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This paper presents a dynamic stability estimation technique obtained from high-fidelity CFD simula-
tions of the Mach 0.8 Transonic Truss-Braced Wing (TTBW). A series of unsteady RANS CFD simulations
in FUN3D is performed on the TTBW in pitch and plunge oscillations at various reduced frequencies. The
time-domain data are transformed into the frequency-domain data by Fourier series. Transfer functions of
the dynamic stability derivatives are then estimated by a frequency-domain regression. The dynamic stability
derivatives with respect to the angle of attack are determined by the regression of the unsteady aerodynamic
coefficients for the plunge motion. The dynamic stability derivatives with respect to the pitch rate are deter-
mined by the regression of the differential unsteady aerodynamic coefficients for the pitch motion upon the
removal of the angle of attack contribution by the plunge motion. The steady-state stability derivatives are
then compared to the results obtained from a stability analysis code VSPAERO as well as steady-state FUN3D
simulations. The comparison of the steady-state stability derivatives shows excellent agreement.

I. Introduction

Vehicle stability analysis is an important study to determine both static and dynamic stability of flight vehicles. A
set of linearized flight dynamic equations of motion are established to predict the vehicle stability and its motion under
applied aerodynamic forces and moments generated by flight control surfaces. Static stability of an aircraft depends
on steady state stability derivatives such as Cmα

and Clβ . Dynamic stability depends on a larger set of stability deriva-
tives which include both steady state and dynamic stability derivatives. The partial derivatives of the aerodynamic
coefficients with respect to the dynamic states of the aircraft are usually called dynamic derivatives such as CLα̇

, Cmq ,
and Cmq̇ . The dynamic stability derivatives with respect to the angular rates generally can be computed by various
analytical techniques. On the other hand, dynamic stability derivatives with respect to the time derivatives of the air-
craft states are more difficult to established. These stability derivatives account for the time delay in the aerodynamic
response of the aircraft which can be important. The steady state and dynamic stability derivatives can be estimated
experimentally by stability-and-control (S&C) wind tunnel experiments or analytically by unsteady flow simulations.

The numerical estimation of dynamic stability derivatives is a current research topic. Recent work in this area can
be found in many references.1–3 Many of these technique do not adequately capture the various terms of the dynamic
stability derivatives. More importantly, the effects of the frequency response on the dynamic stability derivatives is not
well addressed. Murman uses reduced-frequency approach to address the frequency response, but the approach lacks
sufficient details to enable a systematic approach to determining the dynamic stability derivatives.

This paper presents a method for estimating the dynamic stability derivatives in the frequency domain. The ap-
proach addresses sufficiently the effects of the frequency response on the dynamic stability derivatives. Using unsteady
RANS CFD simulation results, the time histories of the aerodynamic coefficients are converted in the frequency do-
main as a function of the reduced frequency. A frequency-domain transfer function is designed to capture both the
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steady state and dynamic derivatives. The transfer function is formulated based on the Theodorsen’s theory.4 A
frequency-domain regression analysis is then performed to estimate the transfer function. The proposed method can
estimate those dynamic stability derivatives that are usually not captured in many analyses but do exist in the Theor-
dorsen’s theory such as Cmq̈ due to the apparent mass effect.

The proposed method is applied to the Transonic Truss-Braced Wing (TTBW). The Subsonic Ultra Green Aircraft
Research (SUGAR) Transonic Truss-Braced Wing aircraft concept is a Boeing-developed N+3 aircraft configuration
funded by the NASA ARMD Advanced Air Transport Technologies (AATT) project.5, 6 The TTBW aircraft concept
is designed to be aerodynamically efficient by employing a wing aspect ratio of about 19.55 which is significantly
greater than those of cantilever wing transport configurations. For example, the latest Boeing 777-X is reported to
have a wing aspect ratio of 11. Without structural bracing, the increase in the wing root bending moment would re-
quire a significant structural reinforcement which would lead to an increase in the structural weight that would offset
the aerodynamic benefit of the high aspect ratio wing. Thus, the design of a truss-braced structure is a multidisciplinary
design optimization process that strives to achieve a delicate balance between aerodynamic efficiency and structural
efficiency. In the SUGAR configuration, the trade between the aerodynamic performance and structural design results
in a truss-braced configuration with the wings braced at approximately mid-span by two main struts. In addition,
two jury struts, one on each wing, provide the additional structural reinforcement. Two versions of the TTBW con-
figurations are currently being developed by Boeing; a Mach 0.745 version and a Mach 0.8 version. Figure 1 is an
illustration of the Mach 0.8 TTBW aircraft.

Figure 1. Boeing Mach 0.8 Transonic Truss-Braced Wing Aircraft Concept

A series of 3D unsteady RANS simulations using the CFD code FUN3D is performed for both the Mach 0.745
and Mach 0.8 TTBW in pitch, plunge, roll, and yaw oscillations. For each simulation, the motion of the TTBW
described by the pitch angle θ , altitude h, roll or bank angle φ , and yaw or heading angle ψ is subjected to a pure

sinusoidal input at a specified frequency, expressed in terms of the reduced frequency parameter k =
ω c̄
2V∞

for the pitch

and plunge oscillations and k =
ωb
2V∞

for the roll and yaw oscillations. The reduced frequency varies from 0.02 to 0.2

in the simulations. The results are computed by the proposed method and then compared to the results obtained from
a stability analysis code, VSPAERO.
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II. Stability Derivative Estimation Method

Consider a pitch oscillation of an aircraft where the pitch angle θ varies sinusoidally at a given frequency ω

θ = θ̄ + θ̃ (1)

θ̃ = θ0 sinωt = θ0 sinkτ (2)

where θ̄ is the mean pitch angle, θ̃ is the oscillating pitch angle, τ =
2V∞t

c
is a non-dimensional time, V∞ is the

freestream airspeed, c is the airfoil chord, and k is the reduced frequency. The flight path angle γ is defined as

γ = θ −α (3)

If the flight path angle γ is zero, then the pitch angle θ is equal to the angle of attack α . The pitch rate q is the
time derivative of the pitch angle, i.e., q = θ̇ if the bank angle φ and heading angle ψ are zero. It should be noted that
some references in the literature make the equivalency between θ̇ and α̇ , but generally these time derivatives are not
the same.

The effects of the angle of attack and pitch angle are not always equivalent. The angle of attack α is defined as

α = tan−1 w
u

(4)

where w is the vertical airspeed component and u is the axial airspeed component. For small angles of attack, u≈V∞

and w≈ αV∞. The vertical airspeed w, which is constant along the aircraft fuselage, can be determined by the change
in the altitude. A change in the altitude creates a vertical airspeed which changes the angle of attack. When an aircraft
is pitched about its center of gravity (CG), the pitch rate q creates a linearly varying vertical airspeed along the aircraft
fuselage. This induced vertical airspeed causes changes in the aerodynamic lift and pitching moment in a different way
than the changes in the vertical airspeed created by changes in the altitude. The horizontal tail plays a dominant role
in the dynamic stability derivatives with respect to the pitch rate, whereas the wing contributes largely to the stability
derivatives with respect to the angle of attack.

Figure 2. Effect of Pitch Rate on Aerodynamics

A. Frequency-Domain Formulation

The dynamic stability of an aircraft can be explained by the Theodorsen’s theory which presents an analytical method
for determining the lift and pitching moment of an airfoil in pitch oscillations in incompressible flow. The unsteady
lift coefficient c̃l is established by the Theodorsen’s theory as

c̃l = clc + clnc (5)

where clc is the so-called circulatory lift coefficient and clnc is the so-called noncirculatory lift coefficient. The circu-
latory lift coefficient clc is given by

clc = clαC (k)
(

θ̃ + ec
θ̇

V∞

)
= clαC (k)

(
θ̃ +2

ec

c
dθ

dτ

)
= clαC (k)

(
θ̃ +2

ec

c
cq

2V∞

)
(6)
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where
dθ

dτ
=

cq
2V∞

is the nondimensional pitch rate, clα is the lift curve slope which is equal to 2π for incompressible

flow, c is the chord length, and ec is the distance from the pitch center to the three-quarter chord point which is positive
when the pitch center lies forward of the three-quarter chord point. The complex-valued Theodorsen’s function C (k)
is usually expressed as

C (k) = F (k)+ iG(k) (7)

The noncirculatory lift coefficient clnc is due to the inertial force acting on the oscillating airfoil and is given by

clnc = clα

(
cθ̇

4V∞

+
emcθ̈

4V 2
∞

)
= clα

(
1
2

dθ

dτ
+

em

c
d2θ

dτ2

)
= clα

(
1
2

cq
2V∞

+
em

c
c2q̇
4V 2

∞

)
(8)

where
dθ

dτ
=

c2q̇
4V 2

∞

is the nondimensional pitch acceleration due to the apparent mass effect and em is the distance from

the pitch center to the mid-chord point, which is positive when the pitch center lies forward of the mid-chord point.
For zero flight path angle, θ̃ = α̃ . Thus, the unsteady lift coefficient c̃l can be expressed as

c̃l = clα

[
C (k)

(
α̃ +2

ec

c
cq

2V∞

)
+

1
2

cq
2V∞

+
em

c
c2q̇
4V 2

∞

]
(9)

The unsteady pitching moment coefficient c̃m is treated by Theodorsen’s theory in a similar manner where it is
comprised of the circulatory and noncirculatory components and is given by

c̃m = clα

[
C (k)

e
c

(
α̃ +2

ec

c
cq

2V∞

)
− 1

2
ec

c
cq

2V∞

−
(

1
32

+
e2

m

c2

)
c2q̇
4V 2

∞

]
(10)

where e is the distance from the pitch center to the quarter-chord point which is positive when the pitch center lies aft
of the quarter-chord point. The unsteady lift and pitching moment coefficient are therefore functions of the angle of
attack, pitch rate, and pitch acceleration.

The motion of an airfoil in plunge is related to the pitching motion by the angle of attack

α̃ =
ḣ

V∞

(11)

where ḣ = w is the vertical airspeed which is positive in the downward direction as shown in Fig. 2.
The unsteady lift coefficient for an airfoil in plunge according to the Theodorsen’s theory is expressed as

c̃l = clα

[
C (k)

ḣ
V∞

+
cḧ

4V 2
∞

]
= clα

[
C (k) α̃ +

1
2

dα

dτ

]
= clα

[
C (k) α̃ +

1
2

cα̇

2V∞

]
(12)

where
dα

dτ
=

cα̇

2V∞

is the nondimensional angle of attack rate due to the apparent mass effect.

The pitching moment coefficient for an airfoil in plunge is given by

c̃m = clα

[
C (k)

e
c

α̃− 1
2

em

c
dα

dτ

]
= clα

[
C (k)

e
c

α̃− 1
2

em

c
cα̇

2V∞

]
(13)

To isolate the effect of pitch dynamics in the unsteady lift and pitching moment coefficient, the angle of attack
contribution must be removed from Eqs. (9) and (10). This can be accomplished by subtracting the unsteady lift and
pitching moment for the plunge motion from those for the pitch motion. These differential unsteady lift and pitching
moment coefficients are expressed as

∆c̃l = clα

[
C (k)2

ec

c
cq

2V∞

+ clα

(
1
2

cq
2V∞

+
em

c
c2q̇
4V∞

)
− 1

2
cα̇

2V∞

]
(14)

∆c̃m = clα

[
C (k)2

e
c

ec

c
cq

2V∞

− 1
2

ec

c
cq

2V∞

−
(

1
32

+
e2

m

c2

)
c2q̇
4V∞

+
1
2

em

c
cα̇

2V∞

]
(15)

4 of 20

American Institute of Aeronautics and Astronautics



The acceleration rate terms in the differential unsteady lift and pitching moment coefficients are usually quite small
and can be neglected. Alternatively, they can be accounted for quite easily if they can be estimated from the dynamic
stability derivative estimation.

Using the Theodorsen’s theory as a guide, we formulate the following form of the unsteady lift coefficient for an
aircraft in pure pitch oscillations as

C̃L =CLα̃
(k)
(

α̃ +a1
dθ

dτ

)
+a2

dθ

dτ
+a3

d2θ

dτ2 (16)

where CLα̃
(k) is a frequency-domain transfer function analogous to the Theordorsen’s function with zero imaginary

part at k = 0. We also formulate the following form of the unsteady lift coefficient for an aircraft in pure plunge
oscillations as

C̃L =CLα̃
(k) α̃ +b1

dα

dτ
(17)

For a general motion of an aircraft, we express the unsteady lift coefficient as

C̃L =CLα̃
(k) α̃ +b1

dα

dτ
+CLα̃

(k)a1
dθ

dτ
+a2

dθ

dτ
+a3

d2θ

dτ2 (18)

where the reduced frequency is based on the mean aerodynamic chord c̄.
In the dimensional form, the unsteady lift coefficient is expressed as

CL =CL0 +CLα
ᾱ +CLα̃

(k) α̃ +CLα̇

c̄α̇

2V∞

+CLq̃ (k)
c̄q

2V∞

+CLq̇

c̄2q̇
4V 2

∞

(19)

We note that the unsteady lift curve slope CLα̃
(k) is a function of the reduced frequency and is equal to CLα

only
when k = 0. Thus, CLα̃

(k) is a dynamic stability derivative whereas CLα
is the steady state derivative when k = 0.

Similarly, the dynamic stability derivative CLq̃ (k) gives CLq when k = 0, but CLq is considered a dynamic stability
since the pitch rate is a dynamic state variable of an aircraft.

The unsteady pitching moment coefficient can be formulated the same way as

Cm =Cm0 +Cmα
ᾱ +Cmα̃

(k) α̃ +Cmα̇

c̄α̇

2V∞

+Cmq̃ (k)
c̄q

2V∞

+Cmq̇

c̄2q̇
4V 2

∞

(20)

In preliminary aircraft stability analyses, the frequency dependency of the stability derivatives is usually ignored.
While the dynamic stability derivatives CLα̇

and Cα̇ can be estimated by the Theodorsen’s theory, the dynamic stability
derivatives CLq̇ and Cmq̇ are also usually ignored.

In the current study, we will use the CFD simulation data for the plunge motion for the dynamic stability derivative
estimation due to the angle of attack dynamics and the difference in the CFD simulation data between the pitch and
plunge motions for the dynamic stability derivative estimation due to the pitch rate dynamics. That is, the differential
unsteady lift and pitching moment coefficients for use in the dynamic stability derivative estimation due to the pitch
rate dynamics are of the form

∆C̃L =
[
CLα̃

(k)a1 +a2
] dθ

dτ
+a3

d2θ

dτ2 (21)

∆C̃m =
[
Cmα̃

(k)c1 + c2
] dθ

dτ
+ c3

d2θ

dτ2 (22)

These quantities are computed in the following section.

B. Frequency-Domain Regression

The response of the unsteady lift coefficient of an aircraft to a sinusoidal plunge motion described by Eq. (2) is

C̃L = (U + iW ) θ̃ = (U + iW )θ0 sinkτ (23)
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This is valid so long as the amplitude of the plunge motion is sufficiently small so that nonlinear aerodynamic effects
become significant. The quantities U and W are the real part and imaginary part of the dynamic stability derivatives
CLα̃

(k) which can be computed from the Fourier series as

U (k) =
k
∫ 2nπ

k
0 C̃L sinkτdτ

nπθ0
(24)

W (k) =
k
∫ 2nπ

k
0 C̃L coskτdτ

nπθ0
(25)

We express

C̃L =CLα̃
(k) α̃ +b1

dα

dτ
(26)

Let s̄ = ik be the nondimensional Laplace variable, then we express

C̃L = [H (s̄)c0 + c1s̄] α̃ (27)

where H (s̄) is a unit magnitude transfer function such that

H (s̄)c0 =CLα̃
(k) (28)

Taking the partial derivative of C̃L with respect to α̃ , we obtain the transfer function from the angle of attack to the
unsteady lift coefficient in the frequency domain

∂CL

∂ α̃
(s̄) = H (s̄)c0 + c1s̄ (29)

The unsteady pitching moment coefficient is analyzed in the same way as the lift coefficient and is expressed as

∂Cm

∂ α̃
(s̄) = G(s̄)d0 +d1s̄ (30)

The transfer function H (s̄) must have zero imaginary part at s̄ = 0 and also must be a stable and proper transfer
function. From linear systems theory, a proper transfer function is expressed as a rational fraction with the polynomial
in the numerator having a degree no greater than the degree of the polynomial in the denominator. A stable transfer
function has stable poles which are the roots of the polynomial in the denominator. All stable poles must have negative
real part.

The selection of the transfer function H (s̄) is essential in the estimation of the dynamic stability derivatives.
A good selection of H (s̄) ensures a goodness of fit of the frequency response data in the frequency domain. The
selection of the stable poles are also important. To ensure exponential decay in the response, the stable poles should
not be complex as this will result in an amplification at the resonant frequency which is determined by the imaginary
part of the poles. A general expression of the transfer function H (s̄) is given by

H (s̄) = 1+
∑

m
i=1 ais̄i

s̄n +∑
n−1
i=0 bis̄i

(31)

where m≤ n. The denominator polynomial is also expressed as

s̄n +
n−1

∑
i=0

bis̄i = Π
n
i=1 (s̄− pi) (32)

where pi is a pole such that pi < 0 for all i = 1, . . . ,n.
The simplest transfer function is a second-order transfer function

H (s̄) = 1+
a2s̄2 +a1s̄

s̄2 +b1s̄+b0
(33)
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In some instances, a higher-order transfer function may be necessary to provide a better regression of the frequency-
domain data for complex flow in transonic regime. Transonic correction methods based on the Theodorsen’s theory
has been developed.7–10 A frequency-domain regression is performed to compute the coefficients of the unsteady lift

coefficient. Assuming m = n is even, then the transfer function
∂CL

∂ α̃
(s̄) can be expressed as

∂CL

∂ α̃
(s̄) =

∑
n+1
j=0 e j (ik)

j

(ik)n +∑
n−1
l=0 bl (ik)

l =
∑

n
j=0 even (−1)

j
2 e jk j + i∑

n+1
l=1 odd (−1)

l−1
2 elkl

(−1)
n
2 kn +∑

n−2
j=0 even (−1)

j
2 b jk j + i∑

n−1
l=1 odd (−1)

l−1
2 blkl

(34)

The estimation error between the transfer function and the frequency domain data is expressed as

ε =
∂CL

∂ α̃
(s̄)− [U (k)+ iW (k)]

=
∑

n+1
j=0 e j (ik)

j

(ik)n +∑
n−1
l=0 bl (ik)

l − [U (k)+ iW (k)]

=
∑

n
j=0 even (−1)

j
2 e jk j−U (k)

[
(−1)

n
2 kn +∑

n−2
j=0 even (−1)

j
2 b jk j

]
+W (k)∑

n−1
l=1 odd (−1)

l−1
2 blkl

(−1)
n
2 kn +∑

n−2
j=0 even (−1)

j
2 b jk j + i∑

n−1
l=1 odd (−1)

l−1
2 blkl

+
i
{

∑
n+1
l=1 odd (−1)

l−1
2 elkl−U (k)∑

n−1
l=1 odd (−1)

l−1
2 blkl−W (k)

[
(−1)

n
2 kn +∑

n−2
j=0 even (−1)

j
2 b jk j

]}
(−1)

n
2 kn +∑

n−2
j=0 even (−1)

j
2 b jk j + i∑

n−1
l=1 odd (−1)

l−1
2 blkl

(35)

The estimation error goes to zero if the magnitude of the numerator is zero. Thus, the estimation of the transfer
function can be obtained by minimizing the magnitude square of the numerator of the estimation error by the following
cost function:

J =
1
2

M

∑
N=1

{
n

∑
j=0 even

(−1)
j
2 e jk

j
N−U (kN)

[
(−1)

n
2 k4

N +
n−2

∑
j=0 even

(−1)
j
2 b jk

j
N

]
+W (kN)

n−1

∑
l=1 odd

(−1)
l−1

2 blkl
N

}2

+
1
2

M

∑
N=1

{
n+1

∑
l=1 odd

(−1)
l−1

2 elkl
N−U (kN)

n−1

∑
l=1 odd

(−1)
l−1

2 blkl
N−W (kN)

[
(−1)

n
2 k4

N +
n−2

∑
j=0 even

(−1)
j
2 b jk

j
N

]}2

(36)

The estimation is performed over a data set of M data points. The standard method for minimization is to take the
partial derivatives of J with respect to the coefficients ei and bi and then set them to zero. This yields

∂J
∂em

=
M

∑
N=1

n

∑
j=0 even

(−1)
m+ j

2 e jk
m+ j
N −

M

∑
N=1

U (kN)(−1)
m+n

2 km+n
N −

M

∑
N=1

U (kN)
n−2

∑
j=0 even

(−1)
m+ j

2 b jk
m+ j
N

+
M

∑
N=1

W (kN)
n−1

∑
l=1 odd

(−1)
m+l−1

2 blkm+l
N = 0, m = 0, . . . ,n+2 even (37)

∂J
∂er

=
M

∑
N=1

n+1

∑
l=1 odd

(−1)
r+l−2

2 elkr+l
N −

M

∑
N=1

U (kN)
n−1

∑
l=1 odd

(−1)
r+l−2

2 blkr+l
N −

M

∑
N=1

W (kN)(−1)
r+n−1

2 kr+n
N

−
M

∑
N=1

W (kN)
n−2

∑
j=0 even

(−1)
r+ j−1

2 b jk
r+ j
N = 0, r = 1, . . . ,n+1 odd (38)

∂J
∂bm

=−
M

∑
N=1

U (kN)
n

∑
j=0 even

(−1)
m+ j

2 e jk
m+ j
N −

M

∑
N=1

W (kN)
n+1

∑
l=1 odd

(−1)
m+l−1

2 elkm+l
N

+
M

∑
N=1

[
U2 (kN)+W 2 (kN)

]
(−1)

m+n
2 km+n

N

+
M

∑
N=1

[
U2 (kN)+W 2 (kN)

] 2

∑
j=0 even

(−1)
m+ j

2 b jk
m+ j
N = 0, m = 0, . . . ,n even (39)
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∂J
∂br

=
M

∑
N=1

W (kN)
n

∑
j=0 even

(−1)
r+ j−1

2 e jk
r+ j
N −

M

∑
N=1

U (kN)
n+1

∑
l=1 odd

(−1)
r+l−2

2 elkr+l
N

+
M

∑
N=1

[
U2 (kN)+W 2 (kN)

] n−1

∑
l=1 odd

(−1)
r+l−2

2 blkr+l
N = 0, r = 1, . . . ,n−1 odd (40)

The resulting equations can be cast in a matrix equation of the form

Ax = B (41)

which can be solved for the coefficients ei and bi.
However, by estimating the coefficients bi, the possibility of unstable or complex poles may exist if there are not

enough data over a sufficiently large frequency range. Therefore, a strategy is to constrain the poles to be negative
real. The poles typically would satisfy the condition

∣∣maxn
i=1 pi

∣∣ ≤ maxM
N=1 kN for low-order transfer functions. This

is to ensure that the poles are not unrealistically set too far outside the frequency bandwidth of the data. The poles
can be optimized by an exhaustive search method with the values generated by a random function. In so doing, the
minimization becomes a constrained optimization problem posed by the following cost function

J =
1
2
|ε|2 (42)

subject to the constraints specified by Eqs. (37) and (38).
Once the coefficients ei and bi are determined, the coefficients ai and ci are determined next by solving a set of

nonlinear equations that map the coefficients ei and bi to the coefficients ai and ci. Consider the second-order transfer

function
∂CL

∂ α̃
(s̄), the coefficients ai and ci are determined from

e3s̄3 + e2s̄2 + e1s̄+ e0

s̄2 +b1s̄+b0
=

(
1+

a2s̄2 +a1s̄
s̄2 +b1s̄+b0

)
c0 + c1 (43)

The use of the nondimensional Laplace variable allows the frequency domain expression of the unsteady aerody-
namic coefficients to be readily converted into the time domain. Consider the second-order transfer function H (s̄)
which can be expressed in a partial fraction form as

H (s̄) = 1+
a2s̄2 +a1s̄

s̄2 +b1s̄+b0
= 1+a2 +

r1

s̄− p1
+

r2

s̄− p2
(44)

where p1 and p2 are the poles which are the roots of the denominator polynomial, and r1 and r2 are the residues which
can be determined. We then express the unsteady lift coefficient in the time domain as

C̃L = (1+a2)c0α + c1
c̄α̇

2V∞

+ c0 (µ1 +µ2) (45)

where µ1 and µ2 are functions of the angle of attack α determined from the following differential equations:

c̄µ̇1

2V∞

= p1µ1 + r1α (46)

c̄µ̇2

2V∞

= p2µ2 + r2α (47)

The dynamic stability derivative estimation for the pitch rate dynamics can be performed in the same manner
using the differential unsteady lift and pitching moment coefficients with can be computed as follows. The differential
unsteady lift coefficient is computed as

∆C̃L = (T + iV ) α̃−CLα̃
α̃ (48)

where T (k) and V (k) are the Fourier sine and cosine series coefficients obtained from the unsteady lift coefficient for
the pitch motion, and CLα̃

(k) is the dynamic stability derivative obtained from the plunge motion as computed by Eq.
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(28). By subtracting off the angle of attack contribution from the unsteady lift coefficient, the differential unsteady lift
coefficient ∆C̃L is a function of the pitch rate only and therefore can be expressed as

∆C̃L = (Q+ iP)
dθ

dτ
(49)

Equating Eq. (48) to Eq. (49), we obtain

Q =
V −ℑ(H (s))c0

k
(50)

P =
−T +ℜ(H (s))c0

k
(51)

Alternatively, the differential unsteady lift coefficient can be computed by subtracting the unsteady lift coefficient
for the plunge motion from that for the pitch motion. This is expressed as

∆C̃L = (T + iV ) α̃− (U + iW ) α̃ +CLα̇
s̄α̃ (52)

where CLα̇
, which is constant, is the dynamic stability derivative with respect to the angle of attack rate obtained from

the plunge motion. Hence, we have

Q =
V −W + kCLα̇

k
(53)

P =
−T +U

k
(54)

C. Dynamic Stability Derivatives Due to Unsteady Drag Coefficient

Regarding the drag coefficient which is nonlinear with respect to the angle of attack, the unsteady drag coefficient is
proposed to be modeled as a function of the unsteady lift coefficient according to the parabolic drag polar model

CD =CD0 +K (k)
(

C̄L0 +CLα̃
(k) α̃ +CLα̇

c̄α̇

2V∞

)2

(55)

where C̄L is the trim lift coefficient.
Upon expansion, the unsteady drag coefficient is written as

CD = C̄D +CDα̃
(k) α̃ +CDα̇

c̄α̇

2V∞

+K (k)
(

CLα̃
(k) α̃ +CLα̇

c̄α̇

2V∞

)2

(56)

where C̄D is the trim drag coefficient.
The stability derivatives of the drag coefficient can be computed from CFD simulations by decomposing the re-

sponse into a linear component and quadratic component. The unsteady drag coefficient is described by a quadratic
relationship with the unsteady lift coefficient as

CD = C̄D +(X1 + iY1)C̃L +(X2 + iY2)C̃2
L (57)

The quantity C̃2
L is expressed as

C̃2
L = [(U + iW )α0 sinkτ]2 = (Uα0 sinkτ +Wα0 coskτ)2

=
1
2
(
U2 +W 2)

α
2
0 −

1
2
(
U2−W 2)

α
2
0 cos2kτ +UWα

2
0 sin2kτ (58)

Removing the mean value from C̃2
L, we write the unsteady drag coefficient as

C̃D =(X1 + iY1)(U + iW )α0 sinkτ

+(X2 + iY2)

[
−1

2
(
U2−W 2)

α
2
0 cos2kτ +UWα

2
0 sin2kτ

]
(59)
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The quantities X1, X2, Y1, and Y2 are evaluated as

X1 (k) =
kU (k)

∫ 2nπ

k
0 C̃D sinkτdτ + kW (k)

∫ 2nπ

k
0 C̃D coskτdτ

nπθ0 [U2 (k)+W 2 (k)]
(60)

Y1 (k) =
−kW (k)

∫ 2nπ

k
0 C̃D sinkτdτ + kU (k)

∫ 2nπ

k
0 C̃D coskτdτ

nπθ0 [U2 (k)+W 2 (k)]
(61)

X2 (k) =
4kU (k)W (k)

∫ 2nπ

k
0 C̃D sin2kτdτ−2k

[
U2 (k)−W 2 (k)

]∫ 2nπ

k
0 C̃D cos2kτdτ

nπθ 2
0 [U

2 (k)+W 2 (k)]2
(62)

Y2 (k) =
k
[
U2 (k)−W 2 (k)

]∫ 2nπ

k
0 C̃D sin2kτdτ +2kU (k)W (k)

∫ 2nπ

k
0 C̃D cos2kτdτ

nπθ 2
0 [U

2 (k)+W 2 (k)]2
(63)

To model the unsteady drag coefficient, we choose suitable proper transfer functions for the partial derivatives of
C̃D with respect to C̃L and C̃2

L as
∂C̃D

∂C̃L
(s̄) =

∑
n
i=0 fis̄i

s̄n +∑
n−1
i=0 gis̄i

= X1 + iY1 (64)

∂C̃D

∂C̃2
L
(s̄) =

∑
n
i=0 uis̄i

s̄n +∑
n−1
i=0 vis̄i

= X2 + iY2 (65)

The transfer functions are then estimated by the frequency-domain regression in the same manner. The dynamic
stability derivatives due to the unsteady drag coefficient are then estimated as

CDα̃,α̇,q,q̇ =
∂C̃D

∂C̃L
CLα̃,α̇,q,q̇ (66)

The partial derivatives of C̃D can be expressed in the partial fraction form as

∂C̃D

∂C̃L
(s̄) = fn +

n

∑
i=1

ti
s̄−qi

(67)

∂C̃D

∂C̃L
(s̄) = un +

n

∑
i=1

vi

s̄−wi
(68)

The time domain representation of the unsteady drag coefficient can then be established as

C̃D = fnC̃L +unC̃2
L +

n

∑
i=1

(σi +ηi) (69)

where
c̄σ̇i

2V∞

= qiσi + tiC̃L (70)

c̄η̇i

2V∞

= wiηi + viC̃2
L (71)

with the unsteady lift coefficient C̃L computed in the time domain as presented by Eq. (45).
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III. Determination of Dynamic Stability Derivatives of Transonic Truss-Braced Wing

The dynamic stability derivative estimation method is applied to the TTBW to illustrate the procedure. A series of
unsteady RANS CFD simulations of pitch and plunge oscillations of the Mach 0.8 TTBW is conducted in FUN3D.11

The pitch center of the aircraft CG. The FUN3D tetrahedral prism mesh has about 96 million nodes. The Roe’s
flux-difference splitting scheme and the Spalart-Allmaras turbulence model are used in the simulations. An optimized
second-order backward finite-difference scheme is used in the time integration. The pitch oscillations are about the
trim points at the design lift coefficient CL = 0.695 and an altitude of 46,716 ft corresponding to the mid-cruise gross
weight of 130,486 lbs for the Mach 0.8 TTBW. Figure 3 is an instantaneous surface pressure contour plot of the Mach
0.8 TTBW.

Figure 3. Mach 0.8 Transonic Truss Braced-Wing Instantaneous Pressure Contour In Pitch Oscillations

The frequency data is generated at four reduced frequencies k = 0.01, 0.02, 0.1, and 0.2. In addition, steady
state data corresponding to k = 0 obtained from the steady state stability derivatives computed by steady state RANS
simulations are also included. A spline fit is performed to generate the frequency response data over a reduced fre-
quency range from 0.02 to 0.2. A regression is then performed using the second-order transfer function in Eq. (2). In
some cases, A fourth-order transfer function is used to improve accuracy for the pitch rate dynamic stability derivative
estimation.

A. Dynamic Stability Derivatives Due to Angle of Attack Dynamics

The dynamic stability derivatives with respect to the angle of attack are estimated first from the plunge simulation
data. The plots of the unsteady lift and pitching moment, and drag coefficients versus the angle of attack due to the
plunge motion for the Mach 0.8 TTBW are shown in Figs. 4(a) and (b), respectively. The analytical results using the
Fourier series decomposition are compared to the FUN3D results. The agreement is excellent.
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Figure 4. Mach 0.8 TTBW Unsteady Lift and Pitching Moment Coefficients in Plunge

The dynamic stability derivatives with respect to the angle of attack of the Mach 0.8 obtained from the regression
analysis of the plunge oscillations are obtained as

∂C̃L

∂ α̃
(s̄) =

(
1+
−0.6308s̄2−0.0688s̄
s̄2 +0.1995s̄+0.0099

)
13.1881+5.0637s̄

CLα̃
(s̄) =

(
1+
−0.6308s̄2−0.0688s̄
s̄2 +0.1995s̄+0.0099

)
13.1881

CLα̇
= 5.0637

∂C̃m

∂ α̃
(s̄) =

(
1+
−1.8967s̄2 +0.4803s̄
s̄2 +0.3193s̄+0.0255

)
(−3.5920)−8.5490s̄

Cmα̃
(s̄) =

(
1+
−1.8967s̄2 +0.4803s̄
s̄2 +0.3193s̄+0.0255

)
(−3.5920)

Cmα̇
=−8.5490

The steady-state stability derivatives CLα
= 13.1881 and Cmα

= −3.5920 are obtained at k = 0. The sign of the
dynamic stability derivatives CLα̇

and Cmα̇
are consistent with the Theordorsen’s theory.

The plots of the transfer functions
∂C̃L

∂ α̃
(k) and

∂C̃m

∂ α̃
(k) obtained from the frequency-domain regression are shown

in Figs. 5(a)-(b), respectively. The regression for
∂C̃m

∂ α̃
(k) is less accurate than that for

∂C̃L

∂ α̃
(k). Figures 6 (a)-(b) show

the plots of the dynamic stability derivatives CLα̃
(k) and Cmα̃

(k), respectively. Figures 7(a)-(b) show the plots of the
dynamic stability derivatives CLα̇

and Cmα̇
which are constant across the reduced frequency bandwidth.
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The unsteady drag coefficient for pitch oscillations is analyzed. The unsteady drag coefficient is expressed in the
component form as

CD = C̄D +CDα̃
(k) α̃ +CD

α̃2 (k) α̃
2 (72)

The linear contribution CDα̃
α̃ is proportional to the unsteady lift coefficient C̃L, where as the quadratic contribution

CDα̃
α̃ is proportional to C̃2

L. Figures 8(a)-(b) show the plots of the linear contribution CDα̃
α̃ and quadratic contribution

CD
α̃2 α̃2 versus the unsteady lift coefficient C̃L, respectively.

-0.03 -0.02 -0.01 0 0.01 0.02 0.03

-1.5

-1

-0.5

0

0.5

1

1.5
10

-3

FUN3D k = 0.02

FUN3D k = 0.1

FUN3D k = 0.2

-0.03 -0.02 -0.01 0 0.01 0.02 0.03

0

1

2

3

4

5

6

7
10

-5

FUN3D k = 0.02

FUN3D k = 0.1

FUN3D k = 0.2

(a) (b)

Figure 8. Mach 0.8 TTBW Linear and Quadratic Unsteady Drag Coefficients CDα̃
α̃ and CD

α̃2 α̃2 in Plunge

The transfer functions of the unsteady drag coefficient with respect to the unsteady lift coefficient are obtained by
the frequency-domain regression as

∂C̃D

∂C̃L
(s̄) =

(
1+

2.03085s̄2 +0.53971s̄
s̄2 +0.39908s̄+0.03982

)
0.04004

∂C̃D

∂C̃2
L
(s̄) =

(
1+

2930.07831s̄4−201.54425s̄3 +196.91406s̄2−8.25138s̄
s̄4 +6.94493s̄3 +18.06109s̄2 +20.84655s̄+9.01090

)
0.11717
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Figures 9(a)-(b) show the plots of the transfer functions of the unsteady drag coefficient.
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Figure 9. Mach 0.8 TTBW Transfer Functions of Unsteady Drag Coefficient
∂C̃D
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∂C̃D

∂C̃2
L
(k)

The dynamic stability derivatives of the unsteady drag coefficient are established as

CDα̃
(s̄) =

∂C̃D

∂C̃L
(s̄)CLα̃

(s̄) =
(

1+
2.03085s̄2 +0.53971s̄

s̄2 +0.39908s̄+0.03982

)(
1+
−0.63080s̄2−0.06881s̄
s̄2 +0.19950s̄+0.00995

)
0.52810

CDα̇
(s̄) =

∂C̃D

∂C̃L
(s̄)CLα̇

=

(
1+

2.03085s̄2 +0.53971s̄
s̄2 +0.39908s̄+0.03982

)
0.20277

The steady-state stability derivative CDα
= 0.52810 is obtained at k = 0. The L/D can be estimated by the ratio of

the steady-state stability derivative CLα
to the steady-state stability derivative CDα

. The L/D is estimated to be 24.97.
This value is similar to the maximum L/D = 21.16 at the design CL = 0.695 computed by steady-state RANS solution
in FUN3D. The small difference could be due to the uncertainty in the analysis.

The steady-state stability derivatives with respect to the angle of attack are compared to those obtained by steady-
state simulations in both FUN3D and VSPAERO. The VSPAERO model includes a transonic small disturbance cor-
rection and an integral boundary layer model.12 Table 1 shows the comparison of the steady-state derivatives CLα

,
Cmα

, and CDα
for the three different sets of results. The agreement among them is excellent.

Unsteady FUN3D Steady-State FUN3D VSPAERO

CLα
13.1881 13.3577 13.2762

Cmα
−3.5920 −3.6312 −3.6751

CDq 0.5281 0.5273 0.5209

Table 1. Comparison of Steady-State Stability Derivatives with Respect to Angle of Attack

B. Dynamic Stability Derivatives Due to Pitch Rate Dynamics

In order to estimate the dynamic stability derivatives with respect to the pitch rate, the differential unsteady lift and
pitching moment coefficients are computed first via Eq. (48) or (52). Figures 10(a)-(b) are the plots of the unsteady lift
and pitching moment coefficients versus the pitch angle for the Mach 0.8 TTBW, respectively. The analytical results
using the Fourier series decomposition are compared to the FUN3D results. The agreement is excellent. The plots of
the differential unsteady lift and pitching moment coefficients versus the nondimensional pitch rate are shown in Figs.
11(a) and (b), respectively. The effect of aerodynamic lag due to the pitch rate dynamics is more pronounced for the
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unsteady lift coefficient than for the unsteady pitching moment coefficient, as indicated by the widths of the elliptical
hystereses.
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Figure 10. Mach 0.8 TTBW Unsteady Lift and Pitching Moment Coefficients in Pitch
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Figure 11. Mach 0.8 TTBW Differential Unsteady Lift and Pitching Moment Coefficients in Pitch

The dynamic stability derivatives with respect to the pitch rate of the Mach 0.8 obtained from the regression
analysis of the pitch oscillations are obtained as

∂∆C̃L

∂ q̃
(s̄) =

(
1+

14.8692s̄4 +16.1254s̄3 +3.6476s̄2 +0.3994s̄
s̄4 +1.5466s̄3 +0.8966s̄2 +0.2309s̄+0.0223

)
25.0453−496.4001s̄

CLq̃ (s̄) =
(

1+
14.8692s̄4 +16.1254s̄3 +3.6476s̄2 +0.3994s̄
s̄4 +1.5466s̄3 +0.8966s̄2 +0.2309s̄+0.0223

)
25.0453

CLq̇ =−496.4001

∂∆C̃m

∂ q̃
(s̄) =

(
1+

5.7138675s̄4 +2.2546s̄3 +0.4550s̄2 +0.0272s̄
s̄4 +1.1741s̄3 +0.5169s̄2 +0.1011s̄+0.0074

)
(−146.0690)+714.7804s̄
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Cmq̃ (s̄) =
(

1+
5.7138675s̄4 +2.2546s̄3 +0.4550s̄2 +0.0272s̄
s̄4 +1.1741s̄3 +0.5169s̄2 +0.1011s̄+0.0074

)
(−146.0690)

Cmq̇ = 714.7804

We obtain the steady-state stability derivatives CLq = 25.0453 and Cmq = −146.0690 at k = 0. The plots of

the transfer functions
∂∆C̃L

∂ q̃
(k) and

∂∆C̃m

∂ q̃
(k) obtained from the frequency-domain regression are shown in Figs.

12(a)-(b), respectively. Figures 13(a)-(b) show the plots of the dynamic stability derivatives CLq̃ (k) and Cmq̃ (k).
Figures 14(a)-(b) show the plots of the dynamic stability derivatives CLq̇ and Cmq̇ which are constant across the reduced
frequency bandwidth.
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Figure 13. Mach 0.8 TTBW Dynamic Stability Derivatives CLq̃ (k) and Cmq̃ (k)
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Figure 14. Mach 0.8 TTBW Dynamic Stability Derivatives CLq̇ (k) and Cmq̇ (k)

The unsteady drag coefficient for the pitch oscillations is also analyzed. The plots of the linear contribution CDα̃
α̃

and quadratic contribution CD
α̃2 α̃2 versus the unsteady lift coefficient C̃L are shown in Fig. 15(a)-(b), respectively.
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Figure 15. Mach 0.8 TTBW Linear and Quadratic Unsteady Drag Coefficients CDα̃
α̃ and CD

α̃2 α̃2 in Pitch

The transfer functions of the unsteady drag coefficient with respect to the unsteady lift coefficient are obtained by
the frequency-domain regression as

∂C̃D

∂C̃L
(s̄) =

(
1+
−1.1500s̄2 +0.5576s̄
s̄2 +0.5630s̄+0.0668

)
0.0907

∂C̃D

∂C̃2
L
(s̄) =

(
1+

862.7758s̄4 +10.5057s̄3 +8.7099s̄2−2.5961s̄
s̄4 +5.7730s̄3 +12.4761s̄2 +11.9616s̄+4.2926

)
0.1910

Figures 16 (a)-(b) show the plots of the transfer functions of the unsteady drag coefficient. The transfer function
∂C̃D

∂C̃2
L
(k) is more difficult to obtained and therefore is less accurate than the transfer function

∂C̃D

∂C̃L
(k). A 4th-order

regression is needed to increase accuracy which still could be further improved with perhaps higher-order regression.
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Figure 16. Mach 0.8 TTBW Transfer Functions of Unsteady Drag Coefficient
∂C̃D

∂C̃L
(k) and

∂C̃D

∂C̃2
L
(k)

The dynamic stability derivatives of the unsteady drag coefficient are then established as

CDq̃ (s̄) =
∂C̃D

∂C̃L
(s̄)CLq̃ (s̄)

=

(
1+
−1.1500s̄2 +0.5576s̄
s̄2 +0.5630s̄+0.0668

)(
1+

14.8692s̄4 +16.1254s̄3 +3.6476s̄2 +0.3994s̄
s̄4 +1.5466s̄3 +0.8966s̄2 +0.2309s̄+0.0223

)
2.2714

CDq̇ (s̄) =
∂C̃D

∂C̃L
(s̄)CLq̇ =

(
1+
−1.1500s̄2 +0.5576s̄
s̄2 +0.5630s̄+0.0668

)
3.01233

The steady-state stability derivatives of the drag coefficient CDq = 2.2714 is obtained at k = 0.
The steady-state stability derivatives with respect to the pitch rate are compared to those obtained by steady-state

simulations in VSPAERO. Table 2 shows the comparison of the steady-state derivatives CLq , Cmq , and CDq which are
in excellent agreement, except for the steady-state derivative CDq which is in reasonable agreement.

FUN3D VSPAERO

CLq 25.0453 24.7797
Cmq −146.0690 −143.4436
CDq 2.2714 1.8328

Table 2. Comparison of Steady-State Stability Derivatives with Respect to Pitch Rate

IV. Conclusion

This paper presents a new method which has been developed to extract dynamic stability derivatives from unsteady
RANS CFD simulations of a full aircraft configuration in high-speed transonic flight. The aircraft is the Mach 0.8
Transonic Truss-Braced Wing developed by Boeing under a NASA contract. A series of pitch and plunge oscillations
are simulated in FUN3D over a range of the reduced frequency. A frequency-domain regression is then formulated to
capture the frequency dependency of the dynamic stability derivatives obtained from the unsteady RANS simulation
data for the pitch and plunge oscillations. The contribution of the angle of attack dynamics to the stability is determined
by the regression of the unsteady aerodynamic coefficients for the plunge motion. On the other hand, the contribution
of the pitch rate dynamics to the stability is determined by the regression of the differential unsteady aerodynamic
coefficients for the pitch motion upon the removal of the angle of attack contribution by the plunge motion. From
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the computed dynamic stability derivatives, the steady-state stability derivatives are extracted as the zero reduced
frequency values. These steady-state stability derivatives are compared to the steady-state stability derivatives obtained
from the steady-state simulations performed in FUN3D and VSPAERO. Excellent agreement among the results is
obtained.
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