑆𝑡̇

𝑈̇𝑝(𝑡)
] = [

−𝐼(𝑡)
𝐶𝑀𝑎𝑥

⁄

−𝑈𝑝(𝑡)
𝜏⁄ +

𝐼(𝑡)
𝐶𝑝

⁄
] = [

0 0

0 −1
𝜏⁄
] [

𝑆𝑡

𝑈𝑝(𝑡)
] + [

−1
𝐶𝑀𝑎𝑥

⁄

1
𝐶𝑝

⁄
] 𝐼(𝑡) 

𝑦 = ℎ(𝑥) = 𝑈
𝐿
(𝑡) = 𝐾0 − 𝐾1𝑆𝑡 − 𝐾2

𝑆𝑡
⁄ + 𝐾3 ln 𝑆𝑡 + 𝐾4ln(1 − 𝑆𝑡) − 𝑈𝑝(𝑡) − 𝑅0𝐼(𝑡) 

In the above equation the state is 𝑥 with state transition 𝑓(𝑥) and output function 

𝑦 = ℎ(𝑥) = 𝑈
𝐿
(𝑡) which is the battery output voltage. Recall that the Lie derivative is defined as 

𝐿𝑓ℎ(𝑥) = (
𝜕ℎ(𝑥)

𝜕𝑥
⁄ ) 𝑓(𝑥) and the observability coordinates are [𝑦 𝐿𝑓𝑦]𝑇.  

[
𝑦

𝐿𝑓𝑦
] =

[
 
 
 𝐾0 − 𝐾1𝑆𝑡 − 𝐾2

𝑆𝑡
⁄ + 𝐾3 ln 𝑆𝑡 + 𝐾4ln(1 − 𝑆𝑡) − 𝑈𝑝(𝑡) − 𝑅0𝐼(𝑡)

(
−𝐼(𝑡)

𝐶𝑀𝑎𝑥
) (−𝐾1 +

𝐾2

𝑆𝑡
2 +

𝐾3

𝑆𝑡
−

𝐾4

1 − 𝑆𝑡
) +

𝑈𝑝(𝑡)

𝜏
−

𝐼(𝑡)

𝐶𝑝 ]
 
 
 

 

The observability matrix is found by taking the Jacobean of the observability coordinates as 

shown below.  

𝑂𝑏𝑣 =  ∇ [
𝑦

𝐿𝑓𝑦
] = [

𝜕𝑦
𝜕𝑥1

⁄
𝜕𝑦

𝜕𝑥2
⁄

𝜕𝐿𝑓𝑦
𝜕𝑥1

⁄
𝜕𝐿𝑓𝑦

𝜕𝑥2
⁄

] 

𝑂𝑏𝑣 =

[
 
 
 
 −𝐾1 +

𝐾2

𝑆𝑡
2 +

𝐾3

𝑆𝑡
−

𝐾4

1 − 𝑆𝑡
−1

(
𝐼(𝑡)

𝐶𝑀𝑎𝑥
) (

2𝐾2

𝑆𝑡
3 +

𝐾3

𝑆𝑡
2 +

𝐾4

(1 − 𝑆𝑡)
2)

1

𝜏 ]
 
 
 
 

 

Figure B.3. Variable Discharge. 
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To investigate observability, the condition number of the observability matrix is found. The 

condition number is the ratio of the largest singular value of 𝑂𝑏𝑣 to the smallest. A plot of the 

condition number along with the current is shown in Figure C.1 below. From this figure we see 

that the maximum condition number is around one thousand, indicating that there is no problem 

with observability for the given model and current profile. Note that observability is maintained 

even with the current draw drops to zero for this battery model.  

 

Figure C.1 Plot of condition number, black, and current, red 


