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The development of both convective stationary perturbation as well as global instabilities in the vicinity of a 
laminar separation bubble above an axisymmetric compression corner in a hypersonic flow is investigated using 
numerical simulations. The flow configuration of primary interest corresponds to the cone-cylinder-flare model 
used in experimental measurements in the Boeing/AFOSR Mach-6 Quiet Tunnel at Purdue University.  For a 
flare angle of 10 degrees and a unit Reynolds number of 11.5´106 m-1, their surface flow visualizations identified 
the presence of streamwise elongated thermal streaks near the reattachment position and the dominant azimuthal 
spacing between the streaks was determined to be approximately 10 degrees (i.e., an azimuthal mode number of 
36). Previous linear stability analyses predicted that the amplification characteristics of small amplitude, 
unsteady, convective instabilities within this flow were consistent with the surface pressure fluctuations measured 
in the experiment. However, their accompanying analysis of global instabilities had found the separation bubble 
to be weakly unstable at the 10 degrees flare angle, with the most unstable global mode corresponding to a 
stationary disturbance with an azimuthal wavenumber of m ≈ 5, which was well below the measured wavenumber 
of m = 36. Besides confirming the presence of the global instability at these flow conditions, the present numerical 
simulations quantify the details of the stationary equilibrium state associated with the supercritical bifurcation 
resulting from the nonlinear saturation of the unstable global mode. Although velocity perturbations associated 
with the saturated global mode are dominated by the fundamental spanwise wavelength associated with the linear 
global instability, the surface heat flux downstream of reattachment is dominated by m = 36 in agreement with 
experimental measurements. An additional simulation of the combined evolution of both unsteady convective and 
global instabilities indicates that the nonlinear interactions between a broadband spectrum of oblique Mack’s first 
mode instabilities generate stationary vortex modes with a higher dominant wavenumber (m = 60) as that observed 
in the experiments.  Additional analyses are performed to predict the global mode behavior at other flare angles 
and how it differs from the convective centrifugal instability due to concave streamline curvature over the 
compression corner.      

Nomenclature 

f  = disturbance frequency [kHz] 
m  = azimuthal wavenumber [nondimensional] 
L  = cone length [m] 
Ls  = separation length measured along the surface contour [m] 
M  = Mach number [nondimensional] 
r  = radial coordinate [m] 
𝑅𝑒! =    unit Reynolds number based on freestream variables [m-1] 
T  =  Temperature [K] 
(x,y,z) =  axial and crossplane coordinates with respect to a Cartesian system centered on the nosetip [m] 
qf  = flare angle [degrees] 
s  = spatial growth rate of most unstable (or least stable) global mode [m-1] 
wr  =  real part of temporal eigenvalue [(ms)-1] 
wi  =  imaginary part of temporal eigenvalue, i.e., temporal growth rate [(ms)-1] 
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Subscripts 
∞  = freestream condition 
i  =  imaginary part 
r  =  real part 
w  = wall 

I. Introduction 

The ability to adequately predict viscous flows with boundary-layer transition and flow separation, 
according to the CFD Vision 2030 [1], is the most crucial issue in computational fluid dynamics (CFD) 
simulation capabilities that will remain a pace item for the foreseeable future. When the transition process is 
closely coupled with separation and the flow includes discontinuities in the form of shocks, the prediction of 
transition becomes much more difficult. This scenario frequently occurs in high-speed systems with 
compression corners when the boundary layer flow upstream of the compression corner is laminar. The 
laminar boundary layer cannot negotiate the unfavorable pressure gradient created by the shock near the 
corner when the flow turning angle is sufficiently large. As a result, flow separation occurs and, under suitable 
conditions, the flow may transition to turbulence prior to reattachment. Transitional shock wave boundary 
layer interactions often result in higher heat loads than the heat flux values measured during fully turbulent 
interactions, hence prediction models that account for this mode of transition are critical.  Knight and 
Mortazavi [2] gave a summary of the studies on hypersonic, transitional shock wave boundary layer 
interactions including a variety of geometric shapes. The reader is referred to Refs. [3-5] for comprehensive 
examinations of shock wave boundary layer interactions in general and across a broader range of Mach values 
from transonic to hypersonic. 

Compression corners represent a commonly observed feature on hypersonic vehicles. They may occur in 
engine inlets or as control surfaces on the exterior of the vehicle surface. As can be observed from Refs. 
[6-37], shock-boundary layer interactions in the area of compression corners, as well as the effect of these 
interactions on the laminar-turbulent transition process in boundary-layer flow, have been the focus of 
increasing research activity in recent years. The experimental observations of longitudinal streaks in the 
region of flow reattachment [7, 9, 13, 18, 19, 28, 30, 38] have been of particular interest in these studies.  The 
streamwise elongated streaks are accompanied by significant spanwise (or azimuthal) variations in the 
surface heat flux and are believed to play an important role in the laminar-turbulent transition process.  
Maximum heat flux variations of up to 26 percent with respect to the mean (and average variations of up to 
15 percent) have been reported in the literature [19]. Three distinct explanations for the emergence of these 
streaks have been proposed in the previous work.  The first involves stationary forcing upstream of the 
compression corner, which causes incoming azimuthal variations to be amplified near the compression 
corner, either due to centrifugal destabilization in the region of concave streamline curvature above the 
separated flow [8, 39, 19, 20] or due to baroclinic torque. The second theory is based on stationary, global 
instability modes of the spanwise/azimuthally invariant laminar basic state [21, 22, 33], and the third proposal 
involves nonlinear interactions between oblique Mack's first mode instabilities [32].   

There are varied degrees of evidence to support each of these theories in the context of specific flow 
configurations. The region of concave streamline curvature near the compression corner has been proven to 
act as a significant amplifier of the stationary streaks seeded by upstream surface nonuniformities in both 
computations [8, 39] and experiments [36]. Dwivedi et al. [23] investigated the highest possible amplification 
of incoming stationary disturbances by using a global input–output analysis. They discovered a considerable 
disturbance increase across a range of spanwise wavelengths, similar to the studies of roughness-induced 
streaks, and the wavelength of the highest amplified disturbance matched the experimental observations [19, 
20] well. In addition, their close examination of the disturbance energy budget confirmed an earlier 
suggestion [40] that baroclinic effects involving density gradients within the laminar basic state played the 
dominant role in the disturbance amplification process. 

Sidharth et al. [22] discovered that when the turning angle was slightly above a threshold value, the 
separated flow supported an unstable, symmetry breaking, 3D global mode, whereas the study by Dwivedi 
et al. [23] had concentrated on flows that were globally stable. Multiple unstable modes, both stationary and 
nonstationary, came into play when the turning angle significantly exceeded the critical value. The 
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experimental value of streak spacing deduced from surface flow visualizations [13] was close to the spanwise 
wavelength of the linearly most unstable mode according to Sidharth et al. 

Lugrin et al. [32] used numerical simulations of a transitional compression corner flow to show that the 
broadband, stochastic forcing used in their simulation excited oblique, convective instabilities, whose 
nonlinear interactions led to the formation of stationary streaks and, eventually, to the onset of laminar-
turbulent transition near the reattachment location. Their simulation was able to match the measured 
separation length from a wind tunnel experiment [9] with the right choice of force amplitude. 

As discussed above, the global mode instability is likely to play a significant role in the disturbance 
evolution process in a significant number of compression corner flows. However, the only comparisons of 
global instability predictions with the experiments have been limited to the wavelength of the streaks.  
Furthermore, the computational analyses pertaining to the global instability [21, 22, 33] were limited to small 
amplitude disturbances and the measurements used for the comparisons with the computational predictions 
were lacking in details, particularly in regard to the unsteady disturbances in the flow. This deficiency was 
partly addressed by the extensive measurements of surface pressure fluctuations and off-surface density 
fluctuations over a cone-cylinder-flare model in the Purdue quiet tunnel [29, 30].  In particular, the 
measurements in Ref. [29] for an axisymmetric separation bubble over a 7-degree half-angle cone and a flare 
angle of 10 degrees have enabled extensive comparisons with the computational analyses of nonstationary 
disturbances in the flow [26, 35].  As shown in the latter two references, the axisymmetric boundary layer 
flow upstream of the flare can support Mack’s first mode instabilities that are most amplified when the 
disturbances propagate at a nonzero angle with respect to the mean flow at the edge of the boundary layer as 
well as Mack’s second mode instabilities that are dominated by axisymmetric disturbances.  

The computations from [26, 35] examined the spatial evolution of these instabilities as they pass over the 
separation bubble in the vicinity of the corner, yielding encouraging comparisons with the measured 
evolution of disturbance spectra across the separated region.  The analysis from [35] also investigated 
whether the separated flow over the cone-cylinder-flare model could support global modes of instability that 
are self-sustained, and hence, amplify in time, similar to the previously mentioned works involving the 
simpler, flat plate-wedge configurations. At the Reynolds number condition of interest (𝑅𝑒! = 11.5×106/m), 
the computations in Ref. [35] indicated the presence of an unstable global mode with the highest amplification 
rate corresponding to an azimuthal wavenumber of m = 5. However, the wavenumber of the heat flux streaks 
measured in the Purdue experiment [22] was significantly larger (m » 36), raising the question about the 
origin of those streaks.  

In this paper, we perform direct numerical simulations to extend the analysis of Ref. [35] to include 
nonlinear disturbance dynamics in an attempt to characterize the large-time behavior of the finite amplitude 
global modes as well as their interaction with other instabilities in the flow.  The focus of this study is on 
canonical cases that are intended to provide useful insights into the flow behavior and to serve as the stepping 
stone to the simulations involving a stochastic, broadband forcing. The details of the model configuration 
and the flow solvers are given in Section 2.  Initial results from the ongoing numerical simulations are 
described in Section 3.  A brief summary of the findings and concluding remarks are presented in Section 4.   

 

II.  Flow Configuration and Numerical Methodology  

A. Cone-Cylinder-Flare Model 
 The flow configuration of interest shown in Fig. 1 is an axisymmetric configuration with a 5-degree half 
angle cone as the forebody, followed by a cylindrical section, and then a flare region with specified flare 
angle [21, 22]. The total length of the cone is L = 0.648 m (25.53 inches). The nose radius of the cone tip is 
equal to 0.1 mm and the 0.127 m (i.e., 5 inches) long cylindrical section has a diameter of 0.06985 m (2.75 
inches).  The flare angle is equal to 10 degrees, which yields a base diameter that is equal to 0.113 m (4.45 
inches).   
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Fig. 1.  Sketch of the cone-cylinder-flare model used in BAMQT experiments by Benitez et al.[11]  

Lengths are in inches and the angles are in degrees. 

 

B. Flow Solvers 
 The unperturbed boundary layer flow along with the axisymmetric separation bubble is first computed 
with the VULCAN-CFD flow solver (Fig. 2), which solves the unsteady conservation equations appropriate 
for a laminar or turbulent flow of calorically or thermally perfect gases with a spatially second-order accurate 
cell-centered finite volume scheme [41].   Computations were carried out at several grid resolutions in order 
to obtain a shock-adapted solution for the entire cone. Then a subset of the computational domain is used for 
higher order accurate computations based on a 7th-order spatial scheme (Fig. 2), with the inflow location at a 
short distance upstream of the cone-cylinder junction and extending, in the wall-normal direction, from the 
cone surface to just below the shock wave. The inflow and the far-field boundary conditions for this 
computation are obtained by using the VULCAN-CFD solution. Because the high-order code is typically 
used for the direct numerical simulations of transitional and turbulent flows, it will be referred to as the DNS 
code in this paper.  A detailed description of the governing equations and the numerical algorithms used in 
the DNS code is given by Wu and Martin [42] and an example of the application of the DNS code can be 
found in Li et al. [43].   
 

 
Fig. 2.  DNS domain (shown as a box with black edges) along with the basic state 

Mach number contours along a meridional plane to illustrate the 
computational domain used for the VULCAN-CFD computation. 

 
 Additional computations were performed to study the development of small amplitude, linear 
perturbations to the axisymmetric basic state.  The procedure used for the linear stability analysis involving 
the global modes as well as the pertinent numerical details are identical to those used in the previous work 
[35] and are therefore omitted for compactness.  Similarly, for details on the formulation of the optimal 
growth calculation and the associated numerical procedures, the reader is referred to Ref. [44]. Computations 
of forced response to an azimuthally periodic array of small-amplitude surface deformations are also 
described in the section on Results.  The implementation of the linearized roughness is similar to that in Ref. 
[45] and the solution process for the harmonic, linearized Navier-Stokes equations is the same as that used 
in Ref. [35].  
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C. Flow Conditions and Grid Details 
The freestream flow conditions fall within the typical range of unit Reynolds numbers corresponding to 

the quiet flow operation of the Boeing/AFOSR Mach-6 Quiet-Flow Ludwieg Tube at Purdue University.  
Thus, the freestream Mach number M¥ = 6, the unit Reynolds number 𝑅𝑒! = 11.5×106 per meter, the 
freestream density is 𝜌! =	0.04526 kg/m3, and the freestream temperature corresponds to T¥ = 52.4 K.  The 
temperature of the model surface, Tw, is equal to 300 K. Paredes et al. [35] investigated the linear 
amplification of oblique first mode waves and Mack’s second mode instability for flare angles from 8 to 12 
degrees and a range of nose radii.  Here, we only consider the nominally sharp cone with a nose radius of 0.1 
mm (i.e., with a Reynolds number based on the nose radius equal to 1150).  

A variety of computational meshes were used to ensure a lack of grid sensitivity in the basic state 
computations with the VULCAN-CFD flow solver (Fig. 2).  A rather dense mesh consisting of 3601 points 
in the axial direction and 1201 points along the surface normal direction was used.  Special care was taken 
to align the streamwise grid lines with the shock front associated with the nose shock.  The basic state DNS 
computation was limited to a computational domain that started a short distance upstream of the cone-
cylinder junction.  Constant temperature wall (Tw = 300 K), symmetry, and freestream boundary conditions 
were used for the computations. 
 

III. Results 

The numerical results presented herein are divided into multiple subsections, starting with a description 
of the laminar, axisymmetric basic state.  As described in Section II.A, the primary flow configuration of 
interest in this paper corresponds to qf = 10 degrees.  However, to provide a broader context for the nonlinear 
analysis, we also analyze additional flare angles in the vicinity of the baseline case. Section III.A below 
outlines how the salient features of this basic state vary with the flare angle.  Section III.B outlines the results 
of the linear stability analysis including both global mode analysis and optimal growth analysis of convective, 
stationary disturbances.  The global mode analysis highlights the successive appearance of multiple unstable 
modes as the flare angle is increased beyond the critical flare angle that corresponds to the first onset of 
global instability. Section III.C presents the evolution of convective stationary perturbations over the 
axisymmetric laminar flow. Section III.D describes the nonlinear saturation behavior of isolated global 
modes corresponding to a single, dominant wavenumber from each mode family (i.e., the azimuthal 
wavenumber with the highest temporal growth rate). Finally, the results of a computation of unsteady, oblique 
first mode instabilities over the three-dimensional nonlinear equilibrium state are described in Section III.E. 

A. Axisymmetric Basic State 
 Mach-number contours for the axisymmetric, laminar flow basic state at the flare angle of 10 degrees are 
shown in Fig. 3.  One may observe that the initially attached flow separates from the surface at a short distance 
downstream of the cone-cylinder junction and reattaches again beyond the cylinder-flare junction.  The region 
of slow-moving fluid indicated in blue includes the region of flow separation.  The linear amplification 
characteristics of this flow were presented by Paredes et al. [35], demonstrating rather favorable comparisons 
with the surface pressure spectra measured by Benitez et al. [29].  Our primary concern in this paper is with 
the global mode evolution as discussed below. 

 

Fig. 3. Mach number contours of the laminar flow solution over the cone-cylinder-flare    
geometry with a flare angle of 10 degrees. 
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 Although not shown, the flow remains fully attached for qf  £ 3.0 degrees and the onset of separation 
occurs for a flare angle between 3.0 < qf  < 3.5 degrees.  For flare angles in the range of [4.0, 10.0] degrees, 
the distance between the initial separation and final reattachment points, i.e., the separation length, Ls, 
increases almost linearly, but the growth in separation bubble length decreases considerably for qf  > 10 
degrees.  Figures 4(a) and 4(b) display the axial variation in the surface pressure coefficient and skin friction 
coefficient, respectively, at selected values of the flare angle.  Within this range of flare angles, the length of 
the separation bubble varies from approximately 0.14 m at a flare angle of qf  = 9 degrees to nearly 0.18 m at 
qf  = 11 degrees and 0.20 m at qf  = 14 degrees. These bubble lengths are comparable to the axial distance of 
0.526 m from the cone tip to the compression corner, and thus, the bubble length meets the criterion for a 
large separation bubble [46] in that the pressure coefficient rise near the separation and reattachment regions 
are well separated, with a long plateau in between (Fig. 4(a)).  The distribution of skin-friction coefficient in 
Fig. 4(b) also displays a second minimum just ahead of reattachment that is clearly the global minimum.  The 
rise in skin friction downstream of the global minimum is steeper in comparison with the decrease to the 
upstream minimum near the separation point. For flare angles greater than approximately 10.3 degrees, there 
is secondary separation within the bubble region, similar to previous studies of planar compression corners 
at 𝜃" = 14 degrees [47, 48].     
 

       

  

(a) Axial distribution of pressure coefficient (b) Axial distribution of skin-friction coefficient 

Fig. 4.  Surface flow characteristics of the axisymmetric basic state at selected values of flare angle  
               (qf  = 3.5, 5, 8, 9, 10, 11, 12, 14 degrees). 

 

B. Linear Growth of Nonaxisymmetric Global Modes 
Results of the linear global mode analysis by Paredes et al. [35] have shown that, at the experimental 

Reynolds number of 𝑅𝑒! = 11.5×106 per meter, the separated flow near the cylinder-flare junction becomes 
unstable for a flare angle between 8 and 10 degrees.  At 10 degrees, the flow is already moderately 
supercritical, with the unstable global modes spanning a finite band of azimuthal wavenumbers centered near 
𝑚 = 5.	 Their computations also showed that a higher flare angle of 12 degrees resulted in the onset of both 
nonstationary global mode instabilities and a higher wavenumber stationary mode with a peak growth rate 
near 𝑚 = 24 that is more than an order of magnitude larger than the peak growth rate at the 10 degree flare 
angle.  Given the large changes in unstable mode characteristics across the above range of flare angles, we 
have extended their analysis to obtain more precise estimates of the flare angle where the global modes first 
become unstable as well as where the nonstationary mode and the higher wavenumber stationary mode first 
become unstable.  The overall procedure for the global mode analysis as well as the numerical details are 
identical to those used in the previous work [35], hence those have been omitted here for compactness. 

The growth rate characteristics of the dominant families of global instabilities at a few selected flare 
angles are shown in Figs. 5(a)-5(d). For each flare angle, the variation in the temporal growth rate wi as a 
function of the azimuthal wavenumber 𝑚 is shown on the right, whereas the corresponding values of the 
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radian frequency wr are shown on the left. For convenience, both wr and wi are expressed in terms of inverse 
of milliseconds. As seen from Fig. 5(a), the separated flow remains globally stable until qf  = 9.0 degrees, 
where the temporal eigenvalue for a stationary mode with 𝑚 = 6 first crosses over into the upper half of the 
complex w plane. For reasons that will soon become apparent, we refer to this mode family (shown by the 
unstable part of the blue curve) as the long wavelength stationary mode.  There are additional mode families 
that correspond to stable (i.e., decaying) disturbances at qf  = 9.0 degrees and three of those families are 
indicated in solid red, solid green, and dashed green curves. It may be seen that the modal trajectories may 
come close to each other and form intricate topological connections, especially as the dispersion relationship 
w(𝑚;	q")	has square root singularities along the real 𝑚 axis (even though they may not occur at integer 
values of 𝑚). One example of such a singularity is seen near an azimuthal wavenumber of nearly 40. Even 
though this singularity occurs within the stable half of the complex w plane, the modal coalescence could 
well have interesting consequences in terms of temporal evolution over a finite time interval.  
 Three such branch points are observed in the eigenspectra at qf  = 10.1 degrees, near 𝑚	»		9, 23, and 33, 
respectively. Even though the long wavelength stationary mode still corresponds to the highest growth rate 
for 𝑚	»	 6, a nonstationary mode has just crossed over the real w  axis and become slightly unstable. This 
nonstationary mode is flanked by stationary modes on either side, namely, the long wavelength stationary 
modes that dominates the global mode dynamics at this flare angle and a shorter wavelength stationary mode 
that exists in the approximate wavenumber range of 23 <	𝑚 < 33 and corresponds to stable modes throughout 
that range.  However, the peak growth rate associated with the short wavelength stationary mode increases 
at a rapid rate as the flare angle is increased from 10.1 degrees to 10.2 degrees.  At qf  = 10.2 degrees, not 
only has the short wavelength stationary mode become unstable, but in fact, it has the highest growth among 
all unstable modes. Indeed at qf  = 10.8 degrees, the peak wavenumber as well as the peak growth rate 
increases from the log wavelength stationary mode to the nonstationary mode to the shorter wavelength 
stationary mode.  The peak growth wavenumber is close to 𝑚	»	 22, which is closer to (yet significantly 
smaller than) the dominant streak wavenumber of 𝑚	»	 36 in the IR thermography image from Ref. [30] at 
the somewhat lower flare angle of qf  = 10 degrees.   
       

 

 
 

(a) qf  = 9.0 degrees 
 

 
(b) qf  = 10.0 degrees 

 

Fig. 5. Global mode characteristics at selected values of flare angle. 
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(c) qf  = 10.1 degrees 

 

 
(d) qf  = 10.2 degrees 

 

 
(e) qf  = 10.8 degrees 

 

 

(f) qf  = 11.0 degrees 

Fig. 5.  Continued. 

 
Mode shapes for the w-velocity perturbation associated with selected families of global modes from Fig. 

5 are shown in Figs. 6 (a) through 6 (c). Since the w-velocity perturbation is azimuthally antisymmetric for 
stationary global modes, only the nonzero imaginary part of these eigenfunctions are shown. Specifically, 
Fig. 6 (a) shows the mode shape for 𝑚 = 6 at  𝜃" = 10.0	degrees. As discussed in Ref. [35], the signature of 
this long wavelength stationary mode extends across the length of the separation bubble, whereas the shorter 
wavelength stationary mode for 𝑚 = 20 at  𝜃" = 10.3	degrees in Fig. 10(c) is concentrated near the 
reattachment location. As described previously, a nonstationary mode becomes unstable for 𝜃" >
10.1	degrees and Fig. 6 (b) for 𝑚 = 14 at  𝜃" = 10.3	degrees indicates that the signature of the nonstationary 
mode is also concentrated near the reattachment location. Both the real and imaginary parts of the 
nonstationary eigenfunction are nonzero, we show only the imaginary part here in Fig. 6 (c). 
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(a) 𝜃" = 10.0,𝑚 = 6 (b) 𝜃" = 10.3,𝑚 = 14 (c) 𝜃" = 10.3,𝑚 = 20 

Fig. 6.  Mode shapes for w-velocity associated with selected families of unstable global modes.  

 
The results presented in this section demonstrate that, barring certain exceptions, the global mode 

characteristics identified by Sidharth et al. [22] for the separation bubble over a planar compression corner 
are also representative of the global instability characteristics of the flare region on the axisymmetric cone-
cylinder-flare model, at least within the range of flow conditions studied here, although multiple modes of 
instability occur for finite supercriticality (i.e., qf - qf, onset at a fixed value of Reynolds number).     

C. Development of Convective Stationary Perturbations to an Axisymmetric Laminar Flow Solution  
To complement the global mode analysis and to provide additional insights toward the simulations 

involving nonlinear disturbances in the subsequent parts of this Section, we now consider the development 
of stationary, azimuthally periodic disturbances to the axisymmetric laminar state for the case of qf  = 10.0 
degrees. As discussed earlier, the axisymmetric basic state is globally unstable and, therefore, is not likely to 
be observed in a real flow. Thus, the computation of convective perturbations in this subsection pertain to 
the case where disturbances at the globally unstable azimuthal wavelengths (approximately between m = 3 
and m = 8) have been artificially suppressed.  Two different types of analyses are performed. First, we present 
an optimal growth analysis that identifies the maximum possible amplification of disturbance energy over a 
specified axial interval [xi , xf]. The amplification ratio, i.e., the energy gain is defined as 

 
𝐺 = 𝐸(𝑥")/𝐸(𝑥#) 

 
where 𝐸(𝑥) represents Mack’s energy norm [49] corresponding to the integrated energy at an axial station x. 
The wall normal integral is carried out over the entire height of the computational domain, extending from 
the surface to a radial location that is below the nose shock. Because the optimal growth disturbances 
predicted by such analysis may or may not be realized in practice, supplementary insights can be gained by 
studying the development of realizable disturbances due to a spatially localized forcing for one or more 
specific physical forms of external disturbances.  The external forcing selected for the present computations 
corresponds to small amplitude, azimuthally periodic deformations of the surface geometry that are localized 
in the axial direction.  Results are presented for two different array locations, one shortly downstream of the 
cone tip at x » 0.06 m and with an axial extent of approximately 0.004 m, and the other at x » 0.38 m and 
with a shorter axial extent of approximately 0.002 m.  
 The axial evolution of temperature perturbation amplitudes associated with the optimally growing 
disturbances at selected values of m is presented in Fig. 7(a). The off-body structure of the temperature 
perturbations for a representative wavenumber of m = 36 is shown in Fig. 7(b), wherein we emphasize the 
regions close to and somewhat upstream of the reattachment location. The amplitude evolution in Fig. 7(a) 
displays a rapid initial growth immediately downstream of the inflow station.  Such rapid growth is typical 
of the conventional transient growth behavior in flat plate boundary layers when the inflow station is 
sufficiently downstream of the leading edge.  The mean flow acceleration near the expansion corner at x = 
0.40 m leads to a sharp decay in the streak amplitude that becomes stronger with increasing m.  The 
disturbances at all selected wavenumbers amplify nearly monotonically over the separation bubble as well 
as over the region downstream of the reattachment location.             
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(a) Evolution of temperature perturbation 
amplitude for selected values of m 

(b) Contours of temperature perturbations for 
m = 36 

Fig. 7.  Results of optimal growth calculations for axial interval x = [0.38, 0.65] m. 
  
 Disturbance amplification in the regions of separation and reattachment has been traditionally attributed 
to energy production mechanisms involving centrifugal forces associated with the concave streamline 
curvature in those regions.  In that regard, both of the abovementioned regions of rapid disturbance 
amplification coincide with the highest values of concave streamline curvature. However, Dwivedi et al. [23] 
scrutinized the multiple physical mechanisms to show that the baroclinic terms account for a dominant part 
of the disturbance energy production.  Overall, the growth factors for temperature perturbation amplitudes 
downstream of the separation location can be as high as 103, with the highest amplification ratios observed 
for the highest azimuthal wavenumbers.  In other words, the optimal growth characteristics do not reveal a 
strong preference for the experimentally observed streak spacing with m » 36, at least for the selected axial 
interval of [0.38, 0.65].   The structure of the temperature perturbation contours in Fig. 7(b) indicates that the 
temperature perturbations induced by the optimal growth disturbance within the separation bubble are 
concentrated in the shear layer.  
  The streamwise evolution of realizable disturbances due to the two different roughness arrays is 
considered next. Perturbations induced by the upstream roughness array at x » 0.06 m are highly suboptimal 
to begin with and, although not shown, generally undergo a strong decay behind the source, before decreasing 
further in amplitude behind the expansion corner.  The roughness array at x » 0.38 m is just upstream of the 
expansion corner and the resulting perturbations also exhibit a decrease in amplitude as the mean flow 
navigates the pressure gradient due to that corner.  But, in both cases, the disturbances amplify across the 
separation bubble and also past the reattachment location. To highlight that growth of realizable 
perturbations, we plot the normalized amplitude evolution for selected azimuthal wavenumbers in Fig. 8.  
The temperature perturbation amplitudes at each azimuthal wavenumber are scaled by the minimum 
amplitude near the separation location.  The qualitative evolution behind both roughness arrays is similar, 
except in the low wavenumber cases (m = 12 and m = 24) that also correspond to the lowest growth within 
the separation region. The higher wavenumber perturbations have similar amplification ratios between Figs. 
8(a) and 8(b), with somewhat higher peak values for the upstream roughness array at x » 0.06 m.  It is also 
interesting that the growth factors beyond the separation zone are also similar between the realizable 
disturbances in Fig. 8 and the optimal growth perturbations in Fig. 7(a).   
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(a) xr » 0.06 m (b) xr » 0.38 m 

Fig. 8.  Streamwise evolution of gain in peak temperature perturbation.  To highlight the 
amplification across the separation bubble, the gain curves are normalized to unity at the 
minimum in the vicinity of separation point. 

  
 Contours of temperature perturbation in the z = 0 plane are shown for a representative azimuthal 
wavenumber (m = 36) in Fig. 9.  Figure 9(a) corresponds to a roughness array far upstream of the separation 
bubble (xr » 0.06 m), whereas Fig. 9(b) corresponds to a roughness array just upstream of the cone cylinder 
junction ((xr » 0.38 m).  Regardless of where the azimuthal variations were forced into the boundary layer, 
the peak perturbation levels at any given station inside the separation bubble are concentrated within the 
shear layer along the outer boundary of the bubble, except in the region of reattachment where the inner parts 
of the recirculating flow also exhibit significant yet smaller perturbations.  The sign change in temperature 
perturbations also indicates an azimuthal shift in the streaks depending on the forcing location. 
 
 

  
(a) xr » 0.06 m (b) xr » 0.38 m 

Fig. 9.  Contours of temperature perturbations due to a roughness array (m = 36). 
  

D. Nonlinear Growth of Dominant Global Modes  
DNS was used to compute the temporal evolution of nonaxisymmetric perturbations to axisymmetric 

basic state corresponding to the experimental configuration of qf  = 10 degrees shown in Fig. 3. We focus on 
the nonlinear evolution of an long wavelength stationary mode with m = 6 (close to the most unstable 
wavenumber m = 5). The initial perturbation was defined by assigning a small amplitude to the eigenfunction 
of the linear global mode.  The azimuthal domain selected for the computation was such that the initial z-
component of perturbation velocity is antisymmetric with respect to z = 0 and this antisymmetric behavior 
persisted throughout the temporal evolution. Analogously, the other field quantities remained symmetric with 
respect to the z coordinate.     
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Figure 10(a) shows the time history of the u-perturbation velocity as measured by five different probes in 
the interior of the boundary layer at x = 0.534 m for the abovementioned case that was seeded with an m = 6 
global mode eigenfunction. The center probe at an azimuthal angle of 𝜃 = 0 registers a maximum positive 
signal because of the symmetric nature of the u-perturbation. Since the wavenumber of m = 6 corresponds to 
an azimuthal wavelength of 60 degrees, four other probes are placed on one side of the symmetry plane at 
azimuthal intervals of 7.5 degrees each. These probes display an exponential growth of the u-perturbation 
following a short period of initial transient that is barely seen on the linear scale in Fig. 10(a).  As the 
perturbation gains in amplitude, the growth rate decreases and, eventually, reduces to zero as the disturbance 
level asymptotes to a constant amplitude steady state. Figure 10(b) shows the normalized probe data at the 
0-degree azimuthal angle on a logarithmic scale, together with the straight line prediction from linear 
eigenvalue analysis.  The agreement between the linear (blue line) and nonlinear predictions (red curve) over 
a significant time interval confirms the exponential growth at earlier times and that the growth rate in the 
DNS matches the amplification rate predicted by the linear global mode analysis.  
 
 

  
(a) Time series for five different probes on a 

linear scale 
(b) Probe data at the 0-degree azimuthal angle 

on a logarithmic scale. 

Fig. 10. Temporal evolution of w-velocity at selected probe locations. 
 

The azimuthal Fourier decomposition associated with the nonlinear saturation state for the m = 6 
fundamental mode is shown in Fig. 11(a). In the upstream part of the separation bubble (i.e., for x between 
0.4 m and 0.5 m over the cylinder), the dominant mode in u-velocity perturbation corresponds to the mean 
flow correction (m = 0). For a short interval in the vicinity of the cylinder-flare junction, the dominant mode 
switches over to the fundamental mode m = 6, but the mean flow correction gain overtakes the fundamental 
amplitude. In the downstream region of x > 0.6 m, the first harmonic (m = 12) has the largest amplitude and 
it remains dominant until the end of the computational domain. The spanwise Fourier decomposition of the 
wall heat flux is shown in Fig. 11 (b). The mean flow correction amplitude is the largest over the upstream 
40% of the cylinder length and in the upstream portion of the flare. In between these two regions, the 
fundamental mode is dominant. However, starting at approximately x = 0.58 m on the flare, i.e., in the vicinity 
of the reattachment location, the 5th harmonic (m = 36) becomes the dominant one, while the 2nd and 6th 
harmonics (m = 12 and 42, respectively) are also very strong. 
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(a) u-amplitudes (b) Wall heat flux amplitudes 

 
Fig. 11. Azimuthal Fourier decomposition of perturbation amplitudes. 

 
Figure 12 depicts the Stanton number (nondimensional heat flux) distribution over the surface that 

indicates multiple thermal streaks across each azimuthal wavelength of the m = 6 fundamental mode. This is 
consistent with the amplitude evolution of the Fourier components shown in Fig. 11(b) above, which shows 
that short azimuthal waves dominate. The resulting azimuthal structure is analogous to that measured in the 
experiment.  In principle, the streaks observed in the experiment are fixed by the specific combination of 
initial and boundary conditions associated with each realization of the flow and additional measurements are 
necessary to clarify whether the azimuthal locations of the naturally occurring streaks are fixed to the surface 
geometry, which would indicate a dominant role of the stationary forcing associated with surface roughness. 
The role of external conditions, combined with the small but finite bandwidth of m = [3, 8] of the global 
mode instability at qf = 10 degrees, could account for the apparently stochastic nature of the measured streaks 
[30], contrary to the periodic nature of the heat flux variations associated with the saturation state driven by 
the m = 6 global mode alone. 

 

 
Fig. 12. Stanton number contours over the surface of the cone-cylinder-flare configuration. 

 
 

The presence of the stationary global instability changes the skin-friction patterns on the surface of the 
cone-cylinder-flare configuration. In Figure 13, each surface line is traced out by integrating the surface skin-
friction vector starting from a seed location.  These lines are “trapped” within the separation bubble and end 
at locations where the skin friction becomes zero. The skin friction fields that lead to Figs. 13(a) through 
13(c) are constructed by superimposing the linear eigenfunctions of the stationary global mode with a given 
amplitude on top of the base flow variables. For zero amplitude (not shown), the lines would run along the 
meridians of the axisymmetric cone-cylinder-flare configuration. With a scaled amplitude of 1% assigned to 
the global mode eigenfunction at m = 6, the skin friction lines converge toward the line of symmetry of the 
azimuthal domain shown in Fig. 13 when the axial location is upstream of the cylinder-flare junction and the 
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friction lines diverge downstream of that junction. As the amplitude of the linear global mode increases, a 
subset of the friction lines from upstream appear to converge to a single node before diverging into the region 
downstream of the cylinder-flare junction. However, the friction lines computed from the nonlinearly 
saturated solution (Fig. 11(d)) exhibit a more intricate pattern than those associated with the linear mode 
shape.  The separation boundary appears to be similar in all cases, indicating rather small and nearly 
sinusoidal perturbations to the axisymmetric laminar flow.  However, the reattachment boundary for the 
nonlinear saturation state shows distinct short-scale corrugations associated with the smaller wavelength 
streaks due to nonlinear effects. 
 

  
(a) 1% linear eigenfunction (b) 3% eigenfunction 

  
(c) 5% linear eigenfunction (d) Nonlinearly saturation solution 

 
Fig. 13.  Comparison between wall-friction lines from linear, global mode eigenfunctions of different 

amplitudes superimposed on the axisymmetric laminar base flow and those obtained from 
the nonlinear saturation state.   

 

E. Development of Perturbations to Nonlinear Equilibrium State Associated with Dominant Global 
Modes  

 
In an additional simulation involving unsteady perturbations to the nonlinear saturation state resulting 

from the m = 6 global mode, a localized unsteady forcing at the wall was used to excite the boundary layer 
instability modes over a broad range of frequencies.  The forcing strategy is analogous to that used to excite 
the secondary instability modes of a stationary crossflow pattern over a yawed cone in Ref. [47].  The 
azimuthal and time dependence of the wall-forcing function includes a superposition of time harmonic signals 
comprised of multiple discrete frequencies from 30 kHz to 250 kHz at an interval of 10 kHz. In particular, 
the forcing distribution with random phase angles, 𝜙#$ , corresponds to a nonzero surface-normal velocity of  

 
%!(',))	
,¥

		= 	𝑔(𝑥)∑ ∑ 𝐴$ 	cos	(−2𝜋𝑓$
-"
$./ 𝑡 + 𝜙#$)	cos(𝑖𝛽𝜑)

-#
#.0 	 ,         (10) 

 
at the cone surface, where 𝑔(𝑥) denotes the axial distribution of the forcing amplitude.  For a forcing function 
that begins at 𝑥 = 𝑥1 and ends at 𝑥 = 𝑥2, the shape function 𝑔(𝑥)	is specified as a function of the normalized 
coordinate 𝜉 that is defined as 

  
𝜉(𝑥) = K2𝑥 − (𝑥2 + 𝑥1)L/(𝑥2 − 𝑥1) . 
 

If	𝑥	 ≥ 	 𝑥1 and 𝑥 < 𝑥3 ≜	
('$4'%)

5
  (or equivalently, 0 < 𝜉 < 	−1), then 

 
𝑔(𝑥) = 			1.56(3(1 + 𝜉)7 − 7(1 + 𝜉)6 + 4(1 + 𝜉)/), 

 
whereas for 𝑥 ≥ 	 ('$4'%)

5
  and 𝑥 < 𝑥2 (or equivalently, 0 £ 𝜉	£	1), 

 
𝑔(𝑥) = −1.56(3(1 − 𝜉)7 − 7(1 − 𝜉)6 + 4(1 − 𝜉)/) 
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and otherwise 
𝑔(𝑥) = 0.0 

 
for all other 𝑥. The forcing frequencies are given by 𝑓$ 	= 	10 × 𝑗 kHz, 𝑛8 = 6 and 𝑛" = 25.  The range of 
forcing frequencies is guided by the results of the convective instability analysis in Ref. [35].  To reduce the 
computational cost, the unsteady forcing location of x0 = 0.26 m is chosen to be somewhat downstream of 
the likely onset of first mode instability, and the width of the forcing function 𝑔(𝑥) is equal to 0.0014 m.  
Given the broad range of excitation frequencies, the above slot width was chosen to be sufficiently narrow 
so as to excite an unsteady disturbance field with a broad band of streamwise wavenumbers that are likely to 
couple into the unstable modes at the relevant frequencies. To investigate both a linear amplification of the 
flow instabilities as well as a modest nonlinear interaction that is likely to generate the streamwise vortex 
modes via nonlinear interactions, a suitable amplitude of the wall forcing is used, with 𝐴$ = 	2 × 1096	for 
all j.  Fourier decomposition of the time history from the output signal is used to analyze the disturbance 
evolution at each selected frequency.   

The time history of the computed solution for the forced unsteady perturbation Fourier transformed in 
time to isolate the different frequency components. The crossplane contours of the u-velocity perturbation at 
selected dominant frequencies at x = 0.64 m over the flare region are shown in Figure 14.  At a frequency of 
30 kHz, the perturbation amplitudes appear to concentrate near the azimuthal ends of the periodic domain 
extending across 60 degrees, i.e., a single wavelength of the linear global eigenmode at m = 6. For higher 
frequencies, comparable disturbance amplitudes are also observed near the line of symmetry at z = 0, 
indicating the emergence of structures with smaller azimuthal wavelengths. A crossplane plot of the 
perturbation u-velocity of the nonlinearly saturated stationary mode at the same streamwise location is shown 
in Fig. 14(f) as a comparison. 
 

  
(a) 30 kHz (b) 40 kHz 

  
(c) 50 kHz (d) 60 kHz 

  
(e) 70 kHz (f) Saturated stationary global instability 

 
Fig. 14. Comparison of cross-plane unsteady structures with stationary structures at x = 0.64 m 
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The oblique traveling modes discussed above interact nonlinearly with each other to create stationary 

vortex modes. To investigate the signature of the mean flow correction including those vortex modes, Fig. 
15 shows the contours of the radial derivative of the temperature field associated with the mean flow 
correction. The radial derivative term is proportional to the time-averaged wall heat flux. The reason to isolate 
the perturbation contours (instead of the total heat flux contours shown in Fig. 12) is related to the rather 
small magnitude of the mean flow correction, presumably due to the relatively weak nonlinear effects at the 
forcing amplitudes used in the simulation.  Strong streaky structures with an approximate azimuthal wave 
number of 60 are clearly seen.  

 
 

Fig. 15. 𝒅𝑻/𝒅𝒓 contours showing streaky structures at wall for stationary perturbations across an 
azimuthal domain width of 60 degrees.  

 

IV.  Summary and Concluding Remarks 

The cone-cylinder-flare configuration investigated by Benitez et al. [29] exhibits a globally unstable 
laminar basic state, comparable to the simpler compression ramp topologies investigated in other recent 
investigations [22, 31, 33, 37]. However, the cone-cylinder-flare configuration differs from other works, not 
only due to the extensive unsteady measurements in addition to surface heat flux data in Ref. [29], but also 
by virtue of the completely laminar shock boundary layer interaction in this case, as opposed to the 
transitional interaction, for instance, in Ref. [37]. The competing hypotheses proposed in the recent studies 
about the nature of dominant flow instabilities and the physical mechanisms underpinning the production of 
longitudinal, stationary thermal streaks suggest that the dominant disturbance growth mechanisms may well 
be dependent on the flow geometry and the external disturbance environment.  

In the current flow configuration, the separation bubble remains laminar, ensuring that the unstable 
disturbances are kept low. Thus, the current work aimed to improve our understanding of the instability 
processes of the separated flow and the significance of the multiple distinct disturbances in explaining the 
experimental findings of Benitez et al. [29] under low-disturbance (i.e., “quiet”) freestream conditions. The 
findings thus far have proven the presence of the global instability and given insight into the physically rich 
disturbance dynamics in this flow.  Three distinct hypotheses for the experimentally observed streak spacing 
of m = 36 were investigated in this paper, namely, (i) finite-amplitude, stationary global instabilities, (ii) 
convective amplification of external stationary disturbances, and (iii) stationary longitudinal vortices 
generated via nonlinear interactions between nonstationary, oblique first mode instabilities. The numerical 
investigation of the joint evolution of convective and controlled global instabilities in that flow at postcritical 
conditions is a novel but preliminary component of the current article.  
 Unlike previous analyses of global instability over simpler (and planar) compression corner flows, where 
the spanwise  wavelength of the linearly most unstable global mode was found to correlate with the dominant 
spanwise spacing of stationary streaks in the experiment, the dominant global mode for the cone-cylinder-
flare model of Benitez et al. [29] has a substantially lower wavenumber (m = 6) than the dominant 
wavenumber (m = 36) from their measurements at 𝑅𝑒! = 11.5×106 per meter and qf  = 10 degrees. The 
azimuthal Fourier decomposition of the nonlinear saturation state resulting from the m=6 global mode shows 
the m=36 mode to be dominant downstream of the reattachment location. However, the nonlinear state 
exhibits significant variations in the strength of the streaks, in contrast with the homogenous pattern of 
azimuthal variations in the measured heat flux distribution [30]. 
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 An alternate theory for the formation of short wavelength streaks involved the convective, i.e., spatial 
amplification of externally imposed stationary perturbations. Both optimal growth theory and the forced 
disturbances excited by an axially localized and azimuthally periodic array of roughness elements showed 
strong amplification near the separation and reattachment locations. However, the convective amplification 
is very broadband in character, extending up to m = 150 and larger.  While that does not preclude the existence 
of a spectral peak near  m = 36 in the measured heat flux distribution, the only way that can occur is if the 
azimuthal wavenumber spectrum of the upstream roughness distribution on the experimental cone happens 
to be dominated by wavenumbers near  m = 36.  That is possible, but perhaps, rather unlikely.  The third 
option for the observed streaks near m = 36 involved nonlinear mode interactions between oblique 
instabilities with an azimuthal wavenumber near m = 18.  The simulation of broadband, convective 
disturbances seeded by a suction/blowing type wall forcing with equal amplitudes for several frequency-
wavenumber pairs yields a vortex mode as part of the mean flow correction, which yields short wavelength 
structures with wavenumbers approaching m = 60. 

In conclusion, the present computations predict streak spacings that are comparable to those in the 
experiment.. Experiments on a larger range of flow parameters (unit Reynolds number and flare angle) may 
yield additional hints that would help to clarify the physical mechanism(s) underlying the experimentally 
observed streaks, especially in laminar shock boundary layer interactions. 
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