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ABSTRACT

When performing symbolic regression using genetic programming,
overfitting and bloat can negatively impact generalizability and
interpretability of the resulting equations as well as increase com-
putation times. A Bayesian fitness metric is introduced and its
impact on bloat and overfitting during population evolution is stud-
ied and compared to common alternatives in the literature. The
proposed approach was found to be more robust to noise and data
sparsity in numerical experiments, guiding evolution to a level
of complexity appropriate to the dataset. Further evolution of the
population resulted not in overfitting or bloat, but rather in slight
simplifications in model form. The ability to identify an equation
of complexity appropriate to the scale of noise in the training data
was also demonstrated. In general, the Bayesian model selection
algorithm was shown to be an effective means of regularization
which resulted in less bloat and overfitting when any amount of
noise was present in the training data.
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1 INTRODUCTION

The efficacy of a Genetic Programming (GP) [1] solution is often
characterized by its (1) fitness, i.e. ability to perform a training task,
(2) complexity, and (3) generalizability, i.e. ability to perform its
task in an unseen scenario. Bloat is a common phenomenon for GP
in which continued training results in significant increases in com-
plexity with minimal improvements in fitness. There are several
theories for the prevalence of bloat in GP which postulate possi-
ble evolutionary benefits of bloat [2]; however, for most practical
purposes bloat is a hindrance rather than a benefit. FOr example,
bloated solutions are less interpretable and more computationally
expensive. Overfitting is another common phenomena in GP and
the broader machine learning field. Overfitting occurs when con-
tinued training results in better fitness but reduced generalizability.
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Conventional wisdom ties bloat to overfitting, thus many meth-
ods have been developed which aim to alleviate both issues [e.g.,
2-4]. Alternatively, recent works give evidence that the two phe-
nomena are independent, and that a solution to one does not guar-
antee a solution of the other [5, 6]. Nevertheless, the current work
introduces a Bayesian approach that mitigates both bloat and over-
fitting in GP.

Symbolic regression is a common application of GP, here re-
ferred to as GPSR. In symbolic regression an analytic function
f: R? - Ris sought such that f(x) = y best matches some
training data D{(x;, yi)}f\:’ o With d-dimensional input features x
and label y. Often in GPSR, the training data is considered to be
noise-free (or rather noise is not considered at all) and fitness is
defined as the ability of the function to closely match every data-
point. Alternatively, explicit consideration of noise in the training
data (e.g., y = f(x) +¢€) during fitness calculation gives two benefits.
Firstly, it can reduce the tendency to overfit because the GPSR prob-
lem moves away from the goal of simply fitting every datapoint as
closely as possible. Secondly, a Bayes factor can be used which can
penalize parametric complexity (Bayesian Occam’s Razor [7]). In
the current work, it will be shown that Bayesian model selection
using a variant of the Bayes Factor (Fraction Bayes Factor [8]) can
be used in GPSR to achieve two goals: reduced bloat and reduced
overfitting.

2 METHODS

The basis of this work is a typical GPSR implementation found in the
open-source Python package Bingo [9]. Acyclic-graph encodings of
equations (see for example Figure 1) are used because they provide
increased performance and decreased bloat relative to tree-based
encodings [10]. The number of nodes in an acyclic-graph encoding
of an equation is a measure of the complexity of the equation. The
genetic variation consists of single-point crossover and mutation
that is one of the following: point (node) mutation; edge (directed
connection) mutation; node and edge mutation; prune mutation;
and branch mutation. The results of the current work are thought
to be independent of the above GPSR setup, while the treatment of
numerical constants and the definition of fitness are more relevant.

Recent works have illustrated that local optimization of numeri-
cal constants can greatly enhance the ability of GPSR to build accu-
rate models [11-14]. In this type of approach, numerical constants
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Figure 1: Acyclic graph representation of the equation
f(x,0) = x1x2 + x2 — 01 with complexity of 6.

are simply placeholders during genetic operations; i.e., equations
are developed with the form f(x, 8) with 8 € R”. Here, P repre-
sents the parametric dimension/complexity of an equation. During
fitness evaluation the values of the parameters are chosen such that
fitness is locally optimal. In most cases, an error metric such as root
mean squared error (RMSE) on the training data is used as a fitness
score; e.g., f(x) = f(x,0%) where 0* = argmin RMSE(f, D, 0).
6

Local optimization of this form is deterministic. When the train-
ing data are noisy, the conditional probability of the parameters
can be estimated using Bayes’ Theroem,

_p(D16, ))p(0If)

p(01D, f) = G LER (1)

where p(D]|0, f) is the likelihood of observing the data given a
particular model and parameter realization, and p(0|f) represents
available prior knowledge. p(D|f) is the marginal likelihood or
model evidence and can be used for selecting between two models
f1 and f> via Bayes factor,

g PUAID) _ p(Dlf)p(H)
p(f2lD)  p(Dlf)p(f)

In the GPSR context where models are generated through strategic,
but heavily randomized, processes, it is practical to assign equal
prior model probabilities such that p(fi) = p(f2), resulting in a
Bayes factor that is simply the ratio of marginal likelihoods. Fol-
lowing similar logic, it is reasonable to objectively set p(0|f;) o 1
(i.e., an improper uniform prior) to reflect the lack of knowledge
about the parameter values apart from their support on RY.

The use of improper uniform priors complicates the calculation
of Bayes factor due to the appearance of indeterminant constants
in the marginal likelihoods. The Fractional Bayes Factor (FBF), By,
was developed to address this issue [8]:
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where
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Here, g; is referred to as the normalized marginal likelihood (NML).!
The unknown constants in the marginal likelihood are normalized
out using the y € (0, 1] power of the likelihood function, allowing
for consistent model selection when using improper uniform priors.

qi(y) 4

! The notational dependence of g; on y will be dropped henceforth for clarity.
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Following the recommendation of [8], y = 1VN was chosen for
improved robustness to prior misspecification.

Sequential Monte Carlo (SMC) [15] as implemented in the open-
source Python package SMCPy[16] is used in the present study to
estimate g;. A number of sample-based methods exist for approxi-
mating solutions to the inverse problem of Equation (1), including
Markov chain Monte Carlo (MCMC) and SMC. However, in contrast
with MCMC, SMC enables direct, unbiased estimation of p(D|f;).
Additionally, the SMC algorithm involves likelihood annealing of
the same form as the denominator of Equation (4), which produces
the NML as a byproduct.

The NML can be used as a fitness measure in GPSR when paired
with an appropriate model selection algorithm. The deterministic
crowding (DC) algorithm [17] was designed to promote diversity
and avoid premature convergence in evolutionary computation.
In DC the population is segregated into pairs. Each pair produces
two offspring through a combination of crossover and/or mutation.
Each member of the original population then competes against the
most similar of its two offspring; the most fit is selected for the next
generation. Probabilistic crowding (PC) [18] is an extension of DC
wherein selection is a stochastic process depending on the fitness
values of the individuals. The probability that f; is chosen relative
to fj is

p(filFi, Fj) = F+F, )
where F; and F; are the fitness measures of f; and fj, respectively.
PC provides a restorative pressure that can further support diversity
in the population and reduce the overall tendency for the population
to concentrate on a single most-fit species.

In the present study, PC is combined with NML as a fitness
measure, resulting in a form of Bayesian model selection using the
FBF:

9 _ B
qi +qj T B+1

(6)

For a FBF = 1, this selection probability is equal to 0.5. For cases
where FBF > 1, the i'" model is more likely to proceed to the next
generation, etc. In other words, the equation that is more supported
by the data is more probable to be selected, and the extent to which
the support is greater influences that probability.

r(filgi.qj) =

3 RESULTS & DISCUSSION

The goal of the current section is to illustrate the extent to which
the use of the fractional Bayes factor during selection in GPSR
mitigates bloat and overfitting. To this end, a numerical experiment
is performed which quantifies bloat and overfitting in GPSR. In this
experiment, datasets are generated using:

y; = 2sin(xg;) + 3+ €; (7)

where xo; is independently sampled from a uniform distribution,
X0,i iid U (o, 3—”), and ¢; represents additive noise that is Gauss-
ian with standard deviation o3 i.e., €; iid N(0,0). For each o €
{0,0.05,0.1,0.3,0.5,0.7, 1.0} 50 training datasets of N = 20 points
are generated (each with independent samples of xy and €). The op-
erators that are included in the GPSR runs consist only of [+, —, X],
thus GPSR is prevented from recovering the data-generating func-
tion. The choice of operators in combination with a sparse dataset
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are intended to target the GPSR algorithms’ natural tendencies
toward overfitting.

The use of FBF in selection is a combination of two components:
the use of probabilistic crowding and the use of NML as a fitness
metric. To illustrate the degree to which each of these components
impact results, four GPSR algorithms are tested:

(1) A base GPSR algorithm: DC and RMSE.

(2) A GPSR algorithm using DC and NML.

(3) A GPSR algorithm using PC and RMSEZ.

(4) The FBF-based GPSR algorithm: PC and NML.

All 4 GPSR algorithms use common hyperparameters besides the
ones listed above. On each of the training datasets they are run
with a population size of 120 for 1000 generations using a mutation
rate of 0.4 and crossover rate of 0.4.

The training dynamics for the datasets with ¢ = 0.5 are illus-
trated in Figure 2. In this figure, and all subsequent figures, lines and
shaded areas represent mean values and 95% confidence intervals
from the 50 repeats, respectively. All of the algorithms see improved
fitness with more training, though speed of training slows signifi-
cantly after approximately 100 generations. Comparing PC+RMSE
to DC+RMSE it can be seen that training is slowed slightly for
PC due to the lower probability of selecting individuals with only
slightly better fitness. A similar, but less pronounced trend is seen
for the NML algorithms. Note that trends seen here are representa-
tive of other o values.

On the same sets of data (o = 0.5), bloat characteristics are illus-
trated using complexity and number of parameters during evolution
(Figure 3). The characteristic sign of bloat can be seen using the
rate of change of these metrics. The use of NML rather than RMSE
has a clear effect on bloat in Figure 3. NML identifies an optimal
number of parameters, and, after reaching this value, the number of

2Since using RMSE results a minimization problem rather than a maximization problem,

F:
a selection probability of p(f; |F;, Fj) = ﬁ is used rather than Equation (5)
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Figure 2: Training fitness as a function of evolution for data
with o = 0.5.
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parameters does not deviate significantly with continued evolution.
This is in sharp contrast to the RMSE algorithms where the num-
ber of parameters continuously increase (i.e. substantial parameter
bloat). The complexity has a similar trend wherein RMSE-based
evolution sees unbounded complexity growth. Interestingly, NML-
based evolution exhibits an initial peak in complexity followed by
a steady albeit slight simplification of equations in the population.
The results of these experiments also indicate improved bloat con-
trol when using PC rather than DC, which likely corresponds to
the increased diversity provided by PC.

Figure 4 illustrates complexity and parametric dimension af-
ter 1000 generations as a function of 0. While the base algorithm
(DC+RMSE) is relatively constant with noise level, the PC and NML
algorithms illustrate a dependence on the dataset. For the FBF-based
GPSR algorithm (PC+NML) in particular, simpler models are pre-
ferred when there appears to be more noise in the data, and the
complexity and number of parameters increase when the amount
of noise added appears small. Automatic adaptation to the dataset
is an attractive property of this bloat control method.

The presence of overfitting is investigated using a group of test
datasets. For each level of noise o, a single test dataset is generated
using the data-generating function of Equation (7) with N = 1000
data points. Performance on these unseen datasets is a measure of
generalizability. Test performance is quantified by RMSE, meaning
the optimal test fitness is equal to o, although it is important to
note that available GPSR operators were not sufficient to learn
Equation (7) precisely and thus o should be viewed as a lower
bound.

Figure 5 illustrates the typical progression of test fitness during
evolution. The base GP algorithm (DC+RMSE) has an initial period
of improving generalization followed by a steady increase in test
error, ultimately resulting in a large degree of overfitting. While not
as significant, PC+RMSE also tends to overfit. On the other hand,
the NML-based methods see no trend toward overfitting. After the
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Figure 3: Complexity and parametric dimension as a function
of evolution for data with o = 0.5.
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Figure 4: Complexity and parametric dimension after 1000
generations as a function of noise level in dataset.

initial improvements in test fitness, NML-based methods remain
relatively constant with further evolution, albeit somewhat noisy.

Figure 6 illustrates the performance of each algorithm as a func-
tion of noise level. The base GP algorithm has a clear tendency to
overfit. The other algorithms have less tendency to overfit, and the
FBF-based GP algorithm (PC+NML) was found to produce the best
generalizability across the noise levels. The exception here is that
in the absence of noise in the datasets, the RMSE-based algorithms
outperform NML-based algorithms; however, if the dataset con-
tains even a small amount of noise then these results suggest that
NML-based methods are preferred.

4 CONCLUSIONS & FUTURE WORK

Bayesian model selection was shown to have a substantial impact
on the dynamics of GPSR evolution in terms of bloat and overfitting.
Specifically, the proposed FBF-based selection algorithm (PC+NML)
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Figure 5: Test fitness as a function of evolution for data with
o =0.5.
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Figure 6: Test fitness after 1000 generations as a function of
as a function of noise level.

was shown to be an effective means of regularization which resulted
in less bloat and overfitting compared to state-of-the-art RMSE-
based algorithms. Figures 3 and 5 illustrate that when the FBF-based
algorithm encounters a scenario which is ripe for overfitting, it is
able to identify an optimal parametric dimension and a generaliz-
able equation which adapts naturally to the level of noise in the
dataset. Moreover, extended evolution of the population resulted
not in overfitting or bloat, but rather in slight simplifications in
model form which can enhance interpretability. This characteristic
of NML-based GPSR evolution dynamics is of great practical signif-
icance considering scientists can only evaluate regression results
through currently available training and testing data. Specifically,
when using the base GPSR implementation, scientist must rely
on established best practices to identify the optimum generation
to end the analysis and avoid overfitting and bloat. With the pro-
posed NML-based algorithm, this tendency was not observed and
therefore active measures are not required to prevent overfitting
and bloat. Identification of the optimum generation simply requires
monitoring for stability of population dynamics which can be easily
incorporated into the algorithm, if so desired.

A noteworthy side effect of using the proposed Bayesian fit-
ness metric is an estimate of the joint distribution of numerical
constants and the noise level in the data for each equation in the
population. These distributions can be leveraged to produce pre-
dictions with quantified uncertainty using Monte Carlo simulation.
Further investigation of this ability is forthcoming.
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