NASA/TM—20220000668

Exploration of an Adaptive Routine for
Battery Modeling

Kenneth W. Eure
Langley Research Center, Hampton, Virginia

Edward F. Hogge
National Institute of Aerospace, Hampton, Virginia

March 2022



NASA STI Program Report Series

Since its founding, NASA has been dedicated to the
advancement of acronautics and space science. The
NASA scientific and technical information (STI)
program plays a key part in helping NASA maintain
this important role.

The NASA STI program operates under the auspices
of the Agency Chief Information Officer. It collects,
organizes, provides for archiving, and disseminates
NASA’s STI. The NASA STI program provides access
to the NTRS Registered and its public interface, the
NASA Technical Reports Server, thus providing one
of the largest collections of aeronautical and space
science STI in the world. Results are published in both
non-NASA channels and by NASA in the NASA STI
Report Series, which includes the following report

types:

e TECHNICAL PUBLICATION. Reports of
completed research or a major significant phase of
research that present the results of NASA
Programs and include extensive data or theoretical
analysis. Includes compilations of significant
scientific and technical data and information
deemed to be of continuing reference value.
NASA counterpart of peer-reviewed formal
professional papers but has less stringent
limitations on manuscript length and extent of
graphic presentations.

e TECHNICAL MEMORANDUM.
Scientific and technical findings that are
preliminary or of specialized interest,
e.g., quick release reports, working
papers, and bibliographies that contain minimal
annotation. Does not contain extensive analysis.

e CONTRACTOR REPORT. Scientific and
technical findings by NASA-sponsored
contractors and grantees.

e CONFERENCE PUBLICATION.
Collected papers from scientific and technical
conferences, symposia, seminars, or other
meetings sponsored or
co-sponsored by NASA.

e SPECIAL PUBLICATION. Scientific,
technical, or historical information from NASA
programs, projects, and missions, often
concerned with subjects having substantial
public interest.

e TECHNICAL TRANSLATION.
English-language translations of foreign
scientific and technical material pertinent to
NASA’s mission.

Specialized services also include organizing
and publishing research results, distributing
specialized research announcements and feeds,
providing information desk and personal search
support, and enabling data exchange services.

For more information about the NASA STI program,
see the following:

e  Access the NASA STI program home page at
http://www.sti.nasa.gov

e Help desk contact information:

https://www.sti.nasa.gov/sti-contact-form/
and select the “General” help request type.



https://www.sti.nasa.gov/sti-contact-form/

NASA/TM—20220000668

Exploration of an Adaptive Routine for
Battery Modeling

Kenneth W. Eure
Langley Research Center, Hampton, Virginia

Edward F. Hogge
National Institute of Aerospace, Hampton, Virginia

National Aeronautics and
Space Administration

Langley Research Center
Hampton, VA 23681-2199

March 2022



Acknowledgments

The authors would like to thank NASA’s Aeronautics Research Mission Directorate for its
leadership, support, and sponsorship regarding the subject of this report and the System Wide
Safety project management of Steven Young.

Special thanks to Chetan Kulkarni on assistance with the battery models and the system

Identification process, and to Matt Daigle for the open source battery model code and previous
research.

The use of trademarks or names of manufacturers in this report is for accurate reporting and does
not constitute an official endorsement, either expressed or implied, of such products or
manufacturers by the National Aeronautics and Space Administration.

Available from:

NASA STI Program / Mail Stop 148
NASA Langley Research Center
Hampton, VA 23681-2199
Fax: 757-864-6500




Contents

(O] 1 (=T o | = PP T TP U PP PPRRP PPN i
AADSTIACT . ..ttt 1
S 1 1 4 o To ¥ [ o] £ (o] o F PP T PP PUPPPPRPPP 1
2. Battery Model and Parameter EStIMatioN...........occuviiiiiiiiiieiiiiiie e 2

2.1 EStMALION OF Uoc cneviiieiiiiiie ettt sttt e e e e e e e e e e e e e as 3

2.2 Estimation of Ug Components USING RLS ..........oooiiiiiiiie e 4
3. StALE ESTIMALION ...t 8

3.1 Extended Kalman Filter. ..o 9

3.2 Unscented Kalman Filter............ooi it 10
4. Combined Parameter Adaptation and State EStimation .............ccccoviieeei e, 12
I Od0] o Yot 1111 o] 0 K= PP PUPPP R PPPPPRROPPPRPN 13
RETEIEINCES ...ttt e et e e e a et e e e e s bt e e e et n e e e e e e 14
L o] o 1= o Yo L) QNPT PP RPP O PPPRP 15
F N oY o L= o = 19
7N o o 1= Lo 1 G P PERRRR 20






Abstract

The purpose of this document is to explore the use of adaptive routines in battery modeling.
The adaptive routines consist of real-time state estimators combined with battery parameter
model components that are adjusted in real-time as battery data becomes available. Several
aspects are explored. It is shown that model parameter identification is possible for simple
battery models using available input/output data measurements. The online system
identification used is recursive least squares. Model identification may be combined with a state
observer such as the extended Kalman filter or the unscented Kalman filter to form an adaptive
model combined with state estimation. However, such a combination is found to be problematic
due to uncertainty, observability, and stability issues. This paper is organized as follows. Section
1 introduces adaptive routines and possible roles they play in battery modeling. In Section 2
real-time parameter identification is described with results based on battery data. Section 3
reviews various state estimators and results using a simple battery model. In Section 4
parameter identification and state estimation are combined to form an adaptive routine. Finally,
in Section 5 conclusions are drawn and future work is suggested.

1.Introduction

There exists a need to estimate the useable charge of a battery to predict the time to
exhaustion under expected load demand. State of Charge (SoC) is an estimate of the internal
charge state. Since SoC is not directly measurable, it must be estimated using measurements
of battery current and voltage. Several methods to model the dependence of the voltage on the
current and battery’s internal state include electrochemistry models, equivalent circuit models,
and models using some type of input/output mapping such as neural networks. Each type of
modeling method has advantages and disadvantages. The electrochemistry model is the most
detailed we considered and relates most closely to the battery physics. However, it has the most
tuning challenges and is the most complex model and therefore might offer tuning challenges
and trouble with robustness. Neural network models could offer accurate input/output mapping
but are not suitable for real-time adaptation due to their reliance on a-priori data. The equivalent
circuit model is simple, robust, and easily relates basic battery dynamics to a small set of
parameters for possible tuning. A disadvantage of the equivalent circuit model is that it is not as
accurate as more complex models so the battery state estimates and predictions can be inferior
and suffers as the battery’s internal parameters shift with battery age. However, this loss of
accuracy may be tolerated due to the advantages gained in robustness and potential use in
adaptive routines due to the model’s mathematical simplicity, intuitive appeal, and ease of
accommodation of real-time parameter updates. Both battery parameter estimation and model
state observation are obtained through correlation techniques, such as Kalman filtering.

Kalman filtering is an established technology used since the Apollo program [1] for the
estimation of states within a dynamic system. For linear systems, this method of state
estimation is optimal. The Kalman filter consists of a set of recursive equations that are
evaluated repeatedly and updated using input/output measurements as the system operates.
The mathematical model of the system consists of two noise sources: process and
measurement noise. Process noise is noise in the state estimate due to inaccuracies and model
parameter errors. Measurement noise consists of sensor errors and electrical noise. For linear
observable systems with known process and measurement noise variances, the Kalman filter
has been widely employed as the optimal state estimator. However, many systems are
nonlinear. In our case, the battery discharge voltage profile is a nonlinear function of the input



current demand. To approximate an application of the Kalman filter to nonlinear systems, the
Extended Kalman Filter (EKF) has been developed. The EKF is derived from the nonlinear
system equations by representation of the nonlinear system using the first term of the nonlinear
equation’s Taylor series expansion. This makes development of the Kalman filter possible for
nonlinear systems but sacrifices system representation by employing an approximate (linear)
model. For battery modeling, the EKF has been used as a state observer of the underlying
nonlinear battery behavior [2].

State observers are used to update battery state estimates of internal state values based on
observations of current and voltage at the battery output terminals. An equivalent circuit battery
model in [3] [4] is used to represent battery terminal voltage dynamics as a function of battery
current. The model is based on Thevenin’s theorem used to model the current and voltage
profile of the battery as a black box input-output device. A first-approximation assumption is
made such that the battery state can match a linear electrical network consisting of only voltage
and current sources and resistances and capacitors. Thevenin states that the black box can be
replaced at the input output terminals by an equivalent voltage source in series connection with
an equivalent resistance and capacitance. The correspondence of the resistor capacitor (RC)
circuit to actual battery chemical phenomena is only notional. To extend the equivalent circuit
model, some of the components were made to vary according to the bulk charge stored in the
battery. The SoC is an estimate of the battery bulk charge. The battery input-output voltage
dynamics will change as a function of this bulk charge estimate. Battery SoC is defined as:

C, Je i (©)dg

SoC = =S
Cvax  °

CM ax

Where C, represents the charge stored in the battery, Cy,, iS the maximum charge that the
battery can hold. I is the current drawn during discharge, n is the coulombic efficiency assumed
to be one, and S, is the initial SoC at time t,. ¢ is a dummy variable of integration.

Model-based battery SoC estimation has been developed here using an equivalent circuit
representation [3]. The equivalent circuit model is chosen due to its simplicity, robustness, and
ability to be formulated into a linear representation for adaptive linear techniques such as
recursive least squares. Various methods of performance analyses and conditions under which
the model state is observable have been proposed and demonstrated using simulated and
experimental battery data [5]. The EKF has been analyzed and demonstrated in tutorials
including detail development and discussion [2]. In addition to the EKF, the Unscented Kalman
Filter (UKF) has been used extensively for state estimation of battery models [6], [7]. In this
paper, investigation is made into the practicality of combining existing state estimators with
adaptive routines for online battery parameter tuning with the goal of tracking some of the aging
effects that occur due to battery charge and discharge cycling. There is an ongoing need to
update the battery model parameters as the battery ages. Present and past data collected
during battery usage may provide information either in real-time or post operational to perform
parameter updates, resulting in a battery model that will more accurately predict SoC. This in
turn enables better predictions of the time of depletion, End of Discharge (EOD) and the closely
related time remaining known as Remaining Useful Life (RUL).

2. Battery Model and Parameter Estimation

In this section the open circuit battery model is developed using a nonlinear equation that
captures the near-equilibrium slow discharge and the open circuit voltage characteristics of the
battery. The data set used to identify the equation coefficients is described in Appendix B,
Figure B.1. Figure 1 shows the equivalent circuit model. The dashed arrows represent potential
differences with the arrowhead at the assumed more positive potential. Here Uq is the open



circuit voltage, I(t) is the discharge current, Ugq is the total voltage across the resistor and
resistor-capacitor pair, Uy is the voltage across the parallel resistor-capacitor pair, Ro is the
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Figure 1 Equivalent Circuit Model

battery internal resistance, and U, is the battery terminal voltage. The RC network characterizes
the battery electrode polarization phenomenon.

2.1 Estimation of Uoc

For the equilibrium Uy identification process, it is assumed that the resistors and capacitor
do not play a significant role in modeling the battery behavior since the current draw is very low
and electrode polarization effects may be neglected since the discharge is very slow and over a
long time period. The equation for Uq as a function of SoC S; at time t is given in equation (1).

K
Upe(S) = Ko = KaSe = "2/g + K3 In S, + KyIn(1 = S) (1)

The data as described in Appendix B is used to fit the coefficients Ko through K, to the battery
discharge curve of Figure B.1. The resulting fit is shown in Figure 2 along with the parameter
values presented in Table 1. As can be seen in Figure 2, equation (1) provides a close fit for the
open circuit voltage Uoc. Using equation (1), the battery can be modeled during low current, slow
discharge. However, for larger currents and faster discharge, additional equivalent circuit
components must be added to account for battery behavior. The fit values shown in Table 1
were obtained using the Nelder-Mead method. Here the initial values were taken from [8]. It was
assumed that the charge S; started with the battery fully charged with S; = 1 and that the battery
was fully discharged with S; = 0 at the end of the data set. However, equation (1) has
singularities at these end points, so S; was restricted to vary between 0.01 and 0.99.
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Figure 2 Plot of measured voltage and Uoc

Table 1 Equation (1) parameters

Initial Final
Ko 25.960 21.9696
K1 -1.4346 -1.7180
Ko 0.0450 0.0368
Ks -0.4602 0.0043
Ks -0.0043 -0.3821

2.2 Estimation of Ug Components Using RLS

In this section the values of Ro, Rp, and C, are estimated using Recursive Least Squares,
RLS [9]. RLS is like batch least squares but updates parameter estimates as data becomes
available. Since the circuit producing Uq of Figure 1 is linear, linear techniques such as RLS
may be used. Using circuit theory, the equation for Figure 1 is first derived in continuous time.
The discrete time model is then derived, and the transfer function is used to find expressions for
the component values.

Consider the circuit shown in Figure 1. Using Kirchhoff's voltage and current laws, the
equation for this circuit is shown in equation (2).



UL(®) = Uoc(Se) + Rol(t) + Up(t) =0 )

Uy (t) i dU,(t)
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I(t) =

Combining equation set (2) with the expression for S;, the continuous time state equation may
be written as shown in equation (3) where the time constantis 7 = R,,C,,.

3)

oo =10 1l +

We convert equation (3) to discrete time as shown in equation (4) where Ts is the sample period
and k is the time step. The output equation U, (k) is shown for completeness.

~T,
/CMax I(k) (4)
Ry(1-¢ h)

U (k) = Uoc(S(k)) — Up(k) — Rol (k)

[S(k)]:[l 0 ] Stk—1) +

Up()] ~ Lo & "/ellUp(k—1)

U,.(S(k)) = Ko — K S(k) — KZ/S(k) + K5 InS(k) + K,In(1 — S(k))

The goal of the adaptive routine is to adjust the circuit parameters as data becomes available to
closely match the battery behavior. To aid in the formulation of the adaptive routine, the Laplace
transform is taken using Figure 1 and shown in equation (5). From the circuit equation, the
transfer function G(s) is found. Here the output is the voltage developed across the circuit
components, Ug, and the input is the current during discharge, I(t). Polarities are as shown in
Figure 1 and the symbol // means “parallel with.”

UL(s) =Uoc(s) + Rol(s) + Ry // (1/(Cyps))I(s) =0 5)
_ Ud(s) _ Uoc(s) - UL(S) _ Rp
R O I O IR T X

Equation (5) needs to be expressed in the discrete time frequency domain. The bilinear
transform is used here. The bilinear transform essentially uses the first order approximation and

: . . : : 2 z-1 . :
substitutes into the continuous time transfer function: s « ;Z+—1 where T; is the sample period.

N

After doing the substitution and performing algebraic manipulations, we get the discrete time
transfer function of equation (6).

-1
G(2) = Ry + R ORI (©)
DR, G () T
PPT\z+1
L T 2RyCy  RoTs + RyTi+2RoRyCy Rl + RyTs — 2RoRyG,
VUT+2R,C, P Ts + 2R, C, : Ts + 2R, C,



The values a4, a; and az are solved for using RLS. To do this, the inverse z transform is used
to express the relationship between the voltage U;(k) and the current I(k) as shown in

equation (7).

G( ) _ Ud(Z) _ UOC(Z) - UL(Z) _ a + aBZ_l (7)
Z = 1(z) 1(2)  1+az7!

Ug(k) = —a Uyg(k—1) + axIl(k) + azl(k— 1)

We can now define the needed vectors for the RLS algorithm as shown in equation (8). Here
the error for updating the parameter estimates err(k) is computed based on the difference of
measured battery terminal voltage U, and the estimated open circuit voltage U,.(k) minus the
estimate U, (k).

0=[a, a, az]’ 8
¢ =[-Uq(k—1) I(k) I(k—1)]
Uq(k) = ¢6

err(k) = Ug(k) — Ug(k) = Upc (k) — U, (k) — Ua (k)

The recursive least squares estimate for 6 is shown in equation set (9). Here A is the forgetting
factor set to 0.97, P is the correlation matrix initialized to one across the diagonal and zero
elsewhere, and @ was initialized to zero.

_ PyT )
A+ PpPPpT
P=(P—LpP)/A
O(k+ 1) =0(k) + L(err(k))

L

The RLS routine was applied to data set two as shown in Figure B.3. This data set was chosen
because it exercises the battery the most due to the variations in current draw. Results are
shown in Figures 3 through 7. The average value for each parameter was found by averaging
the values after one hundred seconds, giving the adaptive routine time to settle.
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In Figure 3 we see the battery terminal voltage and estimates, U,. Here we see that the
estimated terminal voltage and measured terminal voltage closely match as one would expect
during system identification. The voltage U, is the open circuit voltage. That this value is larger
and does not reflect the load variations during discharge is not surprising since for U the
battery internal resistance and polarization effects are taken to be zero; that is, unmodeled.
Figure 4 shows the component voltage Uq.. Here we see a close fit between the constructed
measured voltage (the difference between the terminal voltage and U.c) and the estimated
component values based on the estimates of Ro, Rp, and Cp. The plots shown in Figures 5, 6,
and 7 are the values for Ro, Rp, and Cp as the RLS routine adjusts during adaptation. The black
line shown in each plot is the average value after one hundred seconds. Convergence can be
seen in these plots to reasonable component values [8]. Once the RLS routine has developed
estimates for ai, az, and as, the component values may be obtained by solving equation set (6)
for Ro, Rp, and Cp. The result is shown in equation set (10).

R = (az — a3) (10)
07 " 1—-qa
1
_ Ts(l - al)
2a, +2
R =(1 +2T R 2Ryt
p = TS aZ 0 TS

C = T
14 Rp

3. State Estimation
In this section, state estimation is presented. For a given battery model, the state may be
estimated in real-time as input/output data becomes available. State estimation may be



performed as model adaptation takes place, or the estimated state may be extended to include
adaptation of selected model parameters [2]. Here, we investigate state estimation first in the
fixed parameter model after convergence of the RLS solution. State estimation is developed for
the Extended Kalman Filter, EKF, first followed by the Unscented Kalman Filter, UKF. These
two estimators are chosen due to their applicability to nonlinear systems. State observability is
addressed in Appendix C.

3.1 Extended Kalman Filter

The EKF requires that we determine the Jacobians of the state and output equations [2].
From equation (4), we can determine the needed expressions as shown in equation (11) where
fis the set of state equations, h is the output equation, and x is the state.

oh oh 1)
F—g— 0%, axz_[l 0 ]
B Ox B % % B 0 e_TS/‘r

dx; 0x,

H_(Sh_ Sh  68h _[K+K2 +K3 K, 1]
T 8x 16x; 6xd T L YU S2(k) T S(k) 1-—S(k)

The EKF may be implemented using the equations for F and H.

Prediction (Time Update) (k) = f(&(k —1),1(k)) (12)
P=FPFT +Q
UL(k) = h(%(k))
Update (Measurement) %(k) = %(k) + PHT(HPHT + R)™* (UL(k) _ UL(k))
P=P— PHT(HPHT + R)"HP

Equation set (12) may be used to estimate the state x for the given battery model. Here we have
voltage measurements U, (k), estimated voltages U, (k), system process noise covariance Q,
measurement noise R, and state covariance P. Good performance was observed with Q set to
the identity matrix and R set to 25.

The observed state is the state of charge SoC and the parallel voltage U, as given in Figure
1. These voltages are shown in Figure 10 and Figure 9 respectively. The voltage Ug shown in
Figure 8 is the difference between the measured battery terminal voltage and the open circuit
voltage Uqc. Figure 11 is the battery terminal voltage. As can be seen from these figures, the
observer tracks the states well and the difference between the estimated and measured battery
output voltage is minimized as can be seen in Figure 11. Also shown in Figure 11 is the model
voltage estimates without the observer.
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In this section the Unscented Kalman Filter (UKF) is developed for state estimation. The
UKF is presented in equation set (13). A derivation of the unscented transform is presented in

Appendix A.

The Unscented Kalman Filter is used for nonlinear state estimation. The equations are
given below and can be found in reference [7]. First, the weights w and sigma points y are
calculated. Here n,, is the system order, k is a tuning constant, X is the mean, and P, is the
state autocorrelation. The superscript i is the i" matrix column.

10



wi i=12,..2n,

T2+ 1)

0 N
X = Xg—1lk-1
i

X = Rpe—qj—1 + (J(nx + K)Pk—1|k—1) , =120y

i

X = Rpqjk—1— (\/(nx + K)Pk—1|k—1) , b=+ Lng+ 2,020,

The prediction step involves passing the sigma points through the nonlinear system model.
The state equation is f(-) and the measurement equation is g(-). Both the state and
measurement equations are determined from the equivalent circuit model of equation set (2).

The input is the battery current I(k) and k is the current time step. The output y is the measured
load voltage.

¥ =f(i1w),  i=12..,n

P = g(xh), i=12,..,n
ng
x= Z wix'
i
s .
Vi1 = Z wiy'
7

N
Prjg-1=0Q + Z wi (7' = Rugper) (7' — JAfk|k—1)T
i

The update steps are shown below; ng is the number of sigma points. The subscript notation
k|k — 1 means the current time step k given measurement data up to time k — 1. The update
occurs by using the new voltage measurement y,, = U; to update the state estimate.

Ng oy N T
Py, =R+ z wt (Yl - 7k|k—1) (Yl - j]\k|k—1)
7

nS .
Py, = Z w! ()?i - k\k|k—1) (?l - yk|k_1)T
7

Ky = PryPyy

Xijk = Xkjk—1 T Ki, ()’k - ?k|k_1)

11



Pijk = Pj—1 — KiPyy K (13)

In the above algorithm, Q is the process noise covariance matrix and R is the measurement
noise covariance matrix. As with the EKF, the UKF may be used to estimate the states SoC and
Uqg. The results are shown in Figures 12-14.
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4. Combined Parameter Adaptation and State Estimation

In this section the real-time RLS routine will be combined with the EKF state observer to
form the adaptive battery model. The EKF is chosen over the UKF in order to avoid the potential
problem in computing the matrix square root. When combining the RLS with the EKF, the
battery parameter values are updated first and then the updated model is used for EKF state
estimation. The results are shown in Figures 15-18 where the variables are as previously
defined.

It was observed that with both the system identification and state estimation occurring at
the same time, a stable realization was rarely achievable for the data set used in this

12
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implementation. This is most likely due to too many variations occurring at the same time with
uncertainty in both the system state and model parameters. To resolve this, the system
identification was performed first followed by state estimation once a stable model was
identified. For linear systems with persistence excitation across the frequency domain of
interest, model identification and state estimation are possible given that observability and
controllability conditions are met. However, battery models are inherently nonlinear and for the
implementation considered persistent system excitation for both model parameter identification
and state identification was probably not achieved.

5. Conclusions

Nonlinear models must be used to accurately capture battery discharge behavior. The
parameters for these models are time varying due to aging and environmental effects such as
temperature and discharge history, making adaptive routines possible candidates for modeling
these characteristics. However, due to the nonlinearity and possible instability of the battery
models, adaptive routines often behave in unpredictable ways which make them of limited use
for real world implementation. One possible solution would be to use supervised updates and
constrain the range of parameter variation. By using a supervisor to govern updates and place
bounds on parameter and state estimate variation it may be possible to update battery
parameters to account for environmental and aging effects. This would only be possible if
system excitation was sufficiently frequency-rich to capture variations in the dynamical
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response, which will occur if the current draw from the battery has enough signal content to
excite the battery internal dynamics. A possible future use of adaptive routines might be found in
offline battery model identification. Here a battery cycler may be used to charge/discharge the
battery in a temperature-controlled environment. With this arrangement, the battery dynamics
would be properly excited making model parameter identification possible and containing the
impact of model instability on mission objectives.
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Appendix A

The purpose of this appendix is to give the reader a sense of the development of the Unscented
Kalman Filter, UKF. Presented here is the basic general Gaussian filter with descriptions of both
guadrature and cubature integration used in implementing the UKF [10]. While the provided
explanations do not serve as mathematical proofs, they do give the reader a sense for how the
various methods were developed along with applications.

The system model is assumed to be nonlinear and Markovian. Here we have that
X = f(xr-1) + G-t
Vi = h(xe_1) + 1

where g;_; and r, are independent Gaussian noise. The variable k is the time step and f(-) and
h(-) are nonlinear transforms. The measurement at k is y, and the n dimensional state to be
estimated is xy. It is the goal of the Bayesian filter to return state estimates given past output
measures. The state and measurement probability density functions may be expressed as

X ~ (x| xg—1)

Vi ~ D Vil xk)

The Bayesian filter estimates the state density given all past measurements up to k; that is
estimate p(xx|y1.). Per Bayes’ rule, we may write the probability density function conditioned
on y;.x—q as follows

P Vil Xk Y1:k-1)0 Xk | Y1:6-1)
Pkl y1:e-1)

Pk |Yir Vik-1) =

15



Because of the Markovian assumption and application of the Chapman-Kolmogorov equation to
the denominator, we may write

P lxi ) o (X [Y1:0-1)
P Wil %1 )0 (X [ V121D dxyc

Xk |y10) = f

The above expression may be used in the Bayesian filter algorithm. The filter consists of three
basic steps: initialization, prediction, and update. We start with some initial estimate of the state
density to be estimated p(x,). Given measurements up to and including time step k-1, we can
predict state x; before measurement y, with the Chapman-Kolmogorov equation

P (X |Y1:k-1) =fp(xk|xk—1)p(xk—1Iyl:k—l)dxk—l

To update the estimate at time step k, we use the measurement y,, and Bayes rule to
evaluate p(xx |y1.x)- In general, a closed form solution does not exist for the Bayesian filter.
However, if both f(-) and h(-) are linear functions, the Kalman filter may be used.

To use the Bayesian filter for nonlinear state estimation, some assumptions and approximations
must be made. First, we assume that the system output of the nonlinear transform is
approximately Gaussian. In general, this is not the case; but the Gaussian approximation may
provide a close enough fit to meet filtering requirements. There is also a need to solve integrals
in real time that in general do not have closed form solutions. To do this, numerical solutions are
used to approximate the integral. To lay out the filter algorithm, consider the following matrix
relation for Gaussian random variables: x~N (x|u, P) where x is a Gaussian vector with mean u
and covariance matrix P. The vector x can be partitioned into two sections.

e=[al w=lal P=[5 7l

The conditional probabilities of the joint random variables x, and x; are given by
p(xalxp) = N(xq| tta + PPy " (xp — 1p), Po — P.P;PT)
p(xplxa) = N(xp| tp + P' Py (Xq — pia), Py — PTP;'F,)

The above identity may be used to determine the Bayesian filter algorithm through moment
matching. We can define the joint probability density function for x;, and y, and next determine
the conditional density of x;, given the new measure y, has occurred in the update step. Using
the templet above to stage our construction, we have the following.

x my Pe G
POy =NGwP) - x =[] w= u;f] P=|er Sk]

p(xk | yi) = N(xx|my, Pr)
me =mi + CeSi 'V — k) P = P — CSi ' Ct

The algorithm is shown below for the case of additive noise and nonlinear system model f(-)
and measurement model h(").

16



Algorithm for General Gaussian Filter

Prediction: We first need to predict the mean and covariance of the state x; before a
measurement occurs. We do this by using the state model along with our best estimate of the
density function, assumed to be Gaussian. Of the mean and covariance, we have

my =ff(xk_l)N(xk—llmk—l:Pk—l)dxk—l

Py = j (F Gt = i} (F (iet) — M} N oo Imies » Pee)des + Qs

Update: To update our estimate of the state x; given the recent measurement y;, we use the
conditional density relationship p(x; | y,) as derived above using moment matching as well as
the definitions of mean and covariance for a random variable given its probability density
function. We assume a Gaussian distribution. Although in general the output of a nonlinear
system given a Gaussian input is not Gaussian, we make this assumption as an approximation
to design a filter realizable in real time.

e = f RGN Gl mi , PY)dxe
5 = f (hCa) — i} ThGae) — i "N Goel i, ) dox—s + Ri

¢, = f (e — m) (h(x) — ) NGl mic, PP) des + R

With solutions to the above integrals, we can finish the recursion using the results from moment
matching.

me =mi + CSi vk — i) Pr = Pi — kS CY

In general, closed form solutions to the integrals are not possible. Numerical integration
techniques are used to approximate the integrals for real time implementation. Two techniques
are considered here: Gauss-Hermite and Spherical cubature.

For Gauss-Hermite integration, consider the definition of the mean given that x is a Gaussian
random vector and g(-) is some transform.

- 1/Jg(x)exp {—%(x—m)TP‘l(x—m)}dx

fg(x)N(xIm,P)dx = —(Zn)n/ZIPI

To use Gauss-Hermite integration, we must use a change of variables to make the distribution
zero mean and unit covariance. Let x = m + vP¢ and recalling that we must take the
determinant of the Jacobean for multivariable change of variables we have

1 1
ng(m+\/ﬁf)exp {—E(m +P¢ —m)TP‘l(m + VP& —m)} |\/ﬁ|d§

Since the covariance matrix is positive semi-definite, we have |VP| = |P|'/2. We now have the
desired form.
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f GGON (xlm, P)dx = f g(m + VPE)N(E|0, D)d¢

One way to approximate this integral is to use Hermite polynomials. This approximation comes
from the mathematics and physics communities and is simply stated here without derivation.

fg(x)N(xIm, P)dx =~ Z Wil,....ing(m + \/ﬁf(il,...in))

l1,..in

The sigma points ¢ are the roots of the pt"* order Hermite polynomial and the weights W are
given by

| |
L.z XX L.z
p*{Hp—1§1} p*{Hp—1§n}

Since this integration method takes an n dimensional integral and breaks it down to n one
dimensional integrals, the number of sigma points grows on order p™.

igyin =

To reduce the computational burden of numerical iteration, spherical cubature integration is
used. The algorithm is presented here without development.

Consider the 2n-point approximation to the multi-dimensional Gaussian integral

2n
[s@n@10.nds =Wy g(cut)
i=1

Here W and c are scalar constants to be determined. There are 2n symmetric vectors, each of
length n. As an example, consider the case forn = 3.

11 107 (07 [—1 0 0
u= {u(l),u(z),u(3),u(4),u(5),u(6)} = {[0], !1], [0][ 0 ],[_1] ,[ 0 ]}
01 Lod 11 0 0 -1

We can determine the constants W and ¢ by considering two exact solutions; one for g;(§) =
1and one for g;(§) = sz. The subscript j here is for the j" element of a given vector from the set
of 2n vector set u. For the case of g;(§) = 1 we have that

2n
f(l)N(EIO,I)df=1=WZl=W2n w=—
i=1
For the case of g;(§) = E]? we have that
2n )
fe}N(f 10,)dé=1= Wz {cu}”} = W2c? c=+n
i=1

For example, consider the case of n = 3 as described above. If we choose the second element,
for example, we can write
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2n
2 1
Wz {cug)} =W{c?0% + c?1% 4+ c?0? + c20% + c2(—1)? + c?0%} = W2c? = %262 c=+n
i=1

As we did with Gauss-Hermite integration, we can do a change of variables to generalize the
spherical cubature integration.

2n
1 z : , .
fg(x)N(xIm, P)dx ~ > 2, g(m + 1/I::E(l)) E(l) _ /—nui

The approximation above is very like the unscented transform. If we include a zero-vector sigma
point and an additional parameter for tuning, we can obtain the unscented transform.

By using either the Gauss-Hermite or spherical cubature integration to solve the integrals of the
Kalman filter algorithm, one obtains a realizable implementation for nonlinear state estimation.

Appendix B

This appendix describes the battery data used for parameter identification and modeling
analysis. Four data sets were created using a Maccor 4000 battery cycler. The first data set was
found to have corrupted data and data set two is presented in Figure B.1, Figure B.2, and
Figure B.3. In these figures blue is the battery voltage and red the current. Data set two is
presented here because it is the one used in the battery model simulations. For the flight data,
battery four was used.

The red lines in the figures are the current values labeled on the right axis. For the slow
discharge, the current was held at around 0.44 amperes; for the 1 C discharge the current was
held around 22 amperes, and for the variable discharge case the current went through
guantized steps as can be seen in the red line shown in Figure B.3.
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Figure B.1. Slow Discharge. Figure B.2. One-C Discharge.
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Appendix C

The purpose of this appendix is to investigate observability of the battery model.
Observability for this nonlinear system is demonstrated by forming the observability coordinates,
taking the Jacobean of the observability coordinates to form the observability matrix, and finally
computing the condition number of the observability matrix to check for observability. Consider
the continuous time battery model for Figure 1 shown below.

_ 10/
J“=f(’“)=[(1:(tt) B —Up(t)/TJr];I(t)/C [ —1/r] [U (t)]
p

/CMax

1(t)
1 /Cp

y = h(x) = U,(t) = Ko — K4S, — K Z/St +K3InS; + KyIn(1 = S,) — U, () — Rl ()

In the above equation the state is x with state transition f(x) and output function
y=h(x) = U, (t) which is the battery output voltage. Recall that the Lie derivative is defined as

Leh(x) = (ah(x)/ax) f (x) and the observability coordinates are [y  Lgy]T.

— K4S, — KZ/St + K3InS, + K4ln(1 — Sp) — Uy (t) — Rol (t)

—I(t K, K K U,(t) I(t
( ())<—K1+—§+—3— 4>+ p()_() J
Crax St S 1-S; T Cp

The observability matrix is found by taking the Jacobean of the observability coordinates as
shown below.

dy dy
ob _v[}/]_ /c')xl /6x2
X1 dx,

KZ Ks
_K i
ob 1tz S, 1-— St
V= I(t)><2K2+K3+ K, 1
\Crax/ \ '3 (1- st) 7
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To investigate observability, the condition number of the observability matrix is found. The
condition number is the ratio of the largest singular value of Obv to the smallest. A plot of the
condition number along with the current is shown in Figure C.1 below. From this figure we see
that the maximum condition number is around one thousand, indicating that there is no problem
with observability for the given model and current profile. Note that observability is maintained
even with the current draw drops to zero for this battery model.
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Figure C.1 Plot of condition number, black, and current, red
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