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Abstract

The purpose of this report is to present details of the Discontinuous
Galerkin (DG) Finite Element Method (DG FEM). First the weighted-
residual (WR) form is introduced and then the Galerkin Finite Element
(FE) (GFE) and the Petrov-Galerkin FE (PG FE) methods are
discussed. The details of the implementation of the DG FEM are
presented along with two examples, 2" order and 4™ order differential
equations, and the performance of the method is discussed.

Introduction

Over the past 7 decades the FEM has been widely applied to a variety of problems in Structural
Mechanics and related fields [1-5]. The quality of the FE mesh dictates the quality of the FE
solution. Because of this, the current trend is to make the mesh finer and finer, irrespective of
whether such refinements are actually needed. Many software products are available to make the
meshing easy, quick, and efficient. In some problems, mesh distortions will occur because of
large deformations and the accuracy of the FE solutions deteriorates. In such situations
remeshing — deleting and adding elements — is needed.

Methods that do not use elements are becoming popular, such as Element Free Galerkin [6],
Meshless Petrov-Galerkin [7-8], Smooth Particle Hydrodynamics method and finite volume
methods [9], or a FE method that allows construction of enhanced flexibility afforded by
discontinuous elements, the DG [10-16] method. There are many advantages of these DG
methods [14]:

e DG methods allow choice of approximating polynomials and hence can have high
accuracy

e DG methods are highly parallelizable

e Because they are inherently like the FEM, DG methods are well-suited to handle complex
configurations

e DG methods can use adaptive strategies since mesh refinement or making the mesh
coarser can be achieved without the attention to continuity across element interfaces.

While DG methods have been used in fluid dynamics and finite volume applications, very little
literature exists in solid mechanics. The purpose of this report is to explain the details of the DG
method by applying the method to structural mechanics problems governed by second order and
fourth order differential equations. The purpose is not to illustrate the advantages cited above but
rather explain the details of the method. First the weighted residual method, the Galerkin, and the
PG methods are explained. Next, the DG method is explained with reference to second and
fourth order differential equations. Then the effectiveness of the DG method is demonstrated by
application to several beam problems.

Weighted Residual (WR) Methods

The weighted residual (WR) methods aim to find an approximate solution to the governing
differential equation by controlling the errors. As an approximate solution is sought, there is an
error left in the differential equation for the assumed set of functions (called trial functions). This
error is multiplied by a weighting function, called the test function, and integrated over the
domain and subsequently this error is minimized.



Second Order Differential Equation: Consider a second order governing differential equation
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with the boundary conditions at x = 0, u = a; and atx =, a— =£.In Eq. (1), a, b, @, and j8

0 =x

are constants.

An approximate solution for u is sought by minimizing the error using a weight function w as

fl-w-dx. (2)

u = Nioq @ () (3)

where n is the number of n-term approximation for the solution. The functions ¢ (x), called the
trial functions, need to satisfy all the boundary conditions, both kinematic and natural.

Several choices are available for the weight or test function, w in Eq. (2). In the Galerkin method
the w’s are chosen to be the same as the ¢’s. That is

W; = @; (x) 4)
In the PG method the test functions come from different sources as
w; =1, (x) &)

where y; (x) are independent functions. The requirements on i;(x) are that they need to be
linearly independent.

Equations (3) and (4), when substituted into Eq. (2) will lead to a system of linear algebraic
equations

[Al{u} = {f} (6)

where

fut={uy,u,,....... w, Vand{f} = {fi.f>,....... )T (7)



A =1 4 l_l‘a“wJJ—b}—f - dx, (8)
and
i
Jﬁ = Jo wi ’ JF - dx. (9)

In the traditional method, outlined above, there are two problems. The function ¢; (x) needs to
satisfy all the boundary conditions of the problem and should be differentiable up to the order of
derivatives in Eq. (1). Satisfying these two conditions is not always easy.

Galerkin Method: In the GFE, Eq. (2) is used to develop the element equations. The element
matrices are assembled just like the conventional FEM and the boundary conditions are applied.
The boundary conditions are applied after the element matrices are assembled. As such, the
choice of trial functions, ¢; (x), is much simplified — the ¢; (x) need to be continuous and
differential up to the order required by the governing differential equation.

The GFE method is illustrated with the following example.

Example -1: Consider the differential equation

T _ o g=x=<1 (11)

ax?
: .. d:
with the boundary conditions at x =0, # = 0 and at x =/, d—: =1.

The WR form for an element e, x. to xe+h can be written as

jr8+n dZu

—2)-w-dx =0. (12)

Xa l:d:}’_‘z

If Eq. (12) is formulated as a GFE, then the functional choices for u need to twice differentiable.
Hence the following approximation for u is made in terms of the two nodal values of the element
as

d d
U =@u; + 492[_(?:)]1 + @au; + ‘iﬂet[(_(d_:)]z- (13)



The choices ¢, j=1,4 are the Hermitian polynomials like those of the beam functions (see ref.
17, Eq. 4.10) as

1 ar?2 y ar3 o 1 ar?2 3 i
@1 =1 —a{" T 4§ 3= —fl§ —4¢° +<€7)
L — RFZ _ 2§53 C— —hi—FZ 1L F3y
@3 = 39 &5 Pyg= — " TS5} (14)

where & — (x — x,)/l. Note that for an element with 2 nodes, only a linear approximation is

di

possible. However, Eq. (12) requires u to be differentiable twice. For this reason, uwand — _ are

chosen at each of the nodes. This gives 4 degrees of freedom and a cubic approximation for uis
possible. This leads to the choice of the Hermitian polynomials as shape functions shown in Eq.

(14).

Noting that the second derivatives of u are needed in Eq. (12). These are obtained as

o Lorizp 8-SR -t Le-1z $8-Fe-a 09)

dx? dx
In writing Eq. (15) the following chain rule is used.

a _a af 1a @ a1 i (15a)

drx  af dx  ndé axz  a Ha_f d*c‘ T hZagke

Substituting Egs. (13) in Eq. (12) gives

1d%gp, d d
jn[d:zr i (—lh (—3)2] w-h-df— J 2w-h-déE =0
(16)
Using the Galerkin method, y; are chosen as the trial functions ¢, Eq. (16) reduces to
1 .d%p, a2 d d 1
fu[d; Pyt df; (_d_;j'l (—d—;;}g] joh-dé— [ 2¢;-h-d§=0
(17)

for j=1,2,3, and 4.



Eq. (17) leads to the element equations

[ e
E I

(ki) = {f}

where
r— S {ERY 11 /10N S IIELRY 110 1
I U'{ kl.li )r J.J.'.' L '\.J',‘ l\_uib‘l J.'{ LW I
i e o E i A ) 2 ! Torem o i
k_; L'_flu {—<n)/1o —1/71U nfsu :
[ ]_i &/(ERY _1/10 _&/(ER 117101
i ER e FEs¥al ER e S .'.1.-'i
Lo1/10 hiail —1i/710 —Zh 101
. du. du., ~m
Tul = iy (——)s u (——), (18)
L L 1 LS HAJJ. A LN dx”"J b
and

{f1={h -h*/6 h h%*6}".

If a 2-element solution is considered, assembling the matrices for the entire domain 0<x</ i.e.,
0=<x<2h, for a model with two equal size elements of length 4, leads to (see Figure 1).

—6/(5h)  11/10 6/(5h) 1/10 0 0
1/10 (-2h)/15 —1/10 h/30 0 0
(- | 6/Gh  —1/10  —12/(5h) 0 6/(5h) 1/10
1/10 h/30 0 (—4h)/15 —1/10 h/30 [
0 0 6/(5h) -1/10 —6/(5h) —11/10
0 0 1/10 h/30 —1/10  (—2h)/15.
W=, -3 u, 22 w (2 ) (19)

(fi=(h -h%/6 2h 0 h K26

The boundary conditions are u;=0 and (g)g = 1. Substituting these into Eq. (19) gives
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| - . |
r(—2h)/15 —1/10 h/30 ( M{(——); 1 r 0 1 r_p2s1
PN i £ - TS B R SN S AV AS]
I _147an _am T n FgemLy L [ I a0 11 5
] L LW L fA TS e e R I | 2 1 I +r+> 1 ,1 LI |
1 2 — e N e e R gz 1=1 LE et 1T 1 _ 1
1 hf30 0 (—4h)f15 =110 11, _9ux 1 1 A/30 1 1 0 |
[ . q R Gatond -3 S SRR B A |
] 0 6/(5h) —1/10 —6/(5R)I1 @71 1117101 L R ]
= ~ I el it id IS Ll | 14 i L it -
I VAR
Solving the system of equations,

r Al -

I 1l AR —1 1

i~ drs i ! L1l i !

| Uz |_|h—3R%

1 e I—=1 . = I (21)

le_ @ 1 1 Zh—1 1|

I\ Py | . L o5 ]

| @71 1Zh —4h%]

L ouy 1 S

The exact solution of this problem in Eq. (11) is

u=x>4+(1-4h)x.

The exact solution is reproduced by the 2-element GFE method solution in Eq. (21) at the nodes
1,2, and 3.

PG Method: As mentioned previously, in the PG method the weight functions come from
different spaces i. e. y; # ¢. Two choices for the yj are considered for the problem in Eq. (11).
The first choice of the yj; is

y, for j=1 to 4 are 1, &, E2,E (22)

and the second choice is a completely non-intuitive choice of

w, for j=I to 4 are &, &, £3,&2, (23)

These weight functions are used in Eq. (16). For the first choice the element matrices are
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(25)

Consider once again a 2-element solution, each with an element length of 4. The assembled

matrices will be

0 1 0 —1 0
1/h o -1/h -1 0
| oyn 16 —ym 16 0
k=losciony —-1/5 1/(10n) —7/10 —1/h
0 0 1/h  -1/6  —1/h
0 0  9/(10R) —1/5 —9/(10h)
and
— 2 h -
h
|8hy3
=302
2h/3
| hy2 |

Prescribing the boundary conditions 1; = 0Oand (gh = 1 gives

0 ~1/h -1 0 7|, 0
~-1/6 —1/k  1/6 0 w, || -1
—1/5 1/(10k) =7/10 —1/h|| _aw (=] 1

0 1/h —1/6 —1/hl] @ —5/6

Solving

12
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—1
~1
~5/6
—7/10.

(26)

(27)

h
8h/3
3h/2
2h/3

(28)



ro L1
I{——1,1 rar _ a1 1

1> dx*l [ I + 1

1 I I 212 |

1 L2 I L re— a1

I ol B (29)
[ T | I Zn—1 1

[ AL — | [ - |

l s I 12h —4h=1

1 U=~ | =T B

1 u; 1

This solution exactly agrees with the solution obtained using the Galerkin method obtained in
Eq. (21).

The second choice of &, &, £3,£2 as the weight functions, leads to the element matrices

r5/(7h) —4/21 —-5/(7h) —11/217
pe | HE U5 yGh s | o0
19/(10R) —1/5 —9/(10h) —7/10 |
L 1/h  -1/6  —1/h —5/6 |
2h/6
_|2h/5 31
2h/3
Assembling the element matrices and applying boundary conditions 1; = C and (g)g = 1 leads
to
~1/5 —4/(5h) ~3/5 0 (-, 0 2h/5
—1/5 —13/(70h) —187/210 —5/(7h)|| wu, —11/21| |10R/12
= + . (32)
-1/6  —1/(5h) —31/30 —4/(Gh) |24, —3/5 16h/15
0 9/(10h) —1/5 -9/10 If; —7/10 h/2
Solving
d
(—2D1] [ ah-1
up | _[h=3R%] (33)
(— E) 2h—1
o 2h — 4h*
3
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This solution agrees exactly with the Galerkin and the PG solution obtained with the first choice
of weight functions, showing independence of the choice of the weight functions in the PG
method.

Weak Form

As mentioned previously, use of Eq. (2) requires the choice of test functions that are
differentiable twice. As the order of the governing differential equation increases, it becomes
more difficult to select trial functions that are sufficiently differentiable. This can be avoided by
reworking the functional in Eq. (2). Eq. (2) can be transformed by integration by parts as

— flaZ+b0—f]-Zdx=0. (34)

In Eq. (34) the order of the derivatives of u is lowered to the first order. As such, any trial
function ¢ that is chosen needs to be differentiable once. Also note that the weight function only
needs to be differentiable once. Since the weight function w is the analyst’s choice and there are
no requirements except that they are linearly independent, the function w can be chosen to be
differentiable as many times as possible. Also note that the natural boundary condition is now a
part of the functional. Thus, trial functions ¢: need to satisfy only the essential boundary
conditions. However, if a GFE or PG FE is constructed, the essential boundary condition can be
handled affer the global stiffness is assembled.

The example in Eq. (11) and (12) is reworked using the weak form and the element equations for
a general e element are developed. Recall from Eq. 12 that the W-R form for an element e, xe to
Xeth can be written as

xgth d%u " .
jxg (F—H)de—ﬂ-

Integrating by parts, one obtains

[0 e Y g ey Ly gy — (35)

dx Rl Xg dx dx x

Clearly, from Eq. (35) the trial functions for u and weight functions w need to be differentiable
once. The trial functions for u are chosen as

u® = @1l + @ul? (36)

14



where u; and u2 are nodal values of element e. The choices for ¢; and @> can be conveniently
chosen as

p;—1—fandg; — ¢ (37)

where & = % Note that the ¢, and ¢, in Eq. (37) are linear functions of &

Galerkin Method: For the Galerkin method, the test functions w are chosen as the trial functions
themselves i.e.,wy; = 1 — £ and w, = £. Substituting the trial and test functions in Eq. (35) gives

and (38)

du

1
B (“1 o ”2) + (E)ﬂ' —h=0

Rewriting Eq. (38) in the matrix form

1[ 1 1 ][“1] n (—du/dx)q,
1 -1

h
i Uy (du/dx), - ] &9

Y

Eq. (39) represent the element relationship of an e element of length 4.

Now consider a 2-element model of equal elements of length /4 (see Figure 1).

15
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A

0
y
A
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(d) 1- quadratic element idealization

N o
)

’ Y

Figure 1. Various idealizations.

Assembing the element matrices gives

-1 1 o (—du/dx)q h
;[ 1 -2 1 ][Hg + | (du/dx);, — (du/dx);| = [2};]. (40)
0 1 —11lus (du/dx)4;, h

.- ol
The boundary conditions are 1y = 0 and ( - ) r=i=2i = 1. Substituting these boundary conditions

in Eq. (40) gives
Il | R @

Solving for u2 and u3 from Eq. (41),

[l =2

16
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Eq. (42) agrees with the exact values given by the Galerkin and PG methods.

A 4-element model with equal size elements of size a is also considered (see Figure 1). The final
equations after boundary conditions are

r-2 1 0 07l T 2721
by > 1 gltlu! o2
- = - Tl =] |
|0 1 =2 1 [||%s| | 2a* | (43)
lo o 1 —-1llus] lp2—4l
where a = h/2. Solving Eq. (43) gives
] [ hj2— (7h?)/4 1
u _ a2
=, pm3h (44)
Uy 3h/2 — (15h*)/4
Us Zh —4h?

Eq. (44) agrees with the exact values.

PG Method: In the PG method the test functions are different from the trial functions of Eq.
(36). Choosing w, = 1 and w, = Zand substituting trial and test functions in Eq. (35) gives

du ~du

(E)“ - '-E)ﬂ —2h=0
and (45)

1 ~du
H(“’l —Uuy) + (~E)“ —h=0.

Rewriting Eq. (45) in the matrix form

170 074 (du/dx), — (du/dx)
b Slbal+ @ufdsn

[

17



Now consider a 2-element model with equal element lengths, 4 (see Figure 1). Assembling the
element matrices gives

0 071y | (du/dx), — (du/dx)e 11 20 1
11° 5 o D B U Lo P N i
211 1 oo Ll L ifduldyYy., +idufdy)., — (duifdy)y. 1 =1L 1L 2K1. (47)
»l+ + b I | el L B i L L el | it T &ik]
Tl 1 a1l 1 s By I Y | 1 1. 1
Ly i —idLY3d i (L GX jop i L it 1
.- AU, = . . ..
The boundary conditions are #; = 0 and {(—);_;—2; = 1. Substituting these boundary conditions
in Eq. (47) gives
1 r—-1 o rl{.21 r11 r3”1
wl sl + 11 =15 (48)
nl 1 —11lug 1 h
Solving for u2 and u3 from Eq. (48),
[“2] = [h—30%] (49)
Lzl 12h — 4h-l

These are the same values obtained in Eq. (42) with the Galerkin method.
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SIDE BAR-1

Quadratic Element: In this side bar, a quadratic element GFE and PG FE
are demonstrated. Consider an element with 3 nodes, two end nodes (1
and 3) and a mid-side node (2) as shown in Figure 1. The field variable u
can be approximated by a 2" degree polynomial. The trial functions for
this element are

17— .1 v, om0
(£ 8 LY 2 S A | 1 LY 2l & O 1 LS TP BT
et B A A ]
where
- - A2 . =2 = i a2
s = | — A5 + A5 = & — G5 (N == —F& + S5 °
+1 - s =% 2 %2 5 5 ¢ ¥ 3 ]

Galerkin method: Because Galerkin method is used, the test functions will
be chosen as

Py =1—35 + 285, = 4 — 48%; 3 = —{ +2&?
Substituting the ¢'s and 1's in weak form in Eq. (35) leads to

1[7 1]
=8 -16 s8||w

-1 8 —7

0 = [(4h)/3

[—(du,/dx){,] (2hn/6
+
(du/dx); (2n/6

s

Substituting the boundary conditions, u; = 0 and (du/dx); = 1, leads to

o Slal= 2 ays” 4]

Solving and recognizing that [ = 2hone obtains

[“»z] _[—30* +h ]
U3 —4h% + 2h

This result is identical to the exact solution.
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Petrov-Galerkin method: The test functions for the PGFE are chosen as

..
=
,
Il
-
:-
Il
EaY]
-
=
Wi
Il
EaY]
[ %]

*
m
ey
%
(%]

Substituting the ¢'s and ¥'s in weak form in Eq. (35) leads to

Y-

. )] [}] )] A rif« I[n‘:rr.’n'vl —_ [n':rr.’n' l i r 27 1
11 - - N 1+l [ AV => 1
— 1 1 n 1 Plag 1 4 1 fJ f-I‘\ r_ 1 71 1
FR + - + [Nt LA/ ax ) =1 + 1
Llera pan £A Fat £ - N PV | 1 F T L BN 1 larral

Liija) Lt/o) L—a/0)i1%3] ! laujax), ! Lalf ol

Substituting the boundary conditions, w; = 0 and (du/dx); = 1, leads to

0 u1 [ 12—1
(4/3) (— 5/3)] u3] (212) ;3—5}

Solving and recognizing that [ = 2/ one obtains

[“z] _[-3r* +h ]
Uz —4h* + 2

This result is exactly same as the Galerkin and the exact solutions.

Discontinuous Galerkin Finite Element Method

In the conventional GFE method, continuity of primary variables and reciprocity of tractions
across the element interfaces are maintained. In the DG method, as the name implies, the
continuity of primary variables across the element boundaries is not explicitly enforced. As such
the number of unknown primary variables is larger compared to the conventional Galerkin
method. In the DG method the governing differential equation is written as two different
differential equations of smaller order than the original governing equation. This is very similar
to the procedures followed in the mixed methods [2, 9, 17]. Next the weak forms are developed
for each of the differential equations. In the weak form, numerical fluxes for the variables in the
differential equations are used. Various kinds of numerical fluxes are proposed in the literature
and used to connect the variables across the inter-element boundaries [10-16].

Details of the method are illustrated in the section with two problems — a second-order
differential equation and a fourth-order differential equation.
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Second Order Differential Equation: Consider once again the differential equation

|
=
e
[
4
I

(50)

N
bt
]

with the boundary conditions u;= 0 and ( %i =latx =1i.

2-Element Solution: To analyze this problem by the DG method a 2-element idealization is used
in the following with equal size elements of length 4. The first step in this method is rewrite Eq.
(50) as two first order differential equations:

=N
=

|

I

-i

1

—

=
B

I
"-‘..'_’

(51

2
=
=

where 7is a new variable. The next step is to develop weak forms for the two equations in Eq.
(51). This is accomplished by first writing the WR statements and then by integrating by parts as

I du
fﬂ(a—r)-v-dx:{)

and
1.dt

ﬂ(a—f)-w-dxzﬂ (52)

where v(x) and w(x) are the two weight functions.

In the DG method, Egs. (52) are used to develop matrix equations between the nodal
displacements {u} and the secondary variables {7} as

[B]{u} — [M]{r} = {0}
and (53)

[B,1{u} + [k]{z} = (R}

where
{u}—{u{il} ugl} u£2} u,gz)},
(54)

and {1} = { 751} rg(,_l} ng} LE._Z}}
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In the DG method the variables {1} and {t}are listed element by element; i. e. in Eq. (54) the
subscript denotes the nodes and the superscript denote the element number. Using the first of Eq.

(53), {1} can be written as

roani—1r
! [

1
A i

Byl{u} (55)

and substituting {7}in the 2" equation in Eq. (53) gives
Yul = (R} (56)

Eq. (56) is used to solve for the nodal displacements {u}. The details of the development of the
matrices [B,], [MM], [B-], [k], and {R} are presented below.

Starting from Eq. (52), the weak forms are developed for each element in the domain 0 < x < [
by integration by parts. For each element e, x, = x = x,4;, the weak form is

" +h g +h
i-v ;z‘m —J;: u;_:_dx—f;e T-v-dx =0 (57)
n +h Xgth dw Xath

r-wiz —fx; Tﬂdx_fx: f-w-dx=0 (58)

and similar equations for each of the elements in the domain.

In Egs. (57) and (58), fiand T are called numerical fluxes which are approximations for u and 7
at the ends of element ¢. There are three possibilities, I, at the ends of the element: [}, Iy, and T,.
Here I is a location where essential boundary condition is prescribed, [}, is a location where
natural boundary conditions are prescribed, and I3, is a location where neither essential nor
natural boundary conditions are prescribed, i.e., these are internal points. At these I';, locations,
the average and jump operators (denoted by {u} and and [1], respectively), are defined in the
DG method as

{ul = %(un— + u,,+) and [u] = w,-(ny) + u,+ (n5) (59)
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and similar definitions for 7. In Eq. (59) us- and ux+ are the left and right side values of u at x=h
and n;andn, are the direction cosines from the left and right sides. Note that
n; =landn, = —1. The jump operator turns out to be [u] = u;,~ — u,+. As mentioned
previously, different numerical fluxes have been proposed by various authors [11,12,14]. In this
report, interior penalty (IP) numerical fluxes are used and are presented in Table 1 [14].

The next step is to assume trial functions for # and 7 and test functions for v and w as
u® = @, u( ) 4 qazn ) and T(®) = @1 r(e} + @2 r{e} (60)

where i,,1, and 1,, 7, are the nodal values of u and 7, respectively, at the two ends of the
element, and u®’ and 7{*)inside the element are interpolated using the shape functions
@4 and ¢-. The shape functions are chosen to be linear as ¢, =1 — & and ¢, = ¢.

Also note that the same linear functions ¢; and ¢, are used for # and 7 in Eq. (60). Since the
Galerkin method is used, the test functions ¢, and ¢, are the same as the trial functions
¢, and @, and the test functions v, and w, are the same as the trial function ¢,.

Element-1: Substituting the ¢'s in the weak form of Eq. (57) and recognizing that the ends of the
element can be written as / and 0, leads to

h h

@ vy — (@ v)o+- @ +ul) - G-tV + 2 1Y) =0, forj= 1,

P +lorMy=0,forj=2, (61)

(i -vy)p — (- v3)g — (u Dy uz ) (2 T

where () 1,V + ™ and {1 are values of u’s and s, respectively, at the two ends of element
1.

Similarly, Eq. (58) can be written as

(- wi)n — (F-wi)o +5 (17 + i) =L = 0, forj =1
(62)
(f-wy)p — (- Wz)ﬂ—‘['f{l] {1})—%=0. forj=2
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In Egs. (61) and (62) there are terms like (« . v) and (7. w) at the two ends of the elements. In the
DG method, continuity at the inter-element boundaries is NOT explicitly imposed like in the

GFE method.

Considering element 1, the values of the test functions v; can be written as

A

)= =1)=0, m0)=1=0) =1, vnh =m{=1)=1

and
v,(0) =v,(§ = 0) = 0.

Similar values can be written for w, and w,. With these values, Egs. (61a) reduce to

—11(0) + = (ugl} + ugl]) G rgl} —I—: gl}) =0

a(h) - (w” +ui?) - Crf? + 27 = 0

(63)

(64)

Using the IP numerical fluxes in Table 1, #(0) is a location of prescribed natural boundary

condition, gp, and 1i(0) =0 as required by the essential boundary condition. That is
i(h) = z (up- +up+) = l(u{l} + u[z})
=5\ nts — 3\ 1

Substituting these values in Eq. (64) gives

i h h 1 2 h 1 h 1
E(“gl} +IL£1}) ( (1) 4+ Igl}) — 0 and (IL[ ) —ul ]) ( ( ]+ ( }) -0

Substituting the IP numerical fluxes in Eq. (62) leads to

—#(0) + (M + 1) L =0 th) — @V + 1 L =0,
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where

2 =Y —LuP and ) =5 @V + 7Py - Ll — ). (67)
Lo - 4 - - g - -
Substituting Eq. (67) in Eq, (66) leads to
Wy, W T gand 1™ 2@ 2 By 2 g (68)
2\ 1 2 ) TRt 2 R 14 p N2 1/ T
Table 1. IP Numerical Fluxes*
I_;;. FD FN
i {u} o u
. U Ul
r {T}—r[[ltﬂ T ——(u—gp) ENn
e h,

* g, is the prescribed essential boundary condition, g, is the prescribed natural boundary

condition, and i is the penalty term!.
ha

Element-2: Following similar procedures as was done for element-1 leads to

- 1, (2) 2 h () h (2 . 1, (2 2 h (2) h (2

—a() += () +0) - CrP 421 =0 k) -2 +u?) - CrP 42 =0 (e
and

W) +: P+ - =0 i@ -1cP+P)-C =0 (70)

! The penalty term is used as (7 /i) in the literature. See references 11,12,14,15, and 16. Hence this definition is retained in this
report.

25



Utilizing the IP numerical fluxes in Table 1 gives

R 1 1. rn e E 21
'g_'_[f;_}:—l:r,_-l—u 4_\——[_:rn"4—rr Vand i) = 1., — 11>
FATES a3 A i 2 WVE = WERES A 2
1
T(h = —I( (2) + {1]\‘ n (H{l] — 11{2)\!
L) ol - U, 17 H
N 1 rig M -
and
#(2h) =1

2

as x=2h is a Iy location where (du/dx)=1 is prescribed. Substituting these values in Egs. (69)
and (70) gives

(u,{l] “22]) (h @y 2 rf)) =0 —= (u[z] ILZZ}) ("1 @ 4 2 rf}) =0 (71)
and
(u(l} 1112}) (rgl) — r£2}) — % =0, (r{z) 2}) — % = 0. (72)

Equations (65) and (71) can be written in matrix form as

/2 1/2 0 0 up” h/3 h/6 0 0 7y 0
~1/2 0 1/2 0 ugﬂ w6 mi3 o0 o |77 o
o -1z 0 12|[@ [0 o w3 wel[@| |o|
0 o -1/2 172l | Lo o n/e w3l | lo
H? | _T;._ |
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Similarly, equations (68) and (72) can be written as

r (107 - {137
— ~ ~ g s 1 I n n =1Ly - £1 47 -
T o0 o0 oi1*? i—i/2 1j4 U (U P inji
i+ v G 1 ) B : EESY I i
~In 11 oallurl 1172 0 1/2 o sl 1 FRi2
[ 4 4 ~ 1 P B | Fa 2 Jn 2 gm can I — 1 ik MY L * |-(74)
10 1 =1 o1 @i 1 0 -1i/2 0 /20 @1 v fnjZzo
i DO 2 i T, P I
in o o qoll° I 0 n —1/2 —1/211 ° 111 FR/21
L o o g {2"! L o ur J.".l’-‘ J.f = | {21 L L _'l II'.'." ]
245" ] 7,7 ]
Equations (73) and (74) can be concisely written as
Loq iy — LTy = Uy
and (75)

[B>1{u} + [KT{r} = {R}

Note that [It] is a symmetric matrix and has the same form as a ‘mass’ matrix [14]. Also note

that this matrix is a/lways invertible. Therefore, the {7} can be eliminated from Egs. (75) and the
final DG final matrix can be written as

([B2]1 + [K1[M] " [B1D{u} = {R} (76)

The LHS matrix, in the parenthesis, is in general, not symmetric but is invertible.

The nodal primary variables can be solved using Eq. (76). The current 2-element solution gives

-, (107
Ly
wl [e0131
u || —2.0
L2 | 1.999 77
l -y
—4.
_ugz“_

for n = 100. Results for = 10 are presented in Table 2 along with the exact values.
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4-Element Solution: Consider a 4-element model as shown in Figure 1 with element lengths
equal to a, where a= 2h/4. With this model the DG method gives the following matrices, similar
to Eq. (69) and (70).

_Ei',:il}_
i i (Y
1 7% n 1 i1 n n n n n =
o -i/2 o0 1/2 0 0 0 o'
m n 1 i n 1 I n n n ”{2}
i i ij& (% Lj& (% o u -2 _
i i Ly
n n n n _1 {2 n 1 /9 n -
= i = et i - 2 i - 2 E!p-:-
] i [l 1] ii -1/2 1] 1721172
n n n n n n 149 1 /9 ,{*}
L o o wr o o o J.f.l'-r J.!.l’.r_ i-lrl
@)
U5
(78)
_T;El]_
a/3 a/6 0 0 0 0 0 07l @
a/6 a/3 0 0 0 0 0 0l fo
0 0 a/3 a6 0 0 0 0" |
0 0 a/6 a3 0 0o o ol lo
o o 0 0 a/3 a6 0 0|.® o
0o 0o 0 0 a6 a3 0 0| | o
0o 0 0 0 0 0 a/3 a/6 T%Q 0
Lo o o o 0 0 a/6 a3l Lo
@)
_r‘) -
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and

o
i 0 0o 0o o0 o0 o oyu?
0o -1 1 0 o o0 o of @
n - El e e i i e ) =1
u 1 —1 u w U U u (2}
710 ¢ 0 -1 1 o o ollu |
— 1~ ~ ~ < - - - ~ ey T
et 0 0 i -1 0 0 ony®
00 0 0 0 -1 1 0] 4
6 6 0 0 06 1 -1 of*
_ _ _ _ ran
c 0 0 0 0 0 0 0w
(79
A
19 1 /9 n i M i n N 1 £ [
J_; r+ J_,"K.r w v w v o v r.\; ' _'i I.fbjf.i-
-1/2 0 1/2 0 0 0 0 o Il fa/2
0o -1/2 0 —1/2 0 0 0 0 ||% fa/2
0 0 -1/2 0 1/2 0 0 0 ||| | fa/2
0 0 o -i/2 0 i/2 0 0 ||;®| | fa/2
N n 0N n —1/2 n 1472 n l ) frl?
> v i v & ~ P& e (3) 1=
0 0 0 0 0 -1/2 0 1/2 ||*2 fa/2
0 0 0 0 0 o -172 —1720[«¥| l-1+ fay2
)
75 ]

Eliminating {t} from Eq. (78) and subsitutiing in Eq. (79) as was done for the 2-element solution
gives, with n= 10,

_H;:_l}-

u{?| 101063

L@ |—1l262
E] —1.238

u, | [—2.001

uig] ~|—1.999( (80)
@ | |—2250

"2 —2.250

“-11‘4} L —2.0 -

_u?}_

These values agree well with the exact solution. A solution obtained with p = 100 is presented
in Table 2.
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Table 2. Comparison of DG solution for Various Idealizations (I = 2k)

Exact Solution is 1 = x? + (1 — 4/nx

2-element solution with 2=/

X n =106 i = 100 Exact

0 0.140 0.013 0

h -2.010, -1.990 -2.000, -1.999 2.0
2h -2.0 -2.0 -2.0

4-element solution with A=/

0 0.106 0.005 0
h/2 -1.262, -1.238 -1.250, -1.250 -1.25

h -2.001, -1.999 -2.0,-2.0 2.0
3h/2 -2.250, -2.250 -2.250, -2.250 -2.25
2h 2.0 2.0 2.0

Example-2: Consider the differential equation

d2u

. du
o (x-l—ljwnhu—Oatz—Oanda—latz—i

(81)

Both 2- and 4- element solutions are attempted. The left-hand side (LHS) of Eq. (79) will remain
the same and the right-hand side (RHS) needs to be evaluated with f = x + 1. As such, integrals

xgth Xath
[ C » f-w
j Wy dx and J : > dx

Xa

need to be evaluated. For the 2-element solution the RHS is
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and for the 4-element solution the RHS is

L%
_.|_.
S’

EX AL
4 !

)
(%]
_|_

—?

R

1A
e

(82)

(83)

Table 3 presents these solutions along with the exact solution. Excellent agreement is observed

between the two sets of solutions.
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Table 3. Comparison of DG Solution for Various Idealizations (/ = 24)

d=u A
D B T NS, SIS SR S TP |
, o =X I 1jWwithu = Uaix =vana , =lalx =1t
ax= ax

2 .2 -
Exact Solution is u = —+—+ (1 — 2k — 2A")x
Fa

L=]

2-element solution with A=/

X n =10 n =100 Exact
0 0.096 0.007 0
h -2.333,-2.334 -2.333,-2.334 -2.333
2h -2.667 -2.667 -2.667

4-element solution with A=/

0 0.064 0.035 0

h/2 -1.360, -1.348 -1.354, -1.354 -1.354
h -2.332,-2.334 -2.333,-2 .334 -2.333
3h/2 -2.811, -2.814 -2.812,-2.812 -2.8125
2h -2.667 -2.667 -2.667

Fourth Order Differential Equation: The DG method is now applied to a 4™ order differential
equation. The governing differential equation for an Euler-Bernoulli beam problem is (see
Figure 2)

B =g (84)

dx®

where w is the deflection w=w(x), ¢ = q(x) is the distributed loading on the beam and EI is the
flexural rigidity of the beam. The beam is subjected to essential boundary conditions on w and 8
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(slope of the deflection curve) at either end of the beam and natural boundary conditions on the
moment M and shear force V. The relationships between w, M, and Vare (see Reddy [18] Page

76).
(85)

Following similar procedure as in the 2™ order equation, Eq. (84) is written as two 2" order

equations as

T
) i V' |
FEy Y axa — 474
and (86)
azyM
gl o |
A e

The WR form of Eq. (86) is set up using weight functions a(x) and S(x) as
j(mif—w)afh_o
and (87)
LEY @-p-dx=0

where / is the beam length. For an n-element idealization, the WR statement of Eq. (84) for each

element of length / will be

_foHI(E
(88)

and
[ EE ) B-dx=0.

Equations (88) are integrated by parts twice to transfer the differentiations to the weight

functions as
+n 2 th
R A = A P
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Similarly,

ANS s = Py A L AL ar L
Leavd prXgth il R rami x WP T g ] ] o~ 90)
1 vl l.. -+ 1 v = ax I -0 axYy = u (
qx i~ I_/te qx IJ.Q ng qxd of a L i~
Rewriting Egs., (89) and (90) using numerical fluxes and changing x. to xe+/A to 0 to A
Pt 17 sl O e, " r
| A i o | By B - . ~ A o A — N
Eed '\_dAj n T Led ¥ ax in _%_ i{l e d ¥V 27 T idbaA T in i¥i i LA — W (91)
dM. n = 4B n R dZg - .
G BB —M -+ M- dx—fyq-frdx=0 92)
AW, = . dM, . aw, .. o dM,
In Eqgs. (91) and (92), w,(—), M, and (—) are the numerical fluxes for w, (—), M, and (—),
X 1x Ay x

respectively, at the ends of the e™ element. As in the 2™ order equation there are three
possibilities for I' at the two ends of the element e. These are I Iy, and [}, where I'y is the
location where essential boundary conditions w and fare prescribed, I, is the location where
natural boundary conditions M and Vare prescribed, and [}, is the location where neither
boundary condition is prescribed; usually these are interior points in the beam.

As previously mentioned, the IP numerical fluxes are used and are presented in Table 4. The next
step is to choose trial and test functions for w and M, and a and S, respectively. As each beam
element has two end nodes and w and @ are needed at each end of the element to describe its
deformation, a total of 4 degrees of freedom - wy, 8y, w, and 8, at the two end nodes 1 and 2,
respectively, are needed. The trial functions are

w=@,w; + @,0; + @aw, + @0, (93)
and similar functions for the moment M
M =@My + Vs + @p3M; + V. (94)

The ¢i‘s in Eq. (93) and (94) are the well-known Hermitian polynomials shown in Eq. (14).
Because a Galerkin method is used, the test functions for o and f will be chosen as ¢, j=1,4.
Substituting the trial and test functions in Eq. (87) and (88) leads to

34



. el g
ik i S RN -k L LY PR e ) T nl et [ ol A Y BT sl P r=+i rnsa
Led N Ih A 7 e ) L S N i | L T LW ) Led WV 1) 17— W)l T L4 WY Jn I B
X - [ & - (Fiv & [ .
o a2 1

95)
forj=1,2,3, and 4, and
,"dﬁ:’:‘. AN fdj'}:‘. dep ; AP o
(- 0; (1) — (=)o " 9;(0) — M{h) - i (] + M(0) - [ (0)]
= e = dx -~ 7°
(96)
dzw
+J0(M1§91 +Vigs + Myps + Vagy) - x_Jﬂq{x) @;-dx =0.
The derivatives with respect to x are related to derivatives with respect to & as
r_ (x—xg)
[
d _d di 1d
dx df dx hd¥ (97)
and
a? 1 a2
o= =2t Gap) =wag

Also note that dx=hdé. In Eqs. (95) and (96) the values of (%), ¢;(0),
do,
dé

(h), and d? (0) are needed. These can be written conveniently, as in Table 5
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Table 4. IP Numerical Fluxes for Euler-Bernoulli Beam Problems

ij, Ip Iy
W Tw, 1 an W,
LR &F Dhay 3
Fal ra — Fal
o 10 [ 5 7 [wr N
iUy J Ypg h
. L no_ 0o “
LY gl _° ngdi AM_ 018 _ A ) o
¥ (X4 L Ui i AV YDaJ EnM
Mg s
ﬂ.i'ﬁ AM 1 ]
AT i P il T m o o ~
=1 i F— 73— lwll Vi—a—(Ww —gg. J 2y
dx dx h, he w

In this Table, g, is the prescrlbed essential boundary condition; g, is the prescribed
natural boundary condition; — 1s the penalty term,;

{WJ'.J} - ;;{Wu + W+ }r {&;'.J} = %{Eu_ + E,-',-""} >
[[9]] = Hh,nh, + 0h+nh+ = Qh, —0h+ ;
and [[w]] =wn +wn =w —w._ .
dQ
Table 5. Values of ¢; and —
®; )
1 d-‘f
ath,(§=1) at0, (& =0) ath,($ =1) at0, (¢ = 0)
D 0 1 0 0
b 0 0 0 -h
®; 1 0 0 0
Dy 0 0 -h 0
Substituting the trial and test functions into Eq. (95) leads to
. 1 . i i
EIw(h) (—h) = EIw(h) = EI S (wy~ + wys) = EI- (wiV + w™) (98)

EIGD - @5 (D) — EIG)0 - @;(0) — EIW(h) - 5 - Cayy + EIW(0) 7 (Do
+[B{V 1w @} — [MT) M=} = (0} (99)
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where

ragiely — rag. 17 A T
1L i piay] ¥ iz ¥a251
r—£/I5EMN 1710 H B 1/10
i~ 58/ 1/1% Of{on) 1/1%
I oaa ot FIy ta e R 1 ote e
el 1 1i/10 —(2a)/15 —1/10 it 30
I —kFD 0 CoLn e o
L4 I A/(RiN —1/10) —ARIRM —1/10
[t IV R i SPAEg =i
I aran Lo fan a4 fan AL faE
L L1j1iu fijou —11l71U —4fijl1o
and
- oA ey I (= ] 4]
1 20 —LLN J4 |
I - - |
ey I_')'] 23 A _‘Ll _1'J 2] _'JI"'LI
[w’tl J] — it i Xre LAre ArE
1 420 54 —13h 156 22k
2 2
13h  —=3h 22h 4h

Substituting the trial and test functions into Eq. (96) leads to

G @y = Do~ 9,(0) = F(h) - (52 (] + F0) - [ (0)]

dx

+HIMSINM @Y — (R =0

where

-6 1 6 1 -

(k) 10 (5h) 10

11 —2h 1 h
[Emg?}] _ ];50 151 ]60 3(;_ '

(5h) 10 (5h) 10

1 h 11 2h

L 10 30 10 15
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and

S T (101)

As previously mentioned, in the DG FEM, the elements are NOT assembled as in the traditional
FEM. Elements are processed individually. The connections between elements are enforced via
the four terms involving the numerical fluxes in Eq. (91) and (92) for each value of j. The
process is demonstrated in the two examples that are discussed next.
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Z, W
P

tox

AARRRNAY

-« ——— »

a) Cantilever beam with an end load.

Zw
i) do
5 N, S, S, SN W
]
Tde—— S ———»
b) Cantilever beam with uniformly distributed load.
Z,w
] vy
Z D
2<— Sy —>
c¢) Cantilever beam with an end moment.
z, Wﬂ\ TP
Weee—— /2 ———> AT
’ >
d) Simply supported beam with a central load.
Figure 2. Cantilever and simply supported beam problems studied.

EXAMPLES
Example-1: The first example is a cantilever beam with an end load (see Figure 2(a)). The

prescribed to be zero. Therefore g = g (0) = 0.

39

boundary conditions of the problem are: at x = 0,wand j—j: 0. At the free end (x=l),

V =PandM = 0. The beam is modeled with 2-elements, each of length 4. Equations (99) and
(101) need to be applied to each of the elements. Note that all the values in these equations are
known except the first 4 terms. These will be evaluated using the numerical fluxes presented in
Table 4.

Element-1:

j=1: This is a location of £ = 0 and here ¢@; = 1 (see Table 5). This is a g location where Z—: 18



deas
e

j=2: This is also a location of & =0 and here = 1. This is a gp location where w is

ax

prescribed to be zero. Therefore w = w{0) = G.

7=3: This is a location of ¥ = 1and here Ei aw (/11 needs to be evaluated. From the numerical flux
J § o YL
table

— S B S e . o s loa(1) | A(2)
Ei—i{h = —FEiGgiin = —Elig i =—Ei-(6,-+ 8 + V= —FEi-i{G-" +6:"
dx ALY A LS - 2 LY _H 2 LY & 1
(In writing the above equation, & = —% is used.)
j=4: This is also a location of { = 1and here ddi* () = L
Therefore
1 1 1
EIw ()3 (—h) = EIW(h) = EI5(wym + wy+) = EIS (wy + w®)

Element-2:

j=1: This is a location of ¢ = 0 and therefore ¢(0) = 1.
dw = 1 1
—EI = (0).1 = EI{f} = EI-(6;~ +6,-) = EI- (6;” + 6)
o1 _ 1 1w, @
EIW(0).7 - (=h) = ~EIW(0) = —EI 5 (wy- + wy+) = —El 5 (w; " +w;”)

j=2: This is a location of £ — Oand therefore %(O) = —h. Hence

j=3: This is a location of ¢ = 1 and here @5(h) = 1. This is a location of I},
where natural boundary conditions are prescribed. Hence
EISY (h) = ~E18(h) = —E16, = ~EI6S"
j=4: This is a location of £ = 1 and here ‘;—? () = —h. This gives,
EIW(h) = (=h) = EIw(h)

Because this is a location of I}y, W(h) = w(h). Thus, this term is E7w.?.
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Now consider the Eq. (101). Both the elements need to be processed with this equation.

Element-1:

For j=1 and 2, this is a I', location. As such

Mooy 1 — @ m () g
T ax (0) l——ll +E{-W1 —0)
-1 ~ 1 o
MY - — - =V = MO = —(MY —— . gy
TERMS LA i LR LSS | 2 i
ii fig
N P ~ 1., r o~ M
FOI‘J 3 U) 1 =1V T Wy W+ ) EI\VH_ T Vyr) — . LW, W+
(=3 (=3
1 iy 3. n o 11 3.
=—(V "+ — =(w —w)
2 V2 R T BoNCZ i s

For j=4: —M(h) - - - (—h) — M(h) — (M} —% [61 —5 (M5 + MP) — (9“} 6%

Element-2:

Forj=l: =22 (0) - 1 = —V} + ZIwl = =3 % + ™) + L (w® — wi®)
3 T 1 i 1 1 \
For j=2: —M(0) - =+ (=h) — —M(0) — —3 (M} +i[[0]] — — P + M) +i(0§“ — 0%

For j=3: %f (h) -1 = g, = P,prescribed load

For j=4: M (h) - % - (—h) = M(h) = gy =0, zero moment is prescribed

Using the matrices [B/"], [ ("], and [B*'], [1M{*'] and the terms involving numerical fluxes
for elements 1 and 2, the global equations can be written as

( BP0 RS
0 B

0
+ [61]){6} 1, {2}]] (M} = {0} (102)

[0t
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and

(103)

where

(104)

Wy 0 LD @ O @ @
{Ml Vl MZ VE Ml Vl MZ VZ }’

{M}

(105)

(106)

[C,]=EI

(107)

0 0 -1
0 0 0O
1

-1

-1 0 0

0

helO O

a

[ST=
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and

0y (108)

remy
=1
i
I
]
ca
]
ca
=
=]
=]
M
]
]

because ¢g=0 and there is a concentrated load at the free end. Equations (102) and (103) can be
concisely written as

([B,] + [C,D{6} — [M, 1{M} = {0}

and (109)
r_I o Faling 'l e oy AW'a "n oty
—[SHo}+ (UG, ] + Wi, 1){M} = {R}

o=
m

Using the first of Eq. (109), {M} can be solved as

{M} = [T, 171 (B ] + [C {6} (110)

Substituting these values of {Mlin the second of Eq. (109) gives
[ﬂ% [S1+ ([C2] + [W D[]~ ([B,] - [51])] {6} = {R} (111)

Eq. (111) is used to solve for the displacements at all the nodes of the model. The secondary
variables {M} can be determined from Eq. (110) using the displacements obtained in Eq. (111).

At the element interfaces, the displacements (and moments, M, and shear forces, V) will be
discontinuous. In the current model the w!" w'* and g}, g*’will not be identical. The

discrepancy between the values depends on the penalty parameter, f, chosen by the user.
[

The cantilever beam was also analyzed with an end moment and uniformly distributed load. (see
Figure 2(b)). The {R} vector for an end moment will be

{(R}={0 0 0 0 0 0 0 M) (112)
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and for uniformly distributed load of intensity gy will be

(113)

The results for these three loads are presented in Table 6 for three penalty parameters, ;—I =10,

100, and 1000. From the results in this table clearly a penalty parameter, §=100 gives accurate

results. The current DG 2-element solution agrees extremely well with the exact solution.

2-and 4-element idealizations
In the beam problems

Figure 3. Various idealizations for cantilever and simply supported beam problems.

Table 6. Comparison of DG Solution for Cantilever Problem — 2-Element Solution

(see Figures 2 and 3)

Concentrated End Load
X n=10 n =100 n = 1000 Exact
h EIw/(Ph®) 0.834, 0.832 0.834, 0.832 0.831, 0.835 0.833
h EI8/(Ph*)  -1.495,-1.504 -1.5,-1.5 -1.5,-1.5 -1.5
2h Elw/(Ph*) 2.667 2.667 2.667 2.667
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2h EI18/(Ph™) -2.0 -2.0 -2.0 -2.0
Uniformly distributed load gq
h Elw/(goh™) 0.709, 0.708 0.709, 0.708 0.703, 0.712 0.708
h EI8/(goh>)  -1.162,-1.171 -1.167, -1.167 -1.166, -1.167 -1.167
2h Efw}/(qﬁfgd’} 2.0 2.0 2.0 2.0
2h E18/(g,h™) -1.333 -1.333 -1.333 -1.333
Concentrated End Moment, M,
h ETw/(Mah™) 0.5,0.5 0.5,0.5 0.5,0.5 0.5
h EI8/(M.h) -1.0,-1.0 -1.0,-1.0 -1.0,-1.0 -1.0
2h ETw/(Mh™) 2.0 2.0 2.0 2.0
2h EIG /(M h) -2.0 -2.0 -2.0 -2.0
The exact solutions for these problems are:
For concentrated load, P at the free end: Eiw = P(I__x}g — Pizg_x) + il
For a uniformly distributed load go: ETw = qO[;;x]Q — QOISS_x} + %Tiq
For concentrated moment, My at the free end: EIw = Mo(1=)? Myl(l —x)+ Mol” _ Mox?/2

Example-2:

The second example considered is a simply supported beam of length / with either a central
concentrated load P or a uniformly distributed load go (see Figure 2(d)). Using the symmetries in
the problem, only one-half of the beam is modeled using 2 elements, each of length 4. The

boundary conditions are w =M =0 at x=0, and V = —P/2and j—j = 0atx =1/2. After

using numerical fluxes, the matrices [Cy],[C5], and [S] for this problem are

[C.] = EI

===

o o o o o O

o mier O O O

o

Ba | =

0 0 0 0 o
0 0 0 0 0

-2 0 =200
2 2

o X o0 o0 o

2

o0 L 0o
2 2

0 —é 0 0 0
0 0 0 0 0
0o 0 0 1 o
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0 -1 0 0 0 0 0 O
0 0 ] ] 1] ] 0 0
0 0 0 (1/n 0 (/v 0 0
bt bt bt LAf=) b Lif= vou
(1 g 0 (1/2) 0 (1/2) 0 0 0
L2177 In n n L WA n _f1Iy NN (115)
L L L [y LY [y LY L
0 0 ={i/2 0 -1/ 0 0 0
- - A - W TS - - -
n n n n n n n n
uw uw uw w w uw w uw
)0 0] 0] 0 0] 10
and
-] n n n n n n n -
L o wr o wr o wr wr
00 -1 0 1 0 0 O
710 0 0 -1 O 1 ¢ 0
St=—1. -~ . = o a A - (116)
10 0 1 0o -1 0 0 0
0 0 0 1 0 -1 0 0
0 0 0 0 0 0o 0 0
0 0 O 0 0 0o 0 -1
The {R} vector for the concentrated load will be
P
{R}={0 0 0 0 0 O 5 0}" (117)

and for the uniformly distributed load of intensity go will be given by Eq. (113).

The results for displacements for these two loadings are presented in Table 7, again for three

penalty parameters, "= 10, 100, and 1000. Again, clearly hi=100 is sufficient to yield accurate

n

results. However, the secondary variables evaluated using Eq. (111) and Eq. (110) are very
inaccurate for these penalty parameters. Note that the secondary variables are NOT presented in
Table 7. (The inaccuracy for the secondary variables is NOT surprising, as the moment and shear
force are second and third derivatives of displacements. Displacements need to be very accurate

to yield accurate values of moments and shear forces.) With this in mind, the problem is
reworked with the penalty parameter set in the range 10° < ”ig < 10'%. The moments and shear
forces yielded accurate results, as shown in Table 8 and Figure 4.

Note that the secondary variables can also be computed using the element shape functions ¢ of
Eq. (14) and Egs. (85) and (93) as
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These values of the secondary variables are identical to those presented in Table 8.

(118)

Table 7. DG solution for a Simply Supported Beam — 2-Element Solution in Half the Beam

(see Figures 2 and 3)

Concentrated Load, P
X n=10 n =100 n = 1000 Exact
0 EI6/(Ph®) -1.0 -1.0 -1.0 -1.0
h Elw/(Ph™) 0.920, 0.913 0.917,0.916 0.916,0.918 0.917
h EI6 /(Ph%) -0.745, - -0.750, -0.750 -0.750, -0.750 -0.75
0.754

2h Elw/(Ph?) 1.333 1.333 1.333 1.333

Exact solution is ETlw = —-= 4 PI*x

12 16

0 EI6/(qoh>) -2.667 -2.667 -2.667 -2.667
h EIw/(qoh™) 2.373,2.376 2.376,2.374 2.371,2.379 2.375
h EIB/(qoh’) -1.830,- -1.833,-1.833 -1.833,-1.833 -1.833

1.828
2h EIw/(qoh™ 3.333 3.333 3.333 3.333

Exact solution is Efw = — 28 . CES: (L
12 24 24
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Table 8. DG Solution for a Simply Supported Beam — Primary and Secondary Variables
(2-element solution in half the beam (see Figures 2 and 3))

Element Primary Variables Secondary Variables

Conc. Load, P* UDL, g** Conc. Load, P* - UDL, g**
. 1.0E-6 3.5E-6 M, 8.7E-5 -0.0830

1 8, 1.0 -2.6667 v, 0.5007 1.5033
W, 0.9167 2.3750 M, -0.5000 -1.5834
g5 -0.75 -1.8333 v, 0.5000 1.5017
W 0.9167 2.3750 M, -0.5000 -1.5834

) N -0.75 -1.8333 vV, 0.5000 0.4988
W, 1.3333 3.3333 M, -1.000 -2.0833
Go 2.7E-11 -8.3E-8 v, 0.4996 0.4992

*Nondimensional values: EIw /(Ph®),EI8 /(Ph®),and M /(Ph), V/P
**Nondimensional values: Elw/ (qa’:r4 ),EIf/ [qr’:g Jand M/(q h? ) V/(gh)

Side Bar-2
In this side bar, forces and moments obtained by the conventional
FEM using a 2-node beam element are obtained and compared to

the results in Table &. The beam element stiffness matrix from refs.
2 and 17 (see page 151 Eq. 4.15 of ref. 17) is

—6h 4h*  eh  2i°
-12 &b 17 6k
6h 2R eh  4®

_El

K]1=2 (119)

12 —ak =12 —ﬁh}

A two-element solution for this stainless steel (SS) beam yields
exactly same displacements as shown in Table 8 for both the
loading conditions. The nodal forces and moments at the nodes of
the two elements can be computed for each element by multiplying
the element displacements with the stiffness matrix. The forces and
displacements are shown in Figure 5 and they satisfy the reciprocity
of tractions at the element interface, x=h, The differences between
the conventional finite element secondary variables and those of the
DG method are due to the conventions of the shear forces and
bending moments in the beam theory. The force and moments
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shown in Figure 5 satisfy element and global equilibrium

conditions.

1 ® 2 @,

- 'n »+«— h »
¢

0 -0.5 -0.5 -1.0
Q@ 7 @ 2

K

rY
0.5 0.5 05 0.5
(a) Concentrated Load P (V and M are shown) |j[ /7 \
N~
Shear Bending
force (V) moment (M)
0 @ -0.5 -0.5 @ -1.0
/) ﬂ / / ( ¢ ) Positive values of shear force (V) and
A [ - - A R
bending moment (M)
0.5

0.5 0.5 0.5

(b) Uniformly Distributed Load, q
(Vand M are listed )

Figure 4. Computed values of nondimensional secondary variables for SS beam examples.

0.5

ﬁ;) @ ,%5 -ﬁOT.S @ 1.{0T
-0.5 0.5 -05

(a) Concentrated Load P (V and M are shown)

-0.0833 @ -1.5833 1.5833 @ 2.0833
7

7
g ~(F &

15 1.5 -05 0.5

(b) Uniformly Distributed Load, q
(Vand M are listed )

Figure 5. Nondimensional values of forces and moments by conventional FE method
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Example-3:

The third example considered is a SS Beam with two type of loading on the beam as shown in
Figure 6. This problem can be easily analyzed by using the principle of superposition. The two
loads P are symmetric, but the central moment produces antisymmetric deformations with
respect to the center of the beam. As such the beam is analyzed with symmetric loads first and
then again with antisymmetric boundary conditions, as shown in Figure 7. The final solution will
be obtained by superposition of these two problems.

Z W Mg
7 p P
i t DN t
N\ ! =
\\<L /4 —» # —— 2/ 9\

Figure 6. SS Beam with Two Symmetric Point Loads and a Central Moment

N

zZw Mo/

t P
t |
A ¢ T A 2

W=0, 6=0 M=0
M=0  Symmetric Antisymmetric

=
&

Figure 7. Superposition of two problems — Symmetric and Antisymmetric.

Symmetric problem: This problem is very similar to the problem already worked for the central
concentrated load. As such, for a two-element solution, with elements of size h, the matrices

[C41,1C;],and [S] given in Egs. (114) and (116) are used. The load vector {R} in Eq. (117) needs
to be modified. The load is positioned at the boundary of two elements and hence there are three
possibilities:

{RY={0 0 (P/2) O (P/2) 0 0 0}T

or

{Rl={0 0 00 (P 0 0 O} (120)
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or

The three loadings shown yield identical results for the nodal displacements and are shown in
Table 9. Furthermore, any combination of loads that give rise to a total load of P at x=/ gives the
identical results shown in Table 9.

Antisymmetric problem: This problem is very similar to the symmetric problem but with
antisymmetric boundary conditions shown in Figure 7. The matrices [C,],[C>], and [S] for this
problem are as follows:

(4] i (4] 0 0
00 0 0 0 0 0 O
_ 1 _ 1
1] 0 0 —— 0 ——= 0 1]
2 2
0 0 5 0 E 0 0 0
[C,] =EI ) L (121)
00 0 = 0 = 0 o0
2 2
00 —= 0 —-X 0 0o o
2 2
00 0 0 0 0 0 -1
o 0o o 0o 0O O O 0
-1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0
0 0 (1/2) 0 (1/2) 0 0 0
0 0 0 (1/2) 0 (1/2) 0 0

C —

GI=]14 o —(1/2) 0 —(1/2) 0 0 0 (122)
0 0 0 —(1/2) 0 —(1/2) 0 ©
0 0 0 0 0 0 1 0
L0 0 0 0 0 0 0 0

and
1 0 0 0 0 0 0 0
00 0O 0O 0O 0 0 0
00 -1 0 1 0 0 0
_a2/0 0 0 -1 0 1 0 0
[Sl_neo 0 1 0 -1 0 0 0 (123)
00 0 1 0 -1 0 0
00 0O 0 0O 0 —-10
o o 0 o 0 o0 o0 o




The load vector {R} is

{Ri=4{0 0 0 0 0 0 0 M/2¥ (124)

The results of the two problems are presented in Table 9 along with the superposed solution.

Table 9. DG Solution for Example-3: Simply Supported Beam with Complex Loading
(2-element solution in half the beam (see Figures 6 and 7))

Element Symmetric Central
Load, P* Moment My**
W 1.0E-6 2.5E-7
8, -1.5 -0.1667
! W, 1.3333 0.1250
B2 -1.0 -0.0417
Wy 1.3333 0.1250
5 64 -1.0 -0.0417
W, 1.8333 2.5E-7
6, 1.0E-6 0.3333

*Nondimensional values: EIw/(Ph>), E18 /(Ph®)

**Nondimensional values: EIW/(Moh®),EI16 /(Moh)

Superposed Solution along the length

Pi® Mi®
=0 W= 1'05_6F+2'SE _?F

. 3 2 2
y W= 1333325 _ 01252
El Ei

- -
Bh MA*®

o W= 1.8333;-&—2.55 — ??

. 3 2
5 W= 13333 _p125M1
Bl Ei

x 3 2
w=10E—62 25 _7M~
4h RI 7T}
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Example-4:

The fourth example considered is a cantilever beam with two supports and a hinge, as shown in
Figure 8. The beam is loaded by a uniformly distributed load, g 4. The hinge is at x=A. The hinge
cannot carry moments and hence there is a slope discontinuity at this location, but the deflections
are continuous. Two models were developed. The first model had 3 elements while the second
model has 5 elements with smaller size elements near the hinge, as shown in Figure 8.

,[\Z'W Hinge
N S o S 1
~ é“%? o
“fe— h —» WY NS
— h —e—— —p
O O O O
0 h 2h 3h
3 element model
0 3h/4 5h/4
o—L0-0—0 O O

h

5 element model

Figure 8. Cantilever beam with a hinge and two supports.

The hinge and the supports at x=2h and 3h present new challenges that were not encountered in
the earlier examples. As such, details of application of Egs. (99) and (101) for the 3-element

model are presented below.

Element-1:

j=1 and 2: This is a location of & = 0 and here ¢; = 1 and % =1 (see Table 5). This is a gp

. dw . aw
location where — and w are prescribed to be zero. Therefore —

w =w(0) = 0. Thus w® = 6 — o

=22(0)=0 and

j=3: This is a location of & = 1. This is a hinge location and so at this location the slope is

independent. As such EI g (h = —-92{1}.

53



j=4: This is also a location of £ = 1. Here, because of the hinge, w is continuous, i.c., w; = wyp.
Thus,

& 1 ST N

Eiw{h)~{—h) = Eiw(h) = EI
Element-2:

j=1: This is a hinge location and so at this location the slope is independent. As such

e 5
[
=% | =
| E
—

il

-
"l
=

j=3: This is a location of I, the location of the middle support. Hence
dw ) (2)
EIE(ZII) = —EI0(2h) = —EI0,, = —EI0,

j=4: This is a location of I}, the location of the middle support. Hence

EIw(2h) -~ - (=h) = Elw(2h) = EIlw® = 0.
) 2

Element-3:
j=1: This is a location of I}, the location of the middle support. Hence
aw 3
EIZZ (2h) = -6

j=2: This is a location of I'L;, the location of the middle support. Hence

EIw(2h) - L (—h) = EIw(2h) = EIw® = 0
n 1
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j=3: This is a location of [ j, the location of the middle support. Hence

Next, the second equation in Egs. (101) need to be processed for all three elements.

Element-1:

For j=1 and 2, this is a I'; location. As such,

_d_f"f(o) 1=-V® 4 Ty,®

us

M(0) - —- (—h) = —M(0) = — [1}% oM

.~ dM 1
Forj=3: 2000 - 1=V} — - wim — wje) = S (Vim + Vo) — - Wy —w)

1
= E(Vz{l} V{Z}:} (Wfl} _sz})

E

For j=4: —M(h) - = (=h) = M(h) = M{¥ = 0

Element-2:

= —(}+ 1wl = -3 P + @) + L w —w®)
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. 1 e I
1= — MY -2 (—hYy = M(2hY = M* =]
Forj=2: —M(3h) (—h) = M(3h) 15 0
R R i o2y (2
FOI’_]—3. I\.é”.} 1= ""2:".‘ - A = VZ ’ " zZ
dx h Mg

. A L a1 (2 L (3 W A(2) A(T)
Forj=4: —mM(2h) -—- (=) — —M(h) — = (M, + M) — (0,7 —0;77)
Leh) o (=0 L) — 3 M5 n Wz .
Element-3:
. q.dM ., . I B (3} n (32
Forj=1:——3Em) -1 =V(3N +—w(3h) = — w7
J o o) (3h) + ~wish) 5 W2

For j=2: M (2h) -5 - (=h) = —f(2h) = —3 (M7 + M)+ (6,7 —6,7)

_a.af o Ny 30 @)
For j=3: (3 -1=V(3n)+ P (3Bh) =V, W2

For j=4: —F;f(sz) % (—h) = ﬂ(%) _ Mf} —0
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£1 for the 3-element model are as follows:

The matrices

(125)
(126)

(127)

oo o o o oo

r 1 o oo oo oo
= i = =

u

o oo oo oo
L o e [ oo [ v e [ s s [ [ o
i e I e v R i ) i s e s (N e Y i v

oo o o o oo
L o e [ oo [ v e [ s s [ [ o

DO OO0 | o0 000 coococooH

Lo o T T T o o [ [ i Y Y s Y i Y o
= S

0
0
0
0
0

Ly o e [ TN v i e [ i s [ i [ o

N ~
(e B e B T o A e B o B R s B R o oo
= N - ~
N L=l R M T =~
_
o _._u. [ I e B T B v B e B o c oo o000
-
o g
(e R T e R R B B B < B co—o Jo o
— —t — =
J— _ N _

L o e [ oo [ v e [ s s [ [ o = e

0
0
0
0
0

L o e [ oo [ v e [ i s [ i [ o —]

—(1/2)
0

0

—(1/2) 0
0

0
0
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The loads {R} are

fRY = i-l'ErJf"f' _ qgf"f'z ol l'd_Tr_1f"f'2 ol _ t'«‘_'rJf"-’E doli l'd_Tr_1f"f'2 ol _ t'«‘_'oflf'z ol qgi'iz,i?— (128)
i Lz 12 2 12 2 12 2 12 2 12 2 12 ¢
Table 10. DG Solution for Example-4: Cantilever Beam with a Hinge and Two Supports
Subjected to Uniformly Distributed Load, go
x/h w* 6*
3-Ele. Model 5-Ele. Model Exact 3-Ele. Model 5-Ele. Model Exact
0.75 --- 0.1099 0.1099 --- -0.2227 -0.2227
1.0 0.1667 0.1667 0.1667 -0.2292 -0.2292 -0.2292
1.0° 0.1667 0.1667 0.1667 0.1875 0.1875 0.1875
1.25 - 0.1196 0.1198 -—- 0.1888 0.1888
2.0 0 0 0 0.0833 0.0833 0.0833
3.0 0 0 0 -0.02083 -0.02083 -0.02083
* - Iy 74 ]

The exact solution has been obtained and is as follows:

, ) 5
ForO=x <= h, Elw = — %[31;&}:2 — 5x3] —I—% + zqgh‘jx — 2—;q0h4
_ 9ok 2 3 qo(3h—x)* 49 3,71 4
Forh <x < 2h, Elw = —[31hx 5x%] + = ——+ S aoh"x — ;qoh (129)

3 3h—x)* 7 5
-]+ ol = )7 + o qoh’x — §q0h4

For2h < x = 3h, Elw = —qih[?:f?xz —
- 16 3 24 24

The results in Table 10 show that the both 3- and 5- elements DG solutions reproduced the exact
solution accurately.

Concluding Remarks

The details of the Discontinuous Galerkin Finite Element Method (DG FEM) are presented. The
weighted-residual form is introduced and the Galerkin FE (GFE) and the Petrov-Galerkin FE
(PG FE) methods are discussed. The details of the implementation of the DG FEM are presented
along with several examples to demonstrate the performance of the method.

In the DG method, the continuity of the nodal variables across the element interfaces is not
explicitly imposed like the GFE or PG FEM; the continuity is imposed through numerical fluxes.
In this report the interior penalty (IP) numerical fluxes are used and implemented.
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Two simple problems involving second order and fourth differential equations are presented. The
GFE, PG FE, and DG FE methods are applied in these problems to demonstrate the differences
among the methods. The numerical solutions are compared to the exact solutions to establish the
validity of the method. In both problems, a reasonably large penalty parameter is sufficient to
yield accurate results.

Next the DG method is demonstrated with reference to a cantilever beam problem with three
different loadings, a simply supported beam with three different loadings, and a complex
cantilever problem. The DG method is also applied to a continuous beam problem with complex
boundary conditions. The results of the DG method are compared to the exact solutions. The DG
method yielded accurate results when a large enough penalty parameter was used.

All the computations presented in this report were carried out using Microsoft Excel and the
implementation details are presented in the Appendix.
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Appendix A.

All the matrix operations in this report are performed using Excel spread sheets. This appendix
demonstrates how easy it is to perform matrix operations efficiently and accurately using Excel.
All the computations involved for the second order differential equation in Eqs. 73-77 are
presented. In addition, for a simply supported beam modeled with 2-elements in one half of the
beam, the final LHS matrix in Eq. 105 (for a penalty parameter of 100) and its inverse is
presented. Next, the two loadings (a central concentrated load and uniformly distributed load) are
presented along with the final solution {J} for these loadings.

Matrix Operations: Figure A-1 demonstrates the matrix operations - matrix inverse, matrix
multiplication and addition.

Matrix Inverse: The matrix to be inverted is input in the area occupied by B11 to E14. To capture
the inverse the area occupied by G11 to J14 is first highlighted. The next step is to enter the
command ‘=MINVERSE(B11:E14)’ and press CTRL and SHIFT together and press ENTER.
The inverse will appear in G11 to J14. (On a Mac the command is slightly different - Check the
operational manual.)

Note that all the rules of matrix inverses apply to this computation as well. The matrix needs to
be square and must have an inverse. If the matrix is singular, errors will appear in the target area.

Matrix multiplication: Two matrices can be multiplied very easily. The matrix in G11 to J14 is
multiplied with matrix in B20 to E23. Before this is performed, highlight the area G20 to J23.
Then enter the command ‘=MMULT(G11:J14,B20:E23)’ and press CTRL and SHIFT together
and press ENTER. The result will appear in G20 to J23.

Note that all the rules of matrix multiplication will apply to this computation as well. The
number of columns of the first matrix should be same as the number of rows of the second
matrix.

Matrix addition: Two matrices, A and B, need to be added. Here the command is very simple.
Matrix A is in the area B27 to E30. The matrix B is the area G27 to J30. To add these matrices
together, first highlight the area D34 to G37 and then enter the command ‘=B27:E30+G27:J30°
and press CTRL and SHIFT together and press ENTER. The result will appear in D34 to G37.
Note that all the rule of the matrix addition will apply to this computation as well. The two
matrices need to be compatible.

2nd Order Differential Equation:

A 2-element solution for the differential equation % = f; 0 = x =1 with the boundary
conditions u;= 0 and [g) = latx = [ is presented in Figure A-2. Equations (73) to (76) with
the solution in Eq. (77) are presented in this figure.

Simply-Supported Beam:

A simply supported beam with a 2-element solution in half of the beam is presented in Figure A-
3. Only the final matrices are presented, as the model involves 8x8 matrices and they are too
large to be presented here.
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B C D E F G J

2

3

4

5

6 Matrix Operations in EXCEL

7

8

9 Matrix Inverse of Matrix in B11:E14
10 MINVERSE(B11:E14) and CTRL+SHIFT+ENTER
11 0.666667 0.333333 0| 0 2 -1 0| 0|
12 0.333333 0.666667 0| 0 -1 2 0| 0|
13 0| [8) 0.666667 0.333333 0| 0 2 -1
14 0| 0| 0.333333 0.666667 0| 0 -1 2
15
16
17
18 Matrix Multiplication of Two Matrices
19 MMULT(G11:J14,B20:E23) and CTRL+SHIFT+ENTER
20 0.5 0.5 [0) 0 -1.50 -1.00 0.5 0|
21 -0.5 0| 0.5 0 1.5 0.5 -1.00 0|
22 0| -0.5 0| 0.5 0| 1] -0.50 -0.50
23 0| [8) -0.5 0.5 0| -0.50] 1 -0.50
24
25 Addition of two matrices
26 Matrix-A Matrix-B
27 100 [8) 0| 0 -1.5 -1.00| 0.5 0
28 0| -100 100 0 1.5 0.5 -1.00 [0)
29 0| 100 100 0 0| 1 -0.50| -0.50
30 0| [8) [0) 0 0| -0.50 1 -0.50
31
32
33 [A]+[B] = (B27:E30+G27:130) CTRL+SHIFT+ENTER
34 98.5 -1.00 0.5 0|
35 1.5 -99.50 99 0|
36 0 101 99.5 -0.50
37 [0) -0.50 1 -0.50
38
39
40

Figure A-1. Matrix Operations.
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d2u/dx2=2 with u=0 at x=0 and du/dx=1 at x=I; 2- element idealization

pen 100 Penatly term (n/h_e); h is length of the element
h 1
Matrix A (see Eq. 73) Inverse of Matrix AL

0.333333 0.166667 0.000000  0.000000 4.00 -2.00 0.00 0.00

0.166667 0.333333 0.000000  0.000000 -2.00 4.00 0.00 0.00

0.000000 0.000000 0.333333  0.166667 0.00 0.00 4.00 -2.00

0.000000 0.000000 0.166667 0.333333 0.00 0.00 -2.00 4.00

Matrix B_1 (Eq. 73) Inverse of A7 times B_1
0.50 0.50 0.00 0.00 3.00 2.00 -1.00 0.00
-0.50 0.00 0.50 0.00 -3.00 -1.00 2.00 0.00
0.00 -0.50 0.00 0.50 0.00 -2.00 1.00 1.00
0.00 0.00 -0.50 0.50 0.00 1.00 -2.00 1.00

Matrix K (Eq. 74) Matrix K times Inverse of AL times B_1

-0.50 0.50 0.00 0.00 -3.00 -1.50 1.50 0.00
-0.50 0.00 0.50 0.00 -1.50 -2.00 1.00 0.50
0.00 -0.50 0.00 0.50 1.50 1.00 -2.00 0.50
0.00 0.00 -0.50 -0.50 0.00 0.50 0.50 -1.00

Matrix B-2 (Eq. 74) LHS of Eq. (76)

100.0000 0.0000 0.0000 0.0000 97.000000 -1.500000 1.500000 0.000000
0.0000 -100.0000 100.0000 0.0000 -1.500000 -102.0000 101.000000 0.500000
0.0000 100.0000 -100.0000 0.0000 1.500000 101.000000 -102.0000 0.500000
0.0000 0.0000 0.0000 0.0000 0.000000 0.500000 0.500000 -1.000000

Inverse of LHS of Eq. (76) Matrix R (RHS of Eq. 74) Matrix {u} Eq. (77)

0.010307 -0.000076 0.000076  0.000000 1.000000 0.010307

-0.000076 -1.002462 -0.997538 -1.000000 1.000000 -2.000076
0.000076 -0.997538 -1.002462 -1.000000 1.000000 -1.999924
0.000000 -1.000000 -1.000000 -2.000000 0.000000 -2.000000

Figure A-2. 2nd order differential equation.
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Simply Supported Beam Solutions

LHS of Eq. 105

-14 -10 18 -3
-4.3E-14 4 3 1
-27 5 -97 9

414 5 -591 -95

27 1 109 -9

-414 -3 591 99

0 0 -6 3

0 0] -423 31

-36 -5 0 0
3 1 0 0
103 -3 3 -1
597 105 6 -27
-91 3 -15 1
-597 -101 5.45E-14 27
-6 3 12 7.11E-15
405 -23 18 -214

Inverse of LHS of Eq. 105
-0.094475699 -0.08003473 -0.10801 0.006463 -0.09205

4.62244E-15 2 -1.5

1 -1.5

0.001277171 -1.49521175 1.331197 -0.99832 1.334862
-0.19581351 0.810474095 -1.19837 0.999917 -1.18563
-0.001277171 -1.50478825 1.335469 -1.00168 1.331804
0.19581351 1.189525905 -0.80163 1.000083 -0.81437

-7.27972E-15 -2 1.833333

-1.5 1.833333

-0.054352463 -0.0710237 -0.03712 -0.01119 -0.04809

RHS for Conc. load

0 w_17(1)
0_17(1)
w_2/(1)
0_27(1)
w_1/7(2)
0_17(2)
w_2/(2)
0_2/(2)

O unnooooo

-0.00459
-1
0.91744
-0.84195
0.9159
-0.65805
1.333333
-0.01918

0.008283 -0.09175
1 -2
-0.99813 1.834877
1.00737 -1.68391
-1.00187  1.83179
0.99263 -1.31609
-1.5 2.666667
-0.01007 -0.03836

RHS for UDL
0.5
-0.08333
0.5
0.083333
0.5
-0.08333
0.5
0.083333

0.000304
-5E-17
4.18E-05
0.001
-4.2E-05
-0.001
7.8E-17
-0.00458

w_17(1)
0_171)
w_2/(1)
0_27(1)
w_17(2)
0_17(2)
w_2/(2)
0_27(2)

-0.18660
-2.66667
2.375695
-2.199940
2.374305
-1.466720
3.333333
-0.083520

Figure A-3. Simply supported beam with 2-elements in half of the beam.

64



