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In a conventional tunnel (M∞ > 2.5), tunnel noise is dominated by acoustic radiation from 
turbulent boundary layers on tunnel side-walls (Laufer, 1964)
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Boundary layer transition on a test article mounted in a high-speed tunnel is strongly 
influenced by high levels of background disturbances (“Tunnel noise”)

Background
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Methodology

Mimic the transition process in 
the tunnel-like environment 

Potential contributions: 
• Generate improved knowledge of 

receptivity process in facility-
disturbance environment

• Provide the initial disturbances in 
hypersonic boundary layers required 
for conducting stability analysis.



§ Nozzle geometry and flow conditions 
match those of Sandia HWT-8
• Nominal reservoir conditions

• p0 = 4692 kPa, T0 = 617 K, 
• “Embedded” DNS method 
• DNS domain (0.07 m < x < 2.6 m) 

enclosed in RANS domains
• DNS domain includes the “acoustic 

origin” of test section
• DNS inflow extracted from a full-

domain RANS solution obtained by 
Ansys Fluent
- RANS domain 

(-0.07 m < x < 2.6 m)
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B. Simulation Setup and Boundary Conditions
A precursor RANS simulation was first conducted using the ANSYS Fluent code [17] for initializing the DNS-Nozzle

Case and for providing boundary conditions for the DNS. The RANS calculation simulates the full nozzle geometry that
encompasses the DNS domain, including the converging and diverging nozzle sections that lead up to the test section.
The flow is assumed to be fully turbulent throughout the nozzle; and the Reynolds stresses and turbulent heat flux are
modeled via Menter’s two equation, shear stress transport (SST) turbulence model. As seen in the top of Figure 1, the
tunnel configuration starts with the converging section in advance of the nozzle throat, which is located at x ⇡ 0 m. The
diverging section spans from x ⇡ 0 m to x ⇡ 2.6 m, followed by the test section region.

Fig. 1 Computational domain set up for (top) RANS, contours colored by Mach number, and (bottom) Case
DNS-Nozzle, shown as numerical schlieren image with contours colored by the magnitude of vorticity to empha-
size the large-scale motions within the boundary layer.

The expansion portion of the Laval nozzle is simulated using DNS. The DNS domain starts slightly downstream
of the nozzle throat at x = 0.07 m with a local freestream Mach number of M1 = 2.7 and ends at the nozzle exit at
x = 2.6 m with a freestream Mach number of M1 ⇡ 8.0. The DNSs are carried out in three stages involving overlapping
streamwise domains as shown in Figure 1. The selected DNS domain covers the origin of most of the acoustic sources
responsible for generating freestream noise in the test section because it includes the portion of the nozzle with high
freestream Mach numbers and, thus, with large intensity of noise radiation. The combined streamwise length of the full
simulation (Box-1 DNS + Box-2 DNS + Box-3 DNS) is 62.1 �r , where �r = 0.0407 m is the boundary-layer thickness
at x = 2.336 m where measurements of nozzle-wall pressure fluctuations are made (Section III.A). The streamwise
domain length is long enough for the artificial inflow turbulence to develop based on our previous experience of DNS
over a zero-pressure-gradient flat plate [18]. To prevent the reflection of any acoustic disturbances produced by the
outflow boundary condition back into the flow regime of interest, an extra region was appended to the DNS domain of
interest (x  2.6 m). This appended region consists of an additional 30 streamwise grid points and the streamwise grid
spacing is progressively stretched across the length of this region by using a stretching ratio of 1.1. Table 2 lays out the
grid size and grid resolutions of the DNS mesh. A uniform grid distribution is used in the streamwise and azimuthal
direction with grid spacings of �x+ = 4.7 and �y+max = 8.0, respectively, at the wall region of the measurement location
(x = 2.336 m). Grid distribution in the radial direction is clustered near the nozzle wall with the near-wall grid spacing
equal to �r+ = 0.3 at x = 2.336 m, and is kept uniform (�r+ = 4.3) in the free stream all the way to the nozzle axis.
The above radial grid distribution ensures that both boundary layer and freestream regions are well resolved in the
current DNS.
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Precursor DNS of Full-scale Nozzle of Sandia HWT-8
Nozzle Geometry & Flow Conditions

Duan et al. 2018



x = 2.336 m
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Grayscale: numerical schlieren 
Colors: vorticity magnitude 

1.5 m < x < 2.6 m

Precursor DNS of Full-scale Nozzle of Sandia HWT-8
Visualization of DNS Flowfield



§ “Tunnel-like” acoustic disturbance generation
• Represent the broadband tunnel noise in the free stream by an acoustic model with an ansatz of plane 

acoustic waves 
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• Apply the dispersion relation for acoustic waves to relate the angular frequency 𝜔" to wavenumber 𝒌"
𝜔" = 6𝒖$,0 ⋅ 𝒌" ± ̅𝑐$,0 𝒌"

The plus-minus sign (±) indicates that the group velocity of the acoustic waves can be faster or slower than 
the mean flow velocity 

• “slow” acoustic waves (-): 𝜔" = 6𝒖$,0 ⋅ 𝒌" − ̅𝑐$,0 𝒌"
• “fast” acoustic waves (+): 𝜔" = 6𝒖$,0 ⋅ 𝒌" + ̅𝑐$,0 𝒌"
• The radiated noise from the nozzle-wall turbulent boundary layer dominated by “slow” acoustic waves

• Calibrate the remaining unknown parameters 𝒌" , 𝑝̂" , 𝜙 in the tunnel noise model using the precursor empty-
tunnel DNS data

• Interpolate the generated acoustic disturbances from the Cartesian domain into the cylindrical domain 
• for the follow-on DNS involving the cone 

“Tunnel-like” Acoustic Disturbance Generation
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§ Instantaneous acoustic structures of the modeled acoustic disturbances matched well 
with those computed by DNS

“Tunnel-like” Acoustic Disturbance Generation
e�cient FFT libraries to speed up the mode extraction process rather than dealing with the more expensive Hankel
transformations required for the cylindrical coordinate system. It would also allow us to more easily extend the
tunnel-noise generation technique to hypersonic wind tunnels with a rectangular/square nozzle shape such as NASA’s
20 Inch Mach 6 Wind Tunnel [40].

Fig. 4 Schematic of the rectangular domain for extracting freestream acoustic disturbances from the precursor
DNS of empty wind tunnel. The vertical dashed line indicates the streamwise location of the selected cross-plane
visualized on the top right.

3. Assessment of Acoustic Disturbance Model
Figure 5 shows the power spectral density (PSD) of freestream acoustic disturbances based on the acoustic model

from Eq. 1 after calibration against the data from the precursor DNS. Very good agreement is achieved between the
acoustic model with the slow-acoustic-wave assumption and the DNS data, reconfirming the dominance of slow acoustic
waves in the radiated noise from the nozzle-wall turbulent boundary layer.

Figure 6 compares the wavenumber and frequency spectra of freestream acoustic disturbances computed based on
the calibrated acoustic model of Eq. 1 with di�erent spatial domains for acoustic extraction against those of the precursor
tunnel DNS. Here, the rectangular domain sizes as described in Section II.C.2 are measured in terms of the local nozzle
boundary-layer thickness X=>II;4 at G ' 2.1 m (i.e., 2.1 meters downstream of the nozzle throat), and the wavenumber
and frequency spectra of both pressure and streamwise velocity fluctuations are included to show the sensitivity of
di�erent acoustic quantities to the model parameters. With a domain size for extraction of the freestream acoustic waves
that corresponds to (!G/X=>II;4, !H/X=>II;4, !I/X=>II;4) = (10.1, 4.6, 4.6), excellent comparisons in the spectra of
both pressure and velocity are achieved between the acoustic model of Eq. 1 and the DNS. As expected, the frequency
spectrum is insensitive to the longitudinal and transverse extents of the domain, while a large enough domain size in the
transverse directions is indeed required for the model-predicted wavenumber spectra to match withe the tunnel DNS.

Figure 7 visualizes the temporal evolution of freestream acoustic disturbances in a cross-plane (y-z plane) generated
by the calibrated acoustic model of Eq. 1 in comparison with those from the precursor tunnel DNS. Here, the freestream
acoustic disturbances are visualized by the numerical schlieren (i.e., density gradient contours). The visualization at
C = 0 corresponds to the snapshot from which the modal phase q 9 of all the plane waves in the ansats are derived, and
the time delay is measured in terms of the integral time scale ⇤ of the freestream pressure disturbances. The apparent
similarity in the instantaneous acoustic structures between the model and DNS confirms that the freestream acoustic
disturbances generated from the acoustic model closely mimic those of the DNS for a time delay as large as C = 9⇤, and
the stochasticity of the freestream acoustic field is also very well preserved by the model.

9

8



§ Very good agreement in Power Spectral Density (PSD) is achieved between the acoustic model with 
the slow-acoustic-wave assumption and the precursor nozzle-DNS data
§ reconfirming the dominance of slow acoustic waves

“Tunnel-like” Acoustic Disturbance Generation

Fig. 5 PSD of freestream acoustic disturbances computed based on the calibrated acoustic model of Eq. 1 with
fast (+) or slow (-) acoustic wave assumptions in comparison with that of the precursor tunnel DNS at G ⇡ 2.1 m).

III. Results
In this section, results from the stability analysis and DNS for the boundary layer over a Mach 8 cone are reported.

First, modal and nonmodal instability analyses are presented for sharp and blunt cones, respectively, at the selected
Mach 8 conditions. Next, as precursor and validation of the full-fledged three-dimensional DNS, two-dimensional
axisymmetric DNS for Mach 8 sharp and blunt cones are conducted with planar freestream acoustic disturbances, and
the computed instabilities are compared with those from the stability analysis. Finally, the results of a full-fledged
three-dimensional DNS are presented for a blunt cone with tunnel acoustic disturbances.

A. Modal and Nonmodal instability analysis
In this section, we present the modal instability characteristics of the 7� half-angle cone at Mach 8 with nose radii

equal to 0.05 mm and 5.2 mm. The nonmodal analysis of the blunter cone is also documented. Following the work
of Refs. [8, 9], we use the harmonic linearized Navier Stokes equations (HLNSE), the reduced form of the HLNSE
(RHLNSE), and the linear parabolized stability equations (PSE) frameworks to investigate both modal and nonmodal
disturbances.

For this problem, the computational coordinates are defined as an orthogonal, body-fitted coordinate system, with
(b, [, Z) denoting the streamwise, wall-normal, and azimuthal coordinates, respectively, and (D, E,F) representing the
corresponding velocity components. Density and temperature are denoted by d and ) , respectively. The metric factors
are defined as

⌘b = 1 + ^[, (4)

⌘Z = A1 + [ cos(\), (5)

where ⌘b and ⌘Z are associated with the streamwise and azimuthal curvature, respectively, ^ denotes the streamwise
curvature, A1 is the local radius, and \ is the local half-angle along the axisymmetric surface, i.e., sin(\) = 3A1/3b. The
Cartesian coordinates are represented by (G, H, I). The vector of perturbation variables is denoted by q̃(b, [, Z , C) =
( d̃, D̃, Ẽ, F̃, )̃)) , and the vector of disturbance functions is q̆(b, [, Z) = ( d̆, D̆, Ĕ, F̆, )̆)) . The vector of basic state
variables is q̄(b, [, Z) = ( d̄, D̄, Ē, F̄, )̄)) . For axisymmetric geometries at zero degrees angle of attack, the basic state
variables are independent of the azimuthal coordinate, and the linear perturbations can be assumed to be harmonic in
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§ The wavenumber spectra of the modeled acoustic disturbances (calibrated with data from a large enough 
domain size) matched well with those computed by the wind-tunnel nozzle DNS

“Tunnel-like” Acoustic Disturbance Generation

(a) (b) (c) (d)

(e) (f) (g) (h)

Fig. 6 Wavenumber and frequency spectra of freestream acoustic disturbances computed based on the calibrated
acoustic model of Eq. 1 with di�erent spatial domain sizes in comparison with those of the precursor tunnel DNS.
(a-d) pressure and (e-h) streamwise velocity. The domain size for extracting freestream acoustic is normalized by
local nozzle boundary-layer thickness of X = 38.5 mm at G ⇡ 2.1 m).

time and azimuthal direction, which lead to the following expression for the perturbations,

q̃(b, [, Z , C) = q̆(b, [) exp [i (<Z � lC)] + c.c., (6)

where the < is the azimuthal wavenumber and l is the angular frequency.
The PSE are used to study the amplification of the boundary-layer instability waves. The PSE approximation to the

HLNSE is based on isolating the rapid phase variations in the streamwise direction via the disturbance ansatz

q̆(b, [) = q̂(b, [) exp

i
π

b

b0

U(b 0) db 0
�
, (7)

where the amplitude functions q̂(b, [, Z) = ( d̂, D̂, Ê, F̂, )̂)) vary slowly in the streamwise direction in comparison with
the phase term. The onset of laminar-turbulent transition is estimated using the logarithmic amplification ratio, the
so-called #-factor, relative to the lower bound location b� where the disturbance first becomes unstable,

#⇢ = �
π

b

b�

U8 (b 0) db 0 + 1/2 ln
⇥
⇢̂ (b)/⇢̂ (b� )

⇤
, (8)

where ⇢̂ denotes the energy norm of q̂ as defined by Chu [41].
Figures 8a and 8b show the N-factor of planar second Mack mode waves (< = 0) for the selected sharp ('= = 0.05

mm) and blunt ('= = 5.2 mm) 7� half-angle cones at the freestream conditions listed in Table 1. The experiments of
Casper et al. [42] with the sharp cone at the present conditions measured a transition location around b = 0.25 m. The
corresponding #-factor at the transition location is #⇢ ,CA = 7.5. However, the amplification of Mack mode waves is
drastically reduced by the blunt nose tip. The first neutral location is delayed up to b = 0.4 m and the #-factor values
along the cone length are below #⇢ = 1.5, which is deemed too low to lead to transition onset.
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DNS

Acoustic model

t =  0

DNS

Acoustic 
model

t = 17.4 µs (3 Λ)

DNS of Acoustic 
Disturbances in 
Sandia HWT-8

“Tunnel-like” Acoustic Disturbance Generation
§ Apparent similarity in the evolution of the instantaneous acoustic structures between the model and DNS 
§ Stochasticity of the freestream acoustic field very well preserved by the model

t = 52.2 µs (9 Λ)
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Results

§ The results of a 3D simulation 
for a blunt cone 
l Rn = 5.2 mm 

§ Tunnel acoustic disturbances 
are used at the freestream

§ Hypersonic boundary layer over a 7o half-angle cone at Mach 8 is investigated
§ The results are divided into three parts:

Linear instability analyses 2D axisymmetric results 3D DNS of a blunt cone

§ Base flow computation
§ Comparison between DNS and 

modal stability results for sharp 
cones

§ Comparison between DNS and 
nonmodal stability results for 
blunt cone
l Rn = 0.05 mm and 0.5 mm

§ Modal analysis
l Sharp cone (Rn = 0.05 mm)
l Blunt cone (Rn = 5.2 mm)

§ Nonmodal analysis
l Blunt cone (Rn = 5.2 mm)
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Results: Modal and Nonmodal Instability Analysis 
§ Axisymmetric geometries at a zero degrees 

angle of attack
§ Basic state is independent of the azimuthal 

coordinate
§ Harmonic linearized Navier-Stokes equations
§ Right figures shows N-factor of planar second 

Mack mode waves (m=0)
§ Amplification of Mack mode waves is drastically 

reduced by the blunt nose tip

§ The first neutral location is delayed up to 0.4m 
§ The N-factor values along the blunt cone length are 1.5 which is too 

low to lead to transition via purely modal amplification 
§ Left figure shows the nonmodal amplification for the blunt cone only
§ Maximum energy gain is for stationary disturbances (f = 0 kHz)
§ There is an additional peak for m = 0 and f = 175 kHz

Sharp cone  Rn=0.05mm Blunt cone Rn=5.2mm
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Results: Two-Dimensional Axisymmetric DNS

§ Blunt cone with Rn = 5.2 mm
§ Comparison between the laminar basic state computed 

by two different solvers:
l 7th-order finite difference WENO based DNS code
l 2nd-order finite volume VULCAN flow solver

§ Profiles at x = 0.1, 0.2, 0.3 and 0.4 m
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Results: Two-Dimensional Axisymmetric DNS

§ Two small nose radii Rn = 0.05mm and 0.5mm
§ Instability over sharp cone is dominated by Mack’s 

second modes waves (acoustic waves in nature)
§ N factors can be based on wall-pressure signal
§ Excellent agreement between DNS and PSE results
§ Small difference between the two cases

l Similar growth factors relative to the leading edge
l Similar N-factor values near the middle of the cone

§ Instantaneous contours of temperature fluctuation at f = 150 kHz for the blunt cone Rn = 5.2mm
§ Strong similarities between DNS and nonmodal stability results

l Wall normal location and streamwise wavelength

a) DNS (Rn = 5.2 mm)  b) Nonmodal analysis (Rn = 5.2 mm)

Rn = 0.5mmRn = 0.05mm
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DNS of Mach 8 Blunt Cone in a Digital Wind Tunnel
Numerical Setup for the 3D case

evaluating radial derivatives close to the pole (A = 0) is eliminated by mapping the flow domain from (0, ') ⇥ (0, 2c)
to (�', ') ⇥ (0, c), where ' is the radius of the computational domain. The time step limitation due to the decrease
in azimuthal spacing in the vicinity of the centerline (or pole) is addressed by dropping every few grid points (which
amounts to increasing the grid spacing) in the azimuthal direction as A ! 0 in the computation of the azimuthal
derivative [29].

The details of the DNS methodology have been documented in our previous simulations of acoustic radiation from
turbulent boundary layers [30–35].

B. Simulation Setup and Boundary Conditions

To numerically investigate the transitional and turbulent boundary layer over a circular cone that is subject to
“tunnel-like” freestream acoustic disturbances, the DNS will be set up with the inflow boundary of the computational
domain lying outside the leading-edge shock of the cone. “Tunnel-like” freestream acoustic disturbances are then
introduced by prescribing flow variables at the inflow boundary based on the data saved from the precursor DNS of the
disturbance environment inside a digital wind tunnel that pertains to an empty wind-tunnel configuration (i.e., without
the test article). Fluctuation data within the freestream region of the precursor DNS is extracted and, after necessary
reconstruction, fed through the inlet and the outer boundary of the computational domain of the DNS involving the
cone (See Section II.C for details of the tunnel-noise extraction process). Given the time step limitation due to the
requirement of a very fine grid near the nose of the cone, the cone DNS have been conducted in multiple stages involving
three overlapping streamwise domains as schematically shown in Figure 1. The computation of Box 1 is done near the
nose region, with a very small time step (referred to as Box1 DNS). For Box 2 and Box 3 simulations, wherein larger
time step can be used to evolve the boundary layer disturbances internalized within the upstream region, the inflow
conditions are prescribed using the data saved from the upstream DNS box. A multidomain simulation approach of this
type was previously applied to the DNS of BLT over a cone [36, 37]. On the wall, no-slip conditions are applied for the
three velocity components, and an isothermal condition is used for the temperature. At the outlet boundaries, unsteady
nonreflecting boundary conditions are imposed. Periodic boundary conditions are used in the azimuthal direction. The
details of the grid dimensions, domain size, and resolutions of the cone DNS are listed in Table 2. The selection of grid
parameters and other aspects of the numerical solution was based on extensive experience with a similar class of flows.

Fig. 1 Computational domain and simulation setup for DNS of Mach 8 flow over a blunt 7-deg half-angle

circular cone with a blunt nose radius of '= = 5.2 mm. The instantaneous flow is shown by the numerical

schlieren (gray-scale) and temperature fluctuations (colored).

5

Case Nx x Nθ x Nr x (m) Δx+min Δx+max (rΔθ)+w Δz+n,w Δz+n,e
Box 1 2800 x 256 x 1440 -0.0061 - 0.02 0.23 0.23 3.82 0.11 0.16

Box 2 1050 x 1024 x 1440 0.01 – 0.14 0.23 4.72 3.13 0.26 0.39

Box 3 2100 x 1024 x 1440 0.13 – 0.51 4.72 4.72 6.22 0.37 0.55

§ 7o half-angle cone at Mach 8

§ Nose radius (Rn): 5.2mm

§ Acoustic disturbances are imposed 
at all freestream boundary

§ The domain is divided into 3 subdomains

§ Interpolation is done to provide inlet condition
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Results: Three-Dimensional DNS of Blunt Cone with 
Tunnel-Like Acoustic Disturbance

f) x = 0.40me) x = 0.35md) x = 0.30ma) x = 0.15m b) x = 0.20m c) x = 0.25m

Surface heat-flux fluctuation 

Wall-pressure fluctuation 

§ Frequency/azimuthal-wavenumber (f-m) spectrum at different axial locations
§ Highest values are generally confined to low frequency range up to around 50 kHz
§ Emergence of a secondary peak at higher frequencies in the range of 150 to 200 kHz and m lower than 20
§ The nonmodal instability analysis predicts a similar peak

17



Results: Three-Dimensional DNS of Blunt Cone with 
Tunnel-Like Acoustic Disturbance

§ Power spectral density for wall pressure and heat flux fluctuation
§ Formation of the disturbance peak around f = 168 kHz
§ This peak becomes more evident in downstream locations
§ Spatial structures of temperature fluctuation by temporal FFT for a 

frequency near 167 kHz
§ There are strong similarities with the nonmodal analysis for the 

frequency equal to 150 kHz
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Results: Three-Dimensional DNS of Blunt Cone with 
Tunnel-Like Acoustic Disturbance

§ Wall normal variation in the temperature fluctuation spectra
§ Only low azimuthal wavenumber waves penetrate the boundary layer  
§ There are additional peaks outside the boundary layer involving strongly oblique waves (m ≈ 125)
§ This peak occurs at distances around 2 times the boundary layer thickness
§ Super-harmonic of this disturbance is also evident near m = 250

19



Results: Three-Dimensional DNS of Blunt Cone with 
Tunnel-Like Acoustic Disturbance

§ Numerical schlieren (i.e., density gradient) for axial and transverse planes
§ Similar inclined structures are seen in experiments of blunt cones or blunt ogive-cylinder
§ Previous research suggested that these disturbances may be associated with nonmodal amplifications
§ These inclined structures are initially located farther from the wall
§ They approach the boundary layer edge as they travel downstream 
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Results: Three-Dimensional DNS of Blunt Cone with 
Tunnel-Like Acoustic Disturbance

§ Time evolution of these  inclined structures
§ The convective speed these structures are around the mean 

flow speed near the edge of the boundary layer
§ These structures remain nearly unchanged as it is convected
§ These structures are essentially three dimensional 
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Summary and Conclusion

§ Hypersonic boundary-layer receptivity to a freestream acoustic disturbance was investigated
§ The broadband tunnel noise in the freestream of a convectional hypersonic wind tunnel can be well 

represented by an acoustic model with an ansatz of slow acoustic waves 
l With successful calibration of the model parameters, such an acoustic ansatz can successfully reproduce 

both the frequency-wavenumber spectra and the temporal evolution of the broadband tunnel noise 
radiated from the nozzle wall

§ The axisymmetric DNS study found that the amplification of Mack’s second mode agrees well with the PSE 
prediction for both sharp and blunt cones 

§ The spectra of wall-pressure and heat-transfer fluctuations recover the signature of the axisymmetric waves 
predicted by the nonmodal analysis

§ The azimuthal wavenumber and frequency spectrum of the temperature fluctuations as a function of the wall-
normal distance show higher amplitudes for three-dimensional waves above the boundary-layer edge

§ The numerical Schlieren contours show the inclined structures commonly observed in blunt cone experiments
l They correspond to 3D structures due to freestream disturbances in the presence of an entropy layer
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DNS-computed acoustic field

Modeled acoustics field

§ Instantaneous acoustic 
structures of the modeled 
acoustic disturbances 
matched well with those 
computed by DNS

DNS-computed acoustic field

“Tunnel-like” Acoustic Disturbance Generation



§ Instantaneous acoustic 
structures of the modeled 
acoustic disturbances 
matched well with those 
computed by DNS

Modeled 
acoustics 

field

DNS-computed 
acoustic field

DNS-computed acoustic field

“Tunnel-like” acoustic disturbance generation



Results: Three-Dimensional DNS of Blunt Cone with 
Tunnel-Like Acoustic Disturbance

§ Skin-friction coefficient (left)
§ Stanton number (right)

§ RMS fluctuation:
l Surface shear 

stress
l Wall heat flux
l Wall pressure


