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Throughout the years, different strategies have been proposed for the station-keeping around the libration point

orbits. In this paper, a geometrical comparative analysis is performedbetweendifferent approachesmakinguse of the

Floquet modes reference frame. Two particular station-keeping procedures are considered: the commonly used

velocity constraint at the plane crossing, and the Floquet mode approach. The first method finds theΔv that ensures
that thex component of the velocity vector is zero at a plane crossing,whereas theFloquetmode approach finds theΔv
that cancels the unstable mode in the Floquet reference frame. It will be seen that both approaches have some basic

common geometrical features, even when they are compared using high-order techniques.

I. Introduction

T HE basic purpose of station-keeping is to maintain a spacecraft
within a predefined neighborhood about a nominal path. It is

defined as a control procedure that seeks to minimize some combi-
nation of the deviation of the spacecraft from the nominal trajectory
and the total maneuver cost, which can be subjected to constraints
such as the minimum time interval between two consecutive maneu-
vers or the maximum fuel expenditure at each maneuver. Assuming
discrete and impulsive corrections, the problem is the determination
of the suitable maneuvers, including their magnitude, direction, and
timing.
The motion of a spacecraft near the L1 or L2 collinear libration

points in the sun–Earth or in the Earth–moon systems is very unsta-
ble, so a spacecraft has to perform correction maneuvers to remain in
a libration point orbit (LPO), taking into account errors in orbit
determination, and maneuver executions. Since the first libration
point satellite, the International Sun-Earth Explorer 3 (ISEE-3),
several station-keeping techniques have been developed for LPO,
the first ones being credited to Farquhar [1] and Breakwell et al. [2].
The cornerstone ISEE-3 mission used a nominal path close to an

approximated periodic halo orbit around theL1 point with a period of
six months; for the station-keeping a series of maneuvers were
executed approximately every three months, each one with an aver-
aged Δv magnitude of 2 m∕s (see [3,4]). The Solar & Heliospheric
Observatory (SOHO) spacecraft, whichwas the second sun–EarthL1

LPOmission, used a similar nominal orbit, but the high sensitivity of
its instrumentation required the station-keeping maneuvers to be
small; hence it was not possible to use the same control strategy as
for the ISEE-3. Studies done by the European Space Agency [5–7]
showed that, with an average time interval betweenmaneuvers of also
three months, the station-keeping is possible with 50 cm∕s per year.
This value is of the same order of magnitude as the results obtained
later by Howell and her collaborators using a different strategy
[8–10].
One of the key points for most station-keeping strategies is to use

an accurate reference trajectory. This orbit is determined using a force
model for the motion of the spacecraft that must be as close as
possible to the “real” one. Unmodeled perturbations, as well as any
orbit injection error, will result in a deviation of the spacecraft from
the nominal path, and the unstable nature of LPOs will further
amplify it. Using a halo-type orbit as a nominal path, for both sun–
Earth and the Earth–moon systems, the amplification factor for
deviation errors is about 1500 per revolution. Under these conditions,
a spacecraft without any control is going to escape from the neigh-
borhood of the reference orbit in less than 180 or 14 days, respec-
tively, even with very small initial errors. In the 1980s, the Barcelona
Dynamical Systems Group developed a station-keeping strategy
using dynamic systems tools to find the minimumΔv to remain close
to periodic and quasi-periodic orbits. Their strategy, also known as
Floquet mode approach, uses the Floquet base to describe the linear
dynamics in the vicinity of the orbit, and finds the minimum Δv that
cancels the instability. From the operational point of view, a draw-
back of the procedure is that it requires an accurate reference orbit,
which adds some extra complexity.
Missions like the Advanced Composition Explorer (ACE), and the

Global Geospace Science Wind consider a different station-keeping
procedure that avoids the use of an accurate nominal orbit [11,12]. In
this method, each maneuver Δv is designed to ensure that, if the
trajectory is propagated for one or two additional revolutions, the x
component of the velocity vector is zero when crossing the y � 0
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plane in the rotation libration point reference frame (RLP). Thanks to
the symmetries in the circular restricted three-body problem
(CRTBP), this condition ensures that the spacecraft is close to an
LPO and will continue orbiting around the libration point over the
next orbital periods. An improvement of this strategywas used for the
Acceleration, Reconnection, Turbulence and Electrodynamics of
Moon’s Interactionwith the SunMission (ARTEMIS) [13,14],where
an optimization routine was used to find the maneuver direction and
location that would minimize theΔv to meet Vx � �10 cm∕s at the
4th RLP y � 0 plane crossing. This kind of strategies is also being
considered for the station-keeping design for future LPO missions,
like the James Webb Space Telescope (JWST) [15] and the Roman
Space Telescope (RST) (previously known as the Wide Fields Infra-
Red Survey Telescope (WFIRST)) [16,17].
In the literature, there are several review papers that compare

station-keeping strategies (see [13,18–20]); most of them focus on
comparing the total cost and performance between them. The aim of
this paper is to describe and compare two of these strategies from a
geometrical and dynamic point of view, trying to understand their
differences and nature. Understanding the geometry of a station-
keeping strategy is important because it helps describe the impact
that mission constraints have on themagnitude ofΔvmaneuvers.We
have chosen the x-axis velocity constraint at plane crossing because
of its relevance and use in past and future mission applications,
and the Floquet mode station-keeping because of its geometrical
definition and independence with respect to any optimization me-
thod. All the analysis and simulations are done using the CRTBP as
the dynamic model that, as it is well known, captures most of the
fundamental dynamics of a full ephemeris model around the libration
points considered. However, the methods and results presented here
can be easily extended to higher-fidelity force models. We use the
Floquet mode reference frame to describe the motion of the space-
craft’s trajectory around an LPO because it gives insight on the
dynamic and geometrical behavior of a given station-keeping strat-
egy. All the station-keeping maneuvers are modeled as instantaneous
changes in velocity and can be seen as a jump in the phase space.
As we will see, both station-keeping strategies share a common

geometric interpretation despite following different approaches. In
both cases, the projection of the deviations of the trajectory from a
nominal orbit on the Floquetmode reference frame shows that theΔv
maneuvers bring the spacecraft toward the stable manifolds. More-
over, the jet transport procedure [21,22] provides semi-analytic
expressions of both controllers, allowing to compare the geometry
of both strategies and perform long-term stability analyses.
Understanding the geometry of these strategies allows the study of

the optimality of the Δv maneuvers analytically. In this paper, we
show why the minimum thrust direction is close to the position
components of the stable eigenvector. We also describe the depend-
ence of the maneuver size as a function of the thrust direction, and
provide a tool to describe the impact of mission constraints in the
thrust directions. Moreover, the geometric interpretation of station-
keeping allows us to envision strategies that can help to mitigate the
impact of mission constraints, such as actively biasing the Δv
maneuvers when the spacecraft can only thrust away from the sun.
This paper is organized as follows: Section II provides a short

review of the CRTBP, together with different kinds of LPOs and the
linear approximation of the dynamics around them. The station-
keeping strategies are explained in Sec. III, including the types of
maneuvers and controllers used in the simulations. Since most of
the simulations and dynamic analysis have been done using high-
order Taylor expansions, for both the flow map and the functions
required for the maneuvers, we include in Sec. IV a short explan-
ation of the jet transport procedure used for these computations.
This procedure allows us to compute high-order expansions of the
flow of ordinary differential equations using automatic differentia-
tion techniques. All the strategies are compared in detail in Sec. V.
Section V.A provides the geometrical analysis of the station-
keeping procedures, together with the effect of the different control
parameters on the resulting trajectory, as well as on the total fuel
consumption. Section V.B compares both strategies using Poincaré
map simulations, and Sec. V.C is devoted to the long-term stability

analysis of the control procedures by means of the definition of
suitable Poincaré maps. In Sec. VI, the optimality of the station-
keeping strategy is discussed analyzing the effect of varying some
basic control parameters. Finally, in Sec. VII we give the final
conclusions.

II. Libration Point Orbits of the Circular Restricted
Three-Body Problem

The analysis and simulations in this paper have been carried out in
the sun–Earth CRTBP, which maintains the most relevant dynamic
properties of the real problem. However, the ideas and results can be
extended to other models, including n-body problems using numeri-
cal ephemeris for the computation of the positions of the solar system
bodies.
Recall that the equations of motion for a spacecraft in the CRTBP

taking a rotating reference frame and using normalized units are
written as

�x − 2_y � ∂Ω
∂x

; �y� 2 _x � ∂Ω
∂y

; �z � ∂Ω
∂z

(1)

where Ω�x; y; z� � �1∕2��x2 � y2� � ��1 − μ�∕rps� � �μ∕rpe�,in
which rps�

������������������������������������
�x�μ�2�y2�z2

p
and rpe�

������������������������������������������
�x�μ−1�2�y2�z2

p
are the sun–spacecraft and Earth–spacecraft distances, respectively.
The rotating reference frame has the origin at the center ofmass of

the sun–Earth system, the two primaries are fixed on the x axis, the
z axis is perpendicular to the ecliptic plane, and the y axis completes
an orthogonal positive oriented reference system. The normalized
units of mass, distance, and time (see [23], Chapter 1) are chosen so
that the total mass of the system and the distance between the two
primaries are both equal to one, and the sun–Earth orbital period is
2π. In the paper, we use km and m/s to plot the trajectories, and
normalized units to plot variation in the Floquet modes refer-
ence frame.

A. Libration Point Orbits and Their Neighborhood

In the CRTBP, there are different kinds of LPOs around the
collinear equilibrium points, including halo, quasi-halo, near-recti-
linear halo, andLissajous orbits. The pioneeringwork of Farquhar [1]
on halo orbits, around theL1 andL2 libration points, was followed by
the work of Richardson [24,25] with a third-order analytical theory
for their computation using the Lindstedt–Poincaré method. This
theory was formulated in a synodical dimensionless coordinate
system centered at the libration point under consideration. The same
method was used by Farquhar and Kamel [26], and later by Richard-
son and Cary [27], to get low-order Lissajous-type solutions. The
organization in the phase space of these different kinds of solutions
was clear after the work of Gómez et al. [28], where a detailed study
of the phase space in a large vicinity around the collinear equilibrium
pointswas done, aswell as the extension up to a high-order (25) of the
Lindstedt–Poincaré series associated to halo and Lissajous orbits.
The normal form computations revealed the existence of the so-called
quasi-halo orbits, two-dimensional tori around the usual periodic
halo orbits, that also play a relevant role in the phase space structure.
The semi-analytical computation of this new kind of solutions was
done in [29].
The different kinds of LPOs can be (and have been) used as

nominal trajectories for libration point missions. As it has already
been said, halo orbits were used by the ISEE-3 and the SOHO
spacecraft, and a Lissajous orbit was used by ACE and, recently,
by theDeepSpaceClimateObservatory (DSCOVR) [30].Quasi-halo
orbits are good nominal orbits for constellations of spacecraft, as it
was proposed in the past for the Terrestrial Planet Finder (TPF)
mission [31]. To maximize the launch window opportunities for
the JWST, a large variety of target orbits have been considered,
varying from tight halo orbits to wide quasi-halo orbits, or even large
Lissajous orbits. On the other hand, due tomission requirement, RST
is restricted to follow a small quasi-halo orbit.
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The understanding of the local behavior of the flow associated to
the dynamic model near an orbit is basic for the study of the station-
keeping, as well as the effect of the different error sources on it. For
any of the threemain different kinds of LPOs, the basic point is to split
the phase space into the center, stable and unstable parts of the tangent
and normal spaces to any of the above-mentioned solutions (periodic
halo orbits or two-dimensional tori). This splitting is clear in the
periodic case: for a halo orbit (of moderate size), its monodromy
matrix [i.e., the state transition matrix A�t� at time T] contains three
different blocks:
i) First is a diagonal block associated to the hyperbolic plane is one

of them.
ii) Next is a block corresponding to a rotation, where the mean

angular velocity of this rotation is the normal frequency.
iii) Third is a block with a double eigenvalue equal to one, and

nonzero out of diagonal term (related to the variation of the period of
the orbit along the family). The eigenvector corresponds to a time
(phase) shift along the orbit, while the other vector corresponds to
energy variations along the family of halo orbits.
The eigenspace of the first block corresponds to the unstable and

stable manifolds, whereas the eigenspace associated to the last two
blocks contains the center behavior around the orbit, that is, its center
manifold. In the case of a nominal Lissajous or quasi-halo orbit, one
cannot talk about the monodromy matrix, since the variational equa-
tions are not periodic. However, assuming reducibility of these
equations to constant coefficients [32], one can still find the first
block, and instead of blocks (ii) and (iii), there is a 4 × 4 block
associated to an eigenvalue equal to one, with two eigenvectors that
correspond to phase shifts and the other two vectors are associated to
variations of the frequencies corresponding to variations of the
amplitudes of the torus.
In the case of a halo orbit, the two-dimensional unstable manifold

and the two-dimensional stable manifold can be easily computed
from themonodromymatrixM. The eigenvalues λi (i � 1; : : : ; 6) of
M are such that λ1 > 1; λ2 � 1∕λ1 and λ3 � λ4 are both complex of
module one; and λ5 � λ6 � 1.
If e1�0� is the eigenvector related to λ1 > 1, then the vector

e1�t� � A�t�e1�0�, together with the tangent vector to the orbit
e5�t�, spans the tangent plane to the local unstable manifold. In a
similar way, e2�t� can be computed and used to determine the linear
approximation of the stable manifold. From these two vectors, one
can compute the corresponding Floquet modes (see [6]) as

ei�t� � ei�t� exp
�
−t

ln λi
T

�
; i � 1; 2 (2)

where T is the period of the orbit. If e3�0� � ie4�0� is the complex
eigenvector related to λ3, and e3�t� � ie4�t� � A�t��e3�0� � ie4�0��,
then

e3�t� � cos

�
−t

Γ
T

�
e3�t� − sin

�
−t

Γ
T

�
e4�t� (3)

e4�t� � sin

�
−t

Γ
T

�
e3�t� � cos

�
−t

Γ
T

�
e4�t� (4)

where, if r is the real part of λ3, then Γ � arccos r − 2π.
The fifth mode is the vector tangent to the orbit and, as it is

periodic, coincides with the corresponding Floquet mode e5�t� �
e5�t�. Thevector tangent to the family is e6�t�, fromwhich it is easy to
compute the last Floquet mode e6�t� (see [6]).

B. Floquet Modes to Describe the Motion Around Libration Point
Orbits

The Floquet modes allow the description of the natural dynamics
in the vicinity of a periodic orbit. They can be used to define a
periodic reference frame around an LPO in which the dynamics
close to the orbit is simple to describe. On the planes generated by
e1�t� and e2�t�, the motion is of the saddle type: trajectories close to
the halo orbit escape with an exponential rate along the unstable

direction; on the planes generated by e3�t�; e4�t�, the dynamics
consists of a rotation around the periodic orbit; and on the planes
generated by e5�t�; e6�t�, the dynamics is neutral. Moreover, since
the Floquet modes are periodic, they can be easily represented by
their Fourier series.
The Floquet mode reference frame not only gives a good descrip-

tion of the motion near an LPO, but can also be used to design a
station-keeping strategy [6,33,34], according to the following gen-
eral ideas. At a given epoch, one can define the state error of a
spacecraft as the difference between its actual state and a nominal
one on the reference LPO. The evolution of this error can be approxi-
mated using the variational equations and can be represented using
the basis defined by the Floquet modes. As it has already been said,
the component of a deviation error along the unstable mode e1�t� has
an exponential behavior and at each revolution, this component is
multiplied by a factor equal to the corresponding eigenvalue (which
in the typical examples is of the order of 103). The second Floquet
mode is stable, and deviations with respect to this mode decrease
exponentially with time. The remaining four modes, associated to
eigenvalues of modulus equal to one, are neutral. In the so-called
Floquet station-keeping strategy, maneuvers are performed to take
care of the unstable mode e1�t�.
The nominal point used to define the state deviation can be chosen

in different ways: for instance, as the point of the nominal orbit at
minimum distance from the detected position of the spacecraft in the
configuration space (closest in position), or as the point at minimum
distance in the phase space (closest in position and velocity), or as the
point of the nominal orbit isochronous with the spacecraft, etc. In
practice, there is not much difference between these nominal points;
hence in what follows we use the isochronous one. The main advan-
tage of the isochronous point is that it can be trivially computed.
The first row of Fig. 1 (whose details will be explained in detail in

Sec. V) shows (in adimensional units [DU]) the evolution of the six
Floquet components starting from a small deviation in the initial
conditions of a periodic halo orbit. The second row of the same figure
gives an insight of how the Floquet mode station-keeping strategy,
which is going to be defined in Sec. III, takes care of the evolution of
the unstable behavior. Note that each station-keeping maneuver is
visualized as a jump in the phase space and is indicated with an arrow
in the plot.

III. Two Station-Keeping Strategies

At a given epoch, the position and velocity of a spacecraft are
estimated using tracking data, which, due to errors, give approxi-
mated values for both quantities. Errors in the injection into the
nominal orbit, in the execution of the station-keeping maneuvers,
and in the dynamic model used for the computation of the nominal
trajectory, add inaccuracieswhen determining the spacecraft nominal
orbit. All these facts have to be taken into account in the design of a
station-keeping strategy.
Generally, when we detect that the spacecraft departs from the

nominal orbit, it is not necessary to return to the nominal orbit; what
must be done is to cancel the unstable component of the deviation to
ensure that the spacecraft continues orbiting around the libration
point. There are different ways to control this instability; in this
paper, we analyze two different approaches:
1) The Floquet mode approach (FM), which finds the Δv that

cancels the unstable component in the Floquet reference frame. The
underlying idea of this strategy is to cancel the deviation with respect
to the nominal orbit [35,36].
2)The velocity constraint approach (VX0), which finds theΔv that

ensures that after about 1.5 orbital revolutions, the _x component of the
trajectory when crossing the y � 0 RLP plane is zero ( _x � 0). The
underlying idea of this strategy is to keep orbiting about the libration
point [18].

A. Floquet Mode Approach

Let δ � �δx; δy; δz; δ _x; δ _y; δ_z�T be a deviation vector, that is, the
difference between the state of the spacecraft computed from the
tracking data and the nominal point on the nominal orbit. At a given

Article in Advance / FARRÉS ETAL. 3

D
ow

nl
oa

de
d 

by
 N

A
SA

 L
A

N
G

L
E

Y
 R

E
SE

A
R

C
H

 C
E

N
T

E
R

 o
n 

A
pr

il 
4,

 2
02

2 
| h

ttp
://

ar
c.

ai
aa

.o
rg

 | 
D

O
I:

 1
0.

25
14

/1
.G

00
60

14
 



epoch t, this deviation can bewritten in the local basis fei�t�g defined
by the Floquet modes as

δ �
X6
i�1

ciei�t� (5)

We recall that e1�t� is the unstable direction, and we are interested
in performing a maneuver that cancels the component c1. Notice that
we can write

c1 �
det�δ; e2�t�; : : : ; e6�t��
det�e1�t�; : : : ; e6�t��

� π11�t�δx� · · · �π16�t�δ_z

� hπ1�t�; δ�t�i (6)

where the components of π1�t� � �π11�t�; : : : ; π16�t�� are the signed
minors of the components of the first column of the matrix
�δ; e2�t�; : : : ; e6�t�� divided by the determinant of the Floquet basis.
The components of π1�t� are called the projection factors along the
unstable direction. Notice that they do not depend on the error vector
but only on the Floquet basis, so they need to be computed only once
when the nominal orbit is selected. The computation of c1 can
be implemented in a very efficient way: at any time the unstable
component along the unstable direction c1 of the error vector δ �
�δx; δy; δz; δ _x; δ _y; δ_z�T is just the dot product between the projection
factor π1�t� and δ.
Assume that Δ � �0; 0; 0;Δvx;Δvy;Δvz�T is the maneuver that is

going to cancel the unstable component of δ. By definition, it verifies

δ� Δ � �δx; δy; δz; δ _x� Δvx; δ _y� Δvy; δ_z� Δvz�T

�
X6
i�2

ciei�t�

It is easy to see that this implies that hπ1�t�;Δi � −c1; that is, the
maneuver must satisfy

π14�t�Δvx � π15�t�Δvy � π16�t�Δvz � −c1 (7)

Accounting for this linear equation, the maneuver Δ can be
determined by either imposing a constraint on the available direc-
tions of the control, or minimizing a suitable norm of the control
vector. For instance, if we do not have any a priori restriction in
the type of maneuvers to be performed, they can be selected in

the straightforward way minimizing kΔk �
��������������������������������������
Δv2x � Δv2y � Δv2z

q
.

Then, the minimum-norm solution that satisfies Eq. (7) is given by

�Δvx;Δvy;Δvz� �

0
B@ −c1π14�t���������������������������������������������������

π14�t�2 � π15�t�2 � π16�t�2
q ;

−c1π15�t���������������������������������������������������
π14�t�2 � π15�t�2 � π16�t�2

q ;
−c1π16�t���������������������������������������������������

π14�t�2 � π15�t�2 � π16�t�2
q

1
CA (8)

In case we are required to thrust along a fixed direction, Δ � γu,
where u � �0; 0; 0; ux; uy; uz�T is a unitary vector, and jγj � kΔk,
then, using Eq. (7), we get

γ � −c1
π14�t�ux � π15�t�uy � π16�t�uz

(9)

B. Velocity Constraint Approach

In the RLP frame, let ξ � �x; y; z; _x; _y; _z�T denote the state of the
spacecraft where a station-keeping maneuver is required. The veloc-
ity constraint approach looks for a maneuver Δ such that the propa-
gation of the state ξ� Δ up to the third (or fourth) crossing with the
fy � 0g plane has the x component of the velocity vector, _x, equal to
zero. We recall that, due to the symmetries of the CRTBP, LPOs, like

Fig. 1 Comparison between trajectories with and without station-keeping maneuvers. Black arrows show the sense of orbital motion, and cyan arrows
show the jumps associated to maneuvers.
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the Lypaunov, halo, quasi-halo, and Lissajous orbits, satisfy _x � 0
at the fy � 0g plane crossing. Hence, this simple strategy ensures
that the trajectory will continue librating about the equilibrium point.
There are different ways to find the requiredΔ that ensures the _x �

0 plane crossing constraint. The most common ones use differential
corrector, and/or optimization methods in case a minimization is
required. In this paper, we just use a differential corrector to find
the required Δ. For completeness, let us briefly describe the differ-
ential corrector scheme used in the simulations.
We define the Poincaré map P as the map that, given an initial

condition ξ, returns the state of the spacecraft at the third (or fourth)
crossing with the fy � 0g plane, and denote P _x�ξ� the x-velocity
component of P�ξ�. The x-axis velocity constraint at plane crossing
requires the maneuver Δ be such that

P _x�ξ� Δ� � 0 (10)

which reduces the problem to finding the zero of this function of Δ,
which can be solved using a differential corrector scheme.
We use a Newton–Raphson method to solve Eq. (10) by iterating

Δi�1 � Δi � h and ξi�1 � ξi � Δi�1, where h � �h1; h2; h3� is the
solution of the linear system

DP _x�ξi�h � −P _x�ξi� (11)

To solve the linear system, one can impose constraints on the
equation, which is equivalent to constraining the thrust direction,
or find the minimum-norm solution given by h � −DPT

_x �ξi�
�DP _x�ξi�DPT

_x �ξi��−1P�ξi�.
If DP � �dpi;j� is the 6 × 6 matrix representing the differential

of Poincaré map (it includes the trivial y row) and DP _x is the fourth
row in DP, then Eq. (11) can be written as dp44h1 � dp45h2�
dp46h3 � −P _x�ξ�. Theminimum-normsolutionofEq. (11) is givenby

�h1;h2;h3� �

0
B@−

P _x�ξ�dp44�����������������������������������������
dp2

44�dp2
45�dp2

46

q ;−
P _x�ξ�dp45�����������������������������������������

dp2
44�dp2

45�dp2
46

q ;

−
P _x�ξ�dp46�����������������������������������������

dp2
44�dp2

45�dp2
46

q
1
CA (12)

However, if we restrict the maneuver to be along a specific thrust
direction, theunknownbecomes themaneuvermagnitude, and the linear
equation (11) has only one unknown. For instance, ifΔ � γu, withu �
�0; 0; 0; ux; uy; uz�T a unitary vector, Eq. (11) can be rewritten as

h � −
P _x�ξi�

dp44ux � dp45uy � dp46uz
(13)

and Eq. (10) is solved by iterating γi�1 � γi � h, Δi�1 � γi�1u,
and ξi�1 � ξi � Δi�1.

IV. Jet Transport Implementation and Analysis

In the preceding section, we have made use of the Poincaré map to
define the velocity constraint station-keeping procedure; later we are
also going to use this map for the analysis of the station-keeping
strategies. The jet transport (JT) method, which is not strictly needed
for the implementation of our station-keeping strategies, provides
high-order expansions of Poincaré maps, as well as a the possibility
of making thousands of iterations of the map at a very reduced
computational cost while keeping the same accuracy. So, it is a
powerful tool for the analysis of the strategies; moreover, due to its
simplicity in the representation of any function, it can also provide
closed-form controllers that could be suitable to be implemented
onboard. In this section, we briefly explain the basics and the ideas
behind this method. More details about JT, its properties, and imple-
mentation can be found in [21,22].

A. Jet Transport Propagation

Jet transport is an automatic differentiation technique that allows
obtaining high-order Taylor expansions of nonlinear functions and,
in particular, of the image under the flow of ordinary differential
equations (ODEs) of a set of initial conditions and a set of parameters.
If the ODE of the dynamic model is _x � f�x;p; t�, where x ∈ Rn

are the state variables and p ∈ Rm are the set of parameters, its flow
with respect to the initial values x�t0� � x0 and p � p0 is usually
denoted by x�t� � Φ�t; x0;p0; t0�. For given arbitrary deviations of
the initial conditions, �x0� � x0 � δx0, and parameters �p0� �
p0 � δp0, the JT procedure provides a Taylor expansion ofΦ�t; x0 �
δx0;p0 � δp0; t0� at time tf of the form

Φ�tf;x0�δx0;p0�δp0;t0��xf�Qk
tf �δx0;δp0�

�xf�
X

1≤k1� · · ·�kn� · · ·�kn�m≤k
ck1 · · ·kn�m

δxk10;1 · ·· δx
kn
0;nδp

kn�1

0;1 ·· · δpkn�m

0;m

(14)

where xf � Φ�tf; x0;p0; t0� is the nominal state at time tf, δx0 �
�δx0;1; : : : ; δx0;n�T , δp0 � �δp0;1; : : : ; δp0;m�T , Qk

tf is a polynomial
of degree k � k1� · · · �kn� · · · �kn�m, and ck1 · · · kn�m

are the
coefficients of the polynomial. Note that, once the coefficients
ck1 · · · kn�m

have been determined, the computation of Φ�tf; x0�
δx0;p0 � δp0; t0�, for any deviation of the initial conditions and
parameters, only requires a polynomial evaluation, so it is very fast.
The accuracy of the expansions depends on the size of δx0 and δp0,

as well as the total integration time interval tf − t0. Notice that in
the station-keeping problem under consideration, we do not have
parameters that vary. To check accuracy of the expansions, we
have considered R-sets of perturbations of the form: x0 � δx0 �
�xh � R cos θ; 0; zh � R cos θ; 0; _yh; 0�, with θ ∈ �0; 2π�, where
x0 � �xh; 0; zh; 0; _yh; 0� is the initial condition of the halo orbit.
For a fixed value of R, we have taken N perturbed initial conditions,
which are numerically propagated up to t � tf and compared with
the evaluation of the JT series at time tf given by Eq. (14), using
different orders k of the expansions. To measure the accuracy of
the JT expansions, we define the error vector εk � xn − xk �
�εk;xj ; εk;yj ; εk;zj ; εk; _xj ; εk; _yj ; εk;_zj �T , where xn and xk are the numerically
propagated state vectors and their JT evaluation of order k, respec-
tively. Then, the position and velocity error indicators are

εkpos �
1

N

XN
j�1

����������������������������������������������������
�εk;xj �2 � �εk;yj �2 � �εk;zj �2

q
;

εkvel �
1

N

XN
j�1

����������������������������������������������������
�εk; _xj �2 � �εk; _yj �2 � �εk;_zj �2

q
(15)

Estimates on how these expansions behave for a halo orbit with a z
amplitude of 150,000 km, and for different time intervals and devia-
tions from the initial conditions, are given in Table 1. The results
given in this table show that series of at most order k � 4 are required
to perform very accurate propagation in a large neighborhood of the
halo orbit. Deviations of 10,000 km, which are much larger than the
ones required for the station-keeping analysis, provide errors of order
10−4 km in position, and 10−8 m∕s in velocity for time intervals of a
quarter of the period of the halo orbit. Moreover, for deviations of the
order of 100 km, the accuracy for one period time interval and order
k � 4 is �1.31 × 102 km; 2.61 × 10−2 m∕s�, which is really good
considering that, for this halo orbit, the characteristic Floquet multi-
plier is of the order of 1500; this means that, the final differences
between the two propagations are multiplied approximately by this
factor, and so, the results after one period propagation are in practice
three orders of magnitude smaller than the ones given in the table.

B. Poincaré Map Computations Using JT

Let x0 be a state on the nominal halo orbit at time t0, δx0 be the
deviation of the satellite relative to this nominal state, and Δ be a
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maneuver performed at time t0 (recall that the first three components
of Δ are zero, and only the last three velocity components are
undetermined parameters for Δ). We denote the set (jet) of initial
conditions at the initial time t0 as

�x0� � x0 � δx0 � Δ

and its propagation up to time tf, corresponding to the third inter-
section of x0 with the fy � 0g plane, by

�xf� � xf �Qk
xf �δx0;Δ� (16)

Notice that �xf� gives, by means of the order k polynomialQk
xf , the

propagation of any state in the neighborhood of x0 that is affected by a
maneuver Δ up to the selected Poincaré section fy � 0g. Hence, in
order to know the behavior of the Poincaré map for states close to x0,
and affected by a maneuver Δ, we just need to evaluate the poly-
nomial instead of propagating the whole trajectory again.
As a remark, observe that the Poincaré map is defined by the

condition fy � 0g and not as a fixed-time propagation. If tf is the
propagation time that x0 needs to reach fy � 0g, typically states in
the vicinity of x0 need a slightly different amount of time and,
consequently, the propagation time up to the Poincaré section is also
a function of δx0 andΔ. Further details on howQk

xf is computed can
be found in [22,37,38].

C. Floquet Mode Procedure Using JT

We recall that, given a state deviation δx0 at time t0, the projection
on the unstable Floquet mode �e1�t0� is

c1 � hπ1�t0�; δx0i

where π1�t0� � �π11�t0�; π12�t0�; π13�t0�; π14�t0�; π15�t0�; π16�t0�� is the
projection factor along the unstable direction. In the framework of the
JT, the above equation is a polynomial equation in the variables δx0
(in fact, it is a linear expression in this particular case), this is c1 �
Qk

c1�δx0�. In this way, the Floquet mode control approach can be
formulated as finding the maneuver Δ � �0; 0; 0;Δvx;Δvy;Δvz�T
that cancels the unstable mode c1:

π14�t0�Δvx � π15�t0�Δvy � π16�t0�Δvz � −c1

which is also a polynomial relation, now in the variables δx0 and Δ.
Assuming that the maneuvers are applied along a fixed direction
defined by a unitary vector u � �0; 0; 0; ux; uy; uz�, that is, Δ � γu,
we get

γ � −c1
π14�t0�ux � π15�t0�uy � π16�t0�uz

:

Now, γ is again formally a polynomial in the variables δx0.

D. Floquet Mode Procedure Using JT at Time tf

The above procedure can be easily modified requiring that the
maneuverΔ cancels the unstable component at a certain final time tf
instead of at t � t0. Using the jet given by Eq. (16), we can write
the deviation with respect to the nominal state at t � tf as δxf �
Qk

xf �δx0;Δ�. Then, if π1�tf� is the projection factor along the unsta-
ble direction at tf, the unstable component �c1 at this epoch is
expressed as a polynomial function in the variables δx0 and Δ:

�c1 � hπ1�tf�; δxf i � Pk
�c1
�δx0;Δ�

Assuming the fixed direction constraint Δ � γu, we obtain the
implicit equation Pk

�c1
�δx0; γu� � �c1, which easily gives γ as a poly-

nomial in δx0. It is worth mentioning here that, unlike the velocity
constraint controller that needs to consider a propagation until the
intersection with the fy � 0g plane, the Floquet mode controller can
be implemented without this restriction and, moreover, for any
arbitrary time tf ≥ t0.

E. Velocity Constraint Procedure Using JT

As it was explained in Sec. III.B, the velocity constraint procedure
consists in finding Δ such that _x � 0 at a certain fy � 0g plane
crossing (usually the third or the fourth). Denoting by � _xf� the _x
component of �xf� given in Eq. (16), to implement the procedure we
need to solve the implicit equation

� _xf� � Qk
_xf
�δx0;Δ� � 0 (17)

providing Δ in terms of δx0. As in the previous cases, Eq. (17)
is underdetermined (one equation and three unknowns for Δ).
Assuming again the fixed direction condition for the maneuvers,
Δ � γu, the equation can be solved using, for instance, a Newton–
Raphson method. Then, the solution is formally written as

γ � Pk
_xf
�δx0� (18)

which is again a k-order polynomial expansion that explicitly
provides the control maneuver as a function of δx0.

Table 1 Accuracy of the JTwith respect to a direct numerical integration for three different integration times tf , and four
different expansion orders k

tf R; km k � 1�ε1pos; ε1vel� k � 2�ε2pos; ε2vel� k � 3�ε3pos; ε3vel� k � 4�ε4pos; ε4vel�
tf � 1∕4Ta 10 �3.58 ⋅ 10−4; 7.13 ⋅ 10−8� �2.33 ⋅ 10−5; 4.64 ⋅ 10−9� �2.33 ⋅ 10−5; 4.64 ⋅ 10−9� �2.33 ⋅ 10−5; 4.64 ⋅ 10−9�

100 �3.76 ⋅ 10−2; 7.48 ⋅ 10−6� �2.43 ⋅ 10−5; 4.83 ⋅ 10−9� �2.38 ⋅ 10−5; 4.73 ⋅ 10−9� �2.38 ⋅ 10−5; 4.73 ⋅ 10−9�
1000 �3.76; 7.48 ⋅ 10−4� �2.17 ⋅ 10−3; 4.31 ⋅ 10−7� �2.37 ⋅ 10−5; 4.72 ⋅ 10−9� �2.25 ⋅ 10−5; 4.48 ⋅ 10−9�
10,000 �3.76 ⋅ 102; 7.48 ⋅ 10−2� �2.16; 4.31 ⋅ 10−4� �2.21 ⋅ 10−2; 4.40 ⋅ 10−6� �1.93 ⋅ 10−4; 3.85 ⋅ 10−8�

tf � 1∕2Ta 10 �4.67 ⋅ 10−2; 9.29 ⋅ 10−6� �1.70 ⋅ 10−5; 3.39 ⋅ 10−9� �4.46 ⋅ 10−6; 8.88 ⋅ 10−10� �4.47 ⋅ 10−6; 8.88 ⋅ 10−10�
100 �4.67; 9.29 ⋅ 10−4� �1.57 ⋅ 10−2; 3.13 ⋅ 10−6� �6.56 ⋅ 10−5; 1.31 ⋅ 10−8� �4.58 ⋅ 10−6; 9.12 ⋅ 10−10�
1000 �4.67 ⋅ 102; 9.30 ⋅ 10−2� �1.57 ⋅ 101; 3.13 ⋅ 10−3� �6.75 ⋅ 10−1; 1.34 ⋅ 10−4� �3.33 ⋅ 10−2; 6.64 ⋅ 10−6�
10,000 �5.62 ⋅ 104; 1.12 ⋅ 101� �2.07 ⋅ 104; 4.12� �9.58 ⋅ 103; 1.91� �5.03 ⋅ 103; 1.00�

tf � 1Ta 10 �9.99 ⋅ 101; 1.99 ⋅ 10−2� �1.90; 3.77 ⋅ 10−4� �4.46 ⋅ 10−2; 8.89 ⋅ 10−6� �1.20 ⋅ 10−3; 2.39 ⋅ 10−7�
100 �1.05 ⋅ 104; 2.08� �2.03 ⋅ 103; 4.04 ⋅ 10−1� �4.85 ⋅ 102; 9.65 ⋅ 10−2� �1.31 ⋅ 102; 2.61 ⋅ 10−2�
1000 �1.34 ⋅ 108; 2.68 ⋅ 104� �1.35 ⋅ 108; 2.69 ⋅ 104� �1.36 ⋅ 108; 2.71 ⋅ 104� �1.39 ⋅ 108; 2.77 ⋅ 104�

The units of the position and velocity errors are km and m/s, respectively.
aT is the orbital period of the halo orbit.
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V. Analyses on the Two Station-Keeping Strategies

In this section, we compare the Floquet mode approach and the
velocity constraint at plane-crossing procedure in order to clarify the
differences and similarities between the two from a dynamic point of
view. Section V.A describes the behavior of the strategies by projec-
ting the trajectory of the spacecraft in the Floquet mode reference
system, which allows understanding the geometry of the two meth-
ods. Section V.B uses the Poincaré maps provided by the JT pro-
cedure for each strategy and compares the controllers from an
analytic point of view. Finally, Secs. V.C and V.D are devoted to
the study of the stability and long-term behavior of both procedures.

A. Dynamics of Station-Keeping

To better understand the differences between the station-keeping
strategies described in Sec. III, we have analyzed the behavior of the
Δ maneuvers in the Floquet reference frame. As previously dis-
cussed, this is a useful tool to understand the geometry of each
station-keeping method, and it also allows the comparison between
different procedures. As a reference example, a halo orbit with
150,000 km of z amplitude, which is close to RST’s orbit, has been
considered as the nominal orbit [16]. This nominal orbit x�t� and the
associated Floquet modes fei�t�g have been computed, and since all
these functions are T-periodic, being T the halo orbit period, they are
stored by means of their Fourier series for a fast retrieval at any time.
For a given state of the satellite ~x�t� at a certain epoch t, we define an
associated nominal point as the point of the nominal orbit x�t�
isochronous with the spacecraft.
We start with the satellite located close to the reference orbit and

propagate it for five orbital periods, applying routine station-keeping
maneuvers using either the Floquet mode approach (FM; see Sec.
III.A) or the velocity constraint method (VX0; see Sec. III.B). The
displaced initial condition is generated by introducing a random
error, in both position and velocity, of order 10−6 in dimensionless
units,which corresponds to 150 kmerror in position and 3 cm∕s error
in velocity. For both simulations the routine station-keeping maneu-
vers are performed each time the perturbed trajectory is at a distance
of 5 × 10−6 DU (≈750 km) along the unstable direction from the
nominal point. This results in maneuvers approximately every 150
days. Finally, a 5 % error is applied in the modulus of the maneuver
each time a maneuver is executed, but no errors on the maneuver
direction are considered.
Figure 2 shows the trajectory of the satellite using the Floquet

mode (Fig. 2a) and thevelocity constraint procedure (Fig. 2b). In both

cases, in addition to the classical xyz projection of the trajectory,
projections on the plane generated by the stable and unstable modes
fe1�t�; e2�t�g (saddle plane from now on), and the center and neutral
components (fe3�t�; e4�t�g and fe5�t�; e6�t�g, respectively) are given.
Notice that each jump in the plots corresponds to a Δmaneuver that
can be clearly appreciated in these three reference planes.
The projection of both controlled trajectories on the saddle plane

shows clear similarities. Even if it is not required by the velocity
constraint strategy, the maneuvers introduce jumps on the trajectory
that cancel the unstable component, as it can be seen in Fig. 2b
(top right). This makes sense, as the natural way to get close to a
periodic orbit (with _x � 0 at the fy � 0g plane intersection) is
jumping on (or getting closer to) the orbits of the center-stable
manifold, that is, canceling the unstable component. However, there
are different ways to cancel this unstable component, and this makes
the difference between the station-keeping procedures.
On the other hand, the projection of the trajectory on the center

plane fe3�t�; e4�t�g shows a sequence of rotations along the center of
the plot. Note that each time a maneuver is performed, the distance
to the center changes. As neither of the station-keeping approaches
imposes any requirement on this projection, one could have an un-
bounded growth of this distance. However, this has not been obser-
ved in the simulations. Finally, the projection on the neutral plane
fe5�t�; e6�t�g accounts for the drift along the family of orbits, or drift
in the orbital period, which is very small in both cases.
Finally, the left-hand side of Fig. 3 shows the magnitude of each of

the nine Δ maneuvers required by the two station-keeping methods.
The blue line corresponds to the FM station-keeping, whereas the red
line corresponds to the VX0 station-keeping. Notice that the magni-
tudes of bothΔ arevery close, and that inmost of the cases the FMhas
the smallest maneuvers.
From the above results, it seems that both strategies are performing

almost the same (canceling the unstable mode) even though each
approach uses a different algorithm. The only difference between the
two methods is the direction in which each procedure chooses to
cancel the instability. To better understand this fact we performed the
same simulations but forcing the Δ maneuver to be in the same
direction in both procedures, using Eq. (9) to find the magnitude
in the FM case and Eq. (13) to solve the differential corrector in the
VX0 case. The right-hand side of Fig. 3 shows the magnitude of
the maneuvers if we force the station-keeping maneuvers along u �
�0; 0; 0; 1; 0; 0� direction, which is close to thrusting along the sun–
satellite line. Notice that in this case the magnitude of the maneuvers
for both procedures is the same.

Fig. 2 Trajectory of the satellite around a halo orbit after applying station-keeping maneuvers for five orbital periods in the RLP and Floquet mode
reference frames.
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A natural question is to see how different directions affect the cost
of the station-keeping, and if there is a maneuver direction that
minimizes each of the individual maneuvers. Previous analysis from
ARTEMIS [14] andWIND [12] suggests that the thrust direction that
provides the minimumΔ cost is given by the position components of
the stable eigendirection, but no demonstration to this fact is shown.
In Sec. VI, we will study in more detail the relations between the
thrust direction and the magnitude of the maneuvers.

B. Poincaré Map Analysis of the Controllers

To study the behavior of the station-keeping methods already
discussed, we have performed long time simulations, involving
several revolutions of the spacecraft along a periodic halo orbit,
that characterize their stability properties. For these simulations, as
is schematically explained in Fig. 4, we perform station-keeping
maneuvers each time the spacecraft intersects the fz � 0g or the
fy � 0g planes, and we compute the propagation from one inter-
section to the next by means of a Poincaré map using the JT
procedure explained in Sec. IV.B. In this way, and defining the
surface of section N � fy � 0; z > 0g, we consider the Poincaré
return map after one complete revolution

P:N → N

as the composition of four maneuvers (M	) and four Poincarémaps
(P	); that is,

P � PN ∘ MW ∘ PW ∘ MS ∘ PS ∘ ME ∘ PE ∘ MN

If xN ∈ N is the initial nominal state on the halo orbit, and δx
the actual deviation of the spacecraft with respect to it, then MN

�xN � δx� is the result of the first station-keeping the maneuver
(computed by any of the controllers). This new state is propagated
byPE until the sectionE � fz � 0; y > 0g, where the secondmaneu-
ver ME is applied; then the Poincaré map PS takes this state up to
S � fy � 0; z < 0g, where the maneuver MS is performed. The
procedure is repeated until the initial sectionN is reached again.

We note that, by means of the JT technique, the maps M	 and
P	 are represented by high-order formal expansions, and the
computation of their composition, which is fast and accurate,
gives P. For a given station-keeping strategy, the stability of the
map P characterizes the stability of the controller. Of course,
there are other choices for the map P, for instance, with more or
less maneuvers per revolution; however, the final results remain
essentially the same. The choice that has taken for P, with four
maneuvers per revolution, is simple and, moreover, is close to
the actual number of maneuvers per revolution in real libration
point missions.
We have considered the three station-keeping approaches given in

Sec. IV.B: _x � 0 (VX0), Floquet mode at t � 0 (FM0), and Floquet
mode at t � tf (FMf).We denote their correspondingPmaps asP _X0,
PF0, and PFf, respectively. As we have mentioned before, thanks to
the JT approach, we can obtain a nonlinear expansion of these maps,
which are summarized in the Appendix. One can see that all three
maps are almost the same up to first order;moreover,P _X0 andPFf are
very similar even at degree 2. A statistical summary of the compari-
son is provided in Table 2.

C. Stability of the Controllers

The eigenvalues of the linear part of the three Poincaré maps
defined in the previous section characterize the stability and geomet-
rical behavior of the three station-keeping procedures. They are given
in Table 3, to which we have added the eigenvalues of P0 �
PN ∘ PW ∘ PS ∘ PE, that is, the composition of the four Poincaré
propagation without any intermediate maneuver.
The high instability of the halo orbit is displayed by the eigenvalue

λ1 � 1636.9 of the P0 map, which is driven to zero by any of the
three controllers. This is because the station-keeping maneuvers are
designed to cancel the instability of the periodic orbit by zeroing the
unstable eigenvalue. It is interesting to note that the other eigenval-
ues, stable (λ2), central (ω1;2;3), related to the eigenvalues of the
monodromy matrix of the halo orbit λ3 and �λ4, and the tangent to
the family of halo orbits λ5, remain the same for all the maps. This
means that the controllers do not ensure asymptotic stability; hence,
in general, the spacecraft will be oscillating about the nominal halo
orbit. To force it to tend toward the nominal orbit it would be
necessary to apply other strategies, involving two or more linked
maneuvers (for instance, a departure/insertion pair of maneuvers to
insert into the orbit or into its stable manifold).

D. Long-Term Behavior of the Station-Keeping Strategies

We have analyzed the long-term behavior of the station-keeping
strategies by iterating their associated Poincaré map for 1, 10, 100,
and 1000 iterates. Taking into account that the period of a halo orbit is
approximately half a year, these iterates roughly correspond to 6
months and 5, 50, and 500 years, respectively. As we have already
seen, all three controllers are very similar; hence, their long-term
qualitative behavior will also be similar. For this reason, we only
present the results for P _X0.

o

N

E

S

W

N
E

S
W

Y

Z

Fig. 4 Scheme of maneuvers and Poincaré maps along a halo orbit,
which is traveled clockwise in the yz projection displayed.

Fig. 3 Magnitude of the individual Δ maneuvers over time for the Floquet mode (blue) and the velocity constraint (red) station-keeping strategies.
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As in Sec. IV, we take initial conditions in the set CR defined by

CR � x0 � δx0

� f�xh � R cos θ; 0; zh � R cos θ; 0; _yh; 0�; θ ∈ �0; 2π�g

where x0 � �xh; 0; zh; 0; _yh; 0� are the initial conditions of the halo
orbit used in all the above computations. Figure 5 shows the images
ofCR for R � 10; 100; 1000, and 10,000 km. The blue circle in each
plot corresponds to the initial conditions set CR, and the other curves
are its images after 1 (red), 10 (yellow), 100 (purple), and 1000
(green) iterations. From this figure, it clearly follows that the long-
term behavior is stable. Only for initial conditions with deviations

R � 10;000 km present some divergence after 1000 iterations
(500 years).
Furthermore, it happens that for a given deviation from the nominal

state, we can distinguish between the first maneuver and the remain-
ing ones. The first one, which is performed atN , cancels the unstable
component, whereas the others just prevent this component from
growing. This general behavior is illustrated in Fig. 6, where we plot
the trajectories, using the Floquet modes reference frame, for the
different iterates. After the first maneuver, the controller enters into a
steady regimewhere the unstable mode component e1 is close to zero
(as it is also the stable one, e2), the neutral modes e5 and e6 are on a
line,while the rotational ones e3 and e4 are on a circle. This fact is also
present in Fig. 5, where we see that the first iterate “shrinks” the x
amplitude while maintaining the z one, and this is because the
unstable component of the orbit is always contained in the xy plane,
having no out-of-plane component.
The cancellation of the unstable component at the first maneu-

ver produces the reduction of the e1 component of the first iterate
(in case the unstable component of the deviation were not zero),
and after this, the iterates of the map enter into a steady regime. It is
clear that this behavior has also a consequence on the cost of the
maneuvers. The cost of the first maneuver is basically proportional
to the e1 value of the initial unstable mode, which in the case of our
CR initial conditions is of the order of 4.6 × 10−4R m∕s when the

Table 2 Maximum, minimum, and average differences between the 1st- and 2nd-order coefficients of the
Poincaré maps

PFf − PF0 P _X0 − PF0 P _X0 − PFf

N min max ave min max ave min max ave

1 1.536e − 11 8.430e − 7 1.130e − 7 3.366e − 8 0.001921 0.00030 3.365e − 8 0.001920 0.0002924
2 0.0144947 2.49672 0.8421 0.0144996 2.49746 0.842208 2.024e − 7 0.039417 0.0015351

The relative differences have been calculated as PFf−PF0

PF0
, P _X0−PF0

PF0
, and P _X0−PFf

PFf
.

Table 3 Eigenvalues of the linear parts of the
Poincaré maps P0, P _X0, PF0, and PFf

P-map λ1 λ2 ω1;2 ω3

P0 1636.9064 0.0006 0.9940� 0.1093i 1
P _X0 −1.047 × 10−16 0.0006 0.9940� 0.1093i 1

PF0 2.954 × 10−16 0.0006 0.9940� 0.1093i 1

PFf −4.175 × 10−16 0.0006 0.9940� 0.1093i 1

Fig. 5 Poincaré map iterates of initial conditions of the set CR under the map P _X0.
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initial deviation R is measured in kilometers. While the cost of
the steady regime also depends on the deviation with respect to the
nominal orbit and it is almost negligible in all cases, ranging from
an accumulated Δv of 2.2 × 10−7 m∕s per year when R � 10 km,
to 1.4 × 10−4 m∕s per year whenR � 10;000 km. Of course, this is
a theoretical analysis of the controllers in their “pure state”; in
practice, the state of the spacecraft is affected by errors in orbit
determination, as well as maneuver execution errors. Hence, all
the maneuvers cancel a small but nonnegligible estimated e1
component.

VI. Analyses on the Optimality of the Maneuver
Directions

Let us now focus on finding the optimal thrust direction for
station-keeping. As we have seen in the previous sections, the Δ
is related to the jump the spacecraft has to do in the saddle plane in
order to cancel the unstable component. Hence, there are two
parameters that drive the size of Δ: the thrust direction, which
defines the direction of the jump, and the distance between the
spacecraft and the stable direction.
Previous studies [12,14,15] suggest that the minimum thrust

direction is aligned with the position components of the stable
direction. In this section, we analyze the size of the Δ as a function
of the thrust direction, and find an analytical way to define the
direction with the smallest magnitude. We also describe how
looking at things on the saddle plane can help us to quantify how
the constraints on the thrust direction can affect the overallΔv cost
and define strategies to minimize this effect. Notice that all the
results presented in this section have been done using the VX0
approach fixing the thrust direction [Eq. (13) in Sec. III.B] to find
the station-keeping maneuvers. However, from the analysis in
Sec. V.B, the same results apply for the FM approach.

A. Effect of Changes in the Maneuver Direction

To check the relation between theΔmagnitude and the jump on the
saddle plane, we have performed the following simulations. We take
an initial condition on the halo orbit displacing its location 10−6 DU

(≈150 km) along the unstable direction [i.e., its position in the
Floquet mode basis is s � ��10−6; 0; 0; 0; 0; 0�T]. Then, for a set
of different thrust directions, the station-keeping maneuver deter-
mined by the VX0 strategy along that thrust direction is applied.
Given that the stable and unstable directions have a small z com-
ponent when compared to the �x; y� component, to simplify the
analysis, we have taken thrust directions in the xy plane u �
�0; 0; 0; cos θ; sin θ; 0�T , with θ ∈ �−180 180 �°.
The left-hand side of Fig. 7 shows the projection of different

thrust directions in the RLP xy plane (i.e., the x, y velocity compo-
nents of u) together with the �x; y�-position components of the
stable �e2x; e2y� (green) and unstable �e1x; e1y� (red) directions,
where e1�t� � �e1x; e1y; e1z; e1vx; e1vy; e1vz� and e2�t� � �e2x; e2y;
e2z; e2vx; e2vy; e2vz� are the unstable and stable Floquet modes at
the nominal orbit isochronous point. On the right-hand side of
Fig. 8, we have the projection of u on the saddle plane fe1; e2g.
The colorcode in both plots is used to relate the thrust vectorwith the
same angle θ.
Figure 8 shows the relation between the magnitude of Δ and the

jump on the saddle plane. For each subplot, the two left plots show the
projection on the saddle plane of the Δ found by the velocity con-
straint strategy. Note how, depending on the initial location on the
saddle plane (c1 � �10−6 or c1 � −10−6), there is only a set of
directions that allow one to control the spacecraft, and that in all cases
Δ cancels the unstable mode (i.e., produces a jump in velocities such
that c1 � 0). Finally, the two right plots in Fig. 8 show the relation
between the angle θ, which parameterizes the set of directions, and
the Δ magnitude. The red and green vertical lines correspond
to the θ values of the �x; y� components of the unstable and stable
directions, respectively. We can see that the maneuver directions
with smaller magnitudes correspond to those directions whose
projection on the saddle plane is close to ��1; 0�. On the other
hand, we can see how the largest maneuver magnitudes are close to
the fx − yg-position components of the unstable direction (red
dotted line on right plots), whereas the smaller maneuvers are close
to the fx − yg-position components of the stable one (green dotted
line on the right plots).

Fig. 6 Floquet mode decomposition for 1000 iterates of P _X0. Note that the initial state error is δx � �1000 km;0 km;0 km;0 m∕s;0 m∕s;0 m∕s�.
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B. Determination of the Minimum-Cost Maneuver

As we have just seen, there is a relation between the jump on the
unstable mode and the magnitude ofΔ. We consider this fact looking
forward to find an analytic expression for the minimum cost maneu-
ver. For this purpose, we try to find the direction that gives the
maximum variation on the unstable mode and the directions that do
not introduce any variation on the unstable mode. It is reasonable to
think that these two directions will be related with the bounds of the
minimum and maximum Δv magnitudes, respectively.
Let x0�t� be a point close to the halo orbit at time t, δ0�t� be the

distance between the spacecraft and the isochronous point along the
nominal halo orbit, andΔ be themaneuver to be applied. Recall Eq. (6),
which gives us the deviation c1 along the unstable mode at any time t.
Hence, if x0�t� � Δ is the spacecraft state after the maneuver, we have
that the difference along the unstable mode is given by

Δc1 � hπ1�t�; δ0�t� � Δi − hπ1�t�; δ0�t�i � hπ1�t�;Δi (19)

To find an optimal Δ, we are interested in maximizing Δc1. Note
that the directions that maximize Δc1 are such that small variations
in the velocity component produce maximum changes in the unsta-
ble mode; hence a minimum Δ has to be close to these directions.
Notice also that those directions such that Δc1 � 0 have no effect
on the unstable mode and cannot be used for station-keeping or
require the largest Δ. To find these particular Δ directions, we need
to find a relation betweenΔc1 and the nonzero components ofΔ �
�0; 0; 0;Δvx;Δvy;Δvz�:

Δc1 � hπ1�t�;Δi � π14�t�Δvx � π15�t�Δvy � π16�t�Δvz (20)

According to this last equation, there is a plane of directions
of Δ such that Δc1 � 0. Constraining the maneuver to be in the xy
plane (Δvz � 0), we get the unitary vectors that satisfy Eq. (20):

Δ0 �

0
B@0;0;0;� π15�t��������������������������������

π14�t�2 � π15�t�2
q ;∓

π14�t��������������������������������
π14�t�2 � π15�t�2

q ;0

1
CA (21)

To find the unitary vector Δ that maximizes jΔc1j, we use
Lagrange multipliers. Note that the problem can be stated as
finding the extremum of the function f�x; y; z� � π14�t�x�
π15�t�y� π16�t�z constrained to g�x; y; z� � x2 � y2 � z2 � 1. The
unitary Δ that maximizes jΔc1j are given by

Δ1 �

0
B@0;0;0;� π14�t���������������������������������������������������

π14�t�2 � π15�t�2 � π16�t�2
q ;

� π15�t���������������������������������������������������
π14�t�2 � π15�t�2 � π16�t�2

q ;� π16�t���������������������������������������������������
π14�t�2 � π15�t�2 � π16�t�2

q
1
CA

(22)

Fig. 8 Relation between the maneuver magnitude and the jump on the saddle plane. Left: Projection of Δ on the saddle plane. Right:Δmagnitude as a
function of the θ � arctan�Δvy∕Δvx�.

Fig. 7 Projections of the thrust vector u, colorcoded to identify between plots the same values of the angle θ used to parameterize the thrust directions.
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which is the same direction provided by the Floquet mode ap-
proach in Eq. (8). Clearly Δ0 ⊥ Δ1. Moreover, in case of further
restrictions on the Δ direction, these can be easily considered for
the determination of Δ. For instance, the maximum restricted to
z � 0 is given by

Δ2 �
�
0; 0; 0;� π14�t��������������������������������

π14�t�2 � π15�t�2
q ;� π15�t��������������������������������

π14�t�2 � π15�t�2
q ; 0

�

(23)

To check that maneuvers in the Δ0 and Δ1 directions behave as
expected, we have performed the following simulations. Take an
initial condition on the periodic orbit x0�t�, apply aΔvmaneuver in
one of these directions, and propagate the trajectory for 0.5 units
of time (UT). The magnitude of the maneuvers applied is 10−4

DU/TU (≈2.98 m∕s). For comparison, aside from Δ0 and Δ1, we
have also applied maneuvers in the ecliptic plane (i.e., Δ �
�0; 0; 0; cos θ; sin θ; 0�, with θ ∈ �−180 180 �°). Figure 9 depicts
the results of these simulations.
On the top-left plot of Fig. 9, we show the projection on the �x; y�

plane of the different Δ in relation to the position components of the
stable (green) and unstable (red) eigendirections. The colored arrows
correspond to different values of θ, the dashed black arrow corre-
sponds to Δ1, and the solid black arrow corresponds to Δ0. Notice

that Δ1 is close to the stable eigenvector, and Δ0 is close to the
unstable one. On the top-right plot of Fig. 9, we show the projection
of these directions on the saddle plane fe1; e2g, andwe can see that the
projection ofΔ0 is �0; 1� and cannot introduce any change in the e1, as
expected, whereasΔ1 is close to �1; 0�. The bottom plots of the figure
illustrate the variations in the trajectory after 0.5 dimensionless time
units. The bottom-left plot shows the variation of c1 as a function of θ
(the angle parameterizing the Δv direction). In the cases Δ0;1, this
angle is computed as arctan�Δvy∕Δvx�. The same colorcode is used
in all the plots in order to identify the same cases; the black asterisk
corresponds toΔ0, and the black circle toΔv1. Note that, as expected,
Δ1 is at the maximum/minimum points while Δ0 is close to zero.
Finally, the bottom-right plot illustrates the variation after 0.5 time
units of each of the initial conditions. Here the circles correspond to
the position ϕ0 � Δ projected on the saddle plane, and the asterisk
corresponds to the position after 0.5 time units, also on the saddle
plane; the arrows illustrate the variations each of these initial con-
ditions experience. One can clearly observe the typical saddle behav-
ior. The two black points and arrows correspond to Δ0 and Δ1. We
must mention that these simulations have been done along different
points in the orbit, and the same results are obtained.
Finally, we can perform the same analysis as in Sec. VI.A using

these two thrust directions and compare the results to the set of Δ
maneuvers in the xy plane. Figure 10 shows the relation between the
magnitude of Δ and the jump on the saddle plane for the set of

Fig. 9 Different projections of Δ and variation of circle of initial conditions. Colorcode is used to identify the same cases through different plots.
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maneuvers in the xy plane and the Δ0 and Δ1 maneuvers. For each
subplot, the two left plots show the projection on the saddle plane of
theΔ found by the velocity constraint strategy, whereas the two plots
on the right show the relation between the angle θ, which parameter-
izes the set of directions, and the Δ magnitude. We can see that the
minimum maneuver size is at Δ1, and that the magnitude tends to
infinity when we reach Δ0.

C. Effects of Changes in the Distance to the Nominal Orbit

In the previous sections, we have analyzed the variation of the
maneuver magnitudes, as a function of the direction u, for an initial
displacement of 10−6 DU along the unstable direction. Here we
show the results obtained considering an initial displacement from
the periodic orbit along its unstable direction of c1 � 2 × 10−6; 3×
10−6; 4 × 10−6, and 5 × 10−6 DU, which correspond, approximately,
to a distance of 300, 450, 600, and750 km, respectively. Tomove away
from the orbit, from the dynamic point of view, is equivalent to a delay

in the execution of the maneuver or a large error in the insertion to a
nominal orbit. The results are summarized in Figs. 11 and 12.
The plots in Fig. 11 show the variation of the different curves as a

function of the angle θ that parameterizes the set u � �0; 0; 0; cos θ;
sin θ; 0�T of maneuver directions in the xy plane. The difference
between the left plot and the right plot is the location of the initial
condition on the saddle plane, being �c1; 0� for the left plot and
�−c1; 0� for the right plot. Both plots show how the size of the
maneuvers increases with the displacement along the unstable
direction.
On the other hand, Fig. 12 shows the increase in themaneuvers size

as a function on the distance to the nominal orbit (left) or as a function
of the θ angle defining the thrust direction (middle and right). The left
subplot shows the maneuver size for the minimum thrust direction
(Δmin) for each of the initial displacements along the unstable direc-
tion in kilometers. The maneuver size increases linearly as a function
of the distance to the nominal orbit, with a slope of 2.48 × 10−4,

Fig. 10 Relation between the maneuvermagnitude and the jump on the saddle plane. Left: Projection ofΔ on the saddle plane. Right:Δmagnitude as a
function of the θ � arctan�Δvy∕Δvx�.

Fig. 11 Variation ofΔmagnitude as a function of θ � arctan�Δvy∕Δvx�. Each curve corresponds to a different initial displacement along the unstable
direction.

Fig. 12 Left: Minimum Δmagnitude as a function of the initial displacement (error) along the unstable direction. Middle and right: Δ∕Δmin ratio as a
function of θ � arctan�Δvy∕Δvx�.
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presenting an increase of 2.48 cm∕s for every increase of 100 km in
the distance to the nominal orbit. The other two plots in Fig. 12 show,
for all five different cases, the ratio between theΔ andΔmin maneuver
magnitudes as a function of θ. Notice that this increase is the same for
each of the initial displacements. We observe an exponential growth
in the variation of the maneuver size as a function of θ. For instance,
the deviation of 20° from the minimum Δmin has an increase of 1.05,
whereas for 40° or 60° difference, the increase is 1.25 and 2.00,
respectively. Thus, for this orbit, maneuver execution errors of up to
20° in the thrust direction do not have much impact on the control-
lability of the spacecraft.
These results show that there is a strict relation between the Δ

maneuver size and the jump along a specific direction, in the saddle
plane, to reach the stablemode. As seen in Sec. VI.D, this can be used
to identify the minimum Δ magnitude in case of restrictions in the
thrust direction.

D. Constraints on the Thrust Direction

Many missions have some type of thrust direction constraints for
the station-keeping due to the spacecraft design and instruments
requirements. Two examples of LPOmissions with thrust constraints
are JWST [15] and EUCLID [39]. For instance, JWST sun-shield
must always be between the sun and the space telescope to keep the
latter cold, making it unable to thrust toward the sun along the sun–
telescope line. Similar to JWST, EUCLIDmust avoid illumination of
the payload module to keep a thermal balance and ensure sufficient
power from the solar panels, constraining again the thrust directions.
As we will see here, projecting the thrust directions on the saddle
plane generated by the Floquet modes allows us to understand the
impact of these constraints on the Δ cost.
As an example, assume that the thrust vector of our spacecraft

cannot point toward the sun, that is, ux > 0. We can parameterize the
thrust vector u with the pitch angle θ and the clock angle ψ having
u � �0; 0; 0; cos θ; sin θ cosψ ; sin θ sinψ�. The thrust constraint

ux > 0 translates to θ ∈ �0; 90�° and ψ ∈ �−180; 180�°. Figure 13
shows the projection of u in the RLP reference frame (top) and on the
saddle plane (bottom). The colorcode in the plots is used to identify
vectors with the same pitch angle (left) and the same clock angle
(right). Notice that most of the thrust directions in the saddle plane
have c1 > 0, having a limited set of thrust directions that ensure
jumps in the saddle plane in the direction toward the sun.
We know that, given the relative position between the sun, the halo

orbit atL2, and the stable and unstable modes, trajectories that start at
e1 > 0 in the saddle plane drift toward the sun, whereas trajectories
that start at e1 > 0 drift away from the sun. Hence, in order to control
a spacecraft that is drifting toward the sun, the projection of Δ in the
FM must have c1 > 0 (maneuver away from the sun [AS]), and, on
the contrary, c1 < 0 (maneuver toward the sun [TS]) if the spacecraft
is escaping away from the sun. This is illustrated in Fig. 14, where the
available thrust directions for each of these cases are highlighted.
Notice that in case a TS maneuver is required, the jump in the saddle
plane is limited to 45°, or above, from the e1 axis, whereas the AS
maneuvers have a wider range of possible directions, having thrust
directions that align with e1 and the minimum thrust direction
(Sec. VI.B). From the results presented in Sec. VI.C, and given that
TS maneuvers are limited to roughly 40° away from the minimum
thrust direction (Δmin), a ratio of 1.25 increase from the minimum
thrust magnitude is expected for each TS maneuver.
Hence, a mission that wants to minimize the overall Δ cost of the

mission should try to minimize the amount of TS maneuvers. This
can be ensured by actively biasing down the AS maneuvers and
biasing up in case of TS maneuvers, to ensure that the trajectory
remains always at e1 < 0 in the saddle projection. A schematics of
this strategy is depicted in Fig. 15, wherewe see the impact of biasing
aΔmaneuver in the saddle plan. The size of the active bias will vary
for each mission, and should account for different sources of pertur-
bations, such as solar radiation pressure, maneuver execution errors,
momentum unloads, and orbit determination errors.

Fig. 13 Different projections of the thrust vectors u � �0;0;0; cos θ; sin θ cosψ; sin θ sinψ�. The colorcode groups same pitch angle θ (left) and same
clock angle ψ (right) directions.
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VII. Conclusions

In this paper, two different station-keeping strategies have been
compared from a geometrical point of view: the Floquet mode
approach, and the velocity constraint at the plane crossing approach.
Despite following different procedures, both strategies cancel the
unstablemode and provide the samemaneuvermagnitudes if they are
forced to thrust along the same direction.
A basic tool for the analysis has been the use of the jet transport

technique,which has enabled us to compare both strategies froma semi-
analytic point of view, computing the second-order Taylor expansion of
the Poincaré maps associated to both strategies. Comparing the Taylor
coefficients of the Poincaré map, both strategies are the same up to
secondorder. This techniquehas alsobeenused to study the stability and
long-term behavior of the controllers showing that both controllers
stabilize themotion of the spacecraft around the reference periodic orbit.
A geometric explanation has also been given to the behavior of

these station-keeping strategies. The projection of the thrust direction
on the saddle plane (plane generated by the unstable and stable
Floquet modes) determines the maneuver magnitude, as the magni-
tude required to control the satellite is related to a jump on the saddle
plane along the thrust direction to cancel the unstable mode.

Using this information, the directions that provide the minimum
and maximum maneuver magnitudes can be determined. The
directions whose projections on the saddle plane give small varia-
tion in the unstable mode will result in large maneuvers. On the
other hand, the directions whose projections on the saddle plane
produce large variations of the unstable mode will result in small
maneuvers, allowing the determination of the suitable maneuver
directions. This enables us to have a way to search for the optimal
maneuvers in the case of having constraints on the thrust vector
direction.
Moreover, the geometric interpretation of station-keeping strate-

gies has been used to show how constraints in the thrust direction
impact the maneuver magnitudes on the example of a spacecraft that
can only thrust away from the sun. Moreover, this interpretation can
be used to envision strategies that help mitigate the impact of these
constraints, such as actively biasing the maneuvers to ensure that we
remain on the suitable side of the saddle plane.
Finally, this geometric way of interpreting the station-keeping

strategies can also be used to better understanding how orbit deter-
mination ormaneuver execution errors affect the controllability of the
spacecraft around an LPO. For instance, planned station-keeping

Fig. 15 Schematic representation of the biasing strategy to ensure having AS maneuvers.

Fig. 14 Projection of the thrust direction as a function of the pitch angle on the saddle plane.
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maneuver cancels the unstable mode placing the spacecraft close to
the stable manifold. Due to maneuver execution errors the applied
maneuver will fail to completely cancel the unstable mode. However,
if these errors are small, the spacecraft will be close to the stable

manifold, and its trajectory will remain close to the reference orbit.
Knowledge on maneuver executions error will allow estimates on
how far we are from the stable mode and evaluate the effectiveness of
the maneuver.

Appendix: Tables with the Coefficients of the PF0 Maps Taylor Expansion

Taylor expansion of PF0 up to second order

PF0 xf zf _xf _yf _zf

δx0 1.6011e − 01 −2.5865e − 02 6.2671e − 03 −8.5184e − 01 −1.5318e − 01

δz0 −6.4870e − 02 9.9488e − 01 −3.1216e − 03 −6.3744e − 02 5.8085e − 02

δ _x0 1.3832e − 01 4.7256e − 03 −3.1484e − 03 −7.4908e − 01 6.6291e − 02

δ _y0 −1.5539e − 01 −1.4854e − 04 6.5125e − 03 8.3936e − 01 −1.3214e − 01

δ_z0 3.8161e − 03 −8.8954e − 02 −5.1458e − 02 1.6444e − 02 9.9743e − 01

δx20 −1.9600e� 01 1.8347e� 00 1.9300e� 00 9.9589e� 01 −4.0833e� 01

δx0δz0 4.2809e� 00 −3.8696e� 01 1.0668e� 01 1.6739e� 01 −3.5182e� 01

δx0δ _x0 7.8816e� 00 1.4280e� 00 9.5593e − 01 −5.0224e� 01 −1.8505e� 01

δx0δ _y0 −8.7173e� 00 −3.6885e� 00 −1.0709e� 00 5.6272e� 01 1.8158e� 01

δx0δ_z0 −2.1446e� 00 3.6022e� 01 −2.5559e − 02 1.1784e� 00 4.4913e� 01

δz20 −3.5738e� 01 −9.7141e� 00 −8.8287e� 00 −3.0433e� 01 1.0587e� 02

δz0δ _x0 8.5342e − 01 2.2400e� 00 −8.8481e� 00 2.2045e� 00 1.0016e� 02

δz0δ _y0 −1.2296e� 00 −1.9548e� 00 1.3175e� 01 −3.4401e� 00 −1.1211e� 02

δz0δ_z0 4.6991e� 00 −9.6328e� 00 −5.6087e� 01 1.6696e� 01 −4.2857e� 00

δ _x20 −1.4718e� 00 −1.4625e − 02 1.8504e − 01 4.6379e� 00 −2.2288e� 00

δ _x0δ _y0 3.2378e� 00 5.0227e − 01 −5.3416e − 01 −1.0053e� 01 5.6643e� 00

δ _x0δ_z0 1.1109e� 00 −8.1047e� 00 2.0545e� 00 −6.0855e� 00 −1.1462e� 01

δ _y20 −1.7906e� 00 −5.4470e − 01 3.8324e − 01 5.4205e� 00 −3.5494e� 00

δ _y0δ_z0 −8.7865e − 01 9.0798e� 00 −2.8875e� 00 7.5356e� 00 1.2856e� 01

δ_z20 −3.1724e� 00 1.0290e − 01 5.0310e� 00 −6.1195e� 00 1.4830e − 02

Taylor expansion of PFf up to second order

PFf xf zf _xf _yf _zf

δx0 1.6011e − 01 −2.5865e − 02 6.2692e − 03 −8.5184e − 01 −1.5318e − 01

δz0 −6.4871e − 02 9.9488e − 01 −3.1257e − 03 −6.3743e − 02 5.8085e − 02

δ _x0 1.3832e − 01 4.7256e − 03 −3.1529e − 03 −7.4908e − 01 6.6291e − 02

δ _y0 −1.5538e − 01 −1.4850e − 04 6.5193e − 03 8.3936e − 01 −1.3214e − 01

δ_z0 3.8088e − 03 −8.8955e − 02 −5.1489e − 02 1.6449e − 02 9.9743e − 01

δx20 −1.9599e� 01 1.8348e� 00 1.9330e� 00 9.9589e� 01 −4.0833e� 01

δx0δz0 4.2793e� 00 −3.8697e� 01 1.0663e� 01 1.6741e� 01 −3.5181e� 01

δx0δ _x0 7.8832e� 00 1.4280e� 00 9.5895e − 01 −5.0224e� 01 −1.8505e� 01

δx0δ _y0 −8.7181e� 00 −3.6885e� 00 −1.0743e� 00 5.6273e� 01 1.8158e� 01

δx0δ_z0 −2.1445e� 00 3.6022e� 01 −2.5171e − 02 1.1773e� 00 4.4913e� 01

δz20 −3.5727e� 01 −9.7141e� 00 −8.7775e� 00 −3.0434e� 01 1.0588e� 02

δz0δ _x0 8.5040e − 01 2.2399e� 00 −8.8593e� 00 2.2080e� 00 1.0016e� 02

δz0δ _y0 −1.2257e� 00 −1.9547e� 00 1.3189e� 01 −3.4443e� 00 −1.1211e� 02

δz0δ_z0 4.6905e� 00 −9.6331e� 00 −5.6123e� 01 1.6701e� 01 −4.2898e� 00

δ _x20 −1.4715e� 00 −1.4619e − 02 1.8655e − 01 4.6376e� 00 −2.2287e� 00

δ _x0δ _y0 3.2369e� 00 5.0226e − 01 −5.3783e − 01 −1.0052e� 01 5.6642e� 00

δ _x0δ_z0 1.1122e� 00 −8.1046e� 00 2.0594e� 00 −6.0880e� 00 −1.1462e� 01

δ _y20 −1.7901e� 00 −5.4468e − 01 3.8549e − 01 5.4199e� 00 −3.5494e� 00

δ _y0δ_z0 −8.8049e − 01 9.0798e� 00 −2.8943e� 00 7.5388e� 00 1.2856e� 01

δ_z20 −3.1694e� 00 1.0298e − 01 5.0424e� 00 −6.1227e� 00 1.5345e − 02

Taylor expansion of PF0 up to second order

PF0 xf zf _xf _yf _zf

δx0 1.6011e − 01 −2.5865e − 02 6.2692e − 03 −8.5184e − 01 −1.5318e − 01

δz0 −6.4871e − 02 9.9488e − 01 −3.1257e − 03 −6.3743e − 02 5.8085e − 02

δ _x0 1.3832e − 01 4.7256e − 03 −3.1529e − 03 −7.4908e − 01 6.6291e − 02

δ _y0 −1.5538e − 01 −1.4850e − 04 6.5193e − 03 8.3936e − 01 −1.3214e − 01

δ_z0 3.8088e − 03 −8.8955e − 02 −5.1489e − 02 1.6449e − 02 9.9743e − 01

δx20 −6.2909e� 01 2.4032e� 01 3.6221e� 01 3.5710e� 02 −1.8233e� 02

δx0δz0 −2.0631e� 01 −2.5502e� 01 −7.1240e� 00 1.0800e� 02 −8.3608e� 01
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Appendix (Continued.)

Taylor expansion of PF0 up to second order

PF0 xf zf _xf _yf _zf

δx0δ _x0 1.6386e� 01 6.4525e − 01 5.2769e� 01 −3.2554e� 01 −1.6246e� 01

δx0δ _y0 −1.9386e� 01 −3.0020e� 00 −6.1121e� 01 4.0943e� 01 1.6048e� 01

δx0δ_z0 1.7337e� 01 3.9329e� 01 3.3233e� 01 −7.6373e� 01 3.7580e� 01

δz20 3.7466e� 01 −5.2449e� 01 2.3291e� 02 −1.7925e� 01 1.2538e� 02

δz0δ _x0 −3.7084e� 00 2.0392e� 00 −9.9214e� 00 2.8032e� 01 9.7680e� 01

δz0δ _y0 3.8962e� 00 −1.1126e� 00 1.5815e� 01 −3.2288e� 01 −1.1051e� 02

δz0δ_z0 4.5551e� 00 −2.0283e� 01 −8.0886e� 01 1.4537e� 01 1.6150e� 01

δ _x20 2.3506e� 00 −1.5505e� 00 3.4630e� 01 2.7267e� 01 8.8553e� 00

δ _x0δ _y0 −4.8494e� 00 4.0614e� 00 −8.5003e� 01 −7.2278e� 01 −2.1167e� 01

δ _x0δ_z0 −7.3243e� 00 −1.0062e� 01 1.2615e� 02 1.9167e� 02 2.2426e� 01

δ _y20 2.5338e� 00 −2.6195e� 00 5.2668e� 01 4.7469e� 01 1.2791e� 01

δ _y0δ_z0 6.4305e� 00 1.1791e� 01 −1.7229e� 02 −2.3920e� 02 −3.1734e� 01

δ_z20 1.5416e� 01 −4.3474e� 00 2.6574e� 02 2.0882e� 02 5.6775e� 01
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