
A Multivibrational Mode Relaxation Scheme for 
Two-Temperature Thermochemical State Models

Alireza Mazaheri


NASA Langley Research Center

Aerothermodynamics Branch


 Hampton, Virginia

2nd International Conference on Flight Vehicles, Aerothermodynamics and Re-entry Missions & Engineering (FAR), June 19—23, 2022 



2

Contents
• Preliminary


• Objective


• Introducing multivibrational relaxation scheme


• Verification of the proposed approach


• Results


• Contributions



3

Consider compressible Navier-Stokes equations for two-temperature reacting flows: 

∂tu + ∇ ⋅ f(u) = S,
u =

ρs
ρv
ρE
ρeV

, f ⋅ n =

ρUcs

ρUv + pn
ρUH
ρUeV

, U = v ⋅ n,

S =

·ws
·wm
·wE

·wV := …+(SrcT↔V ≡
dEv

dt )+…

Translational-vibrational energy exchange 
source term

Preliminary

: the Landau-Teller expression
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Consider the Landau-Teller Equation:


,


where


.


SrcT↔V ≡
dEv

dt
= ∑

s = mol .

ρs
ev0

s (T) − evs(T)
τ̃s

τ̃s = f(τsr)

averaged vibrational 
relaxation time for species s vibrational relaxation of species  

in a medium species .
s

r

an averaging function
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.


From Milikan-White [J. Chem. Phys., 1963]: 


,


where


.

τ̃s = f(τsr)

pτMW
sr = exp [asr(T−1/3−bsr) − 18.42]

asr := g(μsr, θv,s), bsr := h(μsr)

reduced mass
single characteristic 

vibrational temperature

averaged vibrational 
relaxation time for species s vibrational relaxation of species  

in a medium species .
s

r

an averaging function
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.


๏ Park et al. [JTHT, 1994] suggested a series of tailored   and  values for 
. Camac [Cornell U. Press, 1966] values were used for 

.


๏ No other values are available for general polyatomic molecules.

asr := g(μsr, θv,s), bsr := h(μsr)

asr bsr
CO2 − N2
CO2 − CO2
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Consider again the Landau-Teller equation:





.


SrcT↔V ≡
dEv

dt
= ∑

s = mol .

ρs
ev0

s (T) − evs(T)
τ̃s

≃ ∑
s = mol .

ρs
ev0

s (T) − evs(Tv)
τ̃s

≃ ∑
s = mol .

ρs
Cvv,s(T − Tv)

τ̃s
=

ρCvv(T − Tv)
τ

τ =
∑s=mol. ρscvv,s

∑s=mol.
ρscvv,s

τ̃s

≃
∑s=mol.

ρs

Mws

∑s=mol.
ρs

Mws τ̃s⇒ : f(τMillikan−White
sr ) + τ̃Park

s (T)

Landau-Teller Expression in CFD

to account for 
elastic collisions

introducing  Tv
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Objective

To develop an effective vibrational relaxation time  
for generic molecules that directly depends on 
species vibrational frequencies.

τ
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Consider again the Landau-Teller equation:           

Multivibrational Mode Approach

SrcT↔V ≡
dEv

dt
≃ ∑

s = mol .

ρs
ev0

s (T) − evs(Tv)
τ̃s

≃
ρCvv(T − Tv)

τ
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Consider again the Landau-Teller equation:           

Multivibrational Mode Approach
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s = mol .

ρs ( ∑
m=mode

ev0
s,m(T) − evs,m(Tv)

τ̃(MM)
s (T, θv,m) )
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dEv

dt
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ρs
ev0

s (T) − evs(Tv)
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Consider again the Landau-Teller equation:           

Multivibrational Mode Approach

∑
s = mol .

ρs ( ∑
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ev0
s,m(T) − evs,m(Tv)

τ̃(MM)
s (T, θv,m) )SrcT↔V ≡

dEv

dt
≃ ≃

ρCvv(T − Tv)
τ

τ̃(MM)
s =

∑m=mode |ev0
s,m(T, θv,m) − evs,m(Tv, θv,m) |

∑m=mode
|ev0

s,m(T, θv,m) − evs,m(Tv, θv,m) |

τ̃s(T, θv,m)

,
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Consider again the Landau-Teller equation:           
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s (T)
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Rsθv,m

e
θv,m

T − 1
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Consider again the Landau-Teller equation:           

Multivibrational Mode Approach

∑
s = mol .

ρs ( ∑
m=mode

ev0
s,m(T) − evs,m(Tv)

τ̃(MM)
s (T, θv,m) )SrcT↔V ≡

dEv
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≃ ≃

ρCvv(T − Tv)
τ

τ̃(MM)
s =

∑m=mode |ev0
s,m(T, θv,m) − evs,m(Tv, θv,m) |

∑m=mode
|ev0

s,m(T, θv,m) − evs,m(Tv, θv,m) |

τ̃s(T, θv,m)

,

: f(τMillikan−White
sr ) + τ̃Park

s (T)

= gm
Rsθv,m

e
θv,m

T − 1
= gm

Rsθv,m

e
θv,m
Tv − 1

For molecules with single vibrational mode: τ̃MM
s = τ̃s
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Relaxation:

Park et al. [JTHT, 1994]

Relaxation:

Park et al. [JTHT, 1994]

Relaxation:

present

Relaxation:

present

Application on  MixtureCO2



Accounting for thermal 
nonequilibrium could drastically 
change the temperature profile.
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 gas mixtureNH3 − N2

Application on non-  MixtureCO2



• Relaxation time derived from 
the Landau-Teller equation is 
either 

underestimated ( ) or 
overestimated ( ). 


• Adopting

Kustova & Oblapenko’s work 
[Phys. Rev. E., 2019]:





T ≪ Tve
Tve ≪ T

τmodified
s = τs

Tve

T
.
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Contributions

• A new multivibrational relaxation procedure was 
developed


• The new scheme was shown to be in excellent 
agreement against the Park’s 1994 model for 
the Martian atmosphere.


• The proposed scheme is applicable to generic 
molecules that have multiple vibrational 
frequencies.
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Backups
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Consider again the Landau-Teller equation:


,


.


SrcT↔V ≡
dEv

dt
≃ ∑

s = mol .

ρs
ev0

s (T) − evs(Tv)
τ̃s

≃
ρCvv(T − Tv)

τ

SrcT↔V = ∑
s = mol .

ρs ∑
m=mode

ev0
s,m(T) − evs,m(Tv)

τ̃(MM)
s (T, θv,m)

=
ρCvv(T − Tv)

τ

τ̃(MM)
s =

∑m=mode |ev0
s,m(T, θv,m) − evs,m(Tv, θv,m) |

∑m=mode
|ev0

s,m(T, θv,m) − evs,m(Tv, θv,m) |

τ̃s(T, θv,m)

,

Multivibrational Mode Approach

: f(τMW
sr ) + τ̃Park

s (T)

= gm
Rsθv,m

e
θv,m
Tv − 1

= gm
Rsθv,m

e
θv,m

T − 1
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๏Consider now the Landau-Teller Equation:


,


where


.


The landmark correlation for  is provided by Milikan-White [J. Chem. Phys., 1963]: 


,


where


.


๏ Some polyatomic molecules, such as  and , has multiple vibrational frequencies and characteristic 
vibrational temperatures. Thus, the above formula is not directly applicable to those molecules.


๏ For , Park et al. [JTHT, 1994] suggested a series of tailored values for  and .

SrcT↔V ≡
dEv

dt
= ∑

s = mol .

ρs
ev0

s (T) − evs(T)
τ̃s

τ̃s = f(τsr)

τsr

pτMW
sr = exp [asr(T−1/3−bsr) − 18.42]

asr := g(μsr, θv,s), bsr := h(μsr)

CO2 NH3

CO2 − N2 asr bsr

averaged vibrational relaxation time 
for species s vibrational relaxation of species  

in a medium species .
s

r

reduced masssingle characteristic 
vibrational temperature

an averaging function
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 gas mixtureNH3 − N2



18

One-Temperature
Two-Temperature w/lump sum relaxation time 

 assuming: θ̄v = 3500 [K] Two-Temperature w/multimode relaxation time

Test Case 1: MR107

• The lump sum approach with single characteristic 
temperature of 3500K underpredicts the RCS thrust. 


• One-temperature and two-temperature multimode 
approaches predict comparable RCS thrust. 

·m = 0.256 [lbm /s],
Fx = 62.4 [lbf ] .

·m = 0.257 [lbm /s],
Fx = 60.6 [lbf ] .

·m = 0.253 [lbm /s],
Fx = 62.6 [lbf ] .
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One-Temperature
Two-Temperature w/lump sum relaxation time 

 assuming: θ̄v = 3500 [K] Two-Temperature w/multimode relaxation time

·m = 0.256 [lbm /s],
Fx = 62.4 [lbf ] .

·m = 0.257 [lbm /s],
Fx = 60.6 [lbf ] .

Test Case 1: MR107

• Comparable nozzle temperature with either approaches.


• Cooler vibrational temperature with the multimode 
relaxation approach compared with a lump sum 
approach and single characteristic temperature of 
3500K.


• Comparable enthalpy with either of the approaches.

·m = 0.253 [lbm /s],
Fx = 62.6 [lbf ] .
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Test Case 2: SRL

PresentPark model
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Test Case 2: SRL

PresentPark model
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Test Case 2: SRL

PresentPark model

due to sensitivity of the model to 

small values 1e-20 vs. 1e-21 vs. 1e-30.


These have no effect on flow and surface properties.
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Test Case 2: SRL

Present PresentPark modelPark model
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Test Case 2: SRL

Present PresentPark modelPark model
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Test Case 2: SRL
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A (revised) lump sum approach ( not suitable for multimode ) — continued
The  relaxation time is a function of colliding species, and therefore must be weighted to arrive at a single valued relaxation time for molecule 
species , before being added to . In LAURA v  5, the weighted harmonic mean is used:


.


This formulation does support a direct derivation from the Boltzmann equation and the Chapman-Enskog framework, which after applying the 
Landau-Teller’s main assumption of weak deviations from the equilibrium, and further assuming that the specific heat is constant gives:


.


In LAURA-4, LAURA-A, and at the birth of LAURA-5, a weighted mean, which is suggested by Gnoffo et al. [NASA-TP2867], was used:


.


The wighted mean is added to the current LAURA-5 as a user set option for comparison purposes . The following relation may be devised by 
comparing the two averaging formulations,


,


which suggests a larger translational-vibrational energy exchange source term with  averaging. The following inequality is used to 
arrive at the above conclusion:


.


τMW
s

s τPark
s ≥

τMW
s :=

∑r≠e− nr

∑r≠e− nr /τMW
sr

=
∑r≠e−

ρr

Mwr

∑r≠e−

ρr

Mwr τMW
sr

dEv

dt
= ∑

s (ρs(ev0
s − evs)∑

r

nr

nτrs )

τMW
s :=

∑r≠e− nrτMW
sr

n = ∑r≠e− nr
=

∑r≠e−

ρr

Mwr
τMW

sr

∑r≠e−

ρr

Mwr

*

(τMW
s )LAURA5 < (τMW

s )LAURA4

(τMW
s )LAURA5

∑
i

AiBi < ∑
i

Ai ∑
i

Bi

* : vib_relax_harmonic_mean = .true. (default), which is a more correct way, may also lead to a more stiff numerical discretization.



28

Corrected Landau-Teller

Using zeroth-order approximation of the Chapman-Enskog, and assuming harmonic-oscillator and weak deviation from equilibrium, the following 
formulation is derived:


,


where the ratio may be used as a simple correction to the widely implemented translational-vibrational energy exchange source term.

SrcT↔V ≡
dEv

dt
= ρCvv

T
Tv

(T − Tv)
τ

* : corrected_Landau_Teller = .true. ! default = .false.
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The Millikan-White (M-W) relaxation time, , of a molecule species  in a medium of  species gas at a total pressure of  is defined as

 


,


with the M-W coefficients given as


,


unless a more accurate set of coefficients is available; e.g., from Park [1994].


To account for the elastic collision cross section, Park [1994], proposed a correction, , to the M-W vibrational relaxation time as:


 .

τs s r p

pτMW
s = exp [asr(T−1/3 − bsr) − 18.42]

asr = 0.00116 μ1/2
sr θ4/3

v,s =
laura: alantel

0.00116 μ1/2
ss θ4/3

v,s ( μsr

μss )
1/2

bsr = 0.015 μ1/4
sr

τPark
s

τPark
s =

1

(∑r≠e− nr) 8kT/π ms σ′￼(50000/T )2

σ

=
1

NA 8kNA/π

8R̄/π
(∑r≠e−

ρr

Mwr ) T/Mws σ′￼(50000/T )2

σ

=
1.1412 × 10−29

(∑r≠e−

ρr

Mwr ) T/Mws σ′￼(50000/T )2

σ

A proposed multimode approach for LAURA implementation — continued



30

CO2

&species_properties

elec_impct_ion = 4.453 ! ?

disoc_ener = 2.96

alantel = 270.4

siga = 5.e-20,  0.,  0.

mol_wt = 44.0107

cprt0 = 3.50

multivibrational_mode_molecule = .true. !T: read multimode data

use_alantel = .true. !T: ignore multimode; F: ignore alantel

/

3

 0.49436505E+05 -0.62641160E+03  0.53017252E+01  0.25038138E-02

-0.21273087E-06 -0.76899888E-09  0.28496778E-12  0.00000000E+00

-0.45281985E+05 -0.70482794E+01   200.000  1000.000

 0.11769624E+06 -0.17887915E+04  0.82915232E+01 -0.92231568E-04

 0.48636769E-08 -0.18910533E-11  0.63300366E-15  0.00000000E+00

-0.39083506E+05 -0.26526693E+02  1000.000  6000.000

-0.15444233E+10  0.10168471E+07 -0.25614052E+03  0.33694011E-01

-0.21811843E-05  0.69914208E-10 -0.88423515E-15  0.00000000E+00

-0.80432145E+07  0.22541775E+04  6000.000 20000.000

3

2 932.109

1 1914.081

1 3373.804

A more direct input in the species_thermo_data

Requires an extra step calculation 
by user/developer. This is in fact a 
function of the molecule 
characteristic temperature.

New: for both single and multimode molecules.

Millikan-White coefficients will be directly calculated via 
characteristic vibrational temperature

New: to be used as legacy version.

New: number of distinct vibrational 
modes [integer] New: degeneracy [integer] & characteristic-vibrational-temperature [K]
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Limiting values in LAURA

vib_relax_minT = 200[K ],
vib_relax_minTv = 200[K ],

σ′￼ = 10−21 [m2], σ′￼
Park =

10−20 [m2] Park 1994 - given arbitrarily;
10−20 [m2] Park 1989: "the most appropriate value for N2 at T < 19000 [K]";
10−21 [m2] Park 1989:  for T > 19000 [K];

ρcvv

τ
≤ 1020
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Thermodynamic Properties of NH3
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G
ur

vi
ch

Bu
rc

ha
t

Thermodynamic Properties Effects of NH3
The nozzle performance is nearly the same with NH3 thermodynamic properties suggested by either Gurvich or Burchat. 


