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This paper presents the gust load alleviation (GLA) study of the aspect ratio 13.5 Common
Research Model (CRM) wind-tunnel model. This study details the design of the GLA controller
in preparation for wind-tunnel testing in the Transonic Dynamics Tunnel at NASA Langley
Research Center. An aeroservolastic (ASE) model was first reduced using a model reduction
method that takes advantage of the sinusoidal steady-state response. Then, the reduced
model was used to design an extended-state Kalman filter which estimates the states and the
sinusoidal gust input. The GLA control was then derived using the optimal control solution to a
multi-objective cost function. The results of the GLA controller indicate a 75.6% reduction
in wing-root strain while maintaining robust stability margins. The final paper will include
performance under sub-optimal conditions, e.g., sensor noise, uncertainty in gust frequency,
etc..

I. Introduction

The aircraft industry has been redesigning modern aircraft in response to the demand for more energy-efficient
aircraft. Some design considerations of these aircraft are redesigning airframes to be aerodynamically and structurally
more efficient, employing lightweight composite materials for aircraft structures, and incorporating more energy-efficient
aircraft engines. The reduction of airframe operational empty weight is one of the major considerations for improving
energy efficiency. The Boeing 787, for example, is a modern aircraft that employs advanced lightweight composite
materials. These modern materials, however, can provide less structural rigidity while maintaining sufficient load
carrying capacity. As structural flexibility increases, aeroelastic interactions with aerodynamic forces can adversely
affect aircraft performance. The increase in wing aspect ratio also exacerbates the aeroelastic problem as the wing
twist under load can be substantial. These advancements in wing structure can make the aircraft more vulnerable to
aeroelastic disturbances such as wind gusts. One approach for reducing the impact of gust disturbances on the airframe
is using an active control system. Forward looking LIDAR systems are currently in development to estimate the gust
upstream of a moving aircraft. These gust estimates may then be incorporated into the active flight control system with
the objective of reducing the loads on aircraft structure.
This paper explores gust load alleviation (GLA) control strategy for an aspect ratio 13.5 Common Research Model

(CRM) wind-tunnel model developed by Boeing under a NASA contract with the Integrated Adaptive Wing Technology
Maturation (IAWTM) program funded by NASA Advanced Air Transport Technology (AATT) project. The aspect
ratio 13.5 CRM is developed from the original aspect ratio 8.3 CRM.1 Figure 1 illustrates the aspect ratio 13.5 CRM
configuration. The IAWTM team is preparing for a test at the NASA Langley Research Center (LaRC) in the Transonic
Dynamics Tunnel (TDT). There, the team will investigative active flight controls on a 10.8 % scale model wing and
half fuselage. The model is a half-span, wall-mounted, aeroelastically-scaled model of the CRM with an aspect ratio
of 13.5. This configuration employs a distributed mini-plain flap system which comprises 7 mini-plain flaps (MPFs)
and 3 ailerons positioned along the wing trailing edge. The wind tunnel model configuration can be seen in Figure 2.
These MPFs and ailerons can be used for active control strategies. These strategies include real-time drag optimization,
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maneuver load alleviation,2 and gust load alleviation control designs which will be experimentally verified in the TDT.
The TDT is equipped with an Airstream Oscillation System (AOS) which is comprised of two sets of gust vane paddles
located upstream of the test section. This system can be seen in Fig. 3 The gust vane paddles oscillate at a chosen
frequency to produce a sinusoidal gust disturbance. A gust sniffer, which is located upstream of the wind tunnel model,
takes measurements of the gust as a surrogate to the LIDAR systems in development. The ultimate goal of the GLA
tests is to reduce the inboard strain gauge measurements, particularly the strain gauge closest to the wing root, when the
GLA controller is active compared to when the GLA controller is inactive.

Figure 1 Common Research Model (CRM) Concept3

Figure 2 Wind Tunnel Model Configuration3
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Figure 3 Wind Tunnel Model Configuration4

A multi-objective flight control system for flexible aircraft equipped with distributed flight control surfaces has been
developed by NASA to simultaneously achieve aerodynamic efficiency, ASE mode suppression, and gust/maneuver
load alleviation while maintaining traditional pilot command-tracking tasks for guidance and navigation.5−11 The
multi-objective flight control framework comprises the following objectives all acting in a synergistic manner: 1)
traditional pilot command-following flight control, 2) drag minimization, 3) aeroelastic mode suppression, and 4)
gust/maneuver load alleviation. Ride quality improvement objective can also be incorporated in this framework by
leveraging the gust aeroelastic mode suppression and gust load alleviation capabilities. Fig. 4 illustrates an architecture
of a multi-objective flight control system. The GLA controller being developed is a subset of this multi-objective flight
control framework where the cost function only includes the load performance objective as shown:5

Figure 4 Multi-Objective Flight Control Framework9

The objective of this study is to develop a GLA controller for the CRM wind-tunnel model for the upcoming IAWTM
testing that would reduce the wing-root strain gauge measurement while the model experiences a gust disturbance.
The state-space aeroservolastic (ASE) model from which the GLA controller was designed, representing the CRM
model under wind-tunnel test conditions, was provided by NASA LaRC. This model was reduced using a technique
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that takes advantage of the sinusoidal steady-state system response to a sinusoidal gust input. Then, an extended-state
Kalman filter was designed to estimate the states and gust. The GLA controller is then derived using an optimal control
approach, where the controller is obtained by optimizing a multi-objective cost function which includes a term for the
root strain gauge measurement. This resulted in a state feedback controller with a feedforward term corresponding to
the gust states. The robustness of the controller was analyzed by computing the stability margins of the controller. It is
particularly important to ensure robust stability margins to account for the uncertainty in the analytical model compared
to the real model in the wind-tunnel environment. Lastly, the controller is tested via a MATLAB simulation.

II. Model Reduction

A. Aeroservolastic Model

The ASE state-space model was developed by NASA LaRC,12 using the software ZAERO and a NASTRAN finite
element analysis model. The model is partitioned into modal states, control surface actuator states, and gust vane states.
Similarly, the control input can be partitioned into the actuator control input, and gust vane control input.

¤𝑥𝑚
¤𝑥𝑎
¤𝑥𝑔

 =

𝐴𝑚𝑚 𝐴𝑚𝑎 𝐴𝑚𝑔

0 𝐴𝑎𝑎 0
0 0 𝐴𝑔𝑔



𝑥𝑚

𝑥𝑎

𝑥𝑔

 +


0 0
𝐵𝑎 0
0 𝐵𝑔


[
𝑢𝑎

𝑢𝑐

]
(1)

𝑦 =

[
𝐶𝑚 𝐶𝑎 𝐶𝑔

] 
𝑥𝑚

𝑥𝑎

𝑥𝑔

 (2)

The gust dynamics are then treated separately[
¤𝑥𝑚
¤𝑥𝑎

]
=

[
𝐴𝑚𝑚 𝐴𝑚𝑎

0 𝐴𝑎𝑎

] [
𝑥𝑚

𝑥𝑎

]
+
[

0
𝐵𝑎

]
𝑢𝑐 +

[
𝐴𝑚𝑔

0

]
𝑥𝑔 (3)

𝑦 =

[
𝐶𝑚 𝐶𝑎

] [ 𝑥𝑚
𝑥𝑎

]
+ 𝐶𝑔𝑥𝑔 (4)

¤𝑥𝑔 = 𝐴𝑔𝑔𝑥𝑔 + 𝐵𝑔𝑢𝑔 (5)

or a system in the form
¤𝑥 = 𝐴𝑥 + 𝐵𝑢 + 𝐸𝑤 (6)

𝑦 = 𝐶𝑥 + 𝐹𝑤 (7)

where 𝑤 is treated as a disturbance input.
The CRM wind-tunnel model is equipped with many sensors available for use for use in controller design. Of the

wide range of sensors include 16 accelerometers and 10 full-bridge strain gauges. Of the 16 accelerometers, 3 are 3-axis
accelerometers and 13 are 1-axis accelerometers oriented in the z-direction. Thus, there is a total of 22 accelerometer
signals available to the control system. These sensors, amongst others, are modeled as outputs to the ASE model. The
location of the strain gauges and accelerometers are depicted in Fig. 5.
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Figure 5 Common Research Model Sensors3

B. Model Reduction Process

The ASE model, in the form represented by Eq. 6 and Eq. 7, can be partitioned into modal states 𝑥𝑠 , aerodynamic
lag states 𝑥𝑙 , and actuator states 𝑥𝑎

¤𝑥𝑠
¤𝑥𝑙
¤𝑥𝑎

 =

𝐴𝑠𝑠 𝐴𝑠𝑙 𝐴𝑠𝑎

𝐴𝑙𝑠 𝐴𝑙𝑙 𝐴𝑙𝑎

0 0 𝐴𝑎𝑎



𝑥𝑠

𝑥𝑙

𝑥𝑎

 +


0
0
𝐵𝑎

 𝑢 +

𝐸𝑠

𝐸𝑙

0

 𝑤 (8)

𝑦 =

[
𝐶𝑠 𝐶𝑙 𝐶𝑎

] 
𝑥𝑠

𝑥𝑙

𝑥𝑎

 + 𝐹𝑤 (9)

Furthermore, we can separate the modal states into modal displacements, 𝑥𝑒 and modal rates ¤𝑥𝑒, the actuator states into
actuator displacements 𝑥𝐴 and actuator rates ¤𝑥𝐴, and the gust states into gust displacements𝑊 and gust rates ¤𝑊 , such
that:

𝑥𝑠 =

[
𝑥𝑒

¤𝑥𝑒

]
(10)

𝑥𝑎 =

[
𝑥𝐴

¤𝑥𝐴

]
(11)

and

𝑤 =

[
𝑊

¤𝑊

]
(12)

We first look to remove the aerodynamic lag states. The dynamics of the aerodynamic lag states 𝑥𝑙 are written as

¤𝑥𝑙 = 𝐴𝑙𝑙𝑥𝑙 + 𝐴𝑙𝑠𝑥𝑠 + 𝐴𝑙𝑎𝑥𝑎 + 𝐸𝑙𝑤 (13)
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Furthermore, this equation can be written as

¤𝑥𝑙 = 𝐴𝑙𝑙𝑥𝑙 + 𝐴𝑙𝑠1𝑥𝑒 + 𝐴𝑙𝑠2 ¤𝑥𝑒 + 𝐴𝑙𝑎1𝑥𝐴 + 𝐴𝑙𝑎2 ¤𝑥𝐴 + 𝐸𝑙1𝑊 + 𝐸𝑙2
¤𝑊 (14)

The steady-state responses of the aerodynamic lag states, modal states, actuator states, and the gust states are
assumed to be sinusoidal and therefore can be expressed as

𝑥𝑙 = 𝑎1 sin𝜔𝑔𝑡 + 𝑎2 cos𝜔𝑔𝑡 (15)

𝑥𝑒 = 𝑏1 sin𝜔𝑔𝑡 + 𝑏2 cos𝜔𝑔𝑡 (16)
𝑥𝐴 = 𝑐1 sin𝜔𝑔𝑡 + 𝑐2 cos𝜔𝑔𝑡 (17)
𝑊 = 𝑑1 sin𝜔𝑔𝑡 + 𝑑2 cos𝜔𝑔𝑡 (18)

Substituting into the aerodynamic lag state equation (Eq. 14) yields

¤𝑥𝑙 = 𝑎1𝜔𝑔 cos𝜔𝑔𝑡 − 𝑎2𝜔𝑔 sin𝜔𝑔𝑡 = 𝐴𝑙𝑙 (𝑎1 sin𝜔𝑔𝑡 + 𝑎2 cos𝜔𝑔𝑡) + 𝐴𝑙𝑠1 (𝑏1 sin𝜔𝑔𝑡 + 𝑏2 cos𝜔𝑔𝑡)
+𝐴𝑙𝑠2 (𝑏1𝜔𝑔 cos𝜔𝑔𝑡 − 𝑏2𝜔𝑔 sin𝜔𝑔𝑡) + 𝐴𝑙𝑎1 (𝑐1 sin𝜔𝑔𝑡 + 𝑐2 cos𝜔𝑔𝑡)
+𝐴𝑙𝑎2 (𝑐1𝜔𝑔 cos𝜔𝑔𝑡 − 𝑐2𝜔𝑔 sin𝜔𝑔𝑡) + 𝐸𝑙1 (𝑑1 sin𝜔𝑔𝑡 + 𝑑2 cos𝜔𝑔𝑡)

+𝐸𝑙2 (𝑑1𝜔𝑔 cos𝜔𝑔𝑡 − 𝑑2𝜔𝑔 sin𝜔𝑔𝑡)

(19)

We then obtain

−𝐴𝑙𝑙𝑎1 − 𝑎2𝜔𝑔 = 𝐴𝑙𝑠1𝑏1 − 𝐴𝑙𝑠2𝑏2𝜔𝑔 + 𝐴𝑙𝑎1𝑐1 − 𝐴𝑙𝑎2𝑐2𝜔𝑔 + 𝐸𝑙1𝑑1 − 𝐸𝑙2𝑑2𝜔𝑔 (20)

𝑎1𝜔𝑔 − 𝐴𝑙𝑙𝑎2 = 𝐴𝑙𝑠1𝑏2 + 𝐴𝑙𝑠2𝑏1𝜔𝑔 + 𝐴𝑙𝑎1𝑐2 + 𝐴𝑙𝑎2𝑐1𝜔𝑔 + 𝐸𝑙1𝑑2 + 𝐸𝑙2𝑑1𝜔𝑔 (21)

Solving for 𝑎1 and 𝑎2 yields[
𝑎1

𝑎2

]
=

[
−𝐴𝑙𝑙 −𝜔𝑔

𝜔𝑔 −𝐴𝑙𝑙

]−1 [
𝐴𝑙𝑠1𝑏1 − 𝐴𝑙𝑠2𝑏2𝜔𝑔 + 𝐴𝑙𝑎1𝑐1 − 𝐴𝑙𝑎2𝑐2𝜔𝑔 + 𝐸𝑙1𝑑1 − 𝐸𝑙2𝑑2𝜔𝑔

𝐴𝑙𝑠1𝑏2 + 𝐴𝑙𝑠2𝑏1𝜔𝑔 + 𝐴𝑙𝑎1𝑐2 + 𝐴𝑙𝑎2𝑐1𝜔𝑔 + 𝐸𝑙1𝑑2 + 𝐸𝑙2𝑑1𝜔𝑔

]
(22)

𝑎1 = 𝛼11 (𝐴𝑙𝑠1𝑏1 − 𝐴𝑙𝑠2𝑏2𝜔𝑔 + 𝐴𝑙𝑎1𝑐1 − 𝐴𝑙𝑎2𝑐2𝜔𝑔 + 𝐸𝑙1𝑑1 − 𝐸𝑙2𝑑2𝜔𝑔)
+𝛼12 (𝐴𝑙𝑠1𝑏2 + 𝐴𝑙𝑠2𝑏1𝜔𝑔 + 𝐴𝑙𝑎1𝑐2 + 𝐴𝑙𝑎2𝑐1𝜔𝑔 + 𝐸𝑙1𝑑2 + 𝐸𝑙2𝑑1𝜔𝑔)

(23)

𝑎2 = 𝛼21 (𝐴𝑙𝑠1𝑏1 − 𝐴𝑙𝑠2𝑏2𝜔𝑔 + 𝐴𝑙𝑎1𝑐1 − 𝐴𝑙𝑎2𝑐2𝜔𝑔 + 𝐸𝑙1𝑑1 − 𝐸𝑙2𝑑2𝜔𝑔)
+𝛼22 (𝐴𝑙𝑠1𝑏2 + 𝐴𝑙𝑠2𝑏1𝜔𝑔 + 𝐴𝑙𝑎1𝑐2 + 𝐴𝑙𝑎2𝑐1𝜔𝑔 + 𝐸𝑙1𝑑2 + 𝐸𝑙2𝑑1𝜔𝑔)

(24)

But

𝛼11 = 𝛼22 (25)

𝛼12 = −𝛼21 (26)

So

𝑎1 = 𝛼11 (𝐴𝑙𝑠1𝑏1 − 𝐴𝑙𝑠2𝑏2𝜔𝑔 + 𝐴𝑙𝑎1𝑐1 − 𝐴𝑙𝑎2𝑐2𝜔𝑔 + 𝐸𝑙1𝑑1 − 𝐸𝑙2𝑑2𝜔𝑔)
+𝛼12 (𝐴𝑙𝑠1𝑏2 + 𝐴𝑙𝑠2𝑏1𝜔𝑔 + 𝐴𝑙𝑎1𝑐2 + 𝐴𝑙𝑎2𝑐1𝜔𝑔 + 𝐸𝑙1𝑑2 + 𝐸𝑙2𝑑1𝜔𝑔)

(27)

𝑎2 = −𝛼12 (𝐴𝑙𝑠1𝑏1 − 𝐴𝑙𝑠2𝑏2𝜔𝑔 + 𝐴𝑙𝑎1𝑐1 − 𝐴𝑙𝑎2𝑐2𝜔𝑔 + 𝐸𝑙1𝑑1 − 𝐸𝑙2𝑑2𝜔𝑔)
+𝛼11 (𝐴𝑙𝑠1𝑏2 + 𝐴𝑙𝑠2𝑏1𝜔𝑔 + 𝐴𝑙𝑎1𝑐2 + 𝐴𝑙𝑎2𝑐1𝜔𝑔 + 𝐸𝑙1𝑑2 + 𝐸𝑙2𝑑1𝜔𝑔)

(28)

Substituting Eq. 27 and Eq. 28 into Eq. 15, expanding and examining terms containing 𝑏1 and 𝑏2 we obtain

𝑥𝑙 = ... + 𝛼11𝐴𝑙𝑠1𝑏1 sin𝜔𝑔𝑡 + 𝛼11𝐴𝑙𝑠1𝑏2 cos𝜔𝑔𝑡 + 𝛼11𝐴𝑙𝑠2𝑏1𝜔𝑔 cos𝜔𝑔𝑡 − 𝛼11𝐴𝑙𝑠2𝑏2𝜔𝑔 sin𝜔𝑔𝑡

−𝛼12𝐴𝑙𝑠1𝑏1 cos𝜔𝑔𝑡 + 𝛼12𝐴𝑙𝑠1𝑏2 sin𝜔𝑔𝑡 + 𝛼12𝐴𝑙𝑠2𝑏1𝜔𝑔 sin𝜔𝑔𝑡 + 𝛼12𝐴𝑙𝑠2𝑏2𝜔𝑔 cos𝜔𝑔𝑡 + ...
= ... + 𝛼1𝑏1 sin𝜔𝑔𝑡 + 𝛼1𝑏2 cos𝜔𝑔𝑡 − 𝛼2𝑏1 cos𝜔𝑔𝑡 + 𝛼2𝑏2 sin𝜔𝑔𝑡

−𝛼3𝑏1 cos𝜔𝑔𝑡 + 𝛼3𝑏2 cos𝜔𝑔𝑡 + 𝛼4𝑏1 sin𝜔𝑔𝑡 + 𝛼4𝑏2 cos𝜔𝑔𝑡 + ...

= ... + 𝛼1𝑥𝑒 + 𝛼2
1
𝜔𝑔

¤𝑥𝑒 + 𝛼3
1
𝜔𝑔

¤𝑥𝑒 + 𝛼4𝑥𝑒 + ...

(29)
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𝛼1𝑥𝑒 + 𝛼2
1
𝜔𝑔

¤𝑥𝑒 + 𝛼3
1
𝜔𝑔

¤𝑥𝑒 + 𝛼4𝑥𝑒 = 𝛼̄1𝑥𝑒 + 𝛼̄2 ¤𝑥𝑒 =
[
𝛼̄1 𝛼̄2

] [ 𝑥𝑒
¤𝑥𝑒

]
= 𝐾1𝑥𝑠 (30)

Differentiating this term

𝑑

𝑑𝑡
(𝐾1𝑥𝑠) = 𝛼̄1 ¤𝑥𝑒 + 𝛼̄2 ¥𝑥𝑒 (31)

But

¥𝑥𝑒 = −𝜔2
𝑔𝑥𝑒 (32)

𝑑

𝑑𝑡
(𝐾1𝑥𝑠) = 𝛼̄1 ¤𝑥𝑒 − 𝛼̄2𝜔

2
𝑔𝑥𝑒 =

[
𝛼̄1 𝛼̄2

] [ 0 𝐼

−𝜔𝑔 𝐼 0

] [
𝑥𝑒

¤𝑥𝑒

]
= 𝐾1𝐾𝑔𝑥𝑠 (33)

We can similarly write the other terms when substituting Eq. 27 and Eq. 28 into Eq. 15 in a similar form. We can then
write the lag state in terms of the modal states, actuator states, and gust states

𝑥𝑙 = 𝐾1𝑥𝑠 + 𝐾2𝑥𝑎 + 𝐾3𝑤 (34)

and

¤𝑥𝑙 = 𝐾1𝐾𝑔𝑥𝑠 + 𝐾2𝐾𝑔𝑥𝑎 + 𝐾3𝐾𝑔𝑤 (35)

We may then substitute Eq. 34 and Eq. 35 into Eq. 13

¤𝑥𝑙 = 𝐾1𝐾𝑔𝑥𝑠 + 𝐾2𝐾𝑔𝑥𝑎 + 𝐾3𝐾𝑔𝑤 = 𝐴𝑙𝑙 (𝐾1𝑥𝑠 + 𝐾2𝑥𝑎 + 𝐾3𝑤) + 𝐴𝑙𝑠𝑥𝑠 + 𝐴𝑙𝑎𝑥𝑎 + 𝐸𝑙𝑤 (36)

We can then form the following Sylvester equations, from which we can solve for 𝐾1, 𝐾2, and 𝐾3

𝐾1𝐾𝑔 − 𝐴𝑙𝑙𝐾1 = 𝐴𝑙𝑠 (37)

𝐾2𝐾𝑔 − 𝐴𝑙𝑙𝐾2 = 𝐴𝑙𝑎 (38)

𝐾3𝐾𝑔 − 𝐴𝑙𝑙𝐾3 = 𝐸𝑙 (39)

We can rewrite the system in Eq. 8 and Eq. 9 by substituting for 𝑥𝑙 using Eq. 34

¤𝑥𝑠 = 𝐴𝑠𝑠𝑥𝑠 + 𝐴𝑠𝑙 (𝐾1𝑥𝑠 + 𝐾2𝑥𝑎 + 𝐾3𝑤) + 𝐴𝑠𝑎𝑥𝑎 + 𝐸𝑠𝑤 (40)

¤𝑥𝑠 = (𝐴𝑠𝑠 + 𝐴𝑠𝑙𝐾1)𝑥𝑠 + (𝐴𝑠𝑎 + 𝐴𝑠𝑙𝐾2)𝑥𝑎 + (𝐸𝑠 + 𝐴𝑠𝑙𝐾3)𝑤 (41)

𝑦 = 𝐶𝑠𝑥𝑠 + 𝐶𝑙 (𝐾1𝑥𝑠 + 𝐾2𝑥𝑎 + 𝐾3𝑤) + 𝐶𝑎𝑥𝑎 + 𝐹𝑤 (42)

𝑦 = (𝐶𝑠 + 𝐶𝑙𝐾1)𝑥𝑠 + (𝐶𝑎 + 𝐶𝑙𝐾2)𝑥𝑎 + (𝐹 + 𝐶𝑙𝐾3)𝑤 (43)

Organizing in Matrix form we have[
¤𝑥𝑠
¤𝑥𝑎

]
=

[
𝐴𝑠𝑠 + 𝐴𝑠𝑙𝐾1 𝐴𝑠𝑎 + 𝐴𝑠𝑙𝐾2

0 𝐴𝑎𝑎

] [
𝑥𝑠

𝑥𝑎

]
+
[

0
𝐵𝑎

]
𝑢 +

[
𝐸𝑠 + 𝐴𝑠𝑙𝐾3

0

]
𝑤 (44)

𝑦 =

[
𝐶𝑠 + 𝐶𝑙𝐾1 𝐶𝑎 + 𝐶𝑙𝐾2

] [ 𝑥𝑠
𝑥𝑎

]
(𝐹 + 𝐶𝑙𝐾3)𝑤 (45)

We can also use the same approach to reduce the high frequency modes that may be outside the bandwidth of the
actuators, or may have relatively low impact on the system response. We can separate the modal states into states we
want to retain 𝑥𝑟 and fast states we want to remove 𝑥 𝑓 . The above system can be written as

¤𝑥𝑅 = 𝐴𝑅𝑥𝑅 + 𝐵𝑅𝑢 + 𝐸𝑅𝑤 (46)
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𝑦𝑅 = 𝐶𝑅𝑥𝑅 + 𝐹𝑅𝑤 (47)

Separating the system into states we want to retain, states we want to remove, and actuator states
¤𝑥𝑟
¤𝑥 𝑓
¤𝑥𝑎

 =

𝐴𝑟𝑟 𝐴𝑟 𝑓 𝐴𝑟𝑎

𝐴 𝑓 𝑟 𝐴 𝑓 𝑓 𝐴 𝑓 𝑎

0 0 𝐴𝑎𝑎



𝑥𝑟

𝑥 𝑓

𝑥𝑎

 +


0
0
𝐵𝑎

 𝑢 +

𝐸𝑟

𝐸 𝑓

0

 𝑤 (48)

𝑦𝑅 =

[
𝐶𝑟 𝐶 𝑓 𝐶𝑎

] 
𝑥𝑟

𝑥 𝑓

𝑥𝑎

 + 𝐹𝑅𝑤 (49)

Similarly to removing the lag states, we can write the states we wish to remove 𝑥 𝑓 in terms of the other states

𝑥 𝑓 = 𝐾4𝑥𝑟 + 𝐾5𝑥𝑎 + 𝐾6𝑤 (50)

and

¤𝑥 𝑓 = 𝐾4𝐾𝑔𝑥𝑟 + 𝐾5𝐾𝑔𝑥𝑎 + 𝐾6𝐾𝑔𝑤 (51)

We write ¤𝑥 𝑓 as

¤𝑥 𝑓 = 𝐴 𝑓 𝑟𝑥𝑟 + 𝐴 𝑓 𝑓 𝑥 𝑓 + 𝐴 𝑓 𝑎𝑥𝑎 + 𝐸 𝑓𝑤 (52)

Which then becomes

𝐾4𝐾𝑔𝑥𝑟 + 𝐾5𝐾𝑔𝑥𝑎 + 𝐾6𝐾𝑔𝑤 = 𝐴 𝑓 𝑟𝑥𝑟 + 𝐴 𝑓 𝑓 (𝐾4𝑥𝑟 + 𝐾5𝑥𝑎 + 𝐾6𝑤) + 𝐴 𝑓 𝑎𝑥𝑎 + 𝐸 𝑓𝑤 (53)

Which results in the following Sylvester equations from which 𝐾4, 𝐾5, and 𝐾6 can be solved

𝐾4𝐾𝑔 − 𝐴 𝑓 𝑓𝐾4 = 𝐴 𝑓 𝑟 (54)

𝐾5𝐾𝑔 − 𝐴 𝑓 𝑓𝐾5 = 𝐴 𝑓 𝑎 (55)

𝐾6𝐾𝑔 − 𝐴 𝑓 𝑓𝐾6 = 𝐸 𝑓 (56)

We write the states we want to retain as

¤𝑥𝑟 = 𝐴𝑟𝑟𝑥𝑟 + 𝐴𝑟 𝑓 𝑥 𝑓 + 𝐴𝑟𝑎𝑥𝑎 + 𝐸𝑟𝑤 (57)

Substituting for 𝑥 𝑓 (Eq. 50)

¤𝑥𝑟 = 𝐴𝑟𝑟𝑥𝑟 + 𝐴𝑟 𝑓 (𝐾4𝑥𝑟 + 𝐾5𝑥𝑎 + 𝐾6𝑤) + 𝐴𝑟𝑎𝑥𝑎 + 𝐸𝑟𝑤 (58)

¤𝑥𝑟 = (𝐴𝑟𝑟 + 𝐴𝑟 𝑓𝐾4)𝑥𝑟 + (𝐴𝑟𝑎 + 𝐴𝑟 𝑓𝐾5)𝑥𝑎 + (𝐸𝑟 + 𝐴𝑟 𝑓𝐾6)𝑤 (59)

We write the output equation as

𝑦𝑅 = 𝐶𝑟𝑥𝑟 + 𝐶 𝑓 𝑥 𝑓 + 𝐶𝑎𝑥𝑎 + 𝐹𝑅𝑤 (60)

Substituting for 𝑥 𝑓 (Eq. 50)

𝑦𝑅 = 𝐶𝑟𝑥𝑟 + 𝐶 𝑓 (𝐾4𝑥𝑟 + 𝐾5𝑥𝑎 + 𝐾6𝑤) + 𝐶𝑎𝑥𝑎 + 𝐹𝑅𝑤 (61)

𝑦𝑅 = (𝐶𝑟 + 𝐶 𝑓𝐾4)𝑥𝑟 + (𝐶𝑎 + 𝐶 𝑓𝐾5)𝑥𝑎 + (𝐹𝑅 + 𝐶 𝑓𝐾6)𝑤 (62)
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In matrix form the system becomes[
¤𝑥𝑟
¤𝑥𝑎

]
=

[
𝐴𝑟𝑟 + 𝐴𝑟 𝑓𝐾4 𝐴𝑟𝑎 + 𝐴𝑟 𝑓𝐾5

0 𝐴𝑎𝑎

] [
𝑥𝑟

𝑥𝑎

]
+
[
(𝐸𝑟 + 𝐴𝑟 𝑓𝐾6)

0

]
𝑤 (63)

𝑦 =

[
𝐶𝑟 + 𝐶 𝑓𝐾4 𝐶𝑎 + 𝐶 𝑓𝐾5

] [ 𝑥𝑟
𝑥𝑎

]
+ (𝐹𝑅 + 𝐶 𝑓𝐾6)𝑤 (64)

We reduced all the aerodynamic lag states and chose to retain the first 10 modes, up to 29 Hz. We also retained only
the hydraulic actuators (ailerons and flaperon) as they had a higher bandwidth than the electric actuators and would
be more suitable for GLA control, especially at higher gust frequencies. The model was, therefore, reduced from an
original 430 states, to 31 states. Fig. 6 and Fig. 7 depict the comparison between the original 430-state model and the
reduced 31-state model. These responses are for the condition: Mach = 0.8, 𝑞 = 230 𝑙𝑏/ 𝑓 𝑡2, and 20 Hz gust frequency.

(a) 0 < 𝑡 < 30 (b) 0 < 𝑡 < 5

Figure 6 Reduced Model: State Comparison

(a) 0 < 𝑡 < 30 (b) 0 < 𝑡 < 5

Figure 7 Reduced Model: Sensor Comparison
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Fig. 6 depicts the response of state 10, which corresponds to the 10th structural mode displacement. We see perfect
matching in the steady-state response with some disparity in the transient response. Fig. 7 depicts the response of the
wing root strain sensor SG01. Similarly, we see perfect matching in the steady-state response and some disparity in the
transient response. This is to be expected because for the model reduction we assume the steady-state response to be
sinusoidal at the gust frequency, but the same is not true for the transient response, although there is still fair response
matching in the transient response.

III. Gust Load Alleviation Controller

A. State Estimation and Gust Estimation

The AOS system in Transonic Dynamics Tunnel at NASA LaRC, produces a sinusoidal gust disturbance. We can
take advantage that the gust signal is sinusoidal and write it as:

¤𝑤 =

[
0 1

−𝜔2 0

]
︸          ︷︷          ︸

𝐴𝑤

𝑤 (65)

Where 𝜔 is the frequency of the sinusoidal disturbance, which will be known during testing. We can then formulate the
extended-state system for purposes of estimating the disturbance,[

¤𝑥
¤𝑤

]
=

[
𝐴 𝐸

0 𝐴𝑤

] [
𝑥

𝑤

]
+
[
𝐵

0

]
𝑢 (66)

𝑦 =

[
𝐶 𝐹

] [ 𝑥

𝑤

]
(67)

We then design a Kalman filter on the extended system.
The frequency of the gust, 𝜔, may not be exactly at the prescribed frequency. In the final paper, we will investigate

an adaptive estimation technique to accommodate uncertainty in the gust frequency.

B. Optimal Control

The GLA controller is developed using a multi-objective optimal control method with the cost function

𝐽 = lim
𝑡 𝑓→∞

1
2

∫ 𝑡 𝑓

0
[𝑥𝑇𝑄𝑥 + 𝑢𝑇𝑅𝑢 + 𝑃𝑇𝑄𝑃𝑃] 𝑑𝑡 (68)

subject to
¤̂𝑥 = 𝐴𝑥 + 𝐵𝑢 + 𝐿 (𝑦 − 𝑦̂) (69)

𝑦̂ = 𝐶𝑥 (70)

and
𝑃 = 𝑃𝑥̂𝑥 (71)

𝑃 is the estimated sensor output, in this case, it is the wing root strain gauge that we wish to minimize. 𝑃𝑥̂ is the
estimated-state contribution to the output 𝑃.
The Hamiltonian is formed:

𝐻 =
1
2
𝑥𝑇𝑄𝑥 + 1

2
𝑢𝑇𝑅𝑢 + 1

2
𝑥𝑇𝑃𝑇

𝑥̂𝑄𝑃𝑃𝑥̂𝑥 + 𝜆𝑇 (𝐴𝑥 + 𝐵𝑢 + 𝐿 (𝑦 − 𝑦̂)) (72)

𝐻 =
1
2
𝑥𝑇𝑄𝑥 + 1

2
𝑢𝑇𝑅𝑢 + 1

2
𝑥𝑇𝑃𝑇

𝑥̂𝑄𝑃𝑃𝑥̂𝑥 + 𝜆𝑇 (𝐴𝑥 + 𝐵𝑢 + 𝐿 (𝑦 − 𝐶𝑥)) (73)
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The conditions for optimality are:

¤𝜆 = −𝜕𝐻
𝜕𝑥

𝑇

= −𝑄𝑥 − 𝑃𝑇
𝑥̂𝑄𝑃𝑃𝑥̂𝑥 − 𝐴𝑇𝜆 + 𝐶𝑇𝐿𝑇𝜆 (74)

𝜕𝐻

𝜕𝑢
= 𝑅𝑢 + 𝐵𝑇𝜆 (75)

The optimal control is then obtained as
𝑢 = −𝑅−1𝐵𝑇𝜆 (76)

Let, 𝜆(𝑡) = 𝑊 (𝑡)𝑥(𝑡) +𝑉 (𝑡). 𝑢 then becomes

𝑢 = −𝑅−1𝐵𝑇 (𝑊𝑥 +𝑉) = −𝑅−1𝐵𝑇𝑊𝑥 − 𝑅−1𝐵𝑇𝑉 (77)

Differentiating 𝜆(𝑡) yields

¤𝜆 = ¤𝑊𝑥 +𝑊 ¤̂𝑥 + ¤𝑉 = −𝑄𝑥 − 𝑃𝑇
𝑥̂𝑄𝑃𝑃𝑥̂𝑥 − 𝐴𝑇𝜆 + 𝐶𝑇𝐿𝑇𝜆 (78)

Substituting for ¤̂𝑥 and 𝜆

¤𝑊𝑥 +𝑊 (𝐴𝑥 + 𝐵𝑢 + 𝐿 (𝑦 − 𝑦̂)) + ¤𝑉 = −𝑄𝑥 − 𝑃𝑇
𝑥̂𝑄𝑃𝑃𝑥̂𝑥 − 𝐴𝑇 (𝑊𝑥 +𝑉) + 𝐶𝑇𝐿𝑇 (𝑊𝑥 +𝑉) (79)

Substituting for 𝑢

¤𝑊𝑥 +𝑊 (𝐴𝑥 + 𝐵(−𝑅−1𝐵𝑇𝑊𝑥 − 𝑅−1𝐵𝑇𝑉) + 𝐿 (𝑦 − 𝑦̂)) + ¤𝑉 = −𝑄𝑥 − 𝑃𝑇
𝑥̂𝑄𝑃𝑃𝑥̂𝑥 − 𝐴𝑇 (𝑊𝑥 +𝑉) +𝐶𝑇𝐿𝑇 (𝑊𝑥 +𝑉) (80)

Upon expanding and reorganizing we obtain

¤𝑊𝑥+𝑊𝐴𝑥−𝑊𝐿𝐶𝑥+𝐴𝑇𝑊𝑥−𝐶𝑇𝐿𝑇𝑊𝑥−𝑊𝐵𝑅−1𝐵𝑇𝑊𝑥+𝐴𝑇𝑉−𝐶𝑇𝐿𝑇𝑉−𝑊𝐵𝑅−1𝑉+𝑊𝐿𝑦+ ¤𝑉 = −𝑄𝑥−𝑃𝑥̂𝑄𝑝𝑃𝑥̂𝑥 (81)

Let,
𝑄̄ = 𝑄 + 𝑃𝑇

𝑥̂𝑄𝑃𝑃𝑥̂ (82)

𝑄𝑦 = −𝑊𝐿 (83)

𝐴̄ = 𝐴 − 𝐿𝐶 (84)

Then,
¤𝑊𝑥 +𝑊𝐴̄𝑥 + 𝐴̄𝑇𝑊𝑥 −𝑊𝐵𝑅−1𝐵𝑇𝑊𝑥 + 𝑄̄𝑥 + ( 𝐴̄𝑇 −𝑊𝐵𝑅−1𝐵𝑇 )𝑉 + ¤𝑉 = 𝑄𝑦𝑦 (85)

For infinite time horizon, ¤𝑊 = 0 and ¤𝑉 = 0. Then we obtain the modified Riccatti equation:

𝑊𝐴̄ + 𝐴̄𝑇𝑊 −𝑊𝐵𝑅−1𝐵𝑇𝑊 + 𝑄̄ = 0 (86)

and
𝑉 = ( 𝐴̄𝑇 −𝑊𝐵𝑅−1𝐵𝑇 )−1𝑄𝑦𝑦 (87)

The control then becomes
𝑢 = −𝑅−1𝐵𝑇𝑊𝑥 − 𝑅−1𝐵𝑇 ( 𝐴̄𝑇 −𝑊𝐵𝑅−1𝐵𝑇 )𝑄𝑦𝑦 (88)

The control can be written as
𝑢 = 𝐾 𝑥̂𝑥 + 𝐾𝑦𝑦 (89)

Then
𝐾 𝑥̂ = −𝑅−1𝐵𝑇𝑊 (90)

𝐾𝑦 = −𝑅−1𝐵𝑇 ( 𝐴̄𝑇 −𝑊𝐵𝑅−1𝐵𝑇 )−1𝑄𝑦 (91)
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IV. Stability Margin Analysis

It is of particular importance that the stability margins of the GLA controller be robust because the controller will be
implemented on hardware, the CRM wind-tunnel model in the TDT. The ASE model developed is an analytical model
and will likely not be a sufficiently accurate representation of the actual wind tunnel model. Prior to GLA controller
testing, there will be a series of system identification and model validation tests to validate and make the necessary
adjustments to the ASE model to improve the accuracy of the analytical model. Nonetheless, the controller needs to be
able to accommodate reasonable uncertainties in the model to ensure stability.
Two approaches were used to analyze the stability margins. The first is loop-at-a-time (LAT) margins. We assess the

stability margins in a single loop at a time while holding the other loops closed. Then, we find the worst-case gain and
phase margins from all the loops. We can then compare the worst-case stability margins to other configurations of the
controller to assess the relative robustness of different controller iterations.
To compute the loop at a time margins, we assemble the open-loop transfer functions of the controller and the plant.

The transfer function of the plant is given by

𝐺 (𝑠) = 𝐶 (𝑠𝐼 − 𝐴)−1𝐵 (92)

The transfer function of the controller, which is a state feedback controller with observer, is given by

𝐷 (𝑠) = 𝐾 𝑥̂ (𝑠𝐼 − 𝐴 + 𝐵𝐾 𝑥̂ + 𝐿𝐶)−1𝐿 (93)

Thus, the open loop transfer function of the controller on the plant, at the plant input, is given by13

𝐷 (𝑠)𝐺 (𝑠) = 𝐾 𝑥̂ (𝑠𝐼 − 𝐴 + 𝐵𝐾 𝑥̂ + 𝐿𝐶)−1𝐿𝐶 (𝑠𝐼 − 𝐴)−1𝐵 (94)

We also evaluate the stability margins at the plant output. This open-loop transfer function is given by13

𝐺 (𝑠)𝐷 (𝑠) = 𝐶 (𝑠𝐼 − 𝐴)−1𝐵𝐾 𝑥̂ (𝑠𝐼 − 𝐴 + 𝐵𝐾 𝑥̂ + 𝐿𝐶)−1𝐿 (95)

We rapidly compute the stability margins using the MATLAB function 𝑎𝑙𝑙𝑚𝑎𝑟𝑔𝑖𝑛 using the systems defined by Eq. 94
and Eq. 95.
As a second method of assessing the stability margins of the controller, the disk-based stability margins were

evaluated at the plant input and plant output using the MATLAB Simulink Control System Tuner tool, which was used
on a block diagram Simulink model of the plant and the controller. Disk-based margins evaluate the uncertainty in gain
and phase in multiple loops simultaneously. As such, the results of the disk-based margin evaluation are much more
conservative than the loop-at-a-time margins.
Using these methods to evaluate the robustness controller, different configurations of sensors were selected to assess

the impact that sensor selection has on controller robustness. The sensor configuration is the set of sensors that the
Extended Kalman Filter uses for the measurement update. Some considerations for sensor selection included total
number of sensors used, location, and orientation. For instance, strain gauges will likely provide more information
closer to the wing-root because the strain is lower near the tip than the root. Similarly, the acceleration near the root is
lower than the acceleration near the tip.
The results of the stability analysis for 4 sets of sensors are depicted in the following tables. Table 1 depicts the

stability margins at the plant input and Table 2 depicts the stability margins at the plant output. Lastly, Table 3 shows the
performance for different configurations.

Table 1 Stability Margins at the Plant Input

Configuration # of Sensors LAT PM (◦) Disk PM (dB) LAT GM (dB) Disk GM (dB)
1 10 68.0 36.0 9.8 5.9
2 7 71.8 37.6 9.6 6.2
3 7 71.8 37.6 9.6 6.2
4 4 199.8 49.3 17.8 8.6
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Table 2 Stability Margins at the Plant Output

Configuration # of Sensors LAT PM (◦) Disk PM (dB) LAT GM (dB) Disk GM (dB)
1 10 262.8 20.0 8.5 3.1
2 7 269.3 20.5 8.4 3.2
3 7 269.3 12.3 8.4 1.6
4 4 Inf 38.4 14.7 6.3

Table 3 Sensor Configuration and Performance

Configuration % Strain Reduction
1 72.5
2 71.8
3 72.4
4 75.6

In Table 1, we see that configuration 4 shows the most robust gain and phase margins at the plant input. In Table 2,
configuration 4 also shows the most robust gain and phase margins at the plant output. The sensor configuration is tied
to the Kalman Filter, and therefore, the Kalman Filter gain 𝐿. Thus, the configuration of the sensor impacts the feedback
gain, and therefore the performance. However, the impact is low compared to the differences in stability margins and
can be seen in Table 3, where configuration 4 provides the most strain reduction. Therefore, based on the results shown
in the previous tables, sensor configuration 4 was shown to have the most robust margins and is the sensor configuration
chosen for the GLA controller. Fig. 8 and Fig. 9 depict the locations of the sensors in configuration 4. The sensors
outlined in red are the ones used for this configuration.

Figure 8 Acceleration Sensor Selection3
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Figure 9 Strain Sensor Selection3

The tradeoff between stability margins is performance is also assessed. One way to accomplish this is by varying the
R-matrix in the optimal control derivation, which is the term that weights the control effort. For varying R-matrix,
the stability margins and strain reduction are found and reported in the following tables. R is varied from the baseline
𝑅0 = 0.004𝐼.

Table 4 Stability Margins at the Plant Input

R Value LAT PM (◦) Disk PM (dB) LAT GM (dB) Disk GM (dB)
𝑅0 194.4 49.3 17.8 8.6
𝑅0 ∗ 0.1 99.8 47.6 14.5 8.2
𝑅0 ∗ 5 Inf 54.5 22.4 9.9
𝑅0 ∗ 10 Inf 59.1 25.1 11.2

Table 5 Stability Margins at the Plant Output

R Value LAT PM (◦) Disk PM (dB) LAT GM (dB) Disk GM (dB)
𝑅0 Inf 38.4 14.7 6.3
𝑅0 ∗ 0.1 Inf 38.1 12.4 6.3
𝑅0 ∗ 5 Inf 40.0 18.2 6.6
𝑅0 ∗ 10 Inf 41.8 21.0 7.0
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Table 6 Controller Tuning and Performance

R Value % Strain Reduction
𝑅0 75.6
𝑅0 ∗ 0.1 95.2
𝑅0 ∗ 5 40.9
𝑅0 ∗ 10 25.1

Tables 4, 5, and 6 depict the stability margins and performance of the controller for variations is the optimal control
parameter, R. This parameter clearly has a large impact on performance, but a smaller impact on stability margins.
Based off these results the tuning 𝑅 = 𝑅0 shows a good balance between robustness and performance and is the tuning
setting chosen for this controller.

V. Simulation Results

A simulation was developed to test the GLA controller. The controller was designed using the reduced order ASE
model, but was applied to the full order ASE model. The test condition was Mach = 0.8, 𝑞 = 230 𝑙𝑏/𝑖𝑛2, and 20𝐻𝑧
gust frequency. The following plots depict the performance of the controller with respect to strain reduction, and the
performance of the extended Kalman filter estimation. Fig. 10 shows the comparison of the root strain signal for the
GLA controller inactive, and GLA controller active. The magnitude of the strain, in the steady-state response with the
GLA controller inactive, is 6.74𝑥10−6 𝑖𝑛/𝑖𝑛. With the GLA controller active, the strain is 1.64𝑥10−6 𝑖𝑛/𝑖𝑛. This is a
reduction of 5.10𝑥10−6 𝑖𝑛/𝑖𝑛, or a 75.6% reduction.

Figure 10 GLA Controller Performance

Fig. 11, 12, and 13 show the comparison between the system response and the estimated response for a senor
(SG01), a gust state, and a modal state (first-t structural mode displacement). As seen in these plots, the estimated
response converges around 3 seconds, and the steady-state response shows perfect matching.
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(a) 0 < 𝑡 < 3 (b) 9 < 𝑡 < 10

Figure 11 Strain Estimate

(a) 0 < 𝑡 < 3 (b) 9 < 𝑡 < 10

Figure 12 Gust Estimate
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(a) 0 < 𝑡 < 3 (b) 9 < 𝑡 < 10

Figure 13 State Estimate

VI. Conclusions

This study presents the gust load alleviation controller design for the CRM wind-tunnel model, in preparation
for wind-tunnel testing scheduled for late 2022. The aeroservolastic model was reduced using a technique that takes
advantage of the sinusoidal response of the system given a sinusoidal gust input to the system. This reduction showed
perfect matching in the steady-state response and some disparity in the transient response when comparing the full order
ASE model with the reduced model. The extended-state system is defined and provides the framework for state and
gust estimation. The system was then used to design an extended-state Kalman filter for estimation. The controller is
derived from the optimal control solution to a multi-objective cost function. The stability margins of the controller
were analyzed and used as a measure of robustness. This enabled the selection of a more optimal sensor set and the
assessment of tradeoffs between robustness and performance.
The selected controller provided robust stability margins and good gust alleviation performance. The configuration

selected provided loop-at-a-time (LAT) phase margins of 199.8◦ at the plant input and an infinite LAT phase margin at
the plant output. The LAT gain margins are 17.8𝑑𝐵 and 14.7𝑑𝐵 at the input and output, respectively. The disk-based
phase margin is 49.3◦ and 38.4◦ at the input and output, respectively. Lastly, the disk-based gain margins are 8.6𝑑𝐵 and
6.3𝑑𝐵 at the input and output, respectively. In simulation the controller enabled a reduction of 75.6% of the wing-root
strain gauge signal. One significant finding was that it was necessary to have robust stability margins at the output,
especially because there was slight mismatch in the transient response between the full ASE model and the reduced
model used for controller design.

VII. To Be Completed in Final Manuscript

The final paper will consider performance with sensor noise, and uncertainty in gust frequency. An adaptive gust
frequency estimation technique will be developed to accommodate the uncertainty.
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